Method of lines for nonlinear first order partial
functional differential equations

A. Szafranska

Abstract

Classical solutions of initial problems for nonlinear functional differen-
tial equations of Hamilton—Jacobi type are approximated by solutions of as-
sociated differential difference systems. A method of quasilinearization is
adopted. Sufficient conditions for the convergence of the method of lines
and error estimates for approximate solutions are given. Nonlinear estimates
of the Perron type with respect to functional variables for given operators
are assumed. The proof of the stability of differential difference problems is
based on a comparison technique. The results obtained here can be applied to
differential integral problems and differential equations with deviated vari-
ables.

1 Introduction

The method of lines for evolution functional differential equations is obtained
by replacing partial derivatives with respect to spatial variables with difference
expressions. Differential equations contain functional variables which are ele-
ments of the set of continuous functions defined on subsets of a finite dimen-
sional space. Then we need some interpolating operators. This leads to initial
problems for systems of ordinary functional differential equations. Such obtained
differential difference problems satisfy consistency condition on sufficiently reg-
ular solutions of original problems. The main question in these considerations
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is to find sufficient conditions for the stability of the numerical method of lines.
Methods of differential inequalities and comparison techniques are used in the
investigations of the stability.

There is an ample literature on the numerical method of lines for evolution
differential or functional differential equations. The monographs [9], [10], [11],
[20], [21], [22], [26] contain a large bibliography on theoretical investigations and
applications.

The papers [5], [15] initiated a theory of the numerical method of lines for
functional differential equations. Nonlinear parabolic functional differential equa-
tions with initial boundary value conditions were investigated in [13], [14], [16],
[18], [27]. Results concerning the stability of the method of lines were obtained in
these papers by using a comparison technique.

The papers [1], [2], [6], [7], [12], [28] concern equations with first order par-
tial derivatives. Initial problems with solutions defined on the Haar pyramid
and initial boundary value problems were considered. Error estimates implying
the convergence of the method are obtained by using a method of differential
inequalities. It is assumed that given operators satisfy nonlinear estimates of the
Perron type with respect to functional variables.

The monograph [11] contains an exposition of the method of lines for hyper-
bolic functional differential problems.

The method is also treated as a tool for proving existence theorems for
differential problems corresponding to parabolic equations [22] - [24] or hyper-
bolic problems [3], [4], [8], [17], [19].

The aim of the paper is to construct a method of lines for nonlinear first or-
der partial functional differential equations with initial conditions and solutions
defined on the Haar pyramid. Our results are based on the following idea. The
original problem is transformed into a system of quasilinear functional differ-
ential equations for an unknown function and for their partial derivatives with
respect to spatial variables. The numerical method of lines is constructed for
systems such obtained.

All the results on the numerical method of lines given in [1], [2], [5] - [7], [12] -
[14], [27], [28] have the following property. The authors have assumed that given
operators satisfy the Lipschitz condition or satisfy nonlinear estimates of the Per-
ron type with respect to functional variables and these conditions are global with
respect to all variables. Our assumptions on regularity of given functions are
more general. We construct estimates of solutions of initial problems for first
order partial functional differential equations and solutions of differential differ-
ence systems. We assume that nonlinear estimates of the Perron type and suitable
inequalities are local with respect to functional variables. It is clear that there are
differential equations with deviated variables and differential integral equations
such that local estimates of the Perron type hold and global inequalities are not
satisfied.

We use in the paper general ideas for functional differential equations and
inequalities which were introduced in [11], [25].

We formulate our functional differential problems. For any metric spaces X
and Y, by C(X,Y) we denote the class of all continuous functions from X into Y.
We use vectorial inequalities with the understanding that the same inequalities
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hold between their corresponding components.
Let E be the Haar pyramid

E={(t,x) e R"": t€[0,a], —b+ Mt < x < b— Mt}
wherea >0,b,M e R, b = (by,...,by), M = (M;,...,My) and b > Ma. Write
Eog = [—bp, 0] x [—b,b].
For (t,x) € E we define
D[t,x] = {(t,y) e R¥": 1 <0, (t+1,x+y) € EgUE}.
Then the set D[t, x| is a sum of the following sets

Dolt,x] = {(t,y) € RY": —pg—t<t<—t —x—-b< y < —x+10b},

D.tx] = {(t,y) e R""": -t <1 <0,
—b—x+Mlt+1)<y<b—x-—M(t+1)}

Let B = [—by — a,0] x [—2b,2b] then D[t,x] C B for (t,x) € E. For a function
z: EgUE — R and for a point (,x) € E we define z , : D[t,x] — R by

20(T,y) = 2(t+T,x+y), (T,y) € Dlt,x].

The function z(; . is the restriction of z to the set (Eg U E) N ([—by, t] x R") and
this restriction is shifted to the set D¢, x].

Let¢o:[0,a] > Rand ¢ : E — R", ¢ = (¢1,...,¢n), be given functions. The
requirements on ¢y and ¢ are that 0 < ¢y < t for t € [0,a] and (¢o(t), p(t,x)) € E
for (t,x) € E. Write ¢(t,x) = (¢o(t), ¢(t,x)) on E.

Put) = E xC(B,R) x C(B,R) x R" and suppose that f : O — R, ¢ : Eg — R
are given functions. We will say that f satisfies condition (V) if for each (¢, x,q) €
E x R" and for v, v, w, w € C(B,R) such that v(t,y) = 9(7,y) for (7,y) €
D[t,x] and w(7,y) = w(7,y) for (T,y) € D[¢(t, x)] we have f(t,x,v,w,q) =
f(t,x,0,w,q). Note that the condition (V) means that the value of f at the point
(t,x,v,w,q) € Q depends on (¢, x,q) and on the restrictions of v and w to the sets
D[t, x] and D[¢(t, x)] only.

