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Abstract

We give a new sufficient condition for the normal extensions in an
admissible Galois structure to be reflective. We then show that this condi-
tion is indeed fulfilled when X is the (protomodular) reflective subcategory
of .#-special objects of a Barr-exact .”’-protomodular category C, where .
is the class of split epimorphic trivial extensions in C. Next to some concrete
examples where the criterion may be applied, we also study the adjunction
between a Barr-exact unital category and its abelian core, which we prove to
be admissible.

1 Introduction

In the paper [32] we studied the adjunction between the category of monoids
and the category of groups, given by the group completion of a monoid, from
the point of view of categorical Galois theory. We showed that the adjunction
is admissible with respect to the class of surjective homomorphisms, and we
described the central extensions (which turn out to coincide with the normal ex-
tensions): they are the so-called special homogeneous surjections (see [11]). In the
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subsequent paper [33], we showed that special homogeneous surjections of mon-
oids are reflective amongst surjective homomorphisms. In order to do so, we
applied Theorem 4.2 in [25]].

The adjunction between monoids and groups is an instance of a more gen-
eral situation, recently described in [11] and in [12]: the category of monoids is
-protomodular, with respect to a suitable class .7 of points (= split epimorph-
isms with a fixed splitting), and the category of groups is its protomodular core
relatively to the class .7 (see Section[3). .-protomodularity allows us to recover,
for monoids, relative versions of several important properties of Mal’tsev [14]
and protomodular [4] categories, like the Split Short Five Lemma, or the fact that
every internal reflexive relation is transitive.

The case of monoids and groups now suggests the following general ques-
tion: given an adjunction, admissible with respect to regular epimorphisms, be-
tween a category with “weak” algebraic properties and a reflective subcategory
with “strong” properties, like a protomodular one, such that the big category is
< -protomodular with respect to the class . of split epimorphic trivial exten-
sions, is it always the case that normal extensions are reflective amongst regular
epimorphisms?

The present paper gives an affirmative answer to this question for the case of
Barr-exact categories [1]. In order to do this, we needed to obtain a new criterion
for reflectiveness of normal extensions, Theorem 2.I0t given a Galois structure
between Barr-exact categories, which is admissible with respect to classes of reg-
ular epimorphisms, the category of normal extensions is reflective in the category
of all fibrations (as the morphisms in the chosen class of regular epimorphisms
are called) provided that it is closed under coequalizers of reflexive graphs.

The paper is organised as follows. In Section [2l we recall some basic notions
of categorical Galois theory and we prove our criterion for reflectiveness of nor-
mal extensions. In Section 3] we recall the definition, some properties and some
examples of .’-protomodular categories. Section 4 is devoted to the proof that
the criterion can be applied in the context of Barr-exact .”-protomodular catego-
ries. In Section 5] we describe the concrete examples of the adjunction between
monoids and groups and the one between semirings and rings. Section [6]is de-
voted to the study of a general class of examples, namely the adjunction between
a Barr-exact unital [5] category and its abelian core. In particular, we prove that,
for any finitely cocomplete Barr-exact unital category, the reflection to its abelian
core gives an admissible Galois structure, and that the criterion for reflectiveness
of normal extensions is applicable to this Galois structure.

2 Reflectiveness of normal extensions

In this section we work towards a general result on reflectiveness of normal
extensions in an admissible Galois structure: Theorem 2. 10/ which says that, if the
fibrations in the Galois structure are regular epimorphisms, and normal
extensions are closed under coequalisers of reflexive graphs, then the normal
extensions are reflective amongst the fibrations.
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2.1 Galois structures

We begin by recalling the notion of an (admissible) Galois structure as well as the
concepts of trivial, normal and central extension arising from it [22] 23| 24]. We
consider the context of Barr-exact categories [1] and restrict ourselves to fibrations
which are regular epimorphisms to avoid some technical difficulties.

Definition 2.2. A Galois structure I' = (C,X,[,H,1,¢,&,.7) consists of an
adjunction

with unit #: 1¢ = HI and counit €: IH = 1x between Barr-exact categories C
and X, as well as classes of morphisms & in C and .% in X such that:

(G1) & and .# contain all isomorphisms;

(G2) & and .7 are pullback-stable;

(G3) & and .# are closed under composition;

(G4) H(F) < &;

(Gh) I(€) < #.

We call the morphisms in & and .# fibrations [23]. We moreover assume

(G6) the classes & and .# consist of the regular epimorphisms in C and in X,
respectively.

Finally, we assume that C has coequalisers of reflexive graphs.
The following definitions are given with respect to a Galois structure I'.

Definition 2.3. A trivial extension is a fibration f: A — B in C such that the
square

HI(A)
l lHl(f)
B——> HI(B)

is a pullback. A central extension is a fibration f whose pullback p*(f) along
some fibration p is a trivial extension. A normal extension is a fibration such that
its kernel pair projections are trivial extensions.

It is easy to see that trivial extensions are always central extensions and that
any normal extension is necessarily a central extension.
Given any object B in C, we can associate an adjunction

(61 B)_L (ZF|1(B)),
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where (& | B) denotes the full subcategory of the slice category (C | B) deter-
mined by the morphisms in &; similarly for (% | I(B)). The functor I? is just the
restriction of I, while H? sends a fibration g: X — I(B) to the pullback

A —— H(X)
|
HB(X)l lH(g)

of H(g) along 7.

Definition 2.4. A Galois structure I' = (C,X, I, H, 5,€, &, .#) is said to be admis-
sible when, for every object B in C, the functor H B is full and faithful.

