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135. Notes on the Uniform Distribution
of Sequences of Integers

By Lauwerens KUIPERS® and Saburd UCHIYAMA*®
(Comm. by Zyoiti SUETUNA, M. J. A., Sept. 12, 1968)

In 1961 I. Niven [5] introduced the following concept of uniform
distribution of sequences of integers. Let A=(a,) be an infinite
sequence of integers not necessarily distinct from each other. For
any integers 7 and m=2 we denote by A(N, 7, m) the number of terms
a, (1=n=<N) satisfying the condition a,=7 (mod m). The sequence A
is said to be uniformly distributed (mod m) if the limit

.1 . 1
}\}_{EWA(N, 7 m)—'%
exists for all 7,1<j<m. If A is uniformly distributed (mod m) for
every integer m=>2, A is said to be uniformly distributed.

S. Uchiyama [9] has proved the following theorem which is the

analogue of the Weyl criterion :

Theorem 1. Let A=(a,) be an infinite sequence of integers. A
necessary ond sufficient condition that A be wuniformly distributed
N—o

(mod m), m=2, is that
-
m
for all h, 1<h<m—1, where

Sy(A, t):ﬂ_ ea,d),  e(t)=e,

1

lim %SN (A,

Hence:

Corollary 1. A necessary and sufficient condition for an infinite
sequence A =(a,) of integers to be uniformly distributed is that

lim %TSN(A, =0

N-ooo
for all rational numbers t, t=£0 (mod 1).
In order to prove Theorem 1 it will suffice to observe that

s &) md faovim ].

The notion of uniform distribution of integers has been general-
ized by H. G. Meijer [4] to the notion of uniform distribution of g-adic
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numbers and by L. A. Rubel [7] to the notion of uniform distribution
of elements in locally compact topological groups.

1. The following theorem, which is due to C. L. van den Eynden
[2], expresses a connection between the uniform distribution of se-
quences of integers and the classical uniform distribution (mod 1) of
sequences of real numbers.

Theorem 2. If (a,) is an infinite sequence of real numbers such
that the sequence (a,/m) is uniformly distributed (mod1l) for all
integers m+0, then the sequence of the integer parts ([a,]) is uniform-
ly distributed.

This result has a number of applications.

Corollary 2. Let (a,) be a sequence of real numbers, If the se-
quence (a,s) is uniformly distributed (mod 1) for every real number
s#0, then the sequence of integers ([a,s]) is uniformly distributed for
every real number s=+0.

Proof. From the assumption on («,) it follows that the sequence
(a,8/m), where m is any integer #0, is uniformly distributed (mod 1)
for every real s+0.

By a similar reasoning we obtain

Corollary 3. Let (a,) be a sequence of real numbers. If the se-
quence («,s) is uniformly distributed (mod 1) for almost all real num-
bers s, then the sequence of integers ([a,sl) is uniformly distributed
for almost all real numbers s.

Now, if f(t) is a real function defined for ¢ >0, then the behaviour
of the residues of the numbers f(n) (mod 1) for positive integral =
with respect to their distribution on the unit-interval can in many
cases be derived from the properties of the derivative f/(t) (if f(?) is
a differentiable function) or from the properties of the difference 47 (¢)
=f({t+1)—f(t). It occurs often that these properties are not violated
if one considers constant multiples of f(f). Hence applying Theorem
2, or Corollary 2, we have the following result.

Theorem 3. (a) If f(t) (¢>0) is differentiable, and if f(t)—co,
J/(#)—0 (monotonically) and tf'(t)—oco as t—oo, then the sequence of
integers ([f(n)]) is uniformly distributed.

(b) If the sequence (f(n)) has the property that Af(n)=f(n+1)
— f(m)—0 (irrational) as n—oo, then the sequence ([ f(n)]) is uniformly
distributed.

(c) If the sequence (f(n)) has the property that Af (n)—0 (monoto-
nically) and n|df(n)|—oco as n—oo, then the sequence ([f(n)]) is
uniformly distributed.

It is well known that the sequence (n°s) is uniformly distributed
(mod 1) for every real s+0 and ¢ with 0<¢<1, as has been shown by
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several authors (see for this result and its generalizations [1, p. 9]).
Thus, by Corollary 2, the sequence of integers ([n°s]) is uniformly
distributed for every real s+£0 and g, 0<¢<1. This result, the special
case of which for 6=1/q, ¢ an integer =2, is due to S. Uchiyama [9],
can also be derived by applying Theorem 3.

The following theorem is also due to van den Eynden [2].

Theorem 4. A necessary and sufficient condition for a real se-
quence («,) to be uniformly distributed (mod 1) is that the sequence of
integer parts ([ma,)) is uniformly distributed (mod m) for all integers
m=2.

Proof. Let 7 be any one of the residues 0, 1, - -., m—1 (mod m).
Then the set of positive integers

{n:[ma,l=7 (mod m)}= {n:_j-gan_[an]< J+1 }
m m

Note that any interval [a, 8)C[0, 1) can be approximated by intervals
of the type [j/m, G+1)/m) (m=2,8, ---;7=0,1, ..., m—1) as closely
as we want,

2. It is well known that the sequence (log %) is not uniformly
distributed (mod 1). In order to show that the sequence ([log n]) is
not uniformly distributed (mod m) for any m =2 we apply Corollary 1.