Let z be an unknown function of the variables (t,x) = (¢, xq,...,%,). We
consider the functional differential equation

oiz(t, x) = f(t, x,z(t,x),zq,(t,x),8xz(t,x)), (1)
with the initial condition
z(t,x) = P(t,x) on Ey (2)

where 0yz = (9,2, .. .,0x,z). In the paper we assume that f satisfies the condition
(V) and we consider classical solutions of (1), (2).
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Our concern is the method of lines for problem (1), (2). In the first step we
construct a quasilinear system of functional differential equations for z and u =
dxz. We use a discretization with respect to spatial variable x for such obtained
system. Then we associate with (1), (2) a net of Cauchy problems for ordinary
functional differential equations. Solutions of such systems are considered as
approximate solution of (1), (2). Then we estimate the difference between the
exact and approximate solutions of (1), (2) and, as a consequence, we prove that
approximate solutions converge to the classical solution of (1), (2). We present a
complete convergence analysis for the method and we give numerical examples.

The paper is organized as follows. In Section 2 we formulate a numerical
method of lines for (1), (2). In the next section we prove that there exists exactly
one solution of the Cauchy problem for differential difference equations gener-
ated by (1), (2). We give estimates of solutions of (1), (2) and solutions of ordinary
functional differential equations. A convergence result and an error estimate of
approximate solutions are presented in Section 4. Examples are given in the last
part of the paper.

2 Differential difference problems

We denote by M, ,, the class of all n x n matrices with real elements. If U € M;;«,,
then U7 is the transpose matrix. For x,y € R”, x = (x1,..., %), ¥ = (y1,---,Yn)
and U € My, U = [uj]; j=1,..,n, We put

n
xoy = (x1y1,..., xn¥n), |Ix]| =) |xil,
i=1

n
[x[lo = max {[x;| : 1 <i<mn}, [[U||l = maX{Z luiil 1 <i < nj.
=1

We denote by CL(B, R) the set of all linear and continuous real functions defined
on C(B,R) and by || - ||« the norm in CL(B, R) generated by the maximum norm
in C(B,R).
For each (t,x) € E we define the sets Iy[t, x|, [_[t, x|, [+ [t,x] C {1,...,n} as
follows:
—b; + Mt < x; < b; — M;t for i € Io[i',x],
x; = —b;+ M;t for i € I_[t,x], x; = bj — M;t for i € I+[t,x],
Dlt, x| UL_[t,x]U L [t,x] ={1,...,n}, I_[t,x]NIL]tx] =.
We need assumptions on ¢, f and .
Assumption H|¢]. The functions ¢ : [0,a] — Rand ¢ : E — R", ¢ = (¢1,...,Pn),
are continuous and

1) 0<¢o <t forte[0,a] and ¢(t,x) = (¢o(t, x),p(t,x)) for (t,x) € E,
2) partial derivatives dy¢ = [axicp]-],-,]-:lmn exist on E and dx¢ € C(E, My xn),
3) Q € Ry is defined by the relation ||0x¢(t, x)|| < Q on E.
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Assumption H|[f,¢]. The function f : Q) — R of the variables (t,x,v,w,q),
x = (x1,...,%), 9 = (q1,--.,9n), is continuous and satisfies the condition (V),
moreover

1) the partial derivatives (dy,f(P),...,0x,f(P)) = 0xf(P), (94, f(P),...,
dy,f(P)) = 9,;f(P) and the Fréchet derivatives d,f(P), d,f(P) exist for
P=(t,x,vwq) €,

2) 9xf,9;f € C(Q),R"), duf, 0uwf € CL(B,R),
3) the function d,f satisfies the conditions:
(i) ifx € [-b,b]\ [-b+ Ma,b — Ma] and (t, x,v,w,q) € Q) then
x09gf(t,x,v,w,q) <Oy 3)
where 0p,,) = (0,...,0) € R",
(ii) if x € [-b+ Ma, b — Ma] then the function
sign 9,f(-,x,-) : [0,a] x C(B,R) x C(B,R) x R" — R", 4)
sign 9, f (-, x,-) = (sign 9y, f (-, %, ), ..., sign 9y, f (-, X, -)),
is constant,
4) ¥ : Ey — R is of class C2.

We define a mesh on the set Eg U E with respect to the spatial variable. Let
h= (hi,...,hy), h; > 0for1 < i < n,stand for steps of the mesh. Let us denote
by H the set of all & such that there is K = (K3, ...,K,) € N" with the property
Koh=>b.Forh € Hand form € Z",m = (my, ..., my), we put

XM =mon, xM = (xgml),...,xﬁ,m”)).
Write

R ={(t,x™): teR, me 7"}
and

Ey=ENR}}", Eno=EoNR;", By=BNR;"

Elements of the set Eg, U E;, will be denoted by (t,x(™)) or (t,x). By F.(By, R)
we denote the class of all w : B, — R such that w(-,x(™) € C([—by — a,0], R)
for —-K < m < K. In a similarly way we define the space F.(Bj, R"). For a
functions z : Eg, UE, — R, u : Eg, UE, — R", u = (uy,...,u,), we write
M (1) = z(t, x™), ul™ (£) = u(t, xM).

