Convergence of Bieberbach polynomials inside
domains of the complex plane
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Abstract

Let G C C be a finite Jordan domain, zyg € G; B € G be an arbitrary
closed disk with zp € B, and w = ¢(z, 29) be the conformal mapping of G
onto a disk {w : |w| < r} normalized by ¢(z0,20) = 0, ¢'(20,20) =1 . It is
well known that the Bieberbach polynomials {m,(z,z0)} for the pair (G, zo)
converge uniformly to ¢(z,z9) on compact subsets of the Jordan domain G.
In this paper we study the speed of ||¢p — 7TnHC(B) — 0, n — oo, in domains
of the complex plane with a complicated boundary structure.

1 Introduction

Let G C C be a finite domain bounded by a Jordan curve L ; 2y € G and let
w = ¢(z, z0) denotes the conformal mapping of G onto {w : |w| < r} normalized
by ©(z0,2) = 0, ¢ (20,2) = 1. Let g, be the class of all algebraic polynomials
P, of degree at most n,with complex coefficients and satisfying the conditions
Po(29,2) = 0, P (2,2) = 1. The Bieberbach polynomials m,(z, z,) for the pair
(G, zp) are defined as the polynomials that minimize the norm

1Pl = ([ 1B o) (1)

in the class g,. It is easy to check that 7, also minimizes the norm ngl — P!

Ly (G)
in that class @,.
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Let B @ G be a arbitrary closed disk such that zy € B. It is well known that if G
is a Caratheodory domain, then the Bieberbach polynomials 7, converge uniformly
to ¢ on compact subsets of G. Thus, for all z, zo € B G

wn(B) = sup  |o(z,20) — ma(2, 20)] — 0, n — oo. (1.2)
z,20€B,BEG

The fact of the uniform convergence of Bieberbach polynomials 7, to ¢ on the
closure of domain G was first observed by Keldysh [17], for the domains bounded
smooth Jordan curve with bounded curvature. In [17] he also constructed an ex-
ample of domain, bounded by a piecewise analytic curve with one singular points
where Bieberbach polynomials diverge on the boundary singular point. Therefore,
the uniform convergence in G of the Bieberbach polynomials for given pair (G, z)
depends on the geometric properties of domain G. This problem has been studied
by some authors, see, for example, [2], [5], [8], [12], [15], [16] (for more references see
15)).

It is well-known in the approximation theory that, generally, the rate of approxi-
mations of a given function in the domain G is better than the rate of approximation
in G.For which domains is this property valid with respect to the approximations
by Bieberbach polynomials? Firstly, Suetin [23] studied this problem for domains
G with 0G € C(p+1,a),p > 0,0 < a < 1, and obtained following estimation for
(1.2):

wn(B) < const [dist (B, L)]"*° n=2r72 (1.3)

Comparing this estimation from [23, Th.‘s 5.2-5.4] we see that the above property
respect the rate of the convergence of Bieberbach polynomials in G and in G holds
for domains C(p, «) in case of p = 2 and does not hold in p = 1.

In 1997 D. Gaier [13, Res. Prob. 97-1] during solving a problem about of
analytic continuity of the function ¢ on G, he asked the question: "How fast is the
convergence of the m, to pon B G 7”7

One of the authors [6] investigated this problem in various domains of the com-
plex plane.

In this paper, we continue to study the estimation

wn(B) < const 6~4B) n, , 6(B) := dist(B, L), (1.4)

where ¢ > 0, and 7, — 0, n — oo, in domains of the complex plane with a more
general boundary structure, in particular for domains having exterior zero angles.

2 Main definition and results

Let G be a finite domain in the complex plane bounded by a Jordan curve L := 9G,
Q = CG; w = ®(2) be a conformal mapping of Q onto Q = {w : |w| > 1}
normalized by ®'(c0) > 0, and ¥ = &1,

Let us begin with some definitions. Throughout this paper, we denote by
¢, c1, Ca, ... positive constants, and by €, €1, €9, ... sufficiently small positive constants
in general different at different occurrences, but only depending on the geometry of

G.
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Definition 1. [18, p.97] The Jordan arc or curve L is called a K -quasiconformal
(K > 1), if there exists a K-quasiconformal mapping f of a domain D D L such
that f(L) is a line segment or circle.

Let F(L) denote the set of all sense-preserving plane homeomorphisms f of
domains D D L such that f(L) is a line segment or circle and let

K, = int{K(f): f € F(L)}

where K (f) is the maximal dilatation of a such mapping f. Then L is quasiconformal
if and only if K < 400 . If L is K -quasiconformal, then K; < K .

