Extinction and Decay Estimates of Solutions for
a p-Laplacian Parabolic Equation with Nonlinear
Source*
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Abstract

The extinction phenomenon of solutions for the the initial-boundary value
problem of the p-Laplacian parabolic equation

up = div(|VulP~2Vu) + Au|™ 'u — Bu

is studied. Sufficient conditions about the extinction and decay estimates of
solutions are obtained by using L?-integral model estimate methods and two
crucial lemmas on differential inequality. Non-extinction results are obtained
by super and sub-solution method.

1 Introduction

This paper is devoted to the extinction and decay estimates for the p-Laplacian
parabolic equation

up = div(|VulP=2Vu) + Au|"tu — Bu, (x,t) € Q x (0,00),
u(x,t) =0, (x,t) € Q) x (0, 00), (1.1)
u(x,0) = u, x €
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where Q) € RN,N > 2is an open bounded domain with smooth boundary,
1<p<2m>0A>0p>0andu € L(Q)NW,"(Q) is a nonzero
nonnegative function.

This type of equations arises in biological and astrophysical context. In com-
bustion theory, for instance, the term div(|Vu|P~2Vu) represents the thermal dif-
fusion, the function u(x, t) represents the temperature. Equations of the above
form are mathematical models also occurring in studies of generalized reaction-
diffusion theory [1], non-Newtonian fluid theory [2,3], non-Newtonian filtration
theory [4,5] and the turbulent flow of a gas in porous medium [6]. In the non-
Newtonian fluid theory, p is a characteristic quantity of the medium. Media with
p > 2 are called dilatant fluids and those with p < 2 are called pseudoplastics.
If p = 2, they are Newtonian fluids. When p # 2, the problem becomes more
complicated since certain nice properties inherent to the case p = 2 seem to be
lose or at least difficult to verify. The main differences between p = 2 and p # 2
can be found in [7,8].

In the present paper, our interest is in investigating the extinction of the non-
negative solution u of (1.1), i.e. there exists a finite time T > 0 such that the
solution is nontrivial for 0 < t < T, but u(x,t) = 0 for all (x,¢) € Q x [T, +o0).
In this case, T is called the extinction time.

The phenomenon of extinction is an important property of solutions for many
evolutionary equations which have been studied extensively by many researchers.
The first result on extinction was due to Kalashnikov in 1974 (see [9]). Especially,
there are also some papers concerning the extinction for the porous medium
equation. For instance, in [10-12], the authors studied the extinction and large-
time behavior of solution and in [13], the authors obtained conditions for the
extinction of solutions of without absorption by using super and sub-solution
methods and an eigenfunction argument. In [22-24], the authors discussed the
extinction behavior and decay estimates of the solutions for a class of reaction-
diffusion equations. But as far as we know, few works are concerned with the
decay estimates of solutions for the p-Laplacian parabolic equation.

In [14], Gu gave a simple statement of the necessary and sufficient conditions
of extinction of the solution to the following problem:

up = di (|Vu]P 2Vu) — Aud, (x,t) € Q x (0,00),
u(x,t) = (x.t) € 90 x (0,T), (12)
u(x,0) = (), xeqQ,

with A > 0. He proved thatif p € (1,2) or g € (0,1) the solutions of the problem
vanish in finite time, but if p > 2 and g > 1, there is non-extinction. In the
absence of absorption (i.e. A = 0), Dibenedetto [15] proved that the necessary
and sufficient conditions for the extinction to occur is p € (1,2).

In [16], the authors investigated the following p-Laplacian parabolic equation
with nonlinear source:

= div(|VulP=2Vu) + Auf, (x,t) € Q x (0,00),
u(x,t) =0, (x,t) €9Q x (0,T), (1.3)
u(x,0) = up(x), x €,
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where QO € RN,N > 2is an open bounded domain with smooth boundary,
1 <p<2and A, g > 0and ug is a nonzero nonnegative function. They showed
that g = p — 11is the critical exponent of extinction for the weak solution. Further-
more, for 1 < p < 2 and g = p — 1 they proved the extinction and non-extinction
conditions.