In the presence of an admissible Galois structure, every trivial extension is
always a normal extension:

Proposition 2.5 ([25], Proposition 2.4). If I is an admissible Galois structure, then
I: C — X preserves pullbacks along trivial extensions. Hence a fibration is a trivial
extension if and only if it is a pullback of some fibration in H(X). In particular, the trivial
extensions are pullback-stable, so that every trivial extension is a normal extension.  m

The admissibility condition of a Galois structure together with the proposition
above give the needed conditions to have the reflectiveness of trivial extensions
amongst fibrations. In fact, the replete image of the functor H? is the category
of trivial extensions over B, denoted by Triv(B). Moreover, Triv(B) is a reflective
subcategory of (& | B), where HBIB: (& | B) — Triv(B) is its reflector. So, by
Proposition 5.8 in [21], we obtain a left adjoint, called the trivialisation functor

Triv: Fib(C) — Triv(C),

to the inclusion of the category Triv(C) of trivial extensions in C into the full sub-
category Fib(C) of the category of arrows in C determined by the fibrations.

2.6 Reflectiveness of normal extensions

Given an admissible Galois structure I as in Definition 2.4 and an object B in C,
we denote by Norm(B) the full subcategory of (& | B) determined by the nor-
mal extensions over B. When it exists, the left adjoint to the inclusion functor
Norm(B) — (& | B) will be denoted by Norm: (& | B) — Norm(B) and called the
normalisation functor (over B). We also write

Norm: Fib(C) — Norm(C)

for the left adjoint to the inclusion Norm(C) < Fib(C) (where Norm(C) is the cat-
egory whose objects are the normal extensions in C) which exists as soon as the
normalisation functors over all objects B exist (again by Proposition 5.8 in [21],
using that normal extensions are stable under pullback).

We use the construction proposed in [17] and prove that it does indeed provide
us with a normalisation functor as soon as the Galois structure I' is admissible and
satisfies the following condition:
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(G7) Norm(C) is closed under coequalisers of reflexive graphs in Fib(C).

This approach is related to the results in [16] where the problem of reflective-
ness of normal extensions is studied in a much more general setting. Our present
paper and [16] were written independently and around the same, but with a dif-
ferent purpose in mind. Ours was to provide simple applications of the construc-
tion in[2.7Zlbelow—essentially a simple version of the one proposed in [13], which
strictly speaking cannot be applied in the current context.

2.7 The construction

Given a fibration f: A — B, we pull it back along itself, then we take kernel
pairs vertically as on the left hand side of the diagram in Figure[ll We apply the
trivialisation functor to obtain the upper right part of the diagram, then we take
the coequaliser f on the right to get the morphism Norm(f) and the comparison
17?0““. The normality of Norm(f) comes from condition (G7) and the fact that all
trivial extensions are normal extensions (Proposition 2.5).

Triv

.y
1
ETT) > Eﬁ” ) fv i B2 T
-
Eq(f) > A < Eq(f)ray
Uvl f f
Vv
z\‘/l\\\f >]\E/3< Norm(f))Z
;jlr\lgrr;

Figure 1: The construction of Norm(f)

2.8 The universal property

Let us prove that the extension Norm(f) is universal amongst all normal exten-
sions over B. Suppose that f = gow, where g: C — B is a normal extension.
First note that all steps of the construction are functorial. Next, since g is a nor-

mal extension, we have Norm(g) = g, C = C and quorm = 1c. So we get an

induced morphism @: A — C such that goa = Norm(f) and Eoﬂ}}lorm = «, which
proves the existence of a factorisation. Now for the uniqueness, suppose that f,
v: A — C are such that

Norm Norm

gop = Norm(f) = goy and  Boyj¢®™ = a = yoryy
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We write 7'({ , 7'(5 and 7§, 73 for the kernel pair projections of f and g, respect-

ively. From the fact that ¢ is a normal extension, we have Triv(rcf ) = 7T§ and
g = 3. Since goocoTriv(n{ ) = foTriv(n{ ) = Norm(f)of = gopof and, likewise,

goocoTriv(n{ ) = govef, we find morphisms

B = (aTriv(n]), Bof), 7 = (aTriv(r}), vof): Bq(f)miv — Eq(g)
such that 73 B = Bo f and T30 = 7o f while

nfoﬁ = ocoTriv(n{) and oy = zxoTriv(n{).

Now E = 7 follows from the uniqueness in the universal property of the trivial

extension Triv(rc{ ): indeed, ,Bo;yTrfiV =& X1, = ’7017Trfiv. Hence B = 7.
™ ™

2.9 The result

Thus, keeping Proposition 5.8 in [21] in mind, we obtain:

Theorem 2.10. Let I = (C,X, 1, H,n,€,&,.%) be an admissible Galois structure such
that the conditions (G6) and (G7) hold. For any object B in C, Norm(B) is a reflect-
ive subcategory of (& | B). As a consequence, normal extensions are reflective amongst
fibrations. n

2.11 A weaker condition

Condition (G7) is nice and simple, but it is slightly too strong to be applied to
& -protomodular categories as in Section 4l We may replace it by the following
slightly weaker alternative, which is clearly still strong enough to imply the con-
clusion of Theorem

(G77) Norm(C) is closed under coequalisers, in the category Arr(C) of arrows in C,
of certain reflexive graphs in Fib(C): given a reflexive graph of the following
form

A3 A

£ lf’ f
v \'%
Eq(h) <——=B' — B

B h

=

—
B —

<

and its coequaliser, if ' and f” are normal extensions, then also f is a normal
extension.

