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137. Characteristic Classes for Spherical Fiber Spaces®

By Akihiro TSUCHIYA
Department of Mathematics, Kyoto University, Kyoto

(Comm. by Zyoiti SUETUNA, M. J. A., Sept. 12, 1968)

1. Statement of results. Let SF=SG=1im SG(n), SG(n)={f:S"

— degree 1}, By, be the classifying space of SF. Our purpose is to

determine H,(Bsy, Z,) as a Hopf-algebra over Z,, where p is an odd

prime number. Coefficient is always Z,, and we omit it in the sequel.

Let Q,(S)=1im 27S*. Then Q.S has the same homotopy type of SF'.
—

Let ©: QO(S°)—n+SF be the homotopy equivalence. Dyer-Lashof deter-
mined H,(Q,(S%) as an algebra over Z,. H,(Q,S") is a free commuta-
tive algebra generated by x;,J € H, where H={J=(e, j;, * -+, &, 1)}
satisfies the following properties: 1) r>1, 2) 7,=0, (p—1), 3) 7,=0
@rp—-1), 4 @-D<L5<d, -+ <4, 5), &=0 or 1, 6) if ¢,,=0 then
7i/(p—1) and j;,,/(p—1) are even parity, if ¢;.;=1 then j,/(p—1) and
Jix1/(0—1) are odd parity. There is a continuous map %, : L,—Q,S",
and x;=nhey(ey,-1,), Where e, e H(L, is a generator, and z;
S, g en in =P2Qy - - By 'Qy,_,Byx;,, where Q; is the extended
power operation defined by Dyer-Lashof. We identify H,(Q,(S") and
H,(SF) by i, as a Z,-module and we denote &=1,(x), if x ¢ H,(Q,(SY)).

Theorem 1. H_(SF) is a free commutative algebra generated by
Z;;JeH. Even though i, is not a ring homomorphism.

Let H, be the subset of H consisting of J=(¢,, 7, - -+, ¢,,7,), such
that j,#p—1, and r>2. Let H,={(,p—1,1,/)}CH. And let H;
={J e H;,deg (x,)=even}, H; ={J ¢ H;, deg (x,)=o0dd} 1=1,2, - --. Let
73 Bgo—Bgr be the inclusion map. Then by Peterson-Toda, H,(Bj,)/
kerj*=Z [z, 2, - - -1, where deg(z,)=2j(p—1), and A(z,):j g} jzh®zh,
%=1. Let%=j.(Z,) e HBgp). o

Theorem 2. H, (Bsp)=2Z,[7, %, - 1Q4(6%,, 0%, - - - )RC,. Cyisa
free commutative algebra generated by Z,,J e HHUH, ¢ ;H(SF)
—H,(Bsy) is suspension. o¢%;, c%; are primitive elements, and 4(Z;)

i
H*(Bsp)=2Z,lq,, q,, - - - 184(dq,, 4q,, - - - )RC. C= ®U A((aZ)*)
IeH{UH]
® I',l(eZ)*], where ( )* denotes dual elements, whleTe q; s the
JeHTVHS

j-th Wu-class, 7=1,2, ---.
1) The author was partially supported by the Sakkokai Foundation.
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2. H-structures on Qy(S". Let SF(n)={f:(S", *)—(S* *), de-
gree 1}. Then, SG(n), and SF(n) become H-spaces by composition of
maps. Let SF(n)X SF(n)QSF(zn), SG(n) X SG(n)25SG(2n) be the map
defined by reduced join and join respectively, then these three maps,
-y As *, are homotopic in the stable range. Let i, :Q208*—QrS*=SF(n)
be the map defined by 7,(1)=(,\/ 1), and 7:Q,S°—SF be the limit of ,.

Proposition 2-1. The following diagram is homotopy commuta-
tive.

QoS X QeS°

SFXSF SF - QS°

axd4
\

(QuS X QST X (RS X QySY) ——— (QS°XQS)X(QuS*X QS  —— QS"X Q°S°
dx T xid VXA
where \/ : @,S° X Q,S° be loop multiplication, and A : Q,S° X Q:S°—Q,S°
be the map defined by reduced join.
If K is a CW-complex, we put Q(K)=1lim 2"S"K. 0:W Xz,Q(K)?
—
—Q(K) be the map defined by Dyer-Lashof. Let Q(K) x Q(L)—Q(KAL)
be the map defined by reduced join.

Proposition 2-2. The following diagram is homotopy commuta-
tive.

QUE) X (W Xz, QL)) ———— QK)x QL) ~ QEAL)

[4
WX QEXQLY — = WX QE ALY
Let h: L,=W/r,—Q(S")=1im £"S" be the map defined by & : L,=W/x,
—

—->W><np(W)PaWanQ(SO)__a_,Q(SO), we QSY, hy: Lp h Qp(SO)(—p.id)
Qu(S").

