New results of periodic solutions for a class of
delay Rayleigh equation *

Yong Wang

Abstract

In this studies, we discuss the following Rayleigh equation with two de-
lays:

X(8) + (6 X (1) + g1t x(t — 7)) + &a(t x(t = 12)) = e(t).

By using Mawhin’s continuation theorem and some new techniques, some
criteria to guarantee the existence and uniqueness of periodic solutions of
this equation is given. Our results are new and complement the known re-
sults in the literature.

1 Introduction

In this present paper, we investigate the existence and uniqueness of the periodic
solutions of the following Rayleigh equation with two delays

)+ f(E () F @t x(t—1)) + gt x(t— 1)) =e(t), (1.1)

where 7y, » > 0 are two constants, f,¢1,¢2 € C(R%,R), f(t,x),g1(t, x),$2(t, x)
are T-periodic functions with respect to t, T > 0, f(+,0) = 0 for all t € R,
e € C(R,R), and e(t) is a T-periodic function.
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As we know, Rayleigh equation can be derived from many fields, such as
physics, mechanics and engineering technique fields. The problem concerning
the periodic solutions for this equation has been studied extensively by lots of
authors. For example, in 1977, R.E. Gaines and J.L. Mawhin [1] introduced some
continuation theorems and applied them to the existence of solutions of differen-
tial equations. In particular, a specific example is provided in [1, p. 99] on how
T-periodic solutions can be obtained by means of these theorems for the Rayleigh
equation

x"(t) + (X' () + g(t, x(t)) = 0. (1.2)

In this direction, many researchers (see [4-9]) continued to discuss the Rayleigh
equation and got some new results on the T-periodic solutions of Eq.(1.1), and
generalized the results in [1]. However, to the best of our knowledge, there exist
much fewer results for the existence and uniqueness of T-periodic solutions of
Eq.(1.1). One of the significant reasons is that various methods to obtain some
criteria for securing the uniqueness of T-periodic solutions in the case of Duffing
equation and Liénard equation can not be adapted directly to the case of Rayleigh
equation. Hence, it is still essential to study the T-periodic solutions of Eq.(1.1).

In this paper, we get around with these difficulties by using some new tech-
niques and obtain some criteria for securing the existence and uniqueness of T-
periodic solutions of Eq.(1.1), which can not be achieved in most of the previous
papers. The results of this studies are new and complement the previously known
results. An illustrative example will be provided to demonstrate the applications
of our results in Section 4.

2 Lemmas

Let us start with some notations. Define

T 1/k
o = max [¥(0)), ¥ = max [V, [l = ([ okar)
0

te[0,T] te[0,T]

Let
Cl:={x € CY(R,R) : x is T-periodic}

and
Cr:={x € C(R,R) : x is T-periodic},

which are two Banach spaces with the norms
[Ixllcr = max{|x|e, ¥}, [xllc; = [x|oo-
The following conditions will be used later:
Hy) (gi(t,u) —gi(t,v))(u —v) <0 forallt,u,v e R, u#uv;

H'1) (gi(t,u) —gi(t,v))(u —v) >0 forallt,u,v € R,u # v,
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wherei =1, 2.
Lemma 2.1. If x € C*(R,R) with x(t + T) = x(t), then

T 2
W< (5) WB

Proof. Lemma 2.1 is a direct consequence of the Wirtinger inequality, and see
[2, 3] for its proof.

Lemma 2.2. Let (H;) or (H';) hold. Suppose there exist some nonnegative
constants Cy,C; and Cp such that

Hp) |f(t,u) —f(t,v)| < Colu —v|, forallt,u,veR;
(Hs) |gi(t,u) —gi(t,0)| < Cilu—v|, forallt,u,veR,i=1,2;
(Hy) Coskt+ (C1+C)E <1,

then (1.1) has at most one T-periodic solution.