We thus obtain

Theorem 2.12. Let I = (C,X, 1, H,n,¢€,&,.%) be an admissible Galois structure such
that the conditions (G6) and (G77) hold. For any object B in C, Norm(B) is a reflect-
ive subcategory of (& | B). As a consequence, normal extensions are reflective amongst
fibrations. n
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3 .“-protomodular categories

Our criterion for the reflectiveness of normal extensions (Theorem [2.12) can be ap-
plied to a general algebraic situation, in which the category C is an .-protomodular
category. The aim of this section is to recall the definition of an .#-protomodular
category, as well as the results we need in order to show that this reflectiveness
criterion is applicable.

The notion of .-protomodular category was introduced for a pointed context
in [11], and further developed in [12]. An extension to the non-pointed case was
then considered in [§]].

Let C be a finitely complete category. We denote by Pt(C) the category of
points in C, whose objects (f,s) are the split epimorphisms f: A — B with a
chosen section s: B — A asin

A%B fos = 1g

and whose morphisms are pairs of morphisms which form commutative squares
with both the split epimorphisms and their sections. Since split epimorphisms
are stable under pullbacks, the functor cod: Pt(C) — C, which associates with
every split epimorphism its codomain, is a fibration, usually called the fibration
of points. Let .” be a class of points in C which is stable under pullbacks. If
we look at it as a full subcategory SPt(C) of Pt(C), it gives rise to a subfibration
-cod of the fibration of points. A point (f: A — B,s: B — A) in a pointed
category C is said to be a strong point if the pair (k,s), where k is a kernel of f,
is jointly strongly epimorphic. Strong points were considered in [31], under the
name of regular points, and independently in [7], under the name of strongly split
epimorphisms.

Definition 3.1 ([11], Definition 8.1.1). Let C be a pointed finitely complete cat-
egory, and .7 a pullback-stable class of points. We say that C is .#-protomodular
when:

(1) every point in SPt(C) is a strong point;
(2) SPt(C) is closed under finite limits in Pt(C).

Remark 3.2. As mentioned in [§8], in a pointed finitely complete category C a
point (f, s) is strong if and only if, for any pullback as in the diagram

P24

bl

C?B,

the pair (712, s) is jointly strongly epimorphic. Thanks to this fact, the definition
of .“-protomodular category can be extended to the non-pointed case, by simply
replacing the notion of strong point by the property above (see [8) Definition 4.3]).
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The name .-protomodular comes from the fact that a pointed finitely complete
category C is protomodular if and only if every point in C is a strong point [4].
Hence the notion above is a version of the concept of protomodular category,
relative with respect to the class ..

Example 3.3. As observed in [11], the categories Mon of monoids and SRng of
semirings are .-protomodular with respect to the class . of Schreier split epi-
morphisms [30] (see below). Later, in [29], it was proved that every Jénsson-Tarski
variety, which is a variety whose corresponding theory contains a unique con-
stant 0 and a binary operation + which satisfy the equations 0 + x = x + 0 = x for
all x, is .-protomodular with respect to the class of Schreier split epimorphisms.
Let us now recall the definition of such split epimorphisms.

Definition 3.4 ([30, 29]). A split epimorphism f: A — B with given splitting
s: B — A in a Jénsson-Tarski variety is a Schreier split epimorphism when, for
every a € A, there exists a unique « in the kernel N of f such thata = & + sf(a).

In Section[6lwe give an example of an .-protomodular category of a different
nature.

Let C be an ./-protomodular category. We recall from [12] that an .#-reflexive
graph (or .”-reflexive relation)

d
Qei—A

is a reflexive graph (respectively, a reflexive relation) such that the point (4, e) be-
longs to .. A morphism f: A — B is called an .”-special morphism when its
kernel pair Eq(f) is an .#-reflexive relation. An object X is called an .’-special
object when the indiscrete relation on X is an .-reflexive relation. This means
that the point (p1: X x X — X, (1x,1x): X — X x X), where p; is the first projec-
tion, belongs to .. The following result was proved, in the pointed case, in [12],
and then extended with the same proof to the non-pointed case in [8].

Proposition 3.5 ([12], Proposition 6.2). Let C be an .”-protomodular category. Any
split epimorphism between .#-special objects is in . and, consequently, is an ./’-special
morphism. The full subcategory .7’ C of .#-special objects is protomodular. n

The protomodular subcategory .#C is called the protomodular core of C re-
latively to the class .. Observe that, since SPt(C) is closed under finite limits
in Pt(C), the subcategory .'C is closed under finite limits in C.

When C is the category of monoids, and . is the class of Schreier split epi-
morphisms, the protomodular core is the category of groups. Similarly, the pro-
tomodular core of the category of semirings is the category of rings.

4 An application to .”-protomodular categories

In this section we are going to consider a Galois structure I' as in Definition 2.2}
where C is a finitely complete Barr-exact category with coequalisers of reflexive
graphs, X is a full reflective subcategory of C, I is the reflector, H is the inclusion
and & and .# are the classes of regular epimorphisms. We assume that
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1. Xs also Barr-exact;
2. H preserves regular epimorphisms, so that I is indeed a Galois structure;
3. T is admissible;

4. writing . for the class of split epimorphic trivial extensions, the category
C is .“-protomodular.

The functor H being the inclusion functor, we omit it from writing to simplify
notation. Note that, .7 being the class of split epimorphic trivial extensions, X
is contained in the protomodular core .C given by ./-special objects: if X €
X, then the first projection p1: X x X — X is a trivial extension (because it is a
morphism in X). If C is pointed, then X is precisely the protomodular core .’C.
Indeed, if p;: X x X — X is a trivial extension, then it is the pullback of a morph-
ism in X. Hence its kernel, which is X, belongs to X. In any case, X is a full sub-
category of the protomodular core .’C, and being closed under finite limits in it
(since it is closed under finite limits in C), it is a protomodular category thanks
to Proposition 3.5 thus a Mal’tsev category (Proposition 17 in [5]). Since X is a
Barr-exact Mal’tsev category, then any reflexive relation is necessary the kernel
pair of its coequaliser.

