No. 8] Proc. Japan Acad., 33 (1977) 135

37. The Singular Cauchy Problem for Systems whose
Characteristic Roots are Non Uniform Multiple

By Gen NAKAMURA
Graduate School, Tokyo Metropolitan University

(Communicated by Kdsaku YoSIDpA, M. J. A., March 12, 1977)

1. Introduction. In [3], applying the method of B. Granoff-
D. Ludwig [1], the author studied the singularities of the solutions of
the Cauchy problem for a certain system which has a pair of character-
istic roots with non uniform multiplicities. It was Duhamel’s principle
which played a fundamental role in [1] and [3]. The aim of this note
is to show that a thorough use of Duhamel’s principle enables us to gen-
eralize the result of [3] in case more than two characteristic roots are
non uniform multiple. Since the calculations become more complicated
as the number of the characteristic roots with non uniform multiplicities
increases, we only treat the simplest case which three characteristic
roots are non uniform multiple. Therefore we must prepare another
proof when arbitrary number of characteristic roots are non uniform
multiple. However, one may easily conjecture the theorem concern-
ing the general case from this note.

2. Assumptions and result. Let ({,2)=(¢, 2, --+,2,) € C** and
g=(&, - -+, &, be the covector at x=(,, - - -, ).
Consider the system:

2.1) Lu= au/at+Z Ax(t, x)ou/ox,+ B(t, x)u=0,

where A*, B are kX k-matmces holomorphic in a neighborhood of the
origin. We impose a Cauchy data which has a pole on 2,=0 and de-
note this Cauchy problem by (CP).

Now we assume the following agsumptions (I) ~ (V).

(I) Forany (¢,2)~0 and £€~(1,0, - -.,0), the matrix —ﬁ‘ Ax(t,
1

®)&, has k (counting multiplicities) eigenvalues 2'(¢, x; &) (1gl£ k) and
the agsociated eigenvectors RU(t, x; &) 1<I<k) form a complete set.
(II) Forany (t,2)~0and £~(,0, ---,0), each set of eigenvalues
{24 245 4<I<E}, {22, 2 4<I<k}, {2, 2"; 4<I<k} is mutually distinct.
(III) 2%, R* (1<1<3) are holomorphic in (¢, ) ~0, £~(,0, - -, 0).
(IV) The Poisson brackets {2¢, 2’} (1<¢<j<38) vanish for (¢, ) ~0,
&~@1,0,-.-,0).
In order to state the assumption (V), we define the phases F'(t, x)
(1<i<k) and the multi-phases F¥(t, x; s;) A1<1<j<8), F*3(t, x; s, 8,)
by
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Fﬁ:l‘(t, ;5 Va:Fi), Fi(oy x)‘:xl (1.<_7:£k)’
Fy=2(,x; V,F9), F(s,, 2, s)=Fs;,, ») 1<1<7<3),
FR=2, ; V,F'), F'3(sy x; 81, $)=F"(s,, ¢ 8)).
Then the assumption (V) is as follows.
(V) F(0,0,s) 1<i<5j<8), F**¥(0,0,0,s,)x0. Additionally, let
o(t, z, ;) be the discriminant of F'%(t, , s,, 8,), then w(0, 0, s,)=0.
Now we define K; (1<i<k), K;; 1<i<j<3), K,;, by
K;; Fi(t,x)=0 1<i<k), K;;; o¥(t, ) =0 1<i<j<3),
Klzs; A(t, w)=0’
where ot/(t, x) 1<i<j<38), 4A(t, ) are the discriminants of F%/(t, x, s,)
(1<i<j<3), o(t, ¢,s). Then set K= (ij Ki) U ( U KU) UK.

i=1 1<i<i<8
In these situations we have the following theorem.

Theorem. Under the assumptions (I) ~(V), there exists a neigh-
borhood V of the origin such that the Cauchy problem (CP) has a unique
holomorphic solution u(t,x) on the simply comnected covering space
over V—K. Moreover u(t, x) is given by

ult, )= 2 (GU(¢, @) | IFU(¢, ©)]% + H'(t, 2) log F(t, )}

+ 2 f : {GH(@, x5 8) [ [FH(E, x5 8]

1<i<j<8

2.2) +HU(t, x; 8) log FU(t, a; s)}ds,
+J‘t J’s“ {G123(t’ X, S1y sz)/[F123(t, X ; 8, 82)](1”3
0Jo0

+H%(t, x; s, 8) log F**(¢, x5 8, 8p)}ds,ds,
+H(, »),
where GYLH! (1<i<k), GY,HY (1<i<j<8), G'®, H®, H are vector
functions holomorphic at the origin and q;, 44y, q:35 07 Positive integers.