Roughly speaking, for the problems (1.2), there is a comparison between the
diffusion term and the absorption term, and fast diffusion or strong absorption
will lead any bounded nonnegative solution to zero in finite time. But in(1.3), the
nonlinear source 17 is physically called the “hot source”, while in (1.2), the source
—uf is called the “cool source”; the different sources have completely different
influences on the properties of solutions (we refer the readers to [13,15-18]). But
as far as we know, few works are concerned with problem (1.1) which both have
“hot source” and “cool source” . The purpose of the present paper is to establish
sufficient conditions about the extinction and decay estimations of solutions for
problem (1.1). For the proof of our result, we employ LP-integral model estimate
methods and two crucial lemmas on differential inequality.

The existence of solutions to (1.1) has been obtained by Zeng [18]. It is well
known that problem (1.1) is degenerate if p > 2 or singular if 1 < p < 2, since
the modulus of ellipticity is degenerate (p > 2) or blows up (1 < p < 2) at points
where Vi = 0, and therefore there is no classical solution in general. For this,
a nonnegative weak solution for problem (1.1) is defined as follows. For conve-
nience, define Qr = Q x (0,T), T > 0.

Definition 1.1. A nonnegative function u is called a weak solution of problem
(1.1),ifand only if u € L*(Qr)NLF(0, T; W&’p(Q)), u; € L2(Qr), and there holds

//Q (—u@; + |VulP2VuVe — Alu|" tug + Bug)dxdt = 0, (1.4)
T

and
lim / lu(x, £) — u(x)]dx = 0,
(@)

t—0t

where the text function ¢(x,t) € C(Qr).

Remark 1.2. To define weak solutions for the problem with arbitrary non-
negative function ¢ € L*(Qr) NLP(0, T; W&’p (Q))) as its boundary value, it suf-
fices to require u — ¢ in L*(Qr) N LP(0, T; Wg’p(ﬂ)) instead of u € L*(Qr)N
LP(0,T; W&’p (Q)). Furthermore, because of the denseness of Ci°(Qr) in L”(0, T;
Wg’P(Q)), one can assert that the above equality holds for any ¢ € L®(Qr) N
LP(0, T; WyP (Q))).

Similarly, to define a subsolution (resp., supersolution) u(x, t) (resp., u(x,t)),
we need only demand u(x,0) < ug(x) (resp., #(x,0) > up(x)) in Q, u(x,t) <0
(resp., u(x,t) > 0) on 90} x [0, T], and equality in (1.4) is replaced by < (resp., >)
for every ¢(x,t) > 0.
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This work is organized as follows. In Section 2, we describe some necessary
mathematical preliminaries which are required for establishing our results. Sec-
tion 3 is devoted to extinction and decay estimates of the solution. We will prove
non-extinction results in Section 4.

2 Preliminary results

Before studying our problem, we will give some lemmas, which will be useful
tools in our later proofs. Firstly, we introduce the following lemma on the prop-
erties of the first eigenvalue A; and the corresponding eigenfunction ¢(x) to the
problem

—div(|V¢[P2Ve) = Alp[P 29, in O ¢[on = 0. (2.1)
In this paper, we choose ¢(x) > 0in Q) and max,cq ¢(x) = 1.

Lemma 2.1. There exists a positive constant A1 (Q)) with the following proper-
ties:

(i) For any A < A1(Q)), the eigenvalue problem (2.1) has only the trivial solu-
tion ¢(x) = 0.

(ii) There exists a positive solution ¢ & Wg’p (Q) NC(Q) of (2.1) if and only if
A =A(Q).

(iii) The collection consisting of all solutions of (2.1) with A = A1(Q) is a one-
dimensional vector space.

(iv) If ()1 and )y are bounded domains with smooth boundary satisfying
0y C )y, then )\1(01) > M (Qz)

(v) Let {Q), } be a sequence of bounded domains with smooth boundaries such
that O, C Q1 and U3 Q) = O, then limy, 00 A1 (Qy) = A1(Q).

This lemma follows from Lemmas 2.1, 2.2 in [19] and Lemma 1.1 in [20].

The properties of the first eigenvalue ; and the corresponding eigenfunction
P(x) of the eigenvalue problem

Ap =0y, in O  Pln=0,
are well known (see [21]). Moreover, we can define 8; using the “Rayleigh quo-
tient”: 2
\Y%
o= inf JolVuldr
u€H§(Q),uz0 fQ usdx

We give a similar quotient for the first eigenvalue A; of (2.1) as follows.