Applying Theorem [2.12 we shall prove that in this setting, the normal
extensions are reflective amongst the fibrations. Since condition (G6) is fulfilled
by assumption, we only have to prove that condition (G7~) holds.

In a regular category, a commutative square of regular epimorphisms

A5 A

i

B’7>B

is called a regular pushout [6] when the comparison morphism to the pullback
{f',g): A’ - B’ xp A is a regular epimorphism.

Lemma 4.1. In a reqular category, pulling back along a morphism of regular epimorph-
isms preserves regular pushout squares.

Proof. A square of regular epimorphisms as above is a regular pushout if and
only if it decomposes as a composite of two squares of regular epimorphisms

A —=B xp A—> A
I
\4 \4 \4

B ———"P' — > B,

where the square on the right is a pullback. Given a regular epimorphism
r: C' — C and a morphism (f’, f): r — h, pulling back the given regular pushout
square along it yields a regular pushout square over r. m
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Lemma 4.2. Any commutative solid diagram

Eq(f) - ey Eq(g)

LA

>

where the bottom square gh = kf is a pushout of regular epimorphisms and f is a trivial
extension is a regular pushout. Consequently, the comparison morphism h is also a
regular epimorphism.

Proof. By Proposition 5.4 and Theorem 5.5 in [14] it suffices to prove that Eq(h)
and Eq(f) permute to show that the bottom square is a regular pushout. The
equality Eq(h) Eq(f) = Eq(f)Eq(h) can be proved with an argument which is
completely analogous to the one used in the proof of Theorem 3.9 in [9]. n

We recall that kernel pairs in Pt(C) are computed objectwise: if (g,h) is a
morphism of points, then Eq((g,/)) = (Eq(g),Eq(h)). Moreover, when C is regu-
lar, a morphism (g, /1) in Pt(C) is a regular epimorphism if and only if both ¢ and
h are regular epimorphisms in C.

Lemma 4.3. The functor Triv|py(c): Pt(C) — Pt(C) preserves coequalisers of (effective)
equivalence relations.

Proof. Consider the coequaliser diagram

in Pt(C). Since I preserves all coequalisers, we obtain a reflexive graph in Pt(X)
with its coequaliser

I(gl) I(g)

I(Eq(g)) <——= I(A") —=>1(A)
1(82)
H I(hy) Tl
I(Eq(h)) I(B") I > [(B).

I(h)

The inclusion X — C preserves regular epimorphisms (by assumption) and ker-
nel pairs, so this diagram is still a reflexive graph with its coequaliser when
considered in the category Pt(C). Indeed, if we take the (regular epimorphism,
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monomorphism) factorisation of {I(g1),1(g2)): I(Eq(g)) — I(A") x I(A’) in X,
we get a reflexive relation, say {e1,e2): E — I(A’) x I(A’), and the coequaliser
of (e1,ey) is still I(g). Since X is a Barr-exact Mal’tsev category, E is necessarily
the kernel pair of its coequaliser I(g), as mentioned above. Thus, the compar-
ison I(Eq(g)) — Eq(I(g)) is a regular epimorphism, and similarly for I(Eq(h)) —
Eq(I(h).

Now we pull back along 775, 17p, {I(h1), [(h2))otgqn) and #gqa) to obtain the
diagram

Eq<g )Triv > P Alfrlv > ATI‘IV
\ \ N
I(Eq(§)) ————> Eq(I g)) I(A")
Triv(f") I(f") Triv(f) I(f") Trlv
Eq(h) Eq( B —*

W% \

I(Eq(h)) ————> Eq(I (h)) «<————=1(B) W I(B);

we write P = Eq(h) xgq(1(n)) Eq(I(g)) to simplify notation. Since the front left and
right faces are regular pushouts (Proposition 3.2 in [6]), the dotted arrows are reg-
ular epimorphisms by Lemma 4.1l Moreover, pullbacks preserve kernel pairs, so
that P must be the kernel pair of the regular epimorphism A’;, — Afiy. Con-
sequently, Triv(f), being the coequaliser of its kernel pair, is also the coequaliser
of the reflexive graph Triv(f") = Triv(f’). n

Proposition 4.4. Consider a reflexive graph and its coequaliser in Pt(C)

R——A %54

=0

H /
S B - > B,

where " and f' are split epimorphic trivial extensions. Then f is also a split epimorphic
trivial extension.

Proof. We first consider the situation where R = Eq(g) and S = Eq(h) are the
kernel pairs of ¢ and £, respectively. By assumption, f is the coequaliser of its
kernel pair

Eq(g) N Al > A Atriv

NI

Eq(h) =—=B'——>B.

But, applying Lemma [4.3] we conclude that Triv(f) is also its coequaliser, since
Triv(f’) = f"and Triv(f”) = f”. Thus Triv(f) and f are isomorphic, which proves
that f is a trivial extension.
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Now we prove that the above assumption can be made without any loss of
generality. Consider the diagram

P

R l P A g - A
NN T
” " i ’ 1(g)
s f I(R)—— > Eq([(g)) I(A) >1(A)
") £
Eq(h) B —" B 1)

/
7

Eq(1(h)) I(B) I(B),

where P = Eq(h) xgq(1n)) Eq(1(g)). We shall prove that P is precisely the ker-
nel pair of g, so that the induced split epimorphism Eq(g) — Eq(h) is a trivial
extension, being a pullback of a fibration in X (Proposition 2.5).

