Darboux integrability of polynomial differential
systems in R®

Jaume Llibre Claudia Valls

Abstract

In this article we study the Darboux integrability of the polynomial dif-
ferential systems

x=y—x* y=z—x, Z=—d—ax—by—cz

This system comes from the study of a Hopf bifurcation in slow-fast sys-
tems with two slow variables and one fast variable. The tools used here for
studying the Darboux integrability can be applied to arbitrary polynomial
differential systems in IR3.

1 Introduction and statement of the main results

Recently the Hopf bifurcations have been studied intensively in two dimensional
differential systems with one slow and one fast variable, see for instance [1, 5, 6,
10, 8]. Less analysis has been done of the Hopf bifurcations in slow-fast systems
in IR3 with two slow variables and one first variable, see [7, 9, 13, 14]. Guucken-
heimer in [9] reduces the study of this Hopf bifurcation to study the zero Hopf
bifurcation of the differential system

x:y—xz,
y=z—1x, 1)
Z=—d—ax—by—cz
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where (x,y,z) € R3, 4,b,c,d € R and the dot denotes derivative with respect to
the independent variable .

The vector field associated to (1) is

d d d

— 2 — )= —
X =(y— )Bx (z x)ay (d—i—ax—i—by—i—cz)az
Let U be an open subset in R? such that R3 \ U has zero Lebesgue measure.
We say that a real function H = H(x,y,z): U C R®> — R non-constant in any
open subset of U is a first integral if H(x(t),y(t),z(t)) is constant on all solutions
(x(t),y(t),z(t)) of X contained in U, i.e. XH|; = 0. The existence of a first inte-

gral for a differential system in R? allows to reduce its study in one dimension.
This is the main reason to look for first integrals.

One of the more classical problems in the qualitative theory of differential
equations depending on parameters is to characterize the existence or not of first
integrals in function of these parameters. This is a very difficult problem and not
many results can be found in the literature. One of the best tools to look for first
integrals is the Darboux theory of integrability.

Our objective is to study the Darboux integrability of system (1). Probably the
more interesting novelty of this paper is not the characterization of the Darboux
integrability of system (1), but the method for reaching this result, which can be
applied to other polynomial differential systems in R>.

Now we shall introduce the basic notions of the Darboux theory of integrabil-
ity restricted to system (1). Let C|[x, y, z] be the ring of polynomials in the variables
x, Yy, z with coefficients in C. We say that f € C|x,y, z] is a Darboux polynomial of
the vector field X if there exists a polynomial K € C[x,y, z] such that X f = Kf,
ie.

(y — )gz (z—x)%—(d—kax—kby—kcz)gz Kh. ()
The polynomial K = K(x,y,z) is called the cofactor of f. It is easy to show that
the cofactor of a Darboux polynomial of the vector field X has degree at most
one,ie. K = ko + kix + kyy + kzz with k; € C fori = 0,...,3. Note that we look
for complex Darboux polynomials in real differential systems. The reason is that
frequently the complex structure forces the existence of real first integrals, and
sometimes if we only work with the real Darboux polynomials, we cannot detect
all the real first integrals.

If f € C[x,y,z] is a Darboux polynomial of the vector field X then f(x,y,z) =
0 is an invariant algebraic surface for the differential system (1), i.e. if an orbit has a
point in this surface then the whole orbit is contained in it. Note that a Darboux
polynomial with zero cofactor is a polynomial first integral.

The Darboux polynomials for system (1) with non-zero cofactor are charac-
terized in the next result.

Theorem 1. System (1) has an irreducible Darboux polynomial with non—zero cofactor
ifand only ifa = b = 0 and c # 0. In this case the irreducible Darboux polynomial is
cz + d with cofactor —c.
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Theorem 1 is proved in section 3.

Let I, .) be the maximal interval of definition of the solution of system (1)
such that at time zero pass through the point (x,y, z). We say that a real function
I = I(x,y,z,t): U x I(yyz — R non-constant in any open subset of U is an
invariant if it is constant on every solution (x(t), y(t),z(t)) contained in U, i.e. if

dl

dt

ol
= X+ =

=0.

u

Corollary 2. System (1) witha = b = 0 and ¢ # 0 has the invariant [ = (cz + d)e“.

The proof of Corollary 2 is immediate from Theorem 1 and the definition of
invariant.