Proof. Suppose that x1(t) and x,(t) are two T-periodic solutions of (1.1). Then,
we have

1 (£) = x2 ()] + [f (£, x1(£)) — f (2 ()] + [g1 (8, 21 (t—71)) — g (t, x2(t — 71))]
+ [gz(t, xl(t - ’L'z)) — gz(t, XZ(t — Tz))] =0. (2.1)
Set Z(t) = x1(t) — x2(t), then, from (2.1), we obtain
Z"(t) + [f(t, x1(1) — f(tx3(0)] + [g1(t, 31 (t—10)) — gu(t, x2(t —10))]
+ [gz(t, xl(t - ’L'z)) — gg(t, XZ(t - Tz))] =0. (2.2

Since Z(t) = x1(t) — x2(t) is a continuous T-periodic function in R, there exist
two constants t,,4¢, tin € IR such that

Z(tmx)ztrerﬁz(t) = max Z(t), Z(tmin)ztgég]z(t) =minZ(t). (23)

Then we have

Z/(tmux) = xi(tmax) - xé(tmax) =0, Z”(tmux) <0, (2-4)
and

Z' (tmin) = xi(tmin) — %5 (tmin) =0, Z"(tyin) > 0. (2.5)
In view of (2.2)—(2.5), we get

gl(tmax/ xl(tmax - Tl)) - gl(tmax/ xz(tmax - Tl))
+ gZ(tmux/ xl(tmax - 772)) - g2(tmax/ x2(tmux - TZ))
= _Z//(tmux) - [f(tmux/ xll(tmux)) _f(tmax/ xé(tmux))] = _Z”(tmax) >0 (2-6)
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and

gl(tmin/ xl(tmin - Tl)) — &1 (tmin/ x2(tmin - T1))
82 (tmins X1(tmin — 72)) — &2 (tmin, X2(tmin — T2))
= —Z" (tmin) — [f(tmin/xi(tmin)) — f(tmin, X3 (tmin))] = —=Z" (tyin) <0, (2.7)

which implies there exists a constant fp € R such that

g1(to, x1(to — 1)) — &1(to, x2(to — 10)) + g2(to, x1(to — ™))
— go(to, x2(to — 1)) = 0. (2.8)

From (H;) or (H';) and (2.8), we have
Z(ty—m1)Z(ty — 1) = (x1(to —11) — x2(t0 —11) ) (x1(fo — ) — x2(tp — 1)) <O,
which implies there exists a constant toy € IR, such that
Z(tp) =0
Set tog = nT + ty, where fo € [0, T] and 7 is an integer. Noticing Z(t + T) = Z(t),

we get
Z(ty) = Z(nT +ty) = Z(te) = 0. (2.9)

Hence, for any t € [tvo,?o + T], we obtain

|Z(t)| = 'Z(?o)—l—/?:Z’(s)ds

t
< [1Z/(s)lds
to

and

Z(1)] = \z(fo e [N Ze)ds

to+T
< / 17! (s)|ds.
to+T t

fo+T
= |- / Z'(s)ds
t

Combining above two inequalities, we get

iz <5 [ 176)] a5

Using Schwartz inequality yields

1 T 1 1
Zlo= max 12 <3 [ 1Z/6)ds < 1bIZh = VTIZh 210)
tE[fvo,?o-FT} 2 Jo 2 2
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Multiplying Z" (t) and (2.2) and then integrating it from 0 to T, by Lemma 2.1,
(Hp), (H3), (2.10) and Schwartz inequality, we obtain

|Z"]3

IN

IN

<

IN

IN

IN

~ [T 0) - Fle )2 1y

- [ st — ) — g1t (e — )2 ()
- [ sl - m) - st - w2 (0
[ 1550 = £ 3402

4 [l — ) a1t xalt - w))| 12 ()
4 [ gt xalt =) ot xalt - )12 ()
[ o) w112 )

+ [ bl — ) — xalt - ) 12 (1)

4 [ Gl =) — xalt — )12 (1)

[ colz @z @+ [z -z @

T
+ [ alz-wliz" @)

T 1/2 T 1/2
q(érzan> (/’w%mwﬂ

/2

(/ Z(t— 1) |2dt> </ 17" (¢) |2dt>
(/ Z(t — 1) |2dt> (/ 17" (¢) |2dt>

/2

ColZ'2|Z" |2 + (C1 + C)VT|Z|w| 2"

T T?
Coz— +(C + C2)4 } 1Z" 3

(2.11)

Since Z(t),Z' (t) and Z"(t) are continuous T-periodic functions, by Lemma 2.1,
(Hy) and (2.10), we get

Z(t)y=7Z'(t)=2"(t) =0, forall teR.