Suppose that Assumption H[f, ¢] is satisfied. For x(") € (—b,b) we put

Jelm)={ie{1,...,n} : 95,f(-,x™,.) >0},

Jolm] = {1, m}\ Jylm].
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We construct the numerical method for (1), (2). Write ¢; = (0,...,0,1,0,...,
0) € R" with 1 standing on the i — th place. For functions z : Eg, UE, — R,
u:Ey, UE, —» R", u= (uy,...,u,), we write

G2 (1) = (1) — 2 ()] for i € oo 6)
Gz (1) = [ (1) = 2 ()] for i € [ ©)
B (1) = 3 [0 (6 — (O] for i € J. ), %
8™ (1) = o ) () — " 1) for i € ][], )

and we puti = 1,...,n in above definitions. Set

520 (8) = (812 (8), ..., 8,2 (1)), Su(£) =[5 (1)) 1, e

Since equation (1) contains the functional variables z(; ) and z,( ,) which are
elements of the spaces C(D[t,x],R) and C(DJ[¢(t, x)],R) then we need an inter-
polating operator T, : F¢(By,R) — C(B,R). For a simplicity we write Tj,z;
instead of Thz(t/x(m) and Tz instead of Thzq,(t’x(m)) where z : Eg, UE, — R.
Let us denote

o[t;m]

Plz,u]™ () = (8, x"), Tyz(y ), Tz gftmpy 1" (£))-

Ey[z,u)")(t) = f(Plz,u +Zaqf " ()62 (£) — ul™(#))
and

Gulz, u] ™) (£) = 3 f (P2, u] ™) (£)) + o f (PLz,u] ™) (8)) * Tty
[ (Pla, )™ (1)) % Tyttgp | 0™ (1) + B F(PLe, )™ (1)) [ou (1)]

where G, = (G4, -..,Gp,) and

0of (P) % Tyt = (30 f (P) 5 Tis(11) ) - Baf (P) % Th(1h) 1))

and
0 (P) % Tyt |3:6 ™ (1)
n
— (ZBW(P)Th(ul [t,m] xlcpl Za tm}axn(,bl(m)(t))
i=1
where P € (). We consider the system of functlonal differential equations

72" (8) = Fylz,u] 0 (0), ©)
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—ul™ () = Gylz,u] "™ (1) (10)

28y = 9™ (1), u(t) =¥ (k) on Eqy (1)

where ¢, : Eg, > Rand ¥, : Eg, =& R", ¥, = (Yn1,..., ¥Ypn) are given
functions. The differential difference problem (9) - (11) is called a method of lines
for (1), (2). This method is obtained in the following way.

We use a method of quasilinearization for (1), (2). It means that we transform
the nonlinear initial problem (1), (2) into a system of quasilinear differential equa-
tions with unknown functions (z,u) where u = d,z. Suppose that Assumption
H{[f, ] is satisfied. We consider the following linearization of equation (1) with
respect to u

diz(t,x) = f(Ut, x]) + Zaqlf x])(9x,z(t, x) — ui(t, x)) (12)

where U[t,x] = (t x,2 (), Zg(t,x), 4(t, x)). Differential equations for u are ob-
tained by differentiating equation (1) with respect to the spatial variable

dru(t, x) = dx f(U[t, x]) + 9o f(U[t, x]) * 144 )
P f (UL 3]) % 1tg(1.) |20t 2) + g (ULE, ) Bxu(t, x)]T, (13)

where

dof (UL, x]) * 1y )y = (9o f (U[t, x]) * (1) (1,0), - - - Do f (UL, X]) * (1) (1))
and

uf (Ut ) * 1ty 1.0 | 021
= (220U )0t (0, L 0(P) 1) )

With equations (12), (13) we consider the following initial condition
z(t,x) = P(t,x), u(t,x) =Y¥(tx) on (tx) € Ep. (14)

Under natural assumptions on given functions the above problem has the
properties:

(i) If (z, 1) is a solution of (12) - (14) then 9,Z = i and Z is a solution of (1), (2).
(ii) If Z is a solution of (1), (2) and 9,Z = 7 then (Z, i) is a solution of (12) - (14).

The differential difference problem (9) - (11) is discretization with respect to
the spatial variable of (12) - (14).
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3 Solutions of functional differential problems

For functions z € C(EUE,R), u € C(EgUE,R") and z, € F.(Eg, UE, R),
up € Fo(Epy UE, R") we define

llz|ls = max {|z(T,s)| : (T,8) € EUE, T <t},
znl[nt = max {|zx(T,s)| : (T,5) € Egy UEy, T <t}
[lu|]f = max {||u(t,s)||lo : (T,8) € EgUE, T < t},
[[un|]ne = max {||u(7,8)||e0 = (T,5) € Egy UEy, T < t}

where t € [0,a]. We need the following assumptions.
Assumption H[T;]. The operator T}, : F.(B;,R) — C(B,R) satisfies the condi-
tions

1) for w, @ € F.(By, R) we have
| Thw — Ty@||p < [|w — @||p,,

2) if w : B — R is of class C! and wy, is the restriction of w to By, then there is

v : H — Ry such that

| Thwy — wllp < y(h), limvy(h) =0,
h—0

3) if 0, € F(By, R) is given by 6,(7,y) = 0 on By, then (T;,6;)(7,y) = 0 for

(t,y) € B.