To know and invariant of a differential system is important because it allows
to compute either the a-limits, or the w-limits of the orbits of the system. More
precisely, if c > 0 then when t — « the orbit of system (1) having maximal interval
of definition (%, @), under the assumption of Corollary 2, tends to the invariant
plane cz +d = 0, and studying the dynamics on this invariant plane we can
determine the a-limit sets. A similar study can be done if ¢ < 0 for the w-limit
sets. For a definition of a- or w-limit sets see [4].

An exponential factor F(x,y,z) of the vector field X" is an exponential function
of the form exp(g/h) with ¢ and h coprime polynomials in C|[x,y, z] and satis-
fying XF = LF for some L € Clx,y,z] with degree one. The exponential fac-
tors appear when some Darboux polynomial has multiplicity larger than one, or
when the multiplicity of the plane at infinity is larger than one, for more details
see [2, 12].

A first integral of system (1) is called of Darboux type if it is a first integral of
the form

A Ap pin Ha
e fy B F
where f1,..., f, are Darboux polynomials and Fy, ..., F; are exponential factors.

The next theorem is the main result of the paper, and it characterizes the first
integrals of Darboux type for system (1).

Theorem 3. System (1) has Darboux first integrals if and only if b = d = 0 and
a + ¢ = 0. Moreover, when system (1) has Darboux first integrals these are functions of

Darboux type in the variable ay — z.

Theorem 3 is proved in section 4. In section 2 we introduce some auxiliary
results that will be used all through the paper.
2 Auxiliary results

In the rest of this paper we will use the following well known result of the Dar-
boux theory of integrability, see for instance Chapter 8 of [4].



606 J. Llibre — C. Valls

Theorem 4 (Darboux theory of integrability). Suppose that a polynomial vector field
X deﬁned in R" of degree m admits p Darboux polynomzals fi with cofactors K; for
i = 1,...,p and q exponential factors F; = exp(g;j/h;) with cofactors L; for
j=1,...,q If there exist A;, y; € C not all zero such that

p q
Y AKi+ ) il =0, 3)
i=1 j=1

then the following real (multivalued) function of Darboux type
A A
1...fPPF1P‘1...F[;‘q,

substituting fiA" by |f;|V if A; € R, is a first integral of the vector field X.
For a proof of the next result see [11, 12].
Proposition 5. The following statements hold.

(a) If e8/" is an exponential factor for the polynomial differential system (1) and h is
not a constant polynomial, then h = 0 is an invariant algebraic surface.

(b) Eventually ed can be an exponential factor, coming from the multiplicity of the
infinite invariant plane.

The proof of the next result can be found in Chapter 8 of [4].

Lemma 6. Let f be a polynomial and f = [T;_, f]ij its decomposition into irreducible

factors in C[x,y,z]. Then f is a Darboux polynomial of system (1) if and only if all the f;
are Darboux polynomials of system (1). Moreover if K and K; are the cofactors of f and
fj, then K = 2;21 aiK;

We note that in view of Lemma 6 to study the Darboux polynomials of system
(1) it is enough to study the irreducible ones.

To prove Theorem 3 we also need one auxiliary result proved in [3]. We re-
call that a generalized rational function is a function which is the quotient of two
analytic functions. In particular rational first integrals and analytic first integrals
are particular cases of generalized rational first integrals. Clearly a Darboux type
function is a generalized rational function.

Theorem 7. Assume that the differential system (1) has p as a singular point and let
A1, Ao, A3 be the eigenvalues of the linear part of system (1) at p. Then the number
of functionally independent generalized rational integrals of system (1) is at most the
dimension of the minimal vector subspace of R® containing the set

{(kl,kz,k3) S VAR kiA1 + koAy + ksAs =0, (kl,kg,kg) 75 (0, 0, 0)}
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3 Proof of Theorem 1

To prove Theorem 1 we state and prove some auxiliary results. We denote by IN
the set of positive integers.

Lemma 8. If h is a Darboux polynomial of system (1) with non—zero cofactor K then
K = ko — mx for some kg € C and m € N U {0}.

Proof. Let h be a Darboux polynomial of system (1) with non—zero cofactor K then
K = ko + k1x + koy + k3z for some ko, k1, k2, k3 € C.

Let n be the degree of h. We write h in sum of its homogeneous parts as
h =Y} ; hj where each h; is a homogenous polynomial of degree i. Without loss
of generality we can assume that #,, # 0 and n > 1.

Computing the terms of degree n + 1 in (2) we get that

—xz% = (kix + koy + kaz)hy,.