Lemma 2.2. ulvd
ulPdx
)\1 = mf 7f0 | | .

UEWY () u£0 JouPdx

Lemma 2.3.(Comparison Lemma) Suppose that u(x, t), u(x,t) are a subsolu-
tion and a supersolution of (1.1) respectively, then u(x,t) < u(x,t) a.e. in Qr.

The proof of this Lemma is similar with the proof of Lemma 2.2 in [15], so we
omit it here. The following two lemmas are of crucial importance in the proofs of
decay estimates.
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Lemma 2.4.(see [22]) Let y(¢) > 0 be a solution of the differential inequality

d
O Py <0 (£20), ko) 20, (22)

where C > 0is a constant and k € (0,1). Then one has the decay estimate

y(t) < [<y<T0>1—k+%)e“—”ﬁ“—m - %W“—k% feT),  (23)

y(t) =0, t€ [Ty, +0), (2.4)
where T, = (1/(1 —k)B8)In(1 + (B/C)y(To)*5).

Lemma 2.5.(see [23]) Let 0 < k < p, and let y(t) > 0 be a solution of the
differential inequality

dy
dt

where C,y > 0and k € (0,1). Then there exista« > B, B > 0, such that

+Cy By <yP (t>0), y(0) >0, (2.5)

0<y(t) <Be™, t>0. (2.6)

3 Extinction and decay estimates

In this section, we consider the extinction of the solution to problem (1.1). Let
| -|lpand || - |]1,, denote LP(€2) and W'¥(Q)) norms, respectively, 1 < p < co.

Theorem 3.1. Let § = 0 and m > 1, u be a weak solution of (1.1), then for
sufficiently small initial data, there exists a finite time T such that u = 0 for all
(x,t) € Q x (T, +o0).

Proof. Multiplying the first equation of (1.1) by u°, s > 0, and integrating over
(), we obtain

+
! i/ u$tdx + / Vu v |de = A/ lu|™ st dx. (3.1)
s+1dt Jo

By Lemma 2.3, if up < k¢(x) in (), it can be easily verified that k¢(x) is a
supersolution of (1.1). Because maxyeq ¢(x) = 1, we have u(x,t) < k for all
(x,t) € O x (0,00). From this, (3.1) can be rewritten as

Li/ u$ T dx + /|Vu p |pdx<km 1/ u$tldx,
s+1dt Jo 0

(1)For 2 Na3 +2 < p < 2,lets = 1in (3.1). By the Holder’s inequality and Sobolev
embedding inequality, we have

ZN ) N 2(N-p) )
[ wax < |08 ([ aan T < plof ([ vapax)?,
Q Q @)
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where p is the embedding constant, depending only on p and N. Then we obtain
the differential inequality

1d 2 _r N-p_p 2
EE/Qu dx+p 2|Q|~ 2(/011 dx)

Choose k sufficiently small such that

< km_l/ udx.
Q

e < pTHOI T,

in which , N
C=p2|Q| v 2 —mt-P|Q1~2 > 0.
We thus have

(/Quzdx)l_ < (/ngdx)l—%—(z—p)a

as long as the right hand side is nonnegative. From this,

/ u?dx < / uddx[1 — @L)Ctp]z%p
0 0 (Jo updx)'—2
Then u vanishes in finite time for sufficiently small initial data.
(2)Forl < p < N+2 Lets = w > 11in (3.1). By the Sobolev embed-

ding inequality and the choice of s, we have

p+;—1 p+s—1 p+s—1
lullsgr =Ml 71l < pllVae 7l

We conclude that

1 d s+1 —p SPP / s+1 phsl m—1 / s+1
s < .
S 13 / u dx + Y (S 1)P( u d.X') +1 k u dx

By the similar argument as above, we can get 1 vanishes in finite time. The proof
of Theorem 3.1 is complete. n

Theorem 3.2. Assume that m < 1, A; is the first eigenvalue of (2.1) ¢; > 0
with ||¢1]|e = 1 is the eigenfunction corresponding to the eigenvalue A;.