For P to be the kernel pair of g, we just need to show that gop; = gop», since
the rest of the proof is straightforward. As in the previous proof, the compar-
ison morphisms I(R) — Eq(I(g)) and I(S) — Eq(I(h)) are regular epimorphisms,
so that the front left square of the diagram above is a regular pushout (Proposi-
tion 3.2 in [6]). Consequently, the comparison morphism

"), 1 HR) = 1(S) xgqqeny) Eq(I(8))
is a regular epimorphism and so is the comparison morphism (f”, p) in

P

R- p
N w_—"

f 5 XEq(h) p

t

5 Eq(h),

as a pullback of {I(f"),y). The split epimorphism Eq(I(g)) < Eq(I(h)) belongs
to . by Proposition 3.5 and so does the split epimorphism P < Eq(h) by the
assumption of stability under pullbacks. Since C is an .’-protomodular category,
the pair (pp,t) is jointly strongly epimorphic, thus jointly epimorphic
(Remark [3.2). Then, the pair (p, t) is jointly epimorphic, so we get gop; = gopa.
This finishes the proof. m

We have the following partial converse of Proposition
Proposition 4.5. Consider a morphism of points and its kernel pair in Pt(C)

81

Eq(g)=——— A —5 A
T b
Eq(h) Hﬁ B — B
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where f and f are split epimorphic trivial extensions. Then f" is also a split epimorphic
trivial extension.

Proof. This follows from the finite limit closure in the definition of .”-protomodul-
arity (Definition [3.1). [

Since the class . we are considering is the class of split epimorphic trivial
extensions, then the .”-special regular epimorphisms are precisely the normal
extensions with respect to the Galois structure I' (Definition 2.3). We are now
ready to prove that condition (G77) holds.

Proposition 4.6. The category of .-special reqular epimorphisms is closed in Arr(C)
under coequalisers of reflexive graphs, when they are of the type considered in condition
(G77).

Proof. Consider a reflexive graph of regular epimorphisms and its coequaliser in
C as in the solid part of the diagram in Figure[2l Assume that S is an equivalence
relation, so that S = Eq(h). We prove that, if f” and f’ are .”-special regular
epimorphisms, then also f is an .”’-special regular epimorphism.

.............. >
3 8 h
V ................ > v V
Eq(f) <oy A——B

Figure 2: Closedness of .”-special regular epimorphisms under coequalisers of
certain reflexive graphs

Taking kernel pairs to the left, we want to use Proposition 4.4 together with
the fact that .”-special regular epimorphisms are precisely normal extensions to
show that the kernel pair projections of f are trivial extensions. For this argument
to be valid, we need to show that: (1) g is a regular epimorphism; and (2) it is the
coequaliser of the pair of vertical arrows Eq(f”) = Eq(f’).

We may deduce (1) that g is a regular epimorphism from the fact that the
coequaliser of Eq(f") = Eq(f’)

Eq(f") <—=R

%J/
<
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is an internal groupoid on A. Indeed, by Proposition 4.4} it is an .-reflexive
graph since d is a split epimorphic trivial extension. Thanks to Proposition 7.5
in [12] (and to its extension to the non-pointed context, see Proposition 4.9 in [8]),
it suffices then to show that the kernel pairs Eq(d) and Eq(c) centralise each other.
The kernel pairs Eq(f{) and Eq(f;) centralise each other, since Eq(f’) is an equiv-
alence relation. By Lemma 4.2, Eq(d) (resp. Eq(c)) is the regular image of Eq(f;)
(resp. Eq(f3)), so that Eq(d) and Eq(c) centralise each other too (Proposition 1.6.4
in [2]). Hence the regular image of this internal groupoid is an equivalence rela-
tion, so a kernel pair, with coequalizer f, which makes it isomorphic to Eq(f).

Observe that, in the proof of (1), we do not need S to be an equivalence rela-
tion.

For the proof of (2), write f”: Eq(g) — Eq(h) for the kernel pair of (g, h). Tak-
ing kernel pairs to the left, we obtain the kernel pair projections Eq(f”) = Eq(g).
Note that Eq(f") is actually the kernel pair of g by interchange of limits. We claim
that the comparison R — Eq(g) is a regular epimorphism. Hence, by pullback, so
is the comparison Eq(f”) — Eq(f"), which finishes the proof of (2).

We are left with proving our claim that R — Eq(g) is a regular epimorphism.
We do so by showing that there is a quotient R’ of R which is a groupoid, so
that the “image” of the reflexive graph R is an (effective) equivalence relation
(namely Eq(g)). The groupoid R’ is obtained as a pullback of groupoids like in
the diagram

R b R’ = Al
\\’71?\\ \ P2 Nar
f" I(R) > Grd(I(R)) I(A)
1(f") f (")
Eq(h) Eq(h) B’
N v \ v TNV
I(S) > Grd(1(S)) I(B)

where Grd(I(R)) and Grd(I(S)) are the groupoids associated with the reflexive
graphs I(R) and I(S), respectively. Since X is a Barr-exact Mal’tsev category, the
reflection of reflexive graphs to groupoids is Birkhoff (Corollary 3.15 in [34] com-
bined with Theorem 3.1 in [18]), so that (keeping Theorem 5.7 in [14] in mind)
the front left square is a regular pushout. The morphism p is now a regular epi-
morphism by Lemma 4.11 ]

Corollary 4.7. The category of .’-special reqular epimorphisms in C is closed in Arr(C)
under coequalisers of equivalence relations. n

Theorem 2.12now implies the main result of this section.

Theorem 4.8. .-special regular epimorphisms are reflective amongst regqular epimorph-
isms. n
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We conclude this section by observing that the criterion for reflectiveness of
normal extensions given by Theorem 4.2 in [25] cannot be applied to obtain the
theorem above in our general framework, since we are not supposing that the
category C admits the colimits that are needed to apply that theorem.