Solving it we get

k k3z
h, = Cn(y,z)x_k1 exp (%}/ + %),

where C, is any function in the variables y, z. Since h, must be a homogeneous
polynomial we musthave k; = —mwithm € NU{0},k, = k3 = 0and C,(y,z) €
Cly,z] \ {0}. This concludes the proof of the lemma. ]

Proposition 9. System (1) with either a’> +b* #0,0ra =b = c = 0 has no Darboux
polynomials with non—zero cofactor.

Proof. For simplifying the computations we introduce the weight change of vari-
ables
x=pu X, y=u?, z=u'7, t=uT,

with y € R\ {0}. Then system (1) becomes

X' =Y - X2
Y =u*(Z - X),
Z' = —bY — u(aX +cZ) — u?d,

where the prime denotes derivative with respect to the variable T.

A polynomial H(X,Y,Z) is said to be weight-homogeneous of degree r € IN
with respect to the weight exponent s = (s1,s3,53) forall y € R\ {0} if we have
H(u X, u2Y,us2) = wH(X,Y, Z).

Let h(x,y,z) be a Darboux polynomial of system (1) with cofactor k(x,y, z).
Without loss of generality, we can assume that k(x,y,z) = ko + kix + koy + ksz.
In view of Lemma 8 we get k, = k3 = 0 and ky = —m with m € IN U {0}.
Set H(X,Y,Z) = w"h(p~'X,u=2Y,u"1Z) = Y1 yu'H;(X,Y,Z) where H; is the
weight-homogeneous part with weight degree n — i of H and n is the weight
degree of H with weight exponent s = (—1, -2, —1). We also set K(X,Y,Z) =
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uk(p= X, u=2Y, u=1Z) = u(ko — mu='X) = pkg — mX. From the definition of a
Darboux polynomial, we have

n

. 0H; n
(y—xQ)Zy’g (z—x ;

i=0

OH:
— (by + u(ax + cz) + p?d) Zy a—zl
=0

. (4)
= (puko — mx Z

where we still use x,y, z instead of X, Y, Z.

Equating in (4) the terms with yi fori =0,1,...,n+2we get

L[Ho] = —mxHo,

L[H1] = —mxH; + koHp + (ax + CZ)—aaZO’
H,| = oH; 0Hy  ,0Hy )
L[H;| = —mxHjy + koHy + (ax + cz) 5 (z —x) 5 +d o
o0H;_ o0H;_ o0H;_
— j—1 j—2 j—2
L[H]] = —m.X'H] + kOH]'_l + (ax + CZ) aZ — (Z _ x) ay + d aZ ,

forj =3,...,n 42, where H;j=0 for j > n, and L is the linear partial differential
operator of the form

d d
L= (y— xz)ax byg.

Consider the first equation of (5), that is L[Hy| = —mxHj, where Hj is a weight-
homogeneous polynomial of degree .

By direct computation we get

Ho = (x> —y)""*fo(y,),

where fo(y,v) is a differentiable function in y and v = z + b,/yarctanh(x//¥).
We consider different cases.

Case 1: b # 0. In this case since Hy is a weight-homogeneous polynomial we must
have fo = fo(y) being fo a homogeneous polynomial, i.e. fo(y) = Coy' for some
Cp € C\ {0}. Thus,

Hy = Co(x* —y)™%y', CopeC\ {0},

and the weight degree of Hy is n = m + 21.

From the second equation of (5) we get
L[Hl] = —mxH; + koH,.

Solving it we obtain

_ X m
H, = Coko(x2 — y)m/zyl 1/2arctanh<ﬁ> + (x2 —v) /2f1 (y,v),



Darboux integrability of polynomial differential systems in R3 609

where f1(y, v) is a differentiable function. Again since Hj is a weight-homogenous
polynomial we must have Cpky = 0 (which yields kg = 0 because Cy # 0), and f;
must be a function of y but since the weight-degree of Hyisn —1 = m + 2] —1
we get that f{ = 0 and thus H; = 0. In short, kp = 0 and H; = 0.

The third equation in (5) is

oH,
L[H;] = —mxHp — (z — x) ayo
Solving it we get

Hy = Com(x? — y)"/ 271y =1((b — 2)y 4 2x2)

2 \m/2 ]1-3/2 2( X
+ Co(x* —y)"™*y <b(m+4l)\/37arctanh (\/y)

+ ((m +41)z — 41,/7) log (x — /7) -|—b(m+4l)\/yarctanh( —VY

T

\/_) log

— ((m +4l)z + 41,/y) log(x + \/?)) + (= )" fa(y,v),

where f,(y, v) is a differentiable function. Since H, is a weight-homogenous poly-
nomial of degree n —2 = m + 2] — 2, wemust have f, = fo(y) and 4l = m + 4l =
0. In short, I = m = 0 and kg = 0, which yields K = 0, in contradiction with the
fact that 1 is a Darboux polynomial with non-zero cofactor. Hence if b # 0 there
are no Darboux polynomials with non—zero cofactor.

