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234, On the Mixed Problem for the Wave Equation
with an Oblique Derivative Boundary Condition

By Mitsuru IKAWA
(Comm. by Kinjiré KUNUGI, M. J. A., Dec. 12, 1968)

1. Introduction. On the mixed problem for hyperbolic equa-
tions, only few results have been derived. Indeed, up to now, even
for second order equations only the problems with the Dirichlet type
boundary condition and with the Neumann type boundary condition
are studied satisfactorily, and concerning the wave equation we don’t
know whether the problem with an oblique derivative boundary con-
dition is well posed or not.

In this note, we show that the above problem in a half space is
not well posed in L2-sense.

At first we explain the well-posedness in L?sense. Let 2 be a
sufficiently smooth domain in R*, L be a second order hyperbolic oper-

ator with coefficients in $(2 x [0, T]) and B=b, (x, t: %) + by(z, t)%

be a first order differential boundary operator. Consider the mixed
problem
1.1) Lluz, )]l=sf(x,t) in 2X(0,T)
(39) {(1.2) Bu(z, t)=0 on 02xI[0,T]
13) e, 0=u@), 2@, 0=u).

Definition. The mixzed problem (P) is said to be well posed in
L’-sense if for any initial date {uy(x), u,(x)} e N={(u, v): ue H(Q),
ve H(Q) satisfying b, (x, 0: 676)“-'_ by(x, 0)v=0 on 0RQ} there exists
one and only one solution of (P) in EAH(Q))NENHYD)) N ENLAQ))
satisfying L [ul=0 and the following energy inequality holds for
te[0, T1.

14 Jul, t>||m<,,>+\ U (g, t)” <O+ 6@ ).

Then our result is

Theorem. In the case Q2={(x,y): x>0, —oco<y< oo}, Lz%
— aag; aayz and B= ai+ b aa , Where b is any non zero real constant,

then the mixed problem (P) is not well posed in L*-sense.
Hereafter we denote by (P,) the mixed problem for the above £,

1) fe&¥E) means that f is k times continuously differentiable in ¢ as E-
valued function.
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2. Some lemmas.

Lemma 2.1. Assume that (P) is well posed in L*-sense and the
coefficients of L and B are independent of t. Then for any initiel data
{u(x), u,(x)} € N the solution u(x, t) exists for te[0, o) and for some
constant y >0 the energy inequality

2
@D ue, Ol o +| 26w, 0)] | <O @) o + 110 )
holds moreover the higher energy inequalz’ty
@.2) IM%MLM+%4xw +2 @, 1)

1,22(9) at2 L)
< Cer(u(x) || szt |l u(2) | %,Lz(a))

also holds.

Lemma 2.2. Letp, q, k be constants such that Im p>0, Im ¢<0,
and p+ k0. For any f(x) e LAR.) the solution w(x) in L*(R.,) of

B L)1 E e -
CE

exists uniquely and w(0) and %@(O) are given by the formulas
x

=0

=0

2.9

“emia f(D)dl
0

(2.5)

X kr’e-m Fdl.
0

3. Proof of Theorem. Without loss of generality we assume
that b is a positive constant. Let us prove Theorem by contradiction.

Assume that (P)) is well posed in L*-sense. Let u(x, v, t) be the
solution for u,=0, u,(z, y)=g9(x, ¥) and f=0, i.e. u(x, y, t) e E(H(R2))
N E(HYR2)) N EXALA(R2)) satisfies

0 0 0 PO
3.1 (s ayz)u(x,y, £)=0 in R% X (0, o)
ou , poul] _
(.2) 55+ ay]x =0
u(x>'y, 0)=g(x’ y)'
And from Lemma 2.1
3.3 E®<Ce||9(@, Y| Zeczey
where
Em—”(x%) +”(x%) +H<x%>2
L2(R?) L2(R%) L2(R2)*

On the other hand by using the integration by parts and (3.1)
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ou ou ou
E(t) j { 5050, g+ S0, D2%0,y, t)} dy.
Put
au U ou
S(t)= j { 03,09 B+ x(O,y,t)W(O,y,t)} dy
then
(3.4) E(t)—E(O):J.tS(l)dl.