Theorem 5. The sequence of integers A=([logn]) ts not uni-
formly distributed (mod m) for any m=2.

Proof. Set b=[log N]. Let k be any integer between 0 and b,
and B(k) be the number of solutions in positive integers » of the
equation [log n]=Fk. Then we have B(k)=e***—e*+0(1), so that (for
t rational and s_tO (mod 1))

WsN<A t)— z B(k)e(kt)

1
N

N k=0 Z ow.

The second term on the right goes to 0 as N —o0, but the first term
does not as one can easily show (in fact, this term is bounded but does
not converge as N—oo).

3. As has been pointed out by G. Helmberg [3] Theorem 3 (or
its proof given, at least) in [9, §4] was wrong. In order to state a
correct version of this theorem we recall the concept of ‘almost uni-
form distribution (mod 1)’ of sequences of real numbers, which has
been introduced by I. I. Pjateckii-Sapiro [6]. An infinite sequence
(a,,) of real numbers is said to be almost uniformly distributed (mod 1),
if there is a strictly increasing sequence (IV,) of natural numbers such
that if P,(«, ) denotes the number of terms a, (1<n<N,) satisfying
the condition a <a,< S (mod 1), where 0<a < S<1, then for any such



No. 7] Uniform Distribution of Sequences of Integers 611

fixed real numbers «, 3 we have
lm Pt =B

Theorem 6. If A=(a,) is a uniformly distributed sequence of
integers, then the sequence (a,s) is almost uniformly distributed
(mod 1) for almost all real numbers s.

Proof. As in [9, §4] we have for any integer h=0
11 2 2 2
- ht)|dt<-=2 4+ = D*N, ,
jo\ NSN(A’ )\d ~m +N2D(N ")
where m=2 and
DYN, m)=3" (A(N, i, m) _.ﬁ)z.
= m

Since A is uniformly distributed (mod m) for every m=2, we find

lim sup ﬂ—LSN(A, ht)rdtg 2
Noo Jo| N m
and so
. 1 1 2
hmj ‘-—SN(A, ht)‘ dt=0,
NooJo| N
whence

lim inf ‘—;TSN(A, hs)‘ —0

N—oo

for almost all real s. The result follows from this at once.
Our proof of Theorem 6 can easily be extended to prove
Theorem 7. Let f(t) e L? be a function with period 1 and mean

value 0 (i.e., r F@®dt=0). Then for any untformly distributed sequence
1]
(a,) of integers we have

N-w J0

. 1 1 N 2
lim | |-= 3] f(a,t)|dt=0.
N n=1

We now introduce the notion of ‘almost uniform distribution’ of
sequences of integers. An infinite sequence A=(a,) of integers is
said to be almost uniformly distributed (mod m), where m =2, if there
is a strictly increasing sequence (IN,) of natural numbers such that

1 , 1
— AN, §, m)=—
N, Wi, 3, m) m

lim

k—o0
for all j, 1<j<m. If A is almost uniformly distributed (mod m) for
every m=2, we say that 4 is almost uniformly distributed.

A necessary and sufficient condition for a sequence A=(a,) of
integers to be almost uniformly distributed (mod m), m=2, is that
SN(A, h )r:O.

m

1. . f 1 m-1
im in th:]l

N-oo
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As an application of Theorem 6 we shall mention the following

Theorem 8. If (a,) is a uniformly distributed sequence of inte-
gers, then the sequence of integers ([a,s]) is almost uniformly distrib-
uted for almost all real members s.

Proof. By Theorem 6, the sequence (a,s) is almost uniformly
distributed (mod 1) for almost all real s. The rest of the proof can
eagsily be carried out as in Proof of Corollary 3 (or Corollary 2).

4. In connection with Theorem 6 the following theorem will be
of some interest.

Theorem 9. Let A=(a,) be a sequence of integers not necessarily
distinct from each other. If the condition

37 mD*N, m)=0(MN?

2smsM

is fulfilled for all large N and some M =(log N)*: (¢ >0), where
DN, m=3, (AW, 5, m) =2,
=1 m

then the sequence (a,s) s uniformly distributed (mod 1) for almost all
real numbers s.
Proof. We infer from the proof of Theorem 6 that for any inte-

ger h=+0
L)—;]—SN(A, ht)‘ dtzo(ml_> :O(”(EEJ‘N“)TE)'

One may proceed the proof henceforward in a standard way.

5. A result in a somewhat different direction is the following

Theorem 10. Let A=(a,) be a uniformly distributed sequence of
non-negative integers all different from each other, and let A be
measurable in the sense of [8, § 2] (Banach-Buck measure). Then for
all but possibly countably many real numbers s the sequence (a,s) 18
almost uniformly distributed (mod 1).

Proof. We use part of Corollary 1 of [8], namely: if A=(a,) is
uniformly distributed and if A is Banach-Buck measurable, then this
measure of A equals 1. It is then obvious that the sequence A has
positive density. Our theorem is thus an easy consequence of a result
of Pjateckii-Sapiro [6].
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