Case 2: b = 0. In this case we consider two subcases.

Subcase 2.1: a # 0. The first equation in (5), i.e. L[Hy] = —mxH), together with
the fact that Hy is a homogeneous polynomial with weight-degree n yields

Ho = (x> = y)""*fo(y,2),

where g9 € Cly,z] and has weight-degree n — m. The second equation in (5)
yields
OH,

L[H1) = —mxHj + koHo + (ax + ¢z) .

Solving it we get

H, = (xz—y)m/2< log(x? —y) fo -y 1/2(k0f0—i—cz%—@)arctanh(x/ﬂ))

+ (2= y)"2fi(y,2),

where f; is a smooth function in the variables y, z. Taking into account that H;
is a weight-homogeneous polynomial with weight-degree n—1and thata # 0
we get dfo/9z = 0 and kg = 0. Hence Hy = Co(x> — y)"™/?y! with Cy € C \ {0},
n =m+2land Hy = (x> —y)"2f1(y,z) with fi € Cly,z] of weight-degree
n—m-—1.
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The third equation in (5) yields

oy
dy

L[Hy] = —mxHy + (ax + cz)aa—lz1 —(z—x)

Solving it we get
ad
_ L2 ym/2-1( -1 ) (42 ! o1 2 _
Ha = 302 = )" (3 ez ) = (2 =) (21 + 0y L) tog(a? - )

— zy‘l/z ((m + 4l)yl — 4cy%>arctanh(%))) + (2% — y)m/zfz(y,z),

where f; is a smooth function in the variables y,z. Since H, must be a weight-
homogeneous polynomial, we must have Iy + aydf;/9z = 0 and (m + 41)y* —
4cydf,/9z = 0. Using that a # 0 we obtain f; = —Ily'~'z/a + ¢1(y) and am +
4(a +c)l = 0. Since f; has weight degree n —m — 1 = 2] — 1 and y has weight-
degree 2, we must have g1 = 0. Furthermore, if 2 + ¢ = 0, then m = 0 which is not
possible because then K = 0 in contradiction with the fact that the cofactor is non-
zero. Hence,a +c # 0and [ = —am/(4(a+c)). Inshort, f; = —Iy'~'z/a,a+c #
0,1 = —am/(4(a +c)) and Hy = m(x* — y)"/ > Yy'=1(y — xz) /4 + f2(y, z) where
f2 € Cly, z] is a weight-homogeneous polynomial with weight-degree n — 2.
The fourth equation in (5) yields

L[H3] = —mxHj + (ax + cz)% —(z— x)—y + g2

Solving it we get

1

Hy=—
37 16(a + c)?

(2 = )" 1y 2 (o pm(2aa+ )y
+ (2c(a + ¢) — m)yz + mxz?) + (x* — y) <% (m(4c +a(4+m))z

—4a(a+ c)zyz_l%) log(xz —y)+ y_l/z (m(Z(a +c)(ala+c)+2d)y

+ (4(a+c) — om)z?) +4c(a + CVV%IZ%) amanh(i))

VY
+ (=) f3(y,2),

where f3 is a function in the variables y, z. Since H3 must be a weight-homogeneous
polynomial, we have

219f

0z ’ afz (6)
m(2(a+c)(a(a +c)+2d)y + (4(a+c) — cm)z?) + 4c(a + c)zyz_lza—Z = 0.

m(4c+a(4+m))z —4a(a + c)zy

(From the first identity in (6) we get

faly.z) = m(4gaJ(ran(rn::)Jg = 222+ ().
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Substituting it in the second identity in (6) we obtain

M(a(a(u +¢) +2d)y +2(a + c)z*) = 0.
Since a(a + ¢) # 0 we must have m = 0. In short, kp = m = 0, which yields
K = 0, in contradiction with the fact that & is a Darboux polynomial with non-
zero cofactor. Hence if b = 0 and a # 0 there are no Darboux polynomials with
non-zero cofactor.
Subcase 2.2: a = 0. By hypothesis we also have ¢ = 0. Proceeding as in Subcase
2.1 we get that Hy = (x> — y)"™/?fo(y,z) where fo € C[y,z] \ {0} is a weight-
homogeneous polynomial of weight degree n — m. The second equation in (5)
becomes

L[Hl] = —mxH; + koHp.