Thus, x1(t) = x,(t), forall t € R. Hence, (1.1) has at most one T-periodic solution.
This completes the proof.
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For convenience of use, Mawhin’s Continuation Theorem is introduced as fol-
lows.

Lemma 2.3. (Gaines and Mawhin [1]) Let X and Y be two Banach spaces.
Suppose that L : D(L) C X — Y is a Fredholm operator with index zero and N :
X — Y is L-compact on Q, where Q) is an open bounded subset of X. Moreover,
assume that all the following conditions are satisfied:

(i) Lx # ANx, forallx € 90QND(L),A € (0,1);

(ii) Nx € ImL, for all x € 0O N KerL;

(iii) the Brouwer degree deg{JQN,Q NKerL,0} # 0,
where | : ImQ — KerL is an isomorphism.

Then equation Lx = Nx has at least one solution on Q N D(L).

3 Main results

Now we are in the position to give our main results.
Theorem 1. Suppose (Hy)(or (H'1))—(Hy) hold. Also suppose there exists a
nonnegative constant Dy such that

(Hs) x(g1(t,x) +g2(t,x) —e(t)) <0, forall|x| >DjandteRR;

Then Eq.(1.1) has a unique T-periodic solution.
Proof. Consider the homotopic equation of Eq.(1.1) as follows:

X () + Af (2 () + Agi (L x(t - 1)) + Aga(t x(t — 1) = Ae(H).  (3.1)

By Lemma 2.2, it is easy to see that Eq.(1.1) has at most one T-periodic solution.
Thus, to complete the proof of Theorem 1, it suffices to show that Eq.(1.1) has at
least one T-periodic solution. to do this, Lemma 2.3 will be applied.

Firstly, we proof all possible T-periodic solutions of Eq.(3.1) are bounded in
Cl. Let S C Ci be the set of T-periodic solutions of (3.1). If S = @, the proof is
ended. Suppose S # @, and let x € S, then exist two constants £, € R such that

x(t) = max x(t) and x(t) = min x(t),

which implies
X'(F) =0,x"(f) <0; x'(t) =0,x"(t) > 0. (32)

In view of (3.1) and (3.2) and noticing f(¢,0) = 0 for all t € R, we obtain
g1(t,x(t—1)) + g2(t, x(t— 1)) —e(f) > 0 and
gt x(t—7)) + g2(f x(t — 1)) —e(t) <0,
which implies there exists a constant f € R such that
g1t x(f—1)) + g(f, x(f— 1)) —e(f) = 0. (3.3)

Now we show that the following claim is true.
Claim. There exists a constant fy € R such that

|x(fo)] < Dx. (3.4)
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Assume, by way of contradiction, that (3.4) does not hold. Then
|x(#)| > D7 forallt € R, (3.5)

which, together with (Hs) and (3.3), implies that one of the following relations
holds:

x(f—1) > x(f— 1) > Dy, (3.6)
x(f—1) > x(f—1) > Dy, (3.7)
x(f—n) <x(f—1) < —Dy, (3.8)
x(f—1) <x(f—-7) < —Ds. (3.9)

Suppose that (3.6) holds, in view of (H;), (H'1), and (Hs), we will consider two
cases as follows:
Case (i): If (H;) and (Hs) hold, according to (3.6), we have

0 > gill,x(i— 1)) + gt x(F - 1) —ed)
> gl(f/x(f_ Tl)) -|—g2(f,x(f— 72)) - e(f)/

which contradicts that (3.3). This contradiction implies that (3.4) is true.
Case (ii): If (H'1) and (Hs) hold, according to (3.6), we have

0 > gibx(f—m))+ gt x(f-n)) —e)
> gl(f/x(f_rl))+g2(flx(f_r2))_e(f)/

which contradicts that (3.3). This contradiction implies that (3.4) is true.