(1) If m = p—1,A < Ay, then the weak solution of problem (1.1) vanishes in
the sense of || - ||2 as t — oo.

(2)Letm<p—1 fN+2<p<ZW1th]Q] W

>/\K20r1<p<N+2

with x~ > AQJ” 1, then the weak solution of problem (1.1) vanishes

(S+p 1)
in finite time, and

C1yo5-vpue _ Cppre-p) 2N

P
ullz < |[(]|u S ,
H HZ [(H 0”2 ‘31 ‘31 N+2

<p<2
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Cp, p2 C 2N
< s+1 ﬁzf . _2 (S-‘rl)/(z—p) <
e < (ol 75 + G252 — 21 J1<ps
for t € [0, T*), where « is the embedding constant defined below, s = w,
0<T*<{T1’ N+2<P<2
- 15, 1< p < < N+2’

and Cy,Cy, T1, and T3 are given by (3.15), (3.16), (3.17), and (3.18), respectively.
Proof. (1) First of all, we show that

[ux, t)[leo < [luo(x)]leo := M. (3.2)

Multiplying (1.1) by (u — M)+ and integrating over (), we obtain

ld 2 -2
i _ VulP2vuv
2dt/0(u M)+dx-|—/Mt |Vl uVudx

< /\/ (u—M)ydx — /3/ u—M)idx < /\/ uPdx, (3.3)
where Ap(t) = {x € Qlu(x,t) > M}. Since A; is the first eigenvalue, then we
have

/|Vu]pdx2A1/ uPdx,
Q Q

for any u € W& P(Q)). We further have

/ |VulPdx > Al/ ubfdx. (3.4)
Apm(t Apm(t)
Therefore, we have

d

& /Q(u ~ M)2dx <. (3.5)

Since [(,(u — M)3 dx = 0, it follows that
/Q(u _MP2dx=0, ¥ t>0, (3.6)

which implies that ||u(x, )| < ||10(%)]]co-

Multiplying (1.1) by u and integrating over (), we conclude that

%% Quzdx—k/Q |Vu|P~2VuVudx < A/Qupdx—ﬁ/guzdx. (3.7)
We further have
1d )
_ — p 2 <
Zdt/ﬂudx—l—()\l /\)/Qu dx—l—,B/Qudx_O. (3.8)

Let v = u/M. Then, we have

d 2 p—2 4 2
<
dt/ dx +2MP~= (A — /\)/Qv dx-l-Z,B/Qv dx <0. (3.9)
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Since 1 < p < 2, we have

d/ v?dx + 2M* P2 (A — /\—i—,B)/ v%dx <0,
Q

dt
which implies that
/ 2 Se—ZMZ(pZ)()\l—/\+/3)t/ 3dx, (3.10)
0 0
that is,
/ 12dx < e 2l u-a+p)t / 12dx. (3.11)
0 0

Therefore, we conclude that ||u(x, t)||, — 0as t — oo.
(2) Multiplying (1.1) by ©°® and integrating over (), we have

-1
L E/usﬂdx /]Vu 7 |Pdx =
s+1dt Ja s—i—p

/\/ |u|m_1u5+1dx—[3/ uw$tldx. (3.12)
0 0

In the first case 25 +2 < p < 2,lets = 1in (3.12). By the Holder’s inequality and
Sobolev embedding inequality, we have

/ uldx < Q'
0

where « is the embedding constant, depending only on p and N. By (3.12) and
(3.13), we obtain the differential inequality

2N p) 2(N— P

Np_ 2(N=p) 2
(/ uN-idx) N < «|Q)' /]Vu|pdx )7 (3.13)
Q

ld 2 —2 A1 -2 27,02 m+1

— 2 2 2

> Qudx—i-K Q| ™~ (/ dx) /\/ || dx — /5/ dx. (3.14)
Since m <1, m+ 1 < p, according to Holder's inequality, we have