Solving it we get

Hi = (= )"y o foly,2) arctan (-2 ) + (6 = )" A0, 2),

where f; is a function in y, z. Since H; is a weight-homogeneous polynomial of
weight degree n — 1, we must have kofop = 0 and f; be a weight-homogeneous
polynomial of weight degree n — m — 1. Since fy # 0 we must have kg = 0 and

Hy = (x* = y)"2fi(y, ).
From the the third equation in (5) we get

L[Hy| = —mxHp — (z — x)— +d——.

Solving it we obtain

Ha = 32 =) (g o+ 2l0,2) = 2062 — ) log(? ~ ) 5

— (x;372y) (mzf 4dy > 0 4 4yz ?)arctanh(%))

+ (= )" fr(y,2),

where f; is a function in y,z. Since H; is a weight-homogeneous polynomial
of weight degree n — 2, we must have dfy/dy = 0 and mzfy — 4dydfy/0z = 0.
Since fy # 0 we must have m = 0. In short, ky = m = 0 which yields K = 0, in
contradiction with the fact that / is a Darboux polynomial with non-zero cofactor.
Hence if b = a = 0 and ¢ # 0 there are no Darboux polynomials with non-zero
cofactor. m

In view of Proposition 9, to complete the proof of Theorem 1 we should study
the casea = b = 0 and ¢ # 0 and show that it has the unique irreducible Darboux
polynomial cz 4 d. We introduce the change of variables u = cz 4 d. Then system
(1) becomes

y=——+--x 7)
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We introduce the change of variables For simplifying the computations we intro-
duce the weight change of variables

= pt_lX, y= y_zY, U= y—lu, t=uT,
with 4 € R\ {0}. Then system (7) becomes

X' =Y-X?
u d
/—_]/lZX‘i_]/lz C]/t3/
u’ = —cul,

where the prime denotes derivative with respect to the variable T. From the
definition of a Darboux polynomial, we have

~ j0H; i
(y—x2>Zjua—;—V(x—— )Z ——cuugua—ul

= (pko — mx Z

(8)

where we still use x, y, u instead of X, Y, U.
Equating in (8) the terms with ]/ti tori =0,1,...,n+2 we get

L [HO] = _mXHOI

oH,
L[H1] = —mxH; + koHp + cu="2

ou’
8H1 u aHO

L[H;] = —mxH; + koHy + Cu—"=— (; — x) W’ o)
aHz u 8H1 d 8H0

L[H3] = —mxH3 + koHp + cu » (c x) 3y + oy

4

9H;_ 9H; » ddH;_
]=— : . =1 (% j—2 , 49413
LIH}) = —mxHj+koHj_1 +cu—g’= — (= — x) o

forj =4,...,n+ 3, where Hi =0 for j > n and L is the linear partial differential
operator of the form

d
— (1 A2
L= (y X )ax
Consider the first equation of (9). By direct computation we get
Ho = (y — x*)"?fo(y, u),
where fy € C[y, u] has weight-degree n — m. The second equation in (5) gives

L[Hl] = —mxHy + koHy + cu%.

Solving it and using that it has weight-degree n — 1 we get

H, = (x2 — y)’”/zy—l/2 (kofo(y,u) + cu%)aretanb(%) + (x2 — y)m/2f1 (y,u),
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which yields fo(y,u) = u=%/¢gq(y). Moreover, kg = —Ic, go has weight-degree
n—m—1land Hy = (x*> —y)"/?f,(y,u) with f; € C[y, u] and has weight-degree
n—1.

The third equation in (5) gives

9H 9H,
L[H,] = —mxH, + koHy + cua—u1 - (% - x) a—yo.
Solving it we obtain
x2 — y\m/2-1,1 3
Hy = Y ic (my H(ux = cy)go(y) — 2¢(x* = y) log(x* — y)go (v)
2 (= ulmgo + aygh()) + 4ty (— 1fy + 1) )arctanh (X
y3/2 80 Y&o\Y y 1 u \/y

+ (=) fo(y, u),

where f, € C[y, u] and has weight-degree n — 2. Since H; is a polynomial and
g0 # 0 we must have g)(y) = 0, i.e, go = Co € C\ {0}, m = 0and f; = Cyu,
This yields n = I. Moreover, since H; has weight-degree n — 1 = | — 1 we must
have C; = 0. In short, Hy = Cou", n = I, H = 0 and Hy, = f>(y,u) with
weight-degree n —2 = [ — 2. Proceeding inductively we get that H; = 0 for
i =2,...,n. Hence the Darboux polynomial is h = Cy(d + cz)" with cofactor —cn.
The irreducible Darboux polynomial is d + cz with cofactor —c. This concludes
the proof of Theorem 1.