Example of the interpolating operator which satisfies the above assumptions
can be found in [11], Chapter VI.
Assumption H[f,0]. The functions ¢ and f, i satisfy Assumptions H[¢| and
H[f, ], moreover

1) thereis o € C([0,a2) x R+ x Ry, R4 ) such that
10 (P)[leo < o(t, max {[[o]|, [[wl|z}, ll4]]) on O

and the function g is nondecreasing with respect to the last two variables,
2) the constant A € R is defined by the relation
f(tx,0,0,0,)) <A, (tx)€E,
where 0 € C(B,R) and 6(t,s) = 0 for (1,s) € B,
3) thereis Ay € R such that for a point P = (t,x,v,w,q) € () we have
190f (P)llx, l[0wf (P)[l+ < Ao,
4) for P = (t,x,v,w,q) € Q we have

(0 f(P), ., 13, F(P)]) < (My, ..., M,) = M,
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5) for every (u,v) € Ri x Ry there exists on [0,4] the maximal solution
(wo(-, 1, v),w(-, u,v)) of the problem

A(t) = A+2A0A(t) +2||M]n(t), (15)

' (t) = o(t,A(t), (1)) + Ao(1+ Q)y(t), (16)

(A(0),7(0)) = (1), (17)

6) ¥ : Egy UE, = R, ¥y, : Egjy UE, — R" and there are ap, « : H — R4 such

that

9060 =, )] < 00 and [2:906,5) =t Dl < ) on Eou
18
and

limag(h) =0, lima(h) =0.

h—0 h—0

Suppose that Assumption H|f, o] is satisfied. Let fi, 7 € R4 be defined by the
relations

[t )] < f, [9xp(E x)[lw <7 on Ep, (19)
[Yu(t, )] <7, [[¥n(tx)]lo <7 on Egy, (20)

we will assume nonlinear estimates of Perron type for dxf, dyf, du f, d5f on sub-
space of (). Now we construct this subspace.

Suppose that Assumption H|[f, o] is satisfied and /i, ¥ € R4 are defined by
(19), (20). Let us denote by (wq(-, fi, 7), w(-, fi, 7)) the maximal solution of (15) -
(17)withpy =i, v =1v.Set¢ = wop(a, i, 7),¢ = w(a, i, 7),C = (¢,¢) and

Qlc] = {(tx,0,0,9) € Q: [ols < ¢ [[wlls <& lgllo <&}

Assumption H{[f, c]. The functions ¢ and f, ¢ satisfy Assumptions H|¢], H[f, ¢],
H[f, o] and

1) 0:]0,a] x Ry — R is continuous and it is nondecreasing with respect to
the second variable,

2) for each ¢ > 1 the maximal solution of the Cauchy problem
W'(t) = clw(t) + ot w(t)], «(0)=0 (1)
isw(t) =0fort € [0,4],

3) the expressions

are estimated on Q[C| by o (t, max {||v — 9|, ||w — @], ||g — §||})-
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Remark 3.1. It is important that we have assumed nonlinear estimates of Perron type for
Oxf, Ouf, Owf, 9y f on Q[C]. There are differential equations with deviated variables and
differential integral equations such that condition 3) of Assumption H|[f, o] is satisfied
and global estimates for dxf, dyf, dw f, 94 f are not satisfied. We give comments on such
equations.

Set O = E x R? x R" and suppose that the function G : Q0 — R of the
variables (t, x, p,r,q) satisfies the conditions

1) G € C(€),R) and for each (t,x) € E the function G(,t,x,-) : R> x R" — R
is of class C?,

2) thereis A € Ry such that [0,G(P)| < 4, |0,G(P)| < A and
(18, G(P)] ., 103, G(P)]) < (My, .., M)
where P = (t,x,0,w,q) € Q,
3) thereis o € C([0,a] X R+ x R4, Ry ) such that

(i) foreacht € [0,a] the function ¢(t, -, -) is nondecreasing,

(i) condition 5) of Assumption H|f, o] is satisfied and
192G (t, x,0,w,9) || < o(t, max {[v], [w]}, [Iq]lec) on Q.
Consider the operator f defined by
f(t,x,0,w,q) = G(t,x,0(0,0(,),w(0,0),q) on Q. (22)
Then (1) reduces to the differential equation with deviated variables
0iz(t,x) = G(t,x,z(t,x),z(@(t,x)),0xz(t, x)).

Then there is L € R such that the operator f given by (22) satisfies Assumption
H[f,o] foro(t,p) = Lp, (t,p) € [0,a] € R+.
Set

flt,x,0,w,q) = G(t,x,/D o(t,y)dydt,w(0,01),q) on Q. (23)

[tx]

Then (1) reduces to the functional differential equation

diz(t, x) = G(t, x,/D[t }z(t + T, x +y)dydt,z(¢(t, x)),0xz(t, x)).

There is L € R such that the operator given by (23) satisfies Assumption H[f, 0]
foro(t,p) = Lp, (t,p) € [0,a] x Ry.

It is important in the above examples that we do not assume that the partial
derivatives of the second order of G(, x, -) are bounded on Q.

We give estimates of solutions of (12) - (14).
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Lemma 3.1. Suppose that Assumption H|[f, o] is satisfied and (z,i1) : Eg UE — R*",
i = (ily,...,10y), are the solutions of (12) - (14) then

1Zlle < wolt, 1, 7), (@]l < w(t, i, 7), (24)
where (wo(-, f1,7),w(-, fi, V7)) is the maximal solution of (15)-(17) with (u,v) = (ji, 7).

Proof. Write
2lle, () = [lalle, t < [0,a].