3o [ Bl [ dant < o) ([ idan)™ - p [ s

1-m 14
<AQZ/ 245)5 / 24
<MOl'? ([ )t~ [ i

So we can get

% /Q Wdx + Ci ( /Q W2dx)t + By /Q W2dx <0, (3.15)

p_p
2

where C; = 2(K‘§|Q|N%_ —A|Q|PTm) > 0,1 = 2B > 0. Setting
y(t) = ||u(x,t)||2, y(0) = ||uo(x)||2, by Lemma 2.4, we obtain

r C C
ulla < [(luoll, 2 + =2)es VA — Z112/@-p) e [0,Ty),
B1 B1



p-Laplacian Parabolic Equation with Nonlinear Source 889

lull2=0, te€ [T, +o0),

where
Ti = G In(1+ ol ;). (3.16)
We now turn to the case 1 < p < 1\2,52, lets = W > 1in (3.12). By the
Sobolev embedding inequality and the choice of s, we have
pts—1
lully 7 = [

/ |u|m+sdx < |Q|1—’§f’(/ u5+1dx)rs%s < ’0’1—’;'115(/ usﬂdx)pﬁfl.
Q e o)

We COHCIUde that
d s+1 s+1 pts—l / s+1
s < .
t/ u dx+C2(/ wWidx) s 4+ By [ wTdx <0, (3.17)

_ P _m+s .
where C; = (s +1)(x P(S:;%Dp —AQFT5) > 0, B2 = (s +1)B > 0. Setting

y(t) = ||u(x, t)||s+1, y(0) = ||uo(x)||s+1, by Lemma 2.4, we obtain

s CZ p=2 CZ _
|u]]sa1 < [(HuoHsfl ‘Bz)es+1ﬁ2f _ E](s+1)/(2 P), te[0,Tn),
[ulls41 =0, t€ [T, +00),
where ) [3
s+ 2 ST
The proof of Theorem 3.2 is complete. ]

Theorem 3.3. Let p < m + 1, then the weak solution u of (1.1) vanish in finite
time, and
0<|lull <Be™, te]0,T3),

C p_ _ C _
ul], < [(Huon z+le) e(5—DBs(t T3)_IB_2]2/(2 P), te T3 Ty),

lulla =0, t& [Ty +e0),

where C3, T3, and Ty are given by (3.20), (3.21) and (3.22), respectively.
Proof. Multiplying (1.1) by u, and by the embedding theorem and the Holder’s
inequality, we can easily obtain

d 2 P Nop_p 2. \E ’
— udx +2x 2|Q N Z/udx2+2/udx<
A 05 ([ wtax)t 428 [ wdx <
2010 ( / 2dx)"5 . (3.19)
0

By Lemma 2.5, there exist « > 8, B > 0, such that

0 <||lull <Be™™, t>0.
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Furthermore, there exist T3, such that

2l 10 7 E —A10]' 7" ([ a1 > 2 F o)
(@)

—AQ| 2" (Be *T3)mH1-P] .= C5 > 0.
holds for t € [T3, +o0). Therefore, (3.19) turns to

d 2 27,5 2
- udx+C/udx2—|— /udx<0.
0 /Q 3(f wdx)2 +Bs | <
By Lemma 2.4, we can obtain the desire decay estimate for
2 .33

The proof of Theorem 3.3 is complete.

4 Non-extinction of the solution

In this section, we investigate the conditions under which the solution u(x, t) of

(1.1) cannot become extinction.

Theorem 4.1. For B < 0, m = p — 1, if one of the following cases holds:

(DA > Ay

(2) A = Ay, and up(x) is identically positive,

then the weak solution u of (1.1) cannot vanish after finite time.
Proof. Form = p—1, A > Ay, letv(x,t) = g(t)p(x), and g(t) =

[(A = A1)

(2 = p)t] 217, and ¢(x) be the first eigenfunction of the eigenvalue problem (2.1).

We will show that v(x, f) is a subsolution of (1.1).
Obviously, g(t) satisfies the ordinary differential equation

g'(t) = (A=M)g" (1),
g(0)=0, g(t)>0, t>0.

(4.1)

Next, by applying (4.1) and ¢(x) > 0in Q), max,en ¢(x) = 1, we can easily get

// Ut(x,s)go(x,s)dxds—i—// (|Vo|P2VoVe — Av"g(x,s)
Qr Qr

()0 ()9 s))dxds < [ [ (A=) (S)p(x) gl o)

[, g 69" () = A" ()9 (<)l s)ixds <0

Moreover, v(x,0) = ¢(x)g(0) < up(x) in O, and v| = 0. Then, according to

Lemma 2.3, we have u(x,t) > v(x,t) > 0in Q x (0,1).

