On a Hurwitz-Lerch zeta type function and its
applications
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Abstract

We first define a generalized form of a Hurwitz-Lerch zeta type function
and then use it in constructing certain classes of analytic functions in the
unit disk. In our investigation, we obtain various results for the classes in-
troduced, thereby, exhibiting their useful properties and characteristics by
adopting the techniques of differential subordination. Several consequences
of the main results are considered and relevant connections with some of the
known results are also pointed out.

1 Introduction and Preliminaries

Let H denote a class of functions which are analytic in the open unit disk
U = {z € C: |z| < 1} and A denote a subclass of H comprising of functions f of
the form

flz) =z+ i anz". (1.1)
n=2

Further, let ® denote the class of all functions ¢ € H which are also univalent in
U and ¢(0) = 1. By S*(«), K(a) and C(«), we denote, respectively, the classes of
starlike functions, convex functions and close-to-convex functions, each of order
a (0 < a < 1) (see, for more details [15]). Given two functions f € H and g € H,
we say that ¢ is subordinate to f in U, and write g(z) < f(z), if there exists a
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function w € H with |w(z)| < |z|, z € U, such that g(z) = f(w(z)) in U. In
particular, if f is univalent in U, then it follows that

8(z) < f(z) (zeU) <= [g(0)=f(0) and g(U) C f(U)].

For a bounded sequence {c(n)}">, of real (or complex) numbers, we define a
function A(z,s,b) by

A(z,s,b) Zc ) (zeUbeRy;s€C/Zy). (1.2)

It may be noted that for c(n) = 1;n € Ny, the function A(z, s, b) is the well known
Hurwitz-Lerch zeta function [28]. Corresponding to the function A(z,s,b), we
define a linear operator 7, f(z) : A — A, by

nsf(z) = Zc(n)(zf s,b) *f(Z), (1.3)

where * denotes the Hadamard product (or convolution) and the function
Ac(n)(z,8,b) is given by

— _ (1+p) _c(9)
A(z,s,b) = 6 A(z,s,b) ) c(1) #0. (1.4)
If f is of the form (1.1), then it is easily seen from (1.2)-(1.4), that
c(n) (b+1
T f( z+ 2 (1) ( ) a,z", z € U. (1.5)

It is worth mentioning here that the operator 7, is a generalization of the
various linear operators considered recently in many papers. In particular, we
observe the following:

1. For ¢(n) = 1, the operator 7, is the well known Srivastava—Attiya operator
[26] (see also [21]).

2. For ¢(n) = 1, the operator 7,7° (s > 0) is the Cho-Srivastava operator [3].

3. For ¢(n) = n (n € N) the operator 7, (s > 0,b > 0) is the Cho—Kim
operator [4].

4. For
~ A+ D (g1
cln) = (v+ 11)n—1 n! 1

where the symbol (A +1),_1 = (A+1)(A+2) - -- (A +n—2) is the Pochham-
mer symbol, then the operator 7, converts into a recently defined operator

(AueC veC\{0,-1,-2,...}), (1.6

J. AS,'Z,-V studied by Prajapat and Bulboaca [23], which generalizes several pre-

viously investigated operators due to Cho and Srivastava [3], Choi-Saigo-
Srivastava operator [5], Jung et al. [11], see also [24], Kwon and Cho [12],
and Noor and Bukhari [17, p. 2, Eq.(1.3)], see also [20].
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5. For ( ) ( ) )
Xq
) = Bahur Bow 1 =T (7
(oc]'>0(j:1,...,q), ﬁ]->0( ,s) g<s+1; q,s € Ng= INUE;)?),

the operator 7, reduces to the well known Dziok-Srivastava operator [9].

6. For

_ (_,”+77+2)n—1(2)n—1 .
) = T D@y ORI ER)A9)

the operator 7,° reduces to the generalized fractional differintegral operator
studied in [22], see also [6, 7, 8, 19, 25].

It can easily be verified from (1.5) that

2 (T7Hf(2) = 0+ DT f(2) - 0T (), (110)

and we also note that

Tof(2) = lim{Tf (=)}

For the purpose of this paper, we introduce the following subclasses of A by
making use of the generalized linear operator 7.