Z
Let us denote by (wo(-,f,7,¢€),w(-,fi, 7,¢)) the maximal solution of the initial
problem

-/ >—al
—~
=
~—
I

A(t) = A+2A0A(t) +2||M|n(t) +¢, (25)
n'(t) = o(t, A(t), u(t)) + Ao(1+Q)y(t) +e (26)
(A(0),7(0)) = (1 +¢7+¢) (27)

where ¢ > 0. There is € > 0 such that for 0 < & < & the solution of (25) - (27) is
defined on [0, a] and

lim(wo(t, i, v,€),w(t, i, v,€)) = (wolt i, 7),w(t fi,v)) (28)

e—0

uniformly on [0, a]. We prove that for 0 < ¢ < & we have
Alt) < wolt i, 7,e), 7(t) <w(ti,b,e) (29)

where t € [0,a].

It is clear that there is f € (0, a] such that inequalities (29) are satisfied on [0, ).
Suppose by contradiction that estimates (29) are not satisfied on [0, a]. Then there
ist € (0,a] such that

AT) < wo(T, i,7,¢) and 7j(T) < w(T,fi, 7€) for T €[0,1)

and
A(t) = wo(t, i, 7,€) or fj(t) = w(t, i, 7,€).
Suppose that 7(t) = w(t, i, 7,€). Then we have
D_ij(t) > ' (t, ,7,¢). (30)

There are (f,x) € E,t < t,and j € {1,...,n} such that 77(t) = |i;(, x)|. Suppose
that f < t. Then D_7j(t) = 0 which contradicts (30). If f = t then we have (i)

7(t) = @;(t, x) or (ii) 7(t) = —1i;(t,x). Let us consider the first case. Then we
have
dx;1j(t,x) =0 for i€ Ip[t,x], (31)
Ox;ilj(t,x) <0 for i € I[t,x], (32)
Ox;ilj(t,x) >0 for i € I [t, x]. (33)

Let us consider the function 7y : [0,¢] — R", v = (71,...,7n), defined as follows:

7i(t) = x; for i € Iy[t, x],
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7vi(t) = =b; + Mt for i € I_[t, x],
7i(t) = b — Mt for i€ I[t, x].
Set ¢(7) = @;(t,v(7)) for T € [0,t]. Then we have ¢(7) < 7(7) for T € [0,¢) and
¢(t) = 7(t). This gives
-7i(t) < ¢'(1)

and

F(t) =omj(t,x) + Y, Mdyitj(t,x) — Y, Myt x).

iel_[tx] i€l [tx]
Set
U(t,x) = (t,% Z(1x), Zg(t), B(E X))
It follows from (13) that

g'(t) = 0x f(U(t,x)) + 0o f (U(t, ) (1)) (1,0)

+ éawf(a(t,x))(ui)(p(t,x)axj47i(t,x) + iaqif(l_l(t,x))axiaj(t,x)

+ Y Moyai(tx)— ) Midyi(t, x)

iel_[tx] il [tx]

It follows from condition 1) - 4) Assumption H|[f, 0] and from (31) - (33) that

D_7i(t) < () < a(t, A(t),71(t)) + Ao(1+ Q)7 (t) +& = ' (t, 1,7, ¢)

which contradicts (30). The case (ii) can be treated in a similar way.

We can use the same reasoning for the relation A(t) = wo(t, I, 7, €).

From (29) we obtain in the limit, letting ¢ tend to zero, inequalities (24). This
completes the proof.

Lemma 3.2. If Assumptions H|f,c| and H[T}| are satisfied then there exists exactly
one solution (zj,, uy,) : Egp U Ey, — R uy, = (upq, ..., unp), of the Cauchy problem
(12) - (14) and

1Zullne < wolt, 1, 7), [lupllne < w(t, @, 7) (34)
where (wo(t, fi, V), w(t, fi, 7)) is the maximal solution of (15) - (17) with (u,v) = (fi, 7).
Proof. 1t is clear that there is € > 0 such that the solution (zj, uy,) of (12) -
(14) is defined on (Egj, U Ej,) N ([—Dbo, & x R™). Suppose that (zj, uy,) is defined on
(Eon UER) N ([—bo,d) x R™), @ > 0, and it is non continuable. For ¢ > 0 we denote
by (wo(-, i,7,€),w(-, fi,7,¢)) the maximal solution of (15) - (17). There is ¢g > 0
such that for 0 < & < ¢ the functions (wo(-, fi,7,€),w(-, fi, 7,€)) are defined on
[0,4) and condition (28) is satisfied. Set

cn(t) = llznllne, xu(t) = [lunllne t €10,a).

We prove that

Cn(t) < wol(t, i, v,e) and xp(t) < w(t, i, 7,¢) (35)
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where t € [0,4). It is clear that there is f > 0 such that estimates (35) are satisfied

on [0, ). Suppose by contradiction that (35) fails to be true on [0, 7). Then there is
€ (0,4) such that

Cn(t) <wolt, i, v,e) and x;(7) < w(t, fi,v,¢e) for T € (0,¢)
and

Cn(t) = wo(t, i, 7,¢) or xu(t) = w(t, fi,7,¢).
Suppose that x;,(f) = w(t, i, 7,€). Then we have

D_xu(t) > (71, 7,). (36)

There are (F,x") € E;,, I < t,and j € {1,...,n} such that x;(t) = |u}(l";)(f)| If
b < t then D_x;,(t) = 0 which contradicts (36). Let us consider the case when
f = t. Then we have (i) x;,(t) = u}(:’;)(t) or x,(t) = —u,&’?) (t). We consider the first

case. Then we have

d
Dxn(t) < gy (1)

= 0, f(Plzi, un] "™ (£)) + Do f (Plzn, wn] ™ (£)) * T (1th) 1
+Zawf (P[zp, up)¢ )())Th(uh.i)(p[t,m}axj(i’f +Zaq,f (P[zp, up)¢ )())51'“,(1?)(15)-

It follows from condition 3) of Assumption H|f, tp] and from (7), (8) that

n
Z Plzg, uy] ") (£)6u) (1) < 0.