5 Examples

In this section we describe some concrete examples of the general framework
developed in the previous one.

5.1 Monoids and groups

The first example we consider is the following: C = Mon is the category of mon-
oids, and X = Gp is the subcategory of groups. The reflection Gp: Mon — Gp
is given by the Grothendieck group (or group completion) [26, 27, 28]: given a
monoid (M, -, 1), its group completion Gp(M) is defined by

Gp(M) = 7(;5254]\;[),

where GpF(M) denotes the free group on M and N(M) is the normal subgroup
generated by elements of the form [m1][m,][m1 - m>]~!. By choosing the classes of
morphisms & and .% to be the surjections in Mon and Gp, respectively, we obtain
a Galois structure

I'on = (Mon, Gp, Gp, Mon, 17,€, &, %),

where Mon is just the inclusion functor from Gp to Mon. This Galois structure
was studied in [32], where it was shown to be admissible (Theorem 2.2 there).
Moreover, trivial, normal and central extensions were characterised for this Galois
structure. Let us briefly recall what they are.

Definition 5.2 ([11], Definition 2.1.1). Let f be a split epimorphism of monoids,
with a chosen splitting ., and N its (canonical) kernel

N>?A$B.

f

The split epimorphism (f,s) is said to be right homogeneous when, for every
element b € B, the function y,: N — f~1(b) defined through multiplication on
the right by s(b), so uy(n) = ns(b), is bijective. Similarly, we can define a left
homogeneous split epimorphism: the function N — f~1(b): n — s(b) n is a bijec-
tion for all b € B. A split epimorphism is said to be homogeneous when it is both
right and left homogeneous.

As observed in [11], Proposition 2.1.3, a split epimorphism is right homogen-
eous if and only if it is a Schreier split epimorphism (Definition [3.4).
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Definition 5.3 ([11], Definition 7.1.1). Given a surjective homomorphism g of
monoids and its kernel pair

7]
-— 8
Eq(g) eé— A—>B,

the morphism g is called a special homogeneous surjection when (711, A)
(or, equivalently, (712, A)) is a homogeneous split epimorphism.

Proposition 5.4 ([32], Proposition 4.2). For a split epimorphism f of monoids, the
following statements are equivalent:

(i) f is a trivial extension;
(ii) f is a special homogeneous surjection. n

Theorem 5.5 ([32], Theorem 4.4). For a surjective homomorphism g of monoids, the
following statements are equivalent:

(i) g is a central extension;
(ii) g is a normal extension;

(iii) g is a special homogeneous surjection. n

Special homogeneous split epimorphisms are, in particular, Schreier split epi-
morphisms, hence strong points ([11], Lemma 2.1.6). Moreover, they are stable
under pullbacks ([11], Proposition 7.1.4). So, Mon is an .-protomodular category
with respect to the class . of special homogeneous split epimorphisms, which
are precisely the split epimorphic trivial extensions of the Galois structure I'yion
we are considering. All the other conditions we assumed in Section 4 are clearly
satisfied by I'yon- As a consequence of Theorem [4.8] we see that special homo-
geneous surjections are reflective amongst surjective monoid homomorphisms.
We observe that this fact was already proved in [33], using Theorem 4.2 in [25]
(although, as we already mentioned, the same theorem cannot be applied to the
general framework of Section [4).

5.6 Semirings and rings

The second example we consider is of a similar nature. Now C = SRng is the
category of semirings, and X = Rng is the reflective subcategory of rings. In
order to describe the reflection, we first restrict the group completion functor to
commutative monoids. This restriction has a simpler description which we now
recall. If (M, +,0) is a commutative monoid, then its group completion Gp(M)
can be described as the quotient M x M/~, where (m,n) ~ (p,q) when there
exists k € m such that
m+qg+k=n+p+k

Now let (M, +,-,0) be a semiring; we can define a product in Gp(M) in the
following way:

[(m,n)] - [(m,n)] =[(m-m +n-n',m-n +n-m).
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It is easy to check that this definition does not depend on the choice of the rep-
resentative for the class in Gp(M), and that it turns Gp(M) into a ring. Hence it
gives the desired reflection Rng: SRng — Rng.

Via a simplified version of the arguments used in [32] for the Galois structure
between Mon and Gp, it is not difficult to see that the reflection of the adjunc-
tion between SRng and Rng is admissible with respect to the classes of surjective
homomorphisms both in SRng and in Rng. Hence we get an admissible Galois
structure. Once again, the split epimorphic trivial extensions are precisely the
special homogeneous split epimorphisms, while the normal (= central) extensions
are the special homogeneous surjections; the proofs easily follow from those of
Proposition 5.4land Theorem 5.5 Proposition 6.7.2 in [11] implies that a split epi-
morphism (f: A — B,s: B— A) in SRng is special homogeneous if and only if
the kernel N of f is a ring and A is isomorphic to a semidirect product of B and
N. (Observe that every Schreier split epimorphism of semirings is homogeneous,
because the additive monoid structure is commutative.) This implies, in particu-
lar, that A, as a monoid, is the cartesian product of B and N.

It is easy to see that all the conditions of Section (4l are satisfied by this Galois
structure. Hence Theorem [4.§ implies, like for the case of monoids and groups,
that special homogeneous surjections of semirings are reflective amongst surjec-
tive homomorphisms. (Once again, we could also conclude this by applying
Theorem 4.2 in [25]].)

6 The additive core of a unital category

This section is devoted to the description of a general example of the situation
considered in Sectionl This example is of a rather different nature from the ones
of the previous section, so that Theorem 4.2 of [25] does not apply.