D = C gives the global definition of a K-quasiconformal arc or curve conse-
quently. This definition is common in the literature.

At the same time, we can consider the domain D D L as the neighborhood of the
curve L. In this case, Definition 1 will be called local definition of a quasiconformal
arc or curve. Through this work we consider the local definition. This local definition
has an advantage in determining the coefficients of quasiconformality for some simple
arcs and curves.

Theorem 1. Let L be a K— quasiconformal curve. Then, for every n > 2
wn(B) < ed3(B)n™7, (2.1)
where 0 < v < % s arbitrary.

Definition 2. We say that G € PQ(K,«o,3), K > 1, a« > 0, 8 > 0, if L :=
0G' is expressed as the union of a finite number of K;-quasiconformal arcs, K =

max {K;}, connecting at z, ..., 2, points, so that L is locally K -quasiconformal
<j<m

at z1, and if in (z,y) local co-ordinate system with origin at z;, 2 < j < m, the
following conditions hold:

a) for j =2,p,
{z = o+iy:ar'™™ <y<aa't™0<2 <} CCG,
{z = z+iy: |yl >eoxr, 0<z<e}CG.

b) forp+1,m
{z = 24+iy:a3x’™ <y <aa'™P 0< 2 <e3} CG,
{z = x+iy:|y| > e, 0<2<e3} COG.

for some certain constants —oo < a1 < as < 00, —00 < ag < a4 < 00, £ > 0
,i=1,2.

It is clear from Definition 2 that each domain G € PQ(K, «, ) may have p — 1
exterior and m — p interior zero angles. If a domain G does not have exterior zero
angles (p = 1) (interior zero angles (m = p) ), then we write G € PQ(K,0,[3)
(G € PQ(K,«a,0)).
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Theorem 2. Let G € PQ(K,«a,3), « <1, 8 > 0. Then, for every n > 3, we have
a—1

wn(B) < c63(B)Inlnn(lnn) ™= . (2.2)

Theorem 3. Let G € PQ(K,0,3). Then, for every n > 2, we have

wn(B) < c63(B)n™", (2.3)
where ,
1 : K21
0<y<q K, o €{2<1K2—+1’
Eorek if g <p<1

15 arbitrary.

Comparing Theorem’s 1, 3 with [5, Th.2.3, Th.2.4] and Theorem 2 with [8, Th.2]
we see that the degree of convergence , to ¢ in G is much better than in G. We

also note that the degree of the 6(B) in Theorem 3 is reduced from 6 to 3 compared
with [6, Theorem 2.6].

Definition 3. We say that G € Q*, 0 < a <1, if
a) L = 0G is a quasicircle,
b) U e Lipa, we (.
Theorem 4. Let G € Q%, 0 < a < 1. Then, for every n > 2, we have

wa(B) < 573 (B)n™, (2.4)

where 0 < v < ﬁ s arbitrary.

Remark 1. 1.
2. If G is convex, then U € Lipl[21], hence v < %

b) If L is a smooth curve having continuous tangent line (the class of these curves
we denote by Cy, and write G € Cy < L € Cy), then G € Q% for all0 < a < 1,
and hence v < %

¢) If L is quasi-smooth, that is, for every pair zy,z2 € L, if s( z1, 22) represents
the smaller of the length of the arcs joining z; to zo on L , there exists a

constant ¢ > lsuch that s(z1,22) < c|z1 — 23|, then U € Liptye [24], and it

1s an easy calculation to find v associated with these values.

d) If L is "c-quasiconformal” (see, for example[19]), then ¥ € Lipa for a =
arcsin 1)2 . . . .
al ) r. Also, if L is an asymptotic conformal curve, then ¥ € Lipa for

w2 —m arcsin =

a<1/[19)
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Definition 4. We say that G € Q (v),0 <v < 1, if
i) L := 0G is quasicircle.,

ii) For ¥z € L, there exists ar > 0 and 0 < v < 1 such that a closed circular
sector '
S(z;r,v) = {C C=z+1e?0<0, <0< 90+1/}

of radius r and opening v lies in ) with vertex at z.

It is well known that each quasicircle satisfies the condition ii). Nevertheless,
this condition imposed on L gives a new geometric characterization of the curve or
region. For example, if the region G* is defined by

G*::{z:z:rei9,0<r<1,g<9<27r},

then the coefficient of quasiconformality K of the G* does not obtain so easily,
whereas G* C Q(3).