4 Proof of Theorem 3

We will divide the proof of Theorem 3 into different results. The first one charac-
terizes the polynomial first integrals of system (1).

Lemma 10. System (1) has a polynomial first integral if and only if b = d = 0 and
a+ ¢ = 0. In this case a polynomial first integral is ay — z.

Proof. Leth € C[x,y,z] \ C be a polynomial first integral of system (1). We write
h as a polynomial in the variable x as

=

h=Y% h (y,z)xi,
=0

where each i; € C[y, z]. The coefficient of x"*1 from (2) with K = 0 is

—nhn—@—ag—o.

Solving it we get
h, = F(ay —z)e ",
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for some function F. Thus, since h, must be a polynomial we get that n = 0 and
F is a polynomial in the variable ay — z. In short h = hy = F(ay — z) being F a
polynomial. Then from (2) with K = 0 we get

dF dF
m(a(z—x) + (d+ax +by +cz)) = m(d—i-by—i- (c+a)z) =0.
Since F is a polynomial first integral it is not constant and thus dF /d(ay — z) # 0.
This implies thatd = b = 0 and c = —a. n

Theorem 3 follows directly from the following two propositions.

Proposition 11. The unique first integrals of Darboux type for system (1) withb = d =
0 and a + ¢ = 0 are functions of Darboux type in the variable ay — z.

Proof. We consider system (1) with b =d = 0 and a + ¢ = 0, that is,

Xx=y—x*, y=z—x z=a(z—x). (10)
It follows from Lemma 10 that this system has the polynomial first integral H; =
ay — z, which obviously is a generalized rational first integral. To conclude the
proof of the proposition we shall show that system (10) has no other first integrals
of Darboux type independent with H;. To prove this we will use Theorem 7. First
we note that the singular points of system (10) are of the form (x, x2, x) with x €
R. We compute the eigenvalues A1, A2, A3 of the Jacobian matrix of this system on
these singular points and we get

1
M=0, A= E(a —2x+/(a+2x)2—4).
Therefore k1A 4+ koAy + ksAz = 0 is equivalent to

ko(a —2x+4/(a+2x)2 —4) +ks(a—2x+4/(a+2x)>—4) =0,

or in other words,

ky  a-2x+./(a+2x)*—4 a1
ks a—2x—+/(a+2x)2—4
It is clear that the left-hand side of (11) is a rational number (because ky, k3 € Z),
and that choosing x in a convenient way the right-hand side of (11) is irrational.
Therefore (11) cannot hold for this convenient choice of x. Hence for this special
singular point (x, x?, x), the dimension of the minimal vector space of R contain-
ing the set

{(k1, ko, k3) € Z° : k1 Ay + kody + kaAs = 0, (ky, ko, ks) # (0,0,0)}

is clearly one generated by (1,0,0). Thus it follows from Theorem 7 that system
(10) can only have one generalized rational first integral, which is a function of
Hj. This completes the proof of the proposition. n

In the next result we characterize the exponential factors of system (1) with
either b # 0,ord # 0,0r c+a # 0.
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Lemma 12. The unique exponential factors of system (1) with either b # 0, or d # 0, or
c+a # 0are:

(a) €Y and e"V~—* with cofactors z — x and d + by + (c +a)zifa+c # 0,ora+c =0
and b #~ 0.

(b) ¢¥, e== and e(¥=2)" with cofactors z — x, d and 2d(ay — z) ifa + ¢ = 0 and
b=0.

Proof. Let F = exp(g/h) be an exponential factor of system (1) with cofactor L,
where ¢,h € C[x,y,z] with (g,h) = 1. Then from the definition of exponential
factor and in view of Proposition 5 we have that either / is a constant the we can
take h = 1, or h is a Darboux polynomial of system (1).