Proposition 2.3. The following diagram is homotopy commuta-
tive.

W X2, (QUE) X Q(L)?)

QE) x L, L (&) x Q)2 QR A SY)
T =

Ly X QUE) 7 W 5, QUE) — QK

3. Proof of Theorem 1. We introduce a filtration into
H, (Q\(SY). H,(Q(S))=G,2G,2G, - - - satisfies the following proper-
ties. 1) G =kere, ¢: H (Q(S))—Z, is the augumentation. 2) G;RG,
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'_’Gi-t-j’ 3) w;e Gp""l where J=(¢,, J1, -+, &5 4,) € H, and 2, ¢ Gp"‘1+1°

Proposition 3.1. There exists unique filtration in H,(Q.(S%)
satisfying the properties 1), 2), 8), and for = e H,(Q,S%), if ze G,
and 4r=1Qx + xQ1+ Z2'®x”, then &/, x” belong G,.

Proposition 3.2. Let EH, (Q,S%) be the algebra associated to
the above filtration. Then H,(Q,(S%) and E,H ,(Q,(S")) are isomorphic
as algebras.

Proposition 3-3. A, (x®y) € G, if e G, and y € G,.

Then Theorem 1 follows from Propositions 2-1, 3-1, 3-2, and
3-3.

4. Hp-structure on Bgp. Lety,—B s, be the universal oriented
spherical fiber space with fiber S"~!. X, denotes the permutation
group of p-element. J™Y,=X,x ... x2Y, denote m-th join of ¥,. Let
7P —Bg:¥ be exterior p-th Whiteney join of y,. Let n¥(y,)—J"2,
X Bga®) denote the induced fibering of & by 7,: J™2, X Bga®E—Bsa®).

Proposition 4-1. There exists a spherical fibering P(y,)—J>2,
X 5,B 568} with fiber SP»-1, and bundle map q: 7¥(7.)—P(r»)

J°3 X Bga®B—J*2 X 5,Bsa®)
They satisfy following commutative diagram. Yoe X,

7H(ra) - — ()
a q
P(r,)
2y X Bl ————— | ——— J*3, X By}

J=2, X 5,Bs6®) /

Let Egm—Bsewm, be the principal fibering associated with 7, i.e.
Esem=1{f:8"'—7,; oriented fiber map}.
!

*—Bsgny
Py(y,)—JI™r, X z,Bss{8 denotes restricted fibering of P(y,), where 7,
denotes cyclic group of order p. ; I, X 2,B s —Bsem be the
classifying map of Py(y,). Asthemap §:J " oy T p Xz €0)P—I

anBSGEggiBSG(M), € € Bgg(ny, is induced by the n-times of the regular
representation: 7,—SO(Pn)—SG(pn), by the result of Kambe, we
may suppose the above map is homotopic to constant map for suitable
m and n. And we may take m, sufficiently large for a suitablly
sufficient large n. So we may assume §(J™7,,, ) =€, € Bsacpn)-
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We define a map p:J™r,—SG(pn) in the following way. We
identify SG(1)=(E s5(n)e,=7""(6s), and SG(pn)=(E s yn)=1""(e)), re-
spectively. We fix ¢, € (F5g(ny)., and for w e J™z,, p(w) represents the
following map.

pw) : §7n-! Ity Xy P=af(y) ————— Ply)) —= Tm
(w, tdyx- - *idy) q
* ———————  Jm, XBs{#) Jrwy XnpBso® Bsm

We define §": Jr, X B g8 —E sgpm by the following commutative
diagram’ fOI' (w, fly e ,fp) € J"‘ﬂpXEsaEﬁ;, 57(?'0, f19 cte ’fp) :

-1 -1 m X ;‘p) .
s P (w) s (w, fik-+xfp) J Tp X7 7 po(?’l ) 7 on
* * J™T, XBgse®) Iz, XzBse® —— Bsgpm

Proposition 4-2. §' is r,-equivariant, we obtain following com-
mutative diagram.

0:JmmoX 7, E 568 Es6pmy
(»)
Jmﬂ:p!X ﬂpBSG (1?;,) — Bsa (pm)

And ("7, X ,SG)®) SSGWN)Z Bsgipmy and G, fr, - - -, ) =W)(],
xe ok f)p(w), for any (w, fi, -, fp) € I, X7, ,SG(0)P.