Theorem 5. Let G € Q (v),0 < v < 1,. Then, for everyn > 2

wn(B) < e 3(B)yn™", (2.5)

where 0 < v < 2(211—11) s arbitrary.

If, in addition we impose some conditions of smoothness of boundary curve
L = 0G, then on the right part of (2.5) their will be better degree.

Definition 5. We say that G € Cy (N), if L consist of the union of finite Cy—arc
such that they have exterior angles \jm at the corners where two arcs meet, 0 < \; <
2, min); = A\

J

Theorem 6. Let G € Cy(N),0 < A < 2. Then, for every n > 2

5—2X\

wn(B) < 65> (B)n ™, (2.6)

where 0 < v < min{1; 2

We see that the estimation (2.6) is better than (2.5) for 0 < A < 1.
Comparing Theorem 6 with [6, Th.2.12] we see that the degree of convergence
7, to @ in G is much better than in G and the degree of the §(B) is reduced.

} is arbitrary.

3 Some auxiliary facts

We will use the notations “a < b” for a < ¢b and “a < b” if simultaneously a < b
and b < a.

For an arbitrary zy € B € G, let w = g(z, z9) be the conformal mapping of G
onto the unit disk normalized by g(zo,20) = 0, ¢ (20,20) > 0. Whenever we write
w = g(z), it will be understood that w = g(z, zo) for a fixed 2.
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Fort > 0, let Ly := {2z : |g(2)] = t,if t < 1, |(2)| =¢,if t > 1},L1 = L;
Gy == intL;; Q = extLy.

Let L be a K —quasiconformal curve and D C C. Then the region D can be chosen
to be the region Gg,\G,,, for a certain number 1 < Ry < 2 depending on g, ®, f and
ro = Ry '[1, p.28]. In this case, it is known that the function a(.) = f~{[f(.)] "'} is
a K2-quasiconformal reflection across L as shown in [7, p.75], that is, a(.) is a K>-
antiquasiconformal mapping leaving points on L fixed and satisfying the conditions
a(Gz\G) C G\G,,, a(G\G;) C Gg,\G for some 1 < R < Ry, 1y < 7 < 1. By using
the facts in [18, p.98], [7, p.76] we can find a C'(K) - quasiconformal reflection o*(.)
across L such that it satisfies the following:

|21 —a*(2)| < |21 — 2|, 21 €L, z€ D. (3.1)

Lemma 1. Let G e Q*, 0 < a<1; 20 € BEG. Then forallu ,0<u< Ry—1,
we have )
mes gla*(G1,\G), 20] < 671(B)62-1 (), (3.2)

where ¢ = g~ (7, 2) : |7| = inf{|w| : w € gla*(L114), 20}
Proof. 1t is obvious that
mes gla* (G141, \G), z0)] < (1 — |7]). (3.3)

We present the proof under several headings.
1) Let DN B = ). Since ¥ € Lip «, then g € Lip = by [19], and

2—«
1— 7| < d==(C, L). (3.4)

2) Let us suppose DN B # (). Let d(B,L) = |z — t|, z € L, t € B. There are two
cases to be considered:
2.1) o*(B) N Gy # 0. In this case, [1, Cor.1.3] and (3.1) imply

z—C

2.2) a*(B) N Gipy = 0. Let T :=T'(2,¢; B, G) be a family of locally rectifiable
curves separating in G z,¢ from B and T := ¢(I'); and we also set
1 1

= Twt = — 3.6
: Z—Zl’w w ( )

where z; € G is some fixed point, such that d(z,L) > e, |21 — 2] > e. Af-
ter that the domain G is transforming in some domains G*, oo € G* with
a quasiconformal boundary L* = 0G*; z — z2*, ( — (", t — t*, 7 — 7%
[ — I*:=TI*(z* (% 2%(B),G*) and IV — T
According to [9, Th.4.2] we may write
|z* — t¥|

1
™ >—1 — .
m(T™) > 5 ncl|z* T (3.7)

where ¢ is independent of z* t*, (*.
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On the other hand, since g € Lip ﬁ , then z* ogow* € Lip ﬁ, and therefore,

[10] yields
~ 2 —« Co
I < 1
m(I") < T n\T*|—1’
where ¢ is independent of 7*. Considering the conformal invariants of the modulus
from (3.6), (3.7) and (3.8), we obtain

(3.8)

1
z — 2(2—a)
1—|7] < ¢
z—1

Now (3.3)- (3.5) and (3.9) provide (3.2). ]

(3.9)

Corollary 1. Let G € Q*, 0 < a < 1; 20 € B €G. Then for allu, 0 <u < Ry —1,
we have a
mes gla*(Gi1\G), 2] < 6 (B)u™~.