Case 1. We first assume that F is of the form F = exp(g) where ¢ = g(x,y,z) €

C[x,y,z] \ C, with cofactor L = L(x,y,z) of degree at most one. Without loss

of generality we can assume that ¢ has no constant term and that we can write

L = Iy + l1x + Ly + I3z. So we have
9g 98

(y—xz)——t—(z—x)——(d—i—ax—l—by—i—cz)a

98 _
o 5 o> =l+hxt+hy+hz (12

We write ¢ as a polynomial in the variable x as
n .
g= ) 8iy2)x,
i=0

where each g; € C[y, z]. The coefficient of x"*1 from (12) if n > 11is

ogn _ ogn

dy ”az =0

Solving it we get

gn = Flay —z)e”™,
for some function F. Thus g, = 0if n > 1. For n = 0 we have ¢ = go(y,z) and
the coefficients of x from (12) are

_ 98 98 _
dy oz Y
228 @by + )28 = Iyt by + sz,
ay 0z

Now solving it we get from the first equation
8§ = Glay —z) —hy;
and from the second, introducing the variable u = ay — z, we obtain
(d+by+(a+c)(ay+u))G (u) = —lg— by — (L +B3)(ay +u).  (13)

We consider different subcases.
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Subcase 1.1: a + ¢ # 0. In this case solving (13) we get

G(u) = — a+c)(l+)u+ (=(h +13)(d+ by)

1
TR
+(a+c)(lo +Ly))log(d + (a+c)u+ (b+a(a+c))y)).

Since G(u) must be a polynomial we get

a(ly +1 b(ly +1
ZO — (a1+c3), I, = (a1+ C3) and G(u) _
Then g = —liy — (I1 + I3)(ay — z) /(a +¢).

Subcase 1.2: a4+ ¢ = 0and b = 0. In this case, d # 0 and solving (13) we get

I
L+l
61+C

M
2d

Since G(u) must be a polynomial independent of y we get

G(u) = (2lo—|— (ll +l3)u—|—2(lz—i—a(ll —|—13))y)

_
2d

Then g = —liy — (ay — z) (2lo + (h + 13)(ay — 2)) / (24).

Subcase 1.3: a4+ ¢ =0,b # 0and d = 0. In this case solving (13) we get

I, = —a(l1 + 13) and G(u) = (2[0 + (11 + Zg)u).

Gliw) =~ (2o + (h + )u+2(02 +alh + ) )y).
Since G(u) must be a polynomial independent of y we get

z
=0, I3=—I; and G(u)= —27”.

Then g = —liy — Ix(ay — z)/b.
Subcase 1.4: a4+ ¢ = 0, bd # 0. In this case solving (13) we get

GW):—ZE%EBQb+UrH9u+%b+Mh+k»w.

Since G(u) must be a polynomial we get
2l + (b +13)u+2(l, +a(ly +13))y =x2(d + by), x € C\{0}.
Solving it, we obtain

b _ bl __b
—d, l3— 11, lz— F and G(M)— u.
Then g = —ly —lp(ay —z)/d.

Case 2. We study the exponential factors of the form exp(g/h) with cofactor

L = L(x,y,z) of degree at most one, (g,#) = 1 and & is a Darboux polynomial.
Therefore ¢ and h satisfy

d d d
(y—x2)£+(z—x)£—(d—l—ax+by—|—cz)£:Kg+Lh, (14)
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where we have simplified the common factor exp(g/h) and we have used the

fact that 1 is a Darboux polynomial of system (1) with cofactor K. By Theorem 1

and Lemma 6,a =b=0,c #0,h = (cz+d)" withn > 1 and K = —nc. Then

(14) becomes

9

(y — 232 + (z — x)=2 — (d + cz)—g = —ncg + (lo + hix + Ly + I3z)(d + cz)",
(15)

with n > 1. We denote by ¢ the restriction of g to z = —d/c. Then § # 0 (since

otherwise (h, g) # 1). In this case, § satisfies

9§ d 03
)W (2 98 _ o
(y —x )8x (C—l—x> 3y neg. (16)

We write ¢ as a polynomial in the variable x that is § = Y, &;(y)x’. Then the
coefficient of "1 in (16) satisfy

which yields g, = Cpe™™. Since g, must be a polynomial we have m = 0 and
g = g0 = Zo(y). Therefore, from (16) we get

— (g + x)f%‘;0 = —ncgo,

which yields go = 0, in contradiction with the fact that § # 0. n

Proposition 13. System (1) with either b # 0, or d # 0, or c +a # 0 has no first
integrals of Darboux type.

Proof. It follows from Theorem 4 that system (1) has a first integral of Darboux
type if and only if there exists A;, ; € C not all zero such that equation (3) is satis-
tied where p, g are the numbers of Darboux polynomials and exponential factors,
respectively. Furthermore, K; and L; are the cofactors of Darboux polynomials
and exponential factors, respectively. It follows from Theorem 1 that the cofactor
of the Darboux polynomials of system (1) whena = b = 0 and ¢ # 0is —c and
otherwise there are no Darboux polynomials of system (1). We consider three
different cases.