We thus get

D_xu(t) < o(t,wo(t, i, 7,¢), w(t, i, ve)) + Ag(1+ Q)w(t, i, 7,e) < '(t, 1, 7,¢),

which contradicts (36). The case (ii) can be treated in a similar way.

A similar proof remains valid for case &;,(t) = wy(t, i, 7,€). The inequalities
(35) are satisfied on [0, 7). From (35) we obtain in the limit, letting ¢ tend to zero,
that

lznllne < wo(t, @i, 7) and [|uy|]p: < w(t, @i, v) for t€ (0,4a). (37)

Suppose that (t,x(™)), (£,x™)) € E;, t, F € (0,a). It follows from Assumptions
HI[Ty|, H[f, o] and from (37) that there are @, o, @, € C([0,4d], R) such that

0 0] = | [ S (w)ae] < @u(®) ~ ano(o)
and
o 0~ Ol = 1| [ Sl @il < 1014(5) — @n(0)]

Then there are the limits

(m) . ~ . . ~
%E)r;zh (t) =z, (@), limu, " (t) = u, ' (a).
t<a t<a



872 A. Szafrariska

Then the solution (zj, uy,) is defined on (Egj; U Ej,) N ([—bo, 4] x R™). This contra-
dicts our assumption that (zj, uy) is defined on (Egj, U E;) N ([—bo,d), R™) and it
is non continuable.

If 7 < a then there is ¢ > 0 such that the solution (zj,, uj) exists on (Eg; UE,) N
([—bo,d +¢€) x R") and inequalities (37) are satisfied for t € [0,4 + ¢). It follows
from the above considerations that (zj,, 1) is defined on Ejj, U Ej, and estimates
(34) are satisfied.

Suppose that (z;, uy,) and (2, i) are solutions of (12) - (14). Then we have

(8, ), Ty (20 g T (20) g 1" (1)) € QIC], (38)

(X, Th(2) )y T2 gt 7 (1)) € Q[C). (39)
Set . .
M(t) = llzn = Zpllne, Cu(t) = [lun — pllpe, t € (0,4],

and @, = Ay, + ), It follows from condition 3) of Assumption H[f,c] and from
(38), (39) that there is ¢;, > 1 such that the function @, satisfies the differential
inequality

D_@y(t) < cplwy(t) +o(t, @n(t))], t € (0,a],

and @y, (0) = 0. It follows from condition 2) of Assumption H|f, o] that w;,(t) =0
for t € (0,a]. Then (zy, uy,) = (23, ii). This completes the proof of the lemma.

4 Convergence of the method of lines

Now we formulate the main result of the paper.

Theorem 4.1. Suppose that Assumptions H|f, o] and H[T}] are satisfied and
1) z: EgUE — Ris asolution of (1), (2) and Z is of class C?,
2) 1 = 9yZ and (Zy, i1y) is the restriction of (Z, i) to Eqj, U Ej,.

Then there is exactly one solution (zp, up) : Egp U E, — R 0f (12) - (14) and there is
B : H — Ry such that

Iz — Znllpe + [lun — ] < B(h) for t €]0,a] (40)
and )
hliré[‘,,] p(h) = 0. (41)

Proof. The existence and uniqueness of a solution of (12) - (14) follows from
Lemma 3.2. LetI';o : Eg, — R, I’ : Ej; — R be defined by the relations

d
#"(8) = Byl m) ) (6) + T4 (1),

it
d
S () = Gl m] ™ () + T (1),
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There are g, v : H — R+ such that
T ()] < 7o(h) and [T ()]l < (k) on Ey,
and

li n) =0, li h) = 0.
hgg[ln] Yo(h) hi’%}ﬂ( )

Let c* € R be defined by the relation
c* = max {||0xxZ(t, x)|[nxn : (t,x) € E}

where 0xxZ(t, x) = [0xx,Z(t, X)]i j=1,.n- It follows from Lemma 3.1 and 3.2 and
from Assumption H|[Tj,] that for (t,x("™)) € E;, we have

| Th (28) (1) (T,8)] < & | Th(Zn) (1) (T,5)] <& (7,5) € D[, x!™)] (42)
and

1T (20) gt (T8)] < & | Ti(Z0)giem) (T,5)] < € (1,5) € Dlg(t, x"™)]  (43)

and
1™ e <& 2™ ()] <& (44)

For functions g, x : [0,4] — R4 we define
Lol xI(t) = 2A08(t) + 2| M||x () 4 280 (£, {(t) + x(£)) + Yo (h),

Ly [ xI(t) = Ao(1 + Q)x(t) +ao(t, {(t) + x(t)) + (k)

where 2 = 1+ &(1+ Q) + c¢*. Let us denote by (wy,o(, €), wy(+,€)) the maximal
solution of the Cauchy problem

T'(t) = Lol xI(t) +¢ x'(t) = LulZ, x](t) +e, (45)