5. Decomposition of 0. Let A={J=(e, ---,¢,), &=0 or 1},
|/|=number of {¢,=1, J=(e, ---, ¢,)}. =, operates on / by permuta-
tion. We introduce in 4 an total ordering by the lexicographic order,
for example, (0,1, ---)<(@, --.). Let A=4/n,. We define the map
454, by w({J})=the first element in {J}. 4, denotes the image of =.
For each element J, ¢ 4,, we define 5,,: (27-'S*)?—G(pn) as follows,
where G(pn)={f: S?"*>S?*-1} ,: 8" *—-Sr-*V St For (, ---,1,)
e (Qp~28" 2, n,,, - - -, 1,) represents following map.

Dol <+ 1p) :Sn_l*l' xS Pk - kpy (SIS k- ek (Sp1VvSp-1)
Spn-t AV L
® i

® is the map as follows, ®|s,:S,—S represents, a) 0x...x0, if
J#oJ, for any oem, 0:8" =81 b) lrx...xlp, if J=0J,=(c,
-+ -, &,) for some ¢ € w, where j=1id, l;=1;. And S} '=87"x... %S
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We define &, : J™r, X (27~'S*~)?—G(pn), for each J, € 4,, as O (w,
ll’ Tty lp):p(w)nJo(ll’ Y lp)ﬁ(w)'l-

Proposition 5-1. @7 : J7. X (258" )?—G(pn), is w,-equivariant,
therefore it defines the following map 6,,:J " p X2, (258" )P —G(pn).

Let 7: G(pn)—Q?*+1S?7+1 be the inclusion.

Proposition 5-2. if and \/ if, are homotopic on (pn—>5)-skele-
Jo€ 4o

ton as a map J™m, Xz, (277181 P—Q#"*18P" 1, where \V denotes loop
multiplication on Q#r+1Spn+1,

For J, € 4, |/,|0, p, we define h,,: J"r,,,,—G(pn) as follows, for
w e J™r,,

. Qpno1 P! I i & e
hsw):SP" 1= Qpn-1 J\G/A Szn-1
®

Spn—l —— p(w) Spn—l

where ® |g,: 85" '—8?"~! represents a) 0x..-x0, if J=0J,, for any
germ, b)id,,_, if J=aJ,, for some o ew,. h,, is well defined.

Proposition 5:3. For 4,5 J,=(¢, ---, &,), 05|J|Ep, the follow-
ing diagram is homotopy commutative,

I X 0257181

iy I"Ep X ay (78 )P e Gy(pm)

By ( Yax--ox( )P L*id,m-x

G(pn) X Gy(pn) G(2pn)

*
where ( )% ..x( )7: Qr-1S*-1G(pn) is the map defined by I—(0)*
w0k (D)2,

We define 8, 1/, X 4, (28-S )P—G(pn) by §,(w, 1, - - -, 1,)=p(w)
*y ooy xL)p(w)

Proposition 5.4. §,=8,, ..., ; homotopic.

6. Proof of Theorem 2. §:J°r,X7,SF?—SF, q: Jom, X r,Bkr
—Bg, are the maps corresponding to #: J"‘rrpxnpSG('n)Z’aSG(fzm),
8 : I, X 2,B2gm—Bsom for large m and n. We define Q,: H(SF)
—Hy(SF), Q;: H (Bsx)—>H(Bsp), j=1,2, -+, by the Q,@)=~0,(e,
Qur,a?), for x € H (SF), or € H,(Bgp).

Proposition 6-1. In the homology spectral sequence associated
with following fibering SF—E;—Bgp. E,=H, (Bsp)QH(SF). If
x e B}, , is transgresive. y e E},,_,, 7(x)={y}, then we obtain the fol-
lowing relations. {rQy(x)}={r(z?)}={Q,_,(¥)} in E3%2,_,, and {z(z?"'Qy)}
={Q,-.(¥)} in EZ.

Proposition 6-2. If Z; ¢ H,(SF) belongs to G,;, j>1, where I ¢ H,
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then Q,_,(%,), @,-.(&,) belong to G,,,,, and as elements of G ,.,/(G, ...,

+decomp). they coincide with E,Qp_l(xl), @p(xI) respectively.

We consider j,:H,(SO)—H,(SF), by Peterson-Toda, H,(SO)/
ker j,=AW,, Yy, - - ). deg(y,)=2i(p—1)—1. Let %, ¢ H,(SF), be 7, (¥,).

Proposition 6-3. H,(SF) is a free commutative algebra genera-
ted by fi’j; yj’ j:l, 2’ ) %19 I er UH;’ Qp—l te Qp—l(%l)) I eHl_ UH‘;’
Q,-, operate on Z; k-times, k>0. Q,_Q, ., --Q, (&), I e Hf UH;,
Q,-, operates on @,_; - - - @,_,(%;) exactly one times, and Q,_, operates
on %;, k-times, £>0.

This proposition is proved by using prop, 6-2, and structure of
H,(SF) as an algebra. Then Theorem 2 follows from Ppropositions
6-1, 6-3 and the comparision theorem for spectral sequence.
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