Definition 1.1. A function f € A is said to be in the class M(s,b;¢), ¢ € @, if it
satisfies the following subordination condition:

Ty f(2)

77;5+1f(z) < ¢(z), ze U. (1.11)
We further, set
M (s,b;l + %.1 fBZ) = M (s,b; A, B),
and
M (s,b;l + Z(bl—;l{x)'l iz) = M(s,b,oc) .
Remark 1.1.

1. Forc¢(n) =1, n € N, the classes
M(-1,0;¢) = S*(¢) and M(=2,0;¢) = C(¢),

with ¢ € ® such that ¢(U) is a convex region lying in the right half-plane
which is a symmetric with respect to real axis have been studied by Ma and
Minda [13].

2. Forc(n) =1, n € N, the class
M (=1,0; A, B) = S[A, B]
was studied by Janowski [10].
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3. In particular, for c¢(n) =1, n € N, the classes

M (—1,0;%) = M (-1,0;1—2a,—1) =M (—1,0,a) = S* ()
and
M (—2,0;#) = M (=2,0,1—2a,—1) =M (=2,0,a) = K(a)

are (as mentioned above), the well known classes of starlike functions of
order « (0 < w < 1) in U and convex functions of order « (0 < a < 1)in T,
respectively. Further, $*(0) = S* and K(0) = K, are the classes of starlike
functions in U and convex functions in U, respectively.

In the present paper we derive various useful and interesting properties and
characteristics of the above defined function classes by using some key results of
the subordination theory. Several corollaries are deduced from the main results
and relevant connections of some of the corollaries with known results are also
pointed out.

2 Key Lemmas

In order to derive our main results, we recall here the following lemmas:

Lemma 2.1. [15, p. 132]. Let the function q be analytic and univalent in U, also let
the functions 6 and ¢ be analytic in a domain D containing q(U) with ¢(w) # 0 when
w e q(U). Set

Q(z) =zq'(2)¢la(z)], h(z) =6[9(2)] + Q(2),

and suppose that
1. ReZE > 0in U;
(@) _ 0'la(z)] |, zQ'(2)
2 % () =% (G + G) >0 ze U

If p is analytic in U, with p(0) = q(0), p(U) C D, and

0lp(2)] +zp'(2)[p(2)] < 0lq(2)] + 24 (2)9lq(2)] = h(2),

then p(z) < q(z), and q is the best dominant, in the sense that if there exists a function
s such that p(z) < s(z), then q(z) < s(z).

Lemma 2.2. [16]. If -1 < B < A < 1, B > 0 and the complex number -y satisfies
Re(y) > —B(1 — A)/(1 — B), then the differential equation

zq'(z) 14 Az
7(z) + Bg(z) +v 1+Bz’

zel,
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has a univalent solution in U given by

zPt7(1 + Bz)P(A-B)/B

(2) = B Jo tPT771(1 + Bt)P(A-B)/Bg¢
= P17 exp(BAz) o

. -, B =0.
B [y tFT7~1 exp(BA)dt B

Ifp(z) =1+ 1z + 2% + ... is analytic in U and satisfies

z¢'(z) 1+ Az
P& g vy ST B

_T B £0,
P (2.1)

euU, (2.2)

then
1+ Az

1+ Bz

$(z) <g(z) < , z€e U,

and q is the best dominant.

Lemma 2.3. [30]. Let v be a positive measure on [0,1]. Let h be a complex valued
function defined on U x [0,1] such that h(-,t) is analytic in U for each t € [0,1],
and h(z, -) is v-integrable on [0, 1] for all U. In addition suppose that Re{h(z,t)} >
0, h(—r,t) is real and

1 1
> < .
% () 2 iy v <<t ot efon)

If the function F (z) is defined by

Flz) = /O "h(z,b) du(e),

then

%<fb)2hén'

For real (or complex numbers) «, f and y(# 0,—1,—2,...), the Gaussian
hypergeometric function is defined by

apz  al@+1)B(B+1) 22
Fla,B;v;z) =14+ —/— — — 4+ ...
We note that the above series converges absolutely for z € U, and hence, repre-
sents an analytic function in the unit disk U (see, for details, [31, Chapter 14]).

Each of the following identities are fairly well known (cf., e.g., [31, Chapter 14]).