Remark. The assumption (V) is unnecessary to obtain the ex-
pression (2.2). Under the assumption (V), it is easy to prove that the
singularities of the solution u(Z, x) lie on K.

3. Outline of the proof. We only illustrate the construction of
an asymptotic (a formal) solution, because its convergence (thus its
exactness) can be proved by the method of majorant due to Y. Hamada-
J. Leray-C. Wagschal [2] and others. Moreover, for simplicity, we
only construct an asymptotic solution corresponding to the character-
istic roots 2* (1<i<3).

We seek the formal solution in the following form:

ult, ©)= z ; 1,FE, w)ai(t, 2)
3.1) + 3o j:f,mm@, @3 s)bI(E, ¢ 8)ds,

1<I<m<8 j=0

+ f}o Jc J FAF(E, @5 81, 8))es(E, @5 81, 8)ds,ds,,
j=0J0Jo
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where {f,(0)};-_, are the wave forms which satisfy d/d{ f,(O)=f,;_.(0)
(G=0).
Set
bir(t, x5 s) =g, x5 sYR'(E, @ V,F'™(¢, x5 s))+ BmE™,

c,(t, x; 8, 8)= Z rit, x5 81, SHRE(E, @3 V,F'2(t, 5 8y, 82)).

Substitute (3.1) 1nto (2.1) and seek the conditions in order that
(3.1) will be a formal solution. Then we obtain the following series
of recurrence relations. Namely, with the conventions a}=0, piz=0,

ri=0 for <0 and pip=g7, Ak_F"‘-l-Z] AR, (1<k<3), we have

(3.2) {Aka;+1+.£(a’jc)+.3 bt x; ykz)Rl'F,Bm(t 25 Yim)B™
' + 37 MABE™ I @ Yiam) =0 for {k,1,m}=(1,2, 3} 1<m,
(0/0t+0/0s,) BiL + MLIBE] + MOLBE] + MALBE ] + M2, [8% 1]
+ M7 1(2) =0,
/ot B+ ML+ MOLBS] + M3 o [ 85 o] + MELBF 1] + MLy 71 1(24)
=0,
1= 3 MABE+ IS+ 3 Milrioil)
for {k, 1, m}={1,2,3}, k<,
(a/at+a/asl+a/asz)7’j+Ml[Tj]'|' Z MO[T ]‘l“Ml[Tj 1]+Mx,sl[7’j—1]

+Mw 81, Sg[rj 1]:0’
(a/at+a/asz)rj+Ml[Tj]+ Z MO[T]+M§'¢ s;[TJ 1]+M1[7’j 1]

M .[y5-11=0,
0/0t 1+ Myl + Z LA Ml 1] +Mi,s2[n-1]

+M:[y5-.1=0,
where the summation 7’ is taken over k, [, m € {1, 2, 3} such that k=,
m#l or m=Il, k#l and ¥,=V;=VYn="%, Yu=Y3="Y5=0, Yo=Y =Vsu
=Y =Y =Y13:=0, Y=VY1:=Yin="Yu=Ym=Vm=t, 2:=>E,2; s, 1), 2,
=, 2;8,8), ,.=(,2;0,s,). Moreover, M2 stands for holomorphic
linear partial differential operator of total order p with respect to the
variable 4 and its order with respect to the variables s;, s, are not
greater than one.
In deriving the above recurrence relations, we have used the fol-
lowing formulas:
Fii@, ; s)=2'Qt, ; V. FY(t, ;5 8))—2(t, x; V,FY) (1<i<j<3)
FE@E, 25 81, 8) =21, x; V,F'(t, x; sy, 8,)) —24(t, @5V F'%),
F3@, x5 81, 8) =2, 5 V,F'5(t, x5 8, 8,)) — 2, x5 V,F'®),
FUt, x; )y=F4t, x), F*(t, v; 0)=F(t, x) (1<i<7<L3),
F(, x5 8, )=F"t, x; s), F'**(t, x; 0,8)=F*t, x; s,),
F'(t, x5 8, 8)=F"(t, x; 8y, LIA*R!= — (27— 2Y) LR [3¢,,
where {L*; 1<I<k} is the dual basis of {R?; 1<I<E}.

3.3)
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Now, as usual, we can see that o% (1<k<3) are determined suc-
cessively from (3.2). As for g%, (1<k<I<3, m=k,1), the location of
the initial manifolds are all non-characteristic to the differential
equations defining g%, 1<k<1<3, m=k,1) if we seek the initial con-
ditions for ¥, (1<k<I<3, m=k,l) from (3.2). Similarly, we also see
that 7% (1<k<3) are determined successively from (3.3). Thus we
have constructed an asymptotic solution.
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