Suppose that (3.7)(or (3.8), or (3.9)) holds; using methods similar to those used
in Case(i) and (ii), we can show that (3.4) is also true. This completes the proof of
the above claim.

For any t € [£y, £y + T], we have

xto—l—/ s)ds

t
x(fo+T)+ [ x'(s)ds
to+T

x(#)| =

<D1—|—/ |x’(s)|ds

x(t)] =

<D;+

fo+T
— / x'(s)ds
t

f—‘rT
<D1+/ )|dS

Combining above two inequalities, we get

Ix(t)| < Dy + = / s)|ds.

Using Schwartz inequality yields

1 /T 1 1

xlo = _max [x(t)] < Dy+5 [ [¥(5)lds < Dy+ 5 [1al'ls = Dy + ;T
telfo,fo+T) 2 Jo 2 2

(3.10)
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Since (Hy) and f(t,0) = 0 imply that |f(t,x)| < Cp|x|, by Lemma 2.1, (Hy), (Hs),
(3.1), (3.10) and Schwartz inequality, we obtain

T T
X2 = —A/O f(t,x’(t))x”(t)dt—)\/o a1 (t x(t — 1))x" (Hdt
T T
—/\/ ot x(t—1))x" (1) dt+A/ e(t)x” (t)dt
= —A/ f(t,x'(£)x" (£)dt — A/ [g1(t, x(t —11)) — g1(t,0) + g1(t,0)]x" (£)dt
—A/O [§2(t, x(t — 1)) — g2(8,0) +g2(t,0)]x”(t)dt+A/0Te(t)x”(t)dt
T T T
< [ ROl @+ [ st xt—m) -0 (Oldi+Gr [ K (1)]ar
T T T
4 [ lgaltx(t = 2)) — g2t O [x"(D)1at + o [ 5" (1)|at + lelos [ [x"(8)a
T T
<Co [ WOl (O]t +Co [t =) (1) |dt
0 0

T T
+Co [t = )X ()]t + (G1 + Catlelw) [ Ix"(8)lat

T 1/2 T 1/2
_co( / |x'<t>12dt) ( / rx"<t>12dt)

T 1/2 T 1/2
c1</0 |x(t—T1)|2dt> (/O |x”(t)|2dt>

T 1/2 T 1/2
c2</0 |x(t—T2)|2dt> (/0 |x”(t)|2dt>
T 1/2 T 1/2
+(G1+G2+]e]oo)</0 12dt> (/0 |x”(t)|2dt>

< Colx'|2|x"[3 + (C1 + C2) VT[] ¥ |2 + (G1 + G2 + [eloo) [ 1]2]x" 2

T
< |:C02_ + (Cl + Cz) } |x"|2 + G3\/_| //|2 (3 11)

where G; = max{|g1(¢,0)| : t € [0,T]},G, = max{|g2(¢,0)| : t € [0,T]} and
G3=G1+ Gy + |€|oo + C1D1 + G D;.
By (Hy), there exists a constant My > 0 such that

]x”|2 < Mjy. (3.12)

Since x(0) = x(T), there exists a constant f € [0, T] such that x'(f) = 0. For any
t € [f,f+ T], by Schwartz inequality, we have

f—i—/ s)ds

< [ RS < 1l = VTR
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which implies
o = max [2(t)] < VT[2"]2, (3.13)
te[ti+T]
By Lemma 2.1, (3.10), (3.12) and (3.13), there exists a constant M > max{My, D1}
such that
X|oo < M and |x']|e < M,

hence, all possible T-periodic solutions of Eq.(3.1) are bounded in CL.
Secondly, we proof the existence of T-periodic solutions to Eq.(1.1).
Set
O={x:xcCh|xle <M, |x |0 < M}. (3.14)

Define a linear operator L : D(L) C Ck — Cr by setting
D(L) = {x:x € C}x" € C(R,R)}

and for x € D(L),

Lx = x". (3.15)
We also define a nonlinear operator N : C+. — Cr by setting
Nx = —f(t,%'(t)) = &1(t, x(t = 1)) — ga(t, x(t = 1)) +e(t), (3.16)

then, Eq.(3.1) is equivalent to the following operator equation
Lx =ANx, A€ (0,1). (3.17)