We start by recalling from [5] that a pointed finitely complete category C is
unital when, for every pair of objects (A, B) of C, the morphisms (14,04 5) and
(0,4, 1p) in the product diagram

p p
A<~ AxB=——>B
{14,04,8) {0p,4,1B)

are jointly strongly epimorphic.

Examples of unital categories are all Jénsson-Tarski varieties (Example [3.3).
Actually, as shown in [2, Theorem 1.2.15], a variety of universal algebras is a
unital category precisely when it is a Jénsson-Tarski variety.

An object X in a unital category C is called abelian when it carries an internal
abelian group structure (which is necessarily unique, as a consequence of The-
orem 1.4.5 in [2]]). The full subcategory of C determined by the abelian objects is
denoted Ab(C) and called the additive core of C. The category Ab(C) is indeed
additive (by Corollary 1.10.13 in [2]), hence it is protomodular (by Example 3.1.13
in [2]]). If C is a finitely cocomplete regular unital category, then Ab(C) is really a
core, since it is a reflective subcategory of C by Propositions 1.7.5 and 1.7.6 of [2]

Ab
C ? Ab(C);
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the unit is denoted by #4P. Since Ab(C) is closed in C under regular epimorph-
isms [2| Proposition 1.6.11], this adjunction gives a Galois structure with respect
to the regular epimorphisms in C and in Ab(C); we denote it by I 5p.

We now assume C to be a finitely cocomplete Barr-exact unital category. We
can then show that the Galois structure T’ 5}, satisfies all the conditions of Section 4l
First of all, Ab(C) is also Barr-exact [1, Theorem 5.11]. The additive core Ab(C) is
then an abelian category, called the abelian core of C. Next, we shall prove that C
is an .”-protomodular category, where .7 is the class of split epimorphic trivial
extensions. In fact, the split epimorphic trivial extensions for the Galois structure
I'Ap have an easy description: see Proposition

Lemma 6.1. If B is an object and N an abelian object of C then
Ab(N x B) = N x Ab(B).
Proof. There is a comparison morphism
A: Ab(N x B) — N x Ab(B)

such that Aoyl 5 = 1y x 175°. We use the fact that binary products coincide with
binary coproducts in Ab(C) and consider the morphism

&~ (A% 5e(In, Ons) AB(O5,18)) ) : N®Ab(B) — Ab(N x B).
Note that for the coproduct inclusions iy and izp) of N @ Ab(B), we have
in = {In,On,ab(B)) and iap(B) = {Oab(B),N- 1ab(B))- Then
AoZoin = Ao go(In, Ong) = (In % 75°)o(In, On,B) = (1N, On Ab(B)) = iN
and
AoGoipn(s)ong” = Ao Ab((Op N, 18))on5” = Ao po(0B,N, 18)

= (1n x 75°)=(0p,n, 1) = 0N, 15>
= Oab(B),N- Lab(B)NE" = iab(B) N5 -

The universal property of the unit 74" gives AoGoiap) = lapp), SO that

AoG = 1NgADb(B)-
On the other hand, the equalities

&o(In % 715°)o(ln, On,8) = §o(In, On,ab(B)) = Gein = 1A% 5°(1n, O B)
and
Eo(1n x 75°)o(0p, N, 15) = €0, N, 715> = Eo(Oap(B), N Lab(s) 15"
= Zoipp(pyng” = Ab((0B,N, Lap(s)))on5"
= n%08,N, 1B)

show that ¢o(1y x 75°) = &%, since (1y,0n5) and (Op n, 1p) are jointly epi-
morphic, C being a unital category. Finally, from

Eoronnly = Eo(1n x 15°) = 1R% 5

we conclude that oA = 1) by the universal property of the unit nAb. ]
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Proposition 6.2. Let C be a finitely cocomplete Barr-exact unital category. A split epi-
morphism f: A — B with splitting s: B — A in C is a trivial extension with respect to
I ap if and only if the following two conditions hold:

1. (f,s) is isomorphic, as a point, to a product

(pBZ N x B — B/<OB,N/1B>: B — N x B),'

2. the kernel N of f is abelian.
Proof. Let (f,s) be a split epimorphic trivial extension. Then the square

’7Ab
A—25 Ab(A)
Al

7

B —_—> Ab(B)
B
is a pullback. So the kernel N of f is also the kernel of Ab(f), and is therefore
abelian. Moreover, a split epimorphism in Ab(C) is a product projection and,
consequently, (f,s) is isomorphic to (pg,{0p N, 1B)).
Conversely, we must show that any product projection (pg, {0, 1p)), where N
is abelian, is a trivial extension. To do so it suffices to show that

Ab(N x B) =~ N x Ab(B),
so that ynxp = 1y X 1. This is precisely Lemmal[6.1] m

Thanks to this characterisation, we have that C is .“-protomodular with
respect to the class of split epimorphic trivial extensions. This follows easily from
the fact that a pointed finitely complete category C is unital if and only if it is .7-
protomodular with respect to the class . of points of the form (pg,{0p N, 1p))—
an observation which is due to Sandra Mantovani.

The last condition of Section 4l we must show to hold concerns the admissib-
ility of the Galois structure I'5p. The last condition of Section 4l we must show to
hold concerns the admissibility of the Galois structure I'ay,. This was first proved,
for Mal’tsev categories, in [24], and then extended in [19] to factor permutable cat-
egories. However, the case of unital categories was never considered. We observe
that our main example, namely the category of monoids, is not factor permutable.
The idea of the proof of the following result is similar to the one of Theorem 5.2
in [19].

Theorem 6.3. Let C be a finitely cocomplete Barr-exact unital category. The Galois
structure T sy, is admissible.