Next, for the case m = p — 1, A = A4, it is easily proved that ap(x),a > 0, is
a steady state solution of (1.1). Then for any positive initial data, we can choose
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a sufficiently small such that up(x) > a¢(x) in Q. According to Lemma 2.3, we
have that a¢(x) is a subsolution of (1.1). The proof of Theorem 4.1 is complete. =

Theorem 4.2. For f < 0, m < p — 1, the weak solution u of (1.1) cannot vanish
in finite time for any nonnegative initial data uy.
Proof. For m < p — 1, define

in which M € (0, (p — m — 1) (3 )7771).

Let v(x,t) = h(t)¢(x), and ¢(x) be the first eigenfunction of the eigenvalue
problem (2.1). We will show that v(x, t) is a subsolution of (1.1).

Then we can get

M A 1

H(t) = W(A_l) p1(2 — exp(—Mt)) = exp(—Mt), (4.2)
— AP AR =
APL 1 . I
(S )7 (2 —exp(=MH)) T2 — (2 — exp(=Mt)) T ] (4.3)
1
For0 < £ ! 1, we have
(2 — exp(—M#)) T < — L_lexp(—Mt) +o. (4.4)

1—
By (4.2)-(4.4), the following equation is satisfied,

— MAIPT AR >
p—m—1AP71 1

1—m ( AT )Pm1(2 — exp(—Mt))ﬁ exp(—Mt)
71 i/l (/\Al)ﬁ(z_exp(—Mf))linmeXp(—Mt) = 1(b).

Applying the same argument as in the proof of Theorem 4.1, we can easily prove
that v(x, t) is a subsolution of (1.1), then extinction in finite time cannot occur. =

5 Conclusion

The boundary value problems of quasilinear differential equation (1.1) are math-
ematical models occurring in the studies of the p-Laplace equation, generalized
reaction-diffusion theory, non-Newtonian fluid theory, and the turbulent flow of
a gas in porous medium. In the non-Newtonian fluid theory, p is a characteristic
quantity of the medium. Media with p > 2 are called dilatant fluids and those
with p < 2 are called pseudoplastics. If p = 2, they are Newtonian fluids. In
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1979, Gidas, Ni and Nirenberg [26] proved some very interesting facts, for exam-
ple, they showed that all positive solution in C?(Bg) of the problem

{ Au+ f(u) =0 in Bg (5.1)

u(x) =0 on 9By

are radially symmetric solutions for very general f. They also proved that no such
results can automatically apply to the annulus (see also [27]). Unfortunately, this
result does not apply to the case p # 2. Kichenassary and Smoller showed that
there exist many positive nonradial solutions of the above problem for some f
(see [25]). The major stumbling block in the case of p # 2 is that certain nice
features inherent to the case p = 2 seem to be lost or at least difficult to verity.
The main differences between p = 2 and p # 2 can be found in [7,8]. In the case
of (5.1), the solutions are classical (that is, smooth), but in the case of the problem

{ div(|VulP=2Vu) + f(u) =0 in Q

u(x) =0 on 9Q) (5-2)

belong to C1*#(Q)) for some a(0 < & < 1) but not always to C2(Q). For example,
when the domain () is a ball centered at the origin 0, the function u(x) defined by

u(x) = g|x|P/(P_1) +b,

with constants a and b (a < 0,b > 0), is a solution to the problem

T p—2 _ .
{ div(|VulP~?Vu) =1 in Q (53)

u(x) =0 on 9Q.

Moreover, the solutions of (5.2) on a symmetric domain are not necessarily radi-
ally symmetric. Tolksdorf [28] showed that there exist solutions of the problem

—div(|Vu[P~2Vu) =0 in R?

that are of the form
u(x) =r'¢(9),
where r = |x|.

In this paper, based on the LP-integral model estimate methods and two cru-
cial lemmas on differential inequality, we study the extinction phenomenon of
solutions to problem (1.1) which the right hand side functions are more general.
Finally, non-extinction results are obtained by super and sub-solution method.
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