Lemma 2.4. For real (or complex numbers) o, p and v(# 0,—1,—1,...) :

/01 P11 — )7 P71 (1 — zt)~*dt = W oFi(a, B;v;2), v>pB>0,
(2.3)

oFi(a, B;7:2) = 2F1(B,a;7;2), (2.4)

oFi(a, B;752) = (1—2)"" 2F <tx,c -8B %) : (2.5)
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3 Main Results

Our first main result is given by Theorem 3.1 below.

Theorem 3.1. Let p € . Suppose also that zy' / is starlike and Re{p(z)} > 0in
U. If the function T is defined by

_ zy'(z)
T(Z) = 1P(Z) + U?T)IP(Z)I S U, (31)

and f € M(s,b;T), then f € M(s + 1,b;9), whenever (TFT1f)/ (T 1?f) is an

analytic function in U.

Proof. Let f € M(s,b; 7). Define a function p(z) by

T
p(z) = T @) zeU. (3.2)

Differentiating both sides of (3.2) with respect to z, and making use of identity
(1.10), we find that
2'(z)  _ Tyf()

b+ 1)p(z) - 7;S+1f(z) .

p(z) + (

Thus by hypothesis, we have

zp'(2) 2¢'(2)
(b+Dp() + 05" < (B+Dy() + 5

Let0(w) = (b+1)w and ¢(w) = 1/w, then 6(w) and ¢(w) are analytic
in C/{0}. Set

Q) =2y @y = 4 63)
and /
h(a) = 09() +Q(2) = b+ 1pla) + 05 64

By the hypothesis of Theorem 3.1, Q(z) is starlike and
Zh'(Z)} _ {9'[1/)(2)] ZQ’(Z)} _
Red ——— > =R =
{5 - (v + e

zp"(z)  z¢'(z)
me{(b+1)¢(z)+1+ D @ }>o,

which shows that the function /(z) is close-to-convex and thus univalent for all
z € U. Therefore by virtue of Lemma 2.1, we conclude that p(z) < ¥(z), i.e.

7;s+1f(z)
W =< Y(z),

which implies that f(z) € M(s + 1, b;¢). This proves Theorem 3.1. |
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Corollary 3.1. Assume that

1—A A+ bB
-1 < < > - =
beR, -1<B<A<1, b> 1—B’C .
and
_1+Cz (C—B)z

z e U.

1) =15 T AT B+ Co)
If f € M(s,b;n), then f € M(s + 1,b; A, B), whenever (TS 1f) /(TS H2f) is an

analytic function in U.
Proof. Choose
=14+ Hi
¥z 1+b 1+ Bz’
in Theorem 3.1. It is then sufficient to show that Q(z) defined by (3.3) is starlike
and h(z) defined by (3.4) is close-to-convex in U. We observe that the function

_ zY'(2) (C—B)z

Q(z2)

P(z) (14 Bz)(1+ Cz)

is starlike in U, because

(2) - o) e ()
1 1

+
1+|B]  1+]C|
1— |BC|

= @+t -

> —1+4

for z € U. Also,

(o) = oo (e) (o)
1-C

which shows that the function /h is close-to-convex and thus univalent for all
z € U. This proves Corollary 3.1. n

Remark 3.1.
(i) By setting

A=1-22¢(0<a<1), B=-1and ¢(n) =1,

and using (3) of Remark 1.1 in Corollary 3.1, we get an improvement of the main
result by Srivastava and Attiya [26]. The improvement is with regard to the con-
dition for «. While as, we have the condition b > —a, but in [26], the condition
b > 0 is imposed.

(ii) Next, by setting

cn)=1s=060>0),b=1,A=1-20¢(0<a<1) and B=—1,

and using again (3) of Remark 1.1, then Corollary 3.1 corresponds to a known
result due to Attiya [1, Theorem 2].
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Theorem 3.2. Let p € ®and A > —1. Suppose also that Re{A —b+ (1+b)yp(z)} >
0 and the function

_ 2y’ (z)
Y =T raroen 2€Y

is starlike in U. For the functions F) and X defined, respectively, by

Falz) = )‘; ! /0 e f(t)ydt (feAzel) (3.5)
and /
X(z) = () + 0 2e U, (3.6)

A=b+ (1+b)yp(z)’

if f € M(s,b; X), then Fy € M(s, b;y), whenever, (TS Fy)/ (T T Fr) is an analytic
function in U.