¢(0) = ao(h) +&, x(0) = a(h) +e (46)

where o, « : H — R™ are given by (18). It follows from condition 2) of
Assumption H[f, o] that there is gy > 0 such that for 0 < & < gg the functions
(who(-, €),w(-,€)) are defined on [0, a] and

lim wy, o(t,€) = wyo(t), limwy(t,e) = wy(t) uniformly on [0, 4]
e—0 e—0

where (wy, o, wy,) is the maximal solution (45), (46) with ¢ = 0. Write

Mi(t) = Nzn = znllnes En(t) = [lin — uplne, £ € (0, a].
We prove that for each 0 < ¢ < ¢g we have

An(t) < wpo(te) and gu(t) < wp(t,e) (47)
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where t € [0,4]. Itis clear that is f € (0, 4] such that inequalities (47) are satisfied
on [0, f). Suppose by contradiction that (47) fails to be true on [0, a]. Then there is
€ (0, 4] such that

Yr(T) < wpo(t,€) and &,(t) < wy(t,€) for T € [0,t)

and
An(t) = wpo(t ) or &(t) < wy(t,e).
Suppose that A, (f) = wy,o(t, €). Then we have

D_Ap(t) > wy,o(t€). (48)
There is (F,x(™) € Ej,, F < t, such that A,(t) = ] ()—zh (f)| Iff <t
then D_A;,(t) = 0 which contradicts (48). Suppose th F = t. Then we have (i)
Ap(t) = z,im)(t) .z}(Z )( t) or (i) Ay(t) = [z}(Z )( t) — (t)] Let us consider the

case (i). It follows from condition 3) of Assumption H [f,o] and from (42) - (44)
that

194f (Plzn, un] "™ (£)) — g f (P20, @) ™ ()| < o (t, oot €) + wnlt,€)).

Then we have

D_Ay(t) < (2" (1) = 2" (1)) = Fylzi un] " (1) — B[z, @] ™ (1) + Ty (1)

d
dt
< Lpolwno(- ), w ) + Zaql [z, un) ™ (£))8; (z1 — 21) ™ (£) + Yo (h).

It follows from conditions 3), 4) of Assumption H|[f, | and from (5), (6) that

g, f (Plzp, u) ™ (£))8;(zy, — 2,,) ™ () < 0.

Il [\1:
p—

This gives
D_My(t) < Lpolwno(- ), wn(- e)](t) +e& = wj(t )

which contradicts (48). The case (ii) can be treated in a similar way. Suppose that
&n(t) = wy(t,€). Then we have

D_¢,(t) > wy(t,e). (49)

There are (F,x(™) € E,, F < tand j € {1,...,n} such that &,(t) = |u}(:;.l)(f) -
ﬂém) (F)|. Suppose that < t. Then D_¢j(t) = 0 which contradicts (49). Suppose
that f = t. Then we have (i) {,(t) = u}(:j.)(t) — uh] ( ) or (ii) & (t) = —[u%)(t) —
ﬁ}(g) (t)]. Let us consider the case (i). We deduce from condition 3) of Assumption
H[f, o] and from (42) - (44) that the expressions

10xf (Plzn, up] ™ () — 9 f (Plzw, ] ™ (1)),
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190 f (Plzi, )™ (£)) = 3o f (P[2h, )™ (£)) |,
1920 f (Plz1, ) ™ () = 3w f (PL21, 1) ™ (1)) |«

may be estimated by o (t, wy,o(t, €) + wy(t,€)). Then we have
D-g(t) < ) (6) = 5 (5)) = Gglezn, un]) ™ (8) = G2, )™ () + 1)} (1)

< Lplwpo(€), w ) + Zaq F(Plzn, un] ™ (£))8; (uj — i) ™ () + v ().

It follows from condition 3) of Assumption H|[f, ] and from (7), (8) that
Zaql (21, 14] " )(f))5i(uh.j - ﬂh.j)(m)(f) <0.

Then we obtain

D_¢u(t) < Lylwno(- €), wn(-,€)](t) = wy,(te)

which contradicts (49). The case (ii) can be treated in a similar way. Then inequal-
ities (47) are satisfied on [0,a]. From (47) we obtain in the limit, letting ¢ tend to
zero, the estimates

Nz — Znllne < wpo(t), [|up — dpllne < wp(t), t€ (0,4] (50)

where (wy, o, wy,) is the maximal solution of (45), (46) with € = 0. Let us denote by
@y, the maximal solution of the Cauchy problem

W'(t) =dw(t) + (@+28)o(t,w(t)) + vo(h) + y(h), (51)

w(0) = ag(h) +a(h) (52)
where d = max {Ao(3 + Q),2||M||}. We conclude from (50) that
121 = Znllnt + [[un — Tpllne < @n(t), t € (0,a].

It follows that conditions (40), (41) are satisfied for B(h) = @y (a). This completes
the proof of the theorem.

Remark 4.1. Suppose that all the assumptions of Theorem 4.1 are satisfied with o (t, p) =
Lp, (t,p) € [0,a] € Ry, where L € Ry Then we have the following error estimate

[z = Zul .t + [lun — Anllne < @u(t), t € (0,4]
where
ro(h) +o(h)  re
~ (e
L
and L = d + (@ + 2¢)L. The above inequality is obtained by solving problem (51), (52)
with o(t,p) = Lp.

@u(t) = (ao(h) + a(h))elt + ~1)

Remark 4.2. It is assumed in [11] that the right hand sides of functional differential
equations satisfy global estimates of Perron type. It follows from Theorem 4.1 that local
estimates are sufficient for the convergence of the method of lines.
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5 Numerical Examples
Example 5.1. Put n = 2 and

E={(t,x,y) cR>: tc[0,1], [x| <2t |y| <2—t},
Ey = {0} x [-2,2] x [-2,2].

