No. 10] Proc. Japan Acad., 44 (1968) 1031
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Throughout, we shall assume all topological spaces are Hausdorft.
A function f: X—Y from a space X to a space Y is said to be weakly-
continuous if and only if f-*(y) is closed in X for each y in Y.

Let f: X—Y be a function from a space X to a space Y. The fol-
lowing are two properties which a space X may or may not satisfy :

P(X): f is weakly continuous;

Py(X): for any filter base ([2], p. 211) {F,|A € 4} of compact sets of
X, we have f(QAF‘) = Qif(F‘)'

Theorem 1. If X is any space, then P,(X) implies Py(X).

The proof of this theorem is straightforward. To our surprise,
we discovered first the following :

Theorem 2. If X is a k-space, then PyX) implies P(X); and
hence P(X) and Py(X) are equivalent.

Proof. See the “necessity” part of the proof for Theorem 3,
below.

Trying, in vain, to weaken the hypothesis of Theorem 2, we
obtain the following characterization of k-spaces.

Theorem 3. Pi(X) and Py(X) are equivalent if and only if X is a
k-space.

Proof. Necessity. According to a theorem of Cohen [1], (see also
[2], p. 248), X is a k-space if and only if it is a quotient space of a
locally compact space, say Z. Let p:Z—X denote the natural projec-
tion (=quotient map). Suppose, P,(X) is false, i.e., there exists an
element y in Y such that f-*(y) is not closed in X, then p~(f~'(y)) is
not closed in Z. Hence, there exists an element z in Cl(p~(f~(y))
such that f(p(2))+#vy. Since Z is locally compact (and Hausdorff),
there is a filter base {E;|1¢€ 4} of compact neighborhoods E, of z such
that QA E,={2}. Let F,=p(¥) for all 1¢ 4, then {F,: 1¢ 4} is a filter

base of compact subsets of X such that M F,={p(»)}. Then we have
€4

S( m F)=f(p(z)); but ﬂ f(F, contains the element y, which is not in

f( ﬂ F). This shows f( mFZ);e ﬂ f(F,), which contradicts Py(X).

Thus, Py(X) and P,(X) are equlvalent by the preceding and by Theo-
rem 1.



1032 Y.-F. LIN and L. SONIAT [Vol. 44,

Sufficiency. Assume X is not a k-space. Then there exists F,
a non-closed subset of X, such that FN K is closed in K for every com-
pact subset K of X. Define f: X—X as follows:

Let z be any fixed element of F,

zifxeF;
o= ex—r.

Then, P,(X) is false for the function f, since f~*(2)=F. Let {K,|4¢€ 4}
be a filter base of compact subsets of X. The fact that f (th K)

C N f(K) is clear. Thus, to show that P,(X) is true we need only
sh;s Qif(K‘)gf(Q,K‘)' Letpe Q{!f(KA). If p=zthen K;NF+¢ for
every A. But since K,NF is closed in K,, {K,NF|A e 4} is a filter base
of compact subsets of X and hence QA K,NF)=FN( QAK‘)¢¢‘ Thus,
p==z is contained in f(xQzK“)' If p+#z, then f~(p)=p=f(p). Thus,

p=f(p) e N f(K, implies p ¢ K,, for every 2. Consequently, p e NK,
and so f(p) € f(NK,). Hence, P,(X) and P,(X) are not equivalent.
Q.E.D.
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