Proof. Let f € M(s,b; X). From (1.5) and (3.5), we obtain that

L+MT; (2 = ATy Fa(z) + 2T Faz)
= A=-0)T " Fulz) + 1+ 0)(T Falz).  (37)

Define a function 4(z) by

T.Fa(z)

q(z) = mr

zel], (3.8)

then clearly g is analytic in U. Now simple calculations shows that

UTICI

7;s+1f(z)
Since f € M(s,b; X'), then we have from (3.9) that

zq'(z)
A—=b+ (1+b)g(z) (39)

2y’ (z)
A—b+ (1+b)p()

2q'(2)
A—b+(1+b)q(z)

< P(z)+

q(z) +

Adopting now same procedure (as in the previous theorem), and using Lemma
2.1, we infer that g(z) < ¥(z), which proves Theorem 3.2 ]

Theorem 3.3. Assume that =1 < B < A and B< A If f € Mv(s, b; A, B), then

TS (z) 1 B 1+ Az
7@ pineE - 2® S TrE (310
whenever, (TS f) /(T2 f) is an analytic function in U and
fol tb(lliléf)(b+1)(A_B)/B dt, B # 0,
0(z) = G.11)

Jo thexp((b+1)(t —1)Az) dt, B =0.
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The function Q is the best dominant of (3.10).
Furthermore, if

—1<B<0 and B<A§—i,
b+1
then
TS f(2) (b+1)(B—A) B -1

The result (3.12) is best possible.

Proof. Let p be given by (3.2), then by Theorem 3.1, we have

T ) zp/(2)
7@ PO e FEY

Since f € M (s,b; A, B), therefore, by applying Lemma 2.2 (for = b+ 1 and
v = 0,) we obtain (3.10). Next, we show that

é‘njlm{Q(Z)} = Q(-1). (3.13)
If we set
o= (b“)éB_A), B=b+1 and y=b+2,

so that v > B > 0, then by applying Lemma 2.4, we find from (3.11) that for
B#0:

Q(z) = (1+ Bz)* /01 tF=1(1 + Btz)~%dt = % 2Fy <1,¢x; v Bsz 1) :

To prove (3.13), we show that

"\ g} > o 2=V

Againfor —1 < B <0 and B< A < —B/(b+1) (so that y > f > 0) can be
written as

Q) = [ s(t2)an(r),
where

1+ Bz

I(.B) a—1 —a—1
e <t < e | A _ Y
Q(t,z) 15 (1- 0Bz’ 0<t<1 and du(t) (1 —1) dt

[(a)T(y —a)

is a positive measure on the closed interval [0,1].
For —1 < B < 1, we note that Re{g(t,z)} > 0, ¢(t,—r) isreal for 0 < r < 1

and t € [0,1] and
1 1—(1—1)Br 1
> —
e {gu,z) } =T 1B gt
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for |z] < r < landt € [0,1] Thus, by making use of Lemma 2.3, and let-
ting r — 1~ , we get Re{1/9(z)} > 1/9(—1), z € U. In the case, when
A = —B/(b + 1), we obtain the required result by letting A — (—=B/(b+1))™.
The result is sharp because of the best dominant property of Q(z). This complete
the proof of Theorem 3.3. n

Ifweput A=1-26(0<6<1)and B = —1in Theorem 3.3, we get
Corollary 3.2. If f € M(s, b,5), then for b/2(b +1) < & < 1, we have
Re <%> > {2131 (1,2(b—|— 1)(1—-9);b+ 1;%) } 1, ze U.
The result is best possible.
In the next result, we consider an inverse problem of Corollary 3.2.

Theorem 3.4. If f € M(s + 1,b,0) forsome 6(0 < & < 1), then f € M(s,b, ) in
|z| < R(b,9),i.e.

T,f(2)
——— € ¢(U), < R(b,9),
it P <RG0
where 21— 8)
- z
PE) =1 T T2
and
(2-06)—+/(2—6)2—(b+1)(1 —b—25) 1—b
R(b,0) = 1-b—26 P 07T (314)
(1+0b)/(3+D), 6 =150,
The result is best possible.
Proof. Let
7 (7;5+2f(2))
7;5+2f(z) =0+ (1-9%)u(z), zeU, (3.15)

where u(z) = 1+ u1z + upz? + ... is analytic and has a positive real part in U.
Using (1.10) in (3.15), and differentiating logarithmically, we deduce that

7 (7;,5+1f(2)>/
T, f(2)