It is easy to see that
T
KerL = R and ImL — x:xGCT,/ x(Bdt =0,
0
thus L is a Fredholm operator with index zero.
Also let projectors P : Ck. — KerL and Q : Cy — Cr/ImL defined by

Px = x(0) where x € Cx

and LT
Qx = f/ x(t)dt where x € Cr,
0

hence, ImP=ImQ=KerL=R and KerQ=ImL.
Define the isomorphism as follows

J:ImQ — KerL, J(x)=x. (3.18)

Let
Lp = LD(L)QKEVP . D(L) N Ker P — ImL,

then, from [5], Lp has a continuous inverse Lljl on ImL defined by

t T t
(Lp' (1) = =7 [ (t=s)x(s)ds + /0 (t — ) x(s)ds, (3.19)
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In view of (3.14) and (3.19), N is L-compact on Q. By (3.14) and (3.17), the condi-
tion (i) of Lemma 2.3 is satisfied.
Since

QNx = %/OT[—f(t, X (1) — g1t x(t — 1)) — g2t x(t — 12)) +e(t)]dt,

for any x € 0O NKerL, x = M or x = —M, then in view of (Hs) and f(¢,0) = 0
for all t € R, we obtain

QN (M) = —% OT[gl(t,M) + go(t, M) — e(t)]dt > 0 (3.20)

and
T
ON(-M) = — [ [g1(t, M) +galt, ~M) —e())dt <0, (321)

which implies the condition (ii) of Lemma 2.3 is satisfied.
Moreover, define

HOx ) = o (1= p)QNx = et (L= ) [ 162 (6) = (8,2 1)
— ot x(t—1)) +e(t)]dt,
in view of (3.20) and (3.21), we get
xH(x,u) >0, forall x € dQNKerL,u € (0,1).

Hence, H(x, 1) is a homotopic transformation, together with (3.18) and by using
the homotopic invariance theorem, we have

deg{JQN, QN KerL,0} = deg{QN,Q NKerL,0} = deg{x, QN KerL,0} #0,

so condition (iii) of Lemma 2.3 is satisfied. In view of previous Lemma 2.3, there
exists at least one solution with period T. This completes the proof.

Remark 1. If f(t,0) # 0, the problem of the existence and uniqueness of T-
periodic solutions to Eq.(1.1) can be converted to the following equation

)+ )+t x(t—1)) + ot x(t— 1)) =e(t), (3.22)

where f1(t,x'(t)) = f(t,x'(t)) — f(£,0),e1(t) = e(t) — f(t,0). As f1(t,0) = O for
allt € R, Eq.(3.22) can be studied by Theorem 1 in this paper.
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4 Example and remark

In this section, we apply the main results obtained in previous sections to an
example.
Example 4.1. Consider the following Rayleigh equation with two delays

() + f(E () F @t x(t—1)) + gt x(t— 1)) =e(t), (4.1)

where 71 > 0 and 1» > 0 are two constants, T = 27, e(t) = cos2%t and

f(t,x'(t) = —%(1 + sin®t)x’ (t)arctanx’ (t),
a(tx(t—1)) = —%(1 +cos?h)x(t — 1),
Dt x(t—1)) = —;—Oecosztarctan(x(t —T)+1)

Set Cp = Z%,Cl = 21—0,C2 = 21—0, and let D; be big enough. Then it is easy
to check that all the conditions of Theorem 1 in this paper hold, which implies
Eq.(4.1) has a unique 27t-periodic solution.

Remark 2. Eq.(4.1) is a very simple version of Rayleigh equation with two
delays, all the results in [1,3-9] and the references therein cannot be applicable
to Eq.(4.1) for securing the existence and uniqueness of 27t-periodic solutions,
which implies the results in this paper are new and they complement previously
known results.

Acknowledgement. The author is grateful to the referee for her or his careful
reading of the manuscript and helpful suggestions on the work.
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