Case 1: a = b = 0and ¢ # 0. In this case a + ¢ # 0 and it follows from Theorem 1
and Lemma 12 that equation (3) is equivalent to

—cA+u1(z —x) + pp(d +cz) =0.

Solving it we get Ay = p; = pp = 0. In short there are no first integrals of
Darboux type in this case.

Case 2: a+c = 0and b = 0. In this case d # 0 and it follows from Theorem 1 and
Lemma 12 that equation (3) is equivalent to

p1(z — x) + pod + 2uzd(ay — z) = 0.
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Solving it we get 1 = p2 = u3 = 0 and there are no first integrals of Darboux
type in this case.

Case 3: Remaining cases. It follows from Theorem 1 and Lemma 12 that equation
(3) is equivalent to

Hi1(z—x) 4+ pa(d + by + (c +a)z) = 0.

Solving it we get y11 = pp = 0 which concludes the proof of Proposition 13. n

Acknowledgements

The first author is supported by a MINECO/FEDER grant number MTM2008-
03437, by an AGAUR grant number 2009SGR 410, by ICREA Academia and by
FP7-PEOPLE-2012-IRSES 316338 and 318999

References

[1] E. BENOIT, J.L. CALLOT, F. DIENER AND M. DIENER, Chasse au canards, Col-
lect. Math. 31 (1981), 37-119.

[2] C. CHRISTOPHER, J. LLIBRE AND ].V. PEREIRA, Multiplicity of invariant alge-
braic curves and Darboux integrability, Pacific . Math. 229 (2007), 63-117.

[3] W. CONG, ]J. LLIBRE AND X. ZHANG, Generalized rational first integrals of an-
alytic differential systems, J. Differential equations 251 (2011), 2770-2788.

[4] F. DUMORTIER, J. LLIBRE AND ]J.C. ARTES, Qualitative theory of planar differ-
ential systems, Universitext, Springer-Verlag, New York, 2006.

[5] F. DUMORTIER AND R. ROUSSARIE, Canard cycles and center manifolds, Mem.
Amer. Math. Soc. 121 (577), 1996.

[6] W. ECKHAUS, Relaxation oscillations, including a standard chase on French ducks,
in Asymptotic Analysis II, Lecture Notes in Math. 985, Springer-Verlag,
Berlin, 1983, 449-494.

[7] I. GARCIA, ]. LLIBRE AND S. MAZA, On the periodic orbit bifurcating from a
Hopf bifurcation in systems with two slow and one fast variables, preprint.

[8] J. GUCKENHEIMER, Bifurcations of relaxation oscillations, in Normal Forms,
Bifurcations and Finiteness Problems in Differential Equations, NATO Sci.
Ser. II Math. Phys. Chem. 137, Kluwer, Dordrecht, The Netherlands, 2004,
pp- 295-316.

[9] J. GUCKENHEIMER, Singular Hopf bifurcation in systems with two slow variables,
SIAM J. Appl. Dyn. Syst. 7 (2008), 1355-1377.

[10] M. KUPRA AND P. SZMOLYAN, Extending geometric singular perturbation the-
ory to nonhyperbolic points-fold and canard points in two dimensions, SIAM J.
Math. Anal. 33 (2001), 286-314.



Darboux integrability of polynomial differential systems in R3 619

[11] J. LLIBRE AND X. ZHANG, Darboux theory of integrability in C" taking into
account the multiplicity, J. Differential Equations 246 (2009), 541-551.

[12] J. LLIBRE AND X. ZHANG, Darboux theory of integrability for polynomial vector
fields in R" taking into account the multiplicity at infinity, Bull. Sci. Math. 133
(2009), 765-778.

[13] A. MILIK AND P. SZMOLYAN, Multiple time scales and canards in a chemical
oscillator, in Multiple-Time-Scale Dynamical Systems (Minneapolis, 1997),
IMA Vol. Math. Appl. 122, Springer-Verlag, New York, 2001, pp. 117140.

[14] M. WECHSELBERGER, Existence and bifurcation of canards in R in the case of a
folded node, SIAM J. Appl. Dyn. Syst. 4 (2005), 101-139.

Departament de Matematiques,

Universitat Autonoma de Barcelona,

08193 Bellaterra, Barcelona, Catalonia, Spain

email:jllibre@mat.uab.cat[5mm] Departamento de Matematica, Instituto Superior
Técnico,

Universidade Técnica de Lisboa,

Av. Rovisco Pais 1049-001, Lisboa, Portugal

email:cvalls@math.ist.utl.pt