Re

- zu'(2)
) —(1—5)9‘“{”(2) + 5+b+(1—5)u(2)}

|z’ (2)]
> (1—96)Re {u(z) T BEbrA-0u() } . (3.16)

Now using the well known estimates [14]:

1 irrz Re{u(z)} and Re{u(z)} > 1__: 2 =r<1,

/
<
2/(2)] < -
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in (3.16), and performing elementary calculations, we get

NEGEC)

>
7zs+1f(z) —

2r
(1= 0)Retu(z)} {1‘ R = E T —r)z}'

which is positive if r < R(b, ), where R(b, 9) is given by (3.14).
To show that the bound R(b,J) is best possible, we consider the function
f € A, defined by

z (%Hzf(z))/ 142
7;,S+2f(2) :5+(1_5)1—Z (0§5<1,Z€U).
Noting that
: (ESHf(Z))l 1+z 2z
Fra 0~ -0 (T prmrm )
=0

for 6 = —R(b, ), we conclude that the bound is best possible. This proves Theo-
rem 3.4. |

Theorem 3.5. Let f € A and «,B € R. Suppose also that  ia convex univalent
function in U satisfying the inequality that

D) +289() | 2"(2)
R { 5 + e +1} >0, zeU. (3.17)
If

@) |, Tof(E) B ..

TGy TPy < W TAWEN e, 619

then f € M(s+1,b;¢).
Proof. Let the function p be defined by (3.3), then simple calculations show that

T, f(2) T,/ (2) 20, B
i + =ap(z) + z))" + ——zp (z2).
By setting 0(w) = aw + fw? and ¢(w) = %, we find that the desired assertion
of Theorem 3.5 follows by the application of Lemma 2.1. n

Corollary 3.3. Let f € A; o, € Rand —1 < B < A < 1. Suppose also that

B 2(1-A) 1-|B|
> __P .
T e L . A
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If
TSHf(z)  Tf(2) (« +2B)(A—B)z | B(A—B)?z+B(A—B)z
“7£s+2f(z)+ﬁ7;fb+2f(z) SO P 1Bz T (b4 B22

then f € M(s +1,b; A, B).
Proof. Choose

(z)—1+A_B z
ylz) = 14+0b 1+ Bz’

-1<B<AL],

in Theorem 3.5. Then, it is sufficient to show that ¢ is convex univalent function
in U. We observe that

zp"(z)\ 1—Bz 1—|B]
we (150 ) =2 (155) 7 1m 20

which shows that (z) is convex and univalent in U. Also,

e {UHDEBE) 1) 207E) )

p ¢'(2)
B a(l1+Db) 1+ Az 1—Bz
= 2b+ B +2§Re<1+Bz)+m6(1+Bz)
a(1+Db) 1-A 1—|B]
= 2b > 0.
+ B 1+B 1+B| —
Thus, the proof of Corollary 2.3 is complete. n

On putting c(n) =1, b =0 and s = —2 in Corollary 3.3, and using (3) of
Remark 1.1, we get

Corollary 3.4. Let f € A; o, € R and —1 < B < A < 1. Suppose also that

2(1—A) 1 |B|
“Z_ﬁ<1—3 +1+BJ'

If

sz”(z)
f'(z)

then f € S*[A, B].

zf'(2)

(A—Bp+ﬁ@y—m%?+mA—Bp
f(2)

1+ Bz (1+ Bz)? ’

B + (a+B) <a+pB+ (a+2B)

Remark 3.2.
(i) Putting « = A — 1 and B = 1 in Corollary 3.4, we get a known result due to
Xu and Yang [29, p. 581, Theorem 1].

(i) If we choosea =1 —B (0 < p<1),A =1 and B = —1in Corollary 3.4,
we get a known result of Padmanabham [18].
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Theorem 3.6. Let f € A; a,fp € C and +,6 € C/{0}. Suppose also that (z)
be analytic and univalent in U such that Y (z) # 0, zy' /4 is starlike univalent in U
satisfying the inequality that

B. .\ z¥'(z)  z¢"(z)
me{1+7 (z) TERTIE) } > 0, ze U. (3.19)
If
TS f(2) ’ f(z) zy' (z

a+p (%) +y0(b+1) (77?1{;22) - 1) <a+ByY(z) +v ’f(iélzo)

then 5 '
s+1
(@) < Y(z), ze€U/{0}, (3.21)

and 1 is the best dominant.