Since we have by using the higher energy inequality,
|S()| <const. €| g(z, W1 raz)»

< st [ _ 1 (= —2ut t
3.5) Le ’ (josa)cu) dt_———zﬂ Le S(hydt,
it follows from (3.3), (3.4) and (38.5) that

(3.6) o Cemsat < 1O g, s,
2p Jo 7

2(p—7)
Denote by 4i(x, 5, ) the image of Fourier-Laplace transformation
of u(x, y,t), i.e.,

@, 9, z'):-rdt‘r dy e e tu(x,y,t).
1] -
By Parseval’s theorem we get
J ‘“‘dtj dy (0 Y, t )@(o v, )

=J‘_mav‘[_wd7]a—:;(0, 7, T) 7,'?2(0, n, T)’

where 7 denotes the complex number p¢+4¢v. Then from (3.6)
3.7 Rer a|” 3“

)T, 7, 7)

)u(l +0) 2

———=l9@,y)

<L lo@ vl

Since (x, 1, ) satisfies for all 7=y +14v and almost everywhere of 7
real the equations

((%ad—) + 7'+ Uz, p, D=9z, n) x>0,
(_:.dierp)u(x 70 5-0=0,

3.8)

where g(x, ) is the Fourier image with respect to y of g(z, ¥).
The application of Lemma 2.2 for (3.8) gives

b
3.9 =20 | g Ve d
3.9 7) = +rz+b7)f g(z, n)dx
(8.10) 790, ,r)——"__ e~ TR ) da
7 Wp'+7? +b77j gL

where {7+ z? denotes the square root of 7?4 72 with positive real part.
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Let us choose a sequence of data g¢,(x, ¥) given in the form

Put
3.12) Jn(p)=j°° dy__Re(by iv) re'”/”“’_‘”*”«}'ﬂh(nx)dx !
— 'id722+72+b77|2 0

Lemma 3.1. Let h(x) be o real valued C=-function with a com-
pact support contained in [1, co) such that

(3.13) re‘mh(x)dxﬂ;o.
0

Then it holds for some constant C,>0
3.14) —J,m)=Cumn.
Proof. At first remark that

3.15) J.m)=—b| d id
15 Jm=—bf TGt —dbp

f " o= VIO by (o) das :

0

where p/'=-£, and
n

(3. 16) I“e- Vit e h(x)dx — Iwe- VI+ (p_l_iy)'zwh(x)dx.
0 0
And we note some properties of J1+72: For all v>0

1 1
3.17 - >0
@10 [NI+ (g + ) —ibP | N1+ (¢ —iv)*—ibf -

and, when v e I, =[J1+ 0"+ p”*— o/, NI+ 0*+ p*+ 1], for some C>o

(3.18) 1 1
NI+ (g + ) —ibP |1+ (g —i)*—ib]
1 1 1
“ #/z - b

From (3.15) and (3.16) it follows

—J, ()= br;v dy { 1 1

NI+ (@ + P —ibP |1+ (g —w)P—ibP
l f " e T () dz |,
0

by (8.17) and (3.18)

sof o[ L L 1)

I C? ﬂ/z b2
On the other hand since for v e I JI+(p/+)* tends to b when g’
tends to 0 it holds from (3.13)

[ e T n@dal >,
0
for all ve I, if p is sufficiently small. Then it follows that
1+02(1 1 1 1 n
—J,(m)>bY "2‘ (F p’Z_F) C.2p' > const. 7_const;.
Thus Lemma is proved.

2
dy.

jm e VI+ @ +iv)2xh(x)dx

0
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Substituting (8.11) into (8.9) and (3.10) we see that
3.19) Re(” duj - dy;%(o, 7, D70, 7,7)

=I:° | P () P ().

Since J,(n) is continuous in 7, by choosing P,(») as its support contain-
ed in a sufficiently small neighborhood of =, it follows

620  —[ 1P@Inminz—T0(" 1popay,
By inserting (8.19) into (8.7) and using (3.20) and (3.14) it follows
S|Py < GO 10,0 Dl
= QO P iy 116 e,
2(n—7)
this shows that
14+O0p f
g h(x)|*d
zn 2—7) | h(x)|2dx
holds for all n. This is a contradiction. Thus Theorem is proved.
Remark. By the same method we can also see the following :
Let 2 and L are the same ones in Theorem. If we take the bound-
ary operator as

0 0
B=_" X
ox Te ot
the mixed problem
Lu=0 in R2Xx(0,T)

Bu|;-0=0
w(x, y, 0)=uyz, y), %ﬁt(x, Y, 0)=u,(x, y)

18 not well posed in L*-sense when ¢ is a negative constant.
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