Proof. Combining Theorem 4.3 in [15] with both Definition 5.5.3 and Proposi-
tion 5.5.5 in [3], we see that the Galois structure I'py, is admissible if and only
if every pullback
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with g a regular epimorphism in Ab(C) is preserved by the reflector Ab.

We first begin by supposing that g is a split epimorphism, hence a product pro-
jection. Then, being its pullback, so is the split epimorphism f. Furthermore, the
morphism 4 in the pullback is of the form 1x.p: N x Y — N x B with N abelian,
and it follows from Lemma 6.1l that Ab preserves such a pullback.

For the general case, we consider the diagram

Eq(f) —% Ab(Eq(f)) — Eq(g)

W Ml

X— % L ABX)—— > A

f Ab(f) g
\ v 4
Y T Ab(Y) ——B.

Y
The top rectangle fits into the previous case, so we can conclude that both top
squares are pullbacks. As mentioned in Section 4] the comparison morphism
Ab(Eq(f)) — Eq(Ab(f)) is a regular epimorphism. Since the top right square
above is a discrete fibration, this comparison morphism is also a (split) mono-
morphism, thus an isomorphism. By applying a well-known result for regular
categories—called the “Barr-Kock Theorem” in [10]; see Theorem 2.17 there, or
6.10 in [1]—to the right hand side diagram, we conclude that the bottom right
square is a pullback. m

We may conclude that all the conditions of Section 4l are satisfied. Hence The-
orem [4.§ gives the following

Theorem 6.4. Let C be a finitely cocomplete Barr-exact unital category, and Ab(C) its
abelian core. Then normal extensions with respect to the induced Galois structure Iy,
are reflective amongst reqular epimorphisms. n

6.5 Monoids versus abelian groups

We describe the normal extensions with respect to Iz}, in the particular case when
C is the category of monoids, so that Ab(C) is the category of abelian groups. Our
description is similar to that of Theorem 5.5/ concerning the Galois structure I'yion
of Section 5l However, now we must add a commutativity condition. So, we need
to recall the following.

Definition 6.6 ([20]). Two subobjects x: X — Z and y: Y — Z of Z in a finitely
complete unital category C are said to commute if there exists a (necessarily
unique) morphism ¢: X x Y — Z, called the cooperator of x and y, such that
both triangles in the diagram

<1X/O> <O/1Y>
H H

X X>_<Y Y

K

v y
Z
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are commutative.

When two subobjects X and Y of Z commute we write [X,Y] = 0. In the
category of monoids, two submonoids commute if and only if every element of
the first commutes, in the usual sense, with every element of the second.

Proposition 6.7. A surjective homomorphism of monoids f: A — B, with kernel
k: N — A, is a normal extension with respect to the Galois structure I oy, if and only if
it is a special homogeneous surjection and [N, A] = 0.

Proof. By definition, f is a normal extension if and only if the split epimorphism
(m1: Eq(f) — A,A: A — Eq(f)) is a trivial extension. By Proposition [6.2] this
happens if and only if N is an abelian group and there exist isomorphisms «
and B of split extensions as in the diagram

014
NIUN A2 4

pa
ok
A
N o Eq(f) ﬂ:1 A.
Via Proposition [6.2] it is easily seen that any split epimorphic trivial extension is
a special homogeneous surjection. Then, if the surjection f is a normal extension,
its kernel pair projection 71 is a special homogeneous surjection, and hence f
also is, thanks to Proposition 7.1.5 in [11]. Moreover, [N, A] = 0. Indeed, the
cooperator ¢: N x A — A is given by ¢ = mon. Let us check that it is actually a
cooperator:
91N, 0) = mpoae(ly, 0) = 120, k) = k,

and
9(0,14) = 2000(0,14) = T020A = 14.

Conversely, suppose that f is special homogeneous and [N, A] = 0. The fact
that [N,A] = 0 defines a morphism a: N x A — Eq(f) given by
a(x,a) = (a,xa). Let us now describe its inverse. Since f is special homogen-
eous, the point (711: Eq(f) — A,A: A — Eq(f)) is a special homogeneous split
epimorphism. Using right homogeneity, we have that for every (ay,42) € Eq(f)
there exists a unique element g(a1,a;) € N such that

(a1,a2) = (1,q(a1,a2))(ay,a1) = (a1,q(a1,az)a).
We define a map B: Eq(f) — N x A by putting B(ay,a2) = (q(a1,a2),a1). It is
indeed the inverse of «, because
aop(ay, az) = a(q(ay, az),a1) = (a1,9(ar,a2)ar) = (ay,a2)
and
ﬁooc(x,a) = ,5(6[, xa) = (E](ﬂ, xa)/a) = (q(<01k>(x)A(a))/a) = (x,a),

where the last equality follows from Proposition 2.1.4 in [11]. Then « is an iso-
morphism. It clearly is a morphism of split extensions, and this concludes the
proof. m
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We end with a proof that, also in the case of monoids and abelian groups,
normal and central extensions coincide.

Proposition 6.8. A surjective monoid homomorphism is a normal extension if and only
if it is a central extension.

Proof. Since every normal extension is central, we only have to prove that central
extensions are normal. Let f: A — B be a central extension. Then there exists a
surjective morphism p: E — B such that the morphism f in the pullback diagram

N:

<O,k>l B \Lk
_Pf>zj
f v vf
E 7> B

is a trivial extension. Being a trivial (and hence normal) extension, f is a spe-
cial homogeneous surjection, and so f is, thanks to Proposition 7.1.5 in [11].
Moreover, [N, P| = 0. Hence, for all x € N and all (e,a) € P, we have

(1,x)(e,a) = (e,a)(1, x).

Since p is surjective, this implies that ax = xa for allx € N and alla € A, and
hence [N, A] = 0. This proves that f is a normal extension by Proposition[6.7. =
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