Proof. Let the function H(z) be defined by

z

s 1)
H(z) = (M) (z e U/{0}; f € A). (3.22)

It is clear that H is analytic in U. Differentiating (3.22) with respect to z and using
identity (1.10), we find that

5
Ty f(2) Ty f(2) zH'(2)
A+ B L——"2) +q5(b+1) | =L —1 | =a+BH(z) + .
’ ( =) T TG PHE 1)
Now, by setting 0(w) = a + pw and (w) = y/w, assertion (3.21) of Theorem 3.6
follows by application of Lemma 2.1. m
Setting

5(A-B

and (z) = (14 Bz)" 5"

in Theorem 3.6, we get

Corollary 3.5. Let the constraints —1 < B < A <1,B # 0,6 € C/{0} satisfy either

5(A—B) 6(A—B)
‘T—l‘gl or ‘T-I-l <L
If f € M(s,b; A, B), then
s+1 ¢ _
(72 Zf(Z)> < (14+B2)" %" = L(z), (3.23)

where L is the best dominant.
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Further, by putting A =1 — 2« and B = —1 in Corollary 3.5, we get following
result:

Corollary 3.6. Let the constraints 0 < o < 1, and 6 € C/{0} satisfy either
201 —a)+1] <1  or 126(1 —a) — 1] < 1.
If f(z) € M (s,b,«), then

1
TS+l £(5) 200
Re <be() > 273, zeU. (3.24)

The result is best possible.
Proof. For A =1—2x and B = —1, (3.23) can be written as

<7Z,S+1f(2)>5 _ (1 . w(z))—ZzS(l—tx),

z

where w analytic in U with w(0) = 0 and |w(z)| < 1, z € U This implies that

<L+1f(2)> " = (1-w(z)?, zeU.

z

In this last above equality, if we take real parts on both sides and use the following
elementary inequality:

%e(w%) > [Re(w)] W for Re(w) >0 and m > 1,
we are lead to the result (3.24). This completes the proof of Corollary 3.6. m
Remark 3.1. By setting

c(n) =1, $(z) = ——(b € C/{0}),

(1-2z)

b=0, s=-1, a=06=1, =0, ’Y=%,

and in the process using (3) of Remark 1.1, then Theorem 3.6, reduces to a known
result due to Srivastava and Lashin [27].

Theorem 3.7. Let f € A, and suppose also that § € A satisfies the following inequality:

s+1
Re (Tng(z)> >0, zeU. (3.25)

If
7;5+1f(2)

b 27
7zs+1g(z)

<1, zel, (3.26)
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and

2z 1 1+z
vE) =1t A A= 10 (1—z+b)'
then for |z| < (V17 —3) /4
Ty f(2)
T <)

or

feM(s,b,0) in |z| < (V17 —-3)/4.
Proof. Let

7'5+1
r(z) :%T(j;z;—l:clz—l—czﬁ—i—..., (3.27)

and we note that r is analytic in U, with 7(0) = 0 and |r(z)| < 1 for z € U. Thus,
by applying the familiar Schwarz Lemma, we get

where 9(z) is analytic in U and |¢(z)| < 1 for U. Therefore, (3.27) leads to
T, f(2) = 1+29(2)T,78(2), z€ U,
which on logarithmic differentiation gives

2Ty f(2) _2(7778(2) | 2{ple) +2¢'(2)}

7;)5+1f(z) - 7;s+1g(z) 1+ ZiP(Z) (3.28)
Setting
s+1
_ Ty & (z)
o) =258,

we see that ¢(z) = 1 +dyz + dpz? + ..., is analytic in U with Re(¢(z)) > 0 for
z € U, and

2(TH8(2) _ 2¢/(2)
7;s+1g(z) 4)(2)

so by using the following well known estimates [2]:

() {1

for |z| = r < 1in (3.29), we deduce that

27, f(2)) 2r 1
e <W> = 1_1—1f2_1—r

+1, (3.29)

1—3r — 212
= g2 lz| =r<1,
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which is certainly positive provided that |z| < (v/17 — 3) /4. Therefore, for |z| <
(\/ﬁ —3)/4:

Tfe 1 ((Fre)
RSN E
1 14z
€ T30 (1—z+b) (©)
= ¢U)
This completes the proof of Theorem 3.7. m
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