Consider the differential integral equation

9iz(t, x,y) = 1 arctan [xaxz(t, x,y) +yoyz(t, x,y)] -+ ! arctan [t(x —y)z(t, x,y)]

2 2
(53)
X Y
—|—t/ z(t,s,y)ds + t/ z(t,x,s)ds + f(t,x,y),
0 0
with the initial condition
z(0,x,y) =1 for (x,y) € [-2,2] x [-2,2] (54)

where
flt,x,y) =e W —e™ 4+ (x — y)et("_y).

The solution of the above problem is known, it is Z(t, x,y) = e =Y) | Let
us denote by (fhth.xth.y) approximate solutions of ordinary functional differ-
ential equations corresponding to (53), (54). They are obtained by using the ex-
plicit Euler difference method. Nodal points on [0, 1] are obtained by ") = rhy,
r=20,1,...,Np.

Set

sg) = max{|(zy — 2,) (1@, x(m), ytm)[ o (10, x(m) y(m)y e E, 0 <i<r} (55)
and

€i7), = max{ 9.z — ) (10, "), y )| o (10, x0m), () € F, 0 <i < 1),

(56)
elr) = max{|(3yzy — 24, ) (£, 20",y )| ¢ (10, x(m) y )y € B, 0 < i < 1)
(57)

where 0 < v < Np. Let us denote by Z; an approximate solution of (53), (54)
which is obtained by using the Lax difference scheme. Set

) = max{| (2, — £) (19, "),y )| o (#0), x0m) )y € B, 0 <i <1} (58)

where 0 < r < Nj. In the Table 1 we give experimental values of the errors
(sh/‘gh.xr‘gh.y) and éh for I’lo = 0001, I’ll = ]’lz = 0.05.
(r)

Note that errors of the classical difference method ¢, are larger then the

errors obtained by discretization of the numerical method of lines sglr). This is
due to the fact that Lax difference scheme has the following property: we ap-
proximate partial derivatives of z with respect to spatial variables by difference
expressions which are calculated by using previous values of the approximate
solutions. In our approach we approximate the partial derivatives d,z and d,z by
using difference equations which are generated by the original problem.



Method of lines for nonlinear partial functional differential equations 877

Table 1
(r)

h.x

iy

Yy
0.5 0.000935 0.000656 0.000609 0.143086
0.6 0.001491 0.000998 0.000865 0.184319
0.7 0.002155 0.001512 0.001218 0.228142
0.8 0.002915 0.002222 0.001668 0.272560
0.9 0.003755 0.003151 0.002213 0.315301
1.0 0.004657 0.004316 0.002849 0.354176

#(r) (r) )

A7
Eh & Eh

Example 5.2. For n = 2 we put
E={(txy) €R>: t€[0,05], |[x]| <252t |y| <2.5-2t},
Eo = {0} x [-2.5,2.5] x [—2.5,2.5].

Consider the differential equation with deviated variables

diz(t, x,y) = —x0xz(t, x,y) — ydyz(t, x,y) + cos [xaxz(t, x,y) — yoyz(t, x,y)]
+2(t,0.5(x +v),0.5(x — y)) sinz(t,0.5x,0.5y) + f(t,x,vy), (59)
with the initial condition
z(0,x,y) =1 for (x,y) € [-2.5,2.5] x [-2.5,2.5] (60)

where
ti2 o\ t
f(t,x,y) = xy(1+2t)exp {txy} — 1 —exp {Z(x -y )} sin exp {ny}.

The solution of the above problem is z(t,x,y) = e*Y. Let us denote by
(Zh, Zhs Zh'y) approximate solutions of ordinary functional differential equations
corresponding to (59), (60). They are obtained by using the implicit Euler method.
Let (e, €p,.x, €y ) be defined by (55) - (57).

Let us denote by Z;, an approximate solution of (53), (54) which is obtained
by using the Lax difference scheme. Denote by &), errors of the method given by
(58). In the Table 2 we give experimental values of the above defined errors for
hy = 0.01, hy = hy = 0.01.

In theorems on the convergence of explicit difference schemes for (1), (2) we
need assumptions on the mesh. They are called the (CFL) condition.

The (CFL) condition for (59) and for the Lax difference method has the form

ho < 0.1k, i=1,2.

Note that the steps hyp = 0.01, h; = hy = 0.01 do not satisfy the above condition
and classical Lax difference scheme is not applicable.
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Table 2
(r)

h.x

€y

Yy
0.25 0.004843 0.004770 0.004637 0.296195
0.30  0.005078 0.005130 0.004961 0.417914
0.35 0.005109 0.005279 0.005082 6.239350
0.40  0.004971 0.005238 0.005019 257.9430
0.45 0.004702 0.005038 0.004807 5300.330
0.50  0.004341 0.004716 0.004483 46673.60

#(r) (r) )

NG
Eh S Eh

Remark 5.1. The result presented in the paper can be extended on weakly coupled func-
tional differential systems
9ezi(t, x) = fi(t, X, Z(1 ), Zg(t.x), OxZi(t, X)), i=1,...,k,

with the initial condition
z(t,x) = P(t,x), (tx) € Ey,

wherez = (zq,...,2k),0x2i = (0x,Zi, - -, 0x,2i) and f = (f1,..., fr) : E x C(B,RF) x
C(B,RF) x R" = R, ¢ = (¢y,...,¢y) : Eg — R are given functions.
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