This follows from (3.1) and [1, Cor. 1.3].

Now, we give some properties of the domains G € PQ(K, «, 3). Suppose that a
domain G € PQ(K,«,3) is given. For the sake of simplicity, but without missing
the generality, we assume that « > 0, 3 > 0; p = 2, m = 3, 20 = 1, 23 = —1;
(—1,1) C G, that the local coordinate axis in Definition 2 be parallel to OX and
OY Set L' :={z€ L:Tmz >0}, L* := {z € L : Tmz < 0}. Then 2, is taken as an
arbitrary point on L?(or on L! subject to the chosen direction).

We recall that the domain G € PQ(K, «, 3) has interior and exterior zero an-
gles at the nearest-neighborhood of each points zo = 1 and z3 = —1 respectively.
Therefore, following the arguments mentioned in [8], we can say that the function
w = g(z) and w = ®(z) for the domain G € PQ(K,«, ) satisfy the conditions
described in [1, Lemma 1.1 and 1.2] at the nearest-neighborhood of the point +1.
So, we can easily get from [1, Lemma 1.1 and 1.2], that

d(z,L) < (1=lg))"" =1 < g(z) —g(M)* ", (3.10)
Vz € G:lz+1|>eq;

dz,L) < (1®(=)] = D)5 |z +1] < |0(2) — o(-1)[*
Vz € QZ|Z—1|>€2.

On the other hand, using the properties of the functions g and ® at the nearest-
neighborhood of the point zo = 1 and z3 = —1 respectively ( see [10]) we obtain

—a-l _p-1
2= 1 < [l |&(z) ()™, |z +1] < [=In|g(z) —g(-D™" . (3.12)
The following two Lemma’s one proves just like that of [6, Lemma’s 3.7 and
3.8].
Lemma 2. Let G € PQ(K, o, 3), 20 € B € G and z € G\B be such that |z — z;| <
€j, j=1,2. Then
1
19(2, 20) = 9(z5,20)] < 072(B) |z = 2| .
Lemma 3. Let G € PQ(K, o, 3), z0 € B € G and ¢ € Q be such that | — z;| < ¢,
j=1,2. Then B B
1= |g(a5(C), 20)| < 077 (B)d" (¢, L).
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4  Approximation by polynomials in the Lo— norm.

Suppose that a domain G € PQ(K,«,3), « > 0, > 0 is given. For the sake of
simplicity, but without missing the generality, we take the domain G as at in section
3.

Each L/, j = 1,2, is a Kj-quasiconformal arc. Let aj(.) be the quasiconformal
reflection across L. Let us also set

2a1 + as

n oo ={r=rtyiy=—g—01-2)"}
"o :{Z=x+iy:y=7a122a2(1—$)”a},
T ZQT{Z=$+Z'y:y=ngaz(%tl)”ﬁ},
o :oz;{z::c—l—iy:y:%%(ijl)Hﬁ},

where constants a;,j = 1,2, are taken from the Definition 2.
According to (8, Lemma 5], for all (1, (s € 7}, we get

mes 7?(C17C2) <G =Gl

For an n > N(Ry) big enough and an arbitrary small ¢ < 1, let us choose
R =1+ cn® ! such that 1 < R < Ry. Let us choose points zj, ,j = 1,2, such
that they are intersections of Lg with 7]-, and either the first point is in L} =
{2z : 2 € Lg,Imz > 0}, or L} := Lg\LL (according to motion on Lg). These
points divide Lp into four parts: Ly := Lp(2],2)-an arc connecting points and
Z%’ 22 ) L2 = L (Z2’21) L3 = L?%(Z%>Z%)’ Lj?l% = Lj‘l%(z%>z§)’ Lg = U?:l LJR;
T =] UVQUL Uj:= Znt(Ff.%ULj), Y(R)=T%nN~!,i,5=1,2.

We extend the function w = g(z,29) to U UUs in the following way:

CHOEDA
Then using the above notations, from the Cauchy-Pompeii’s formula [18, p.148]
we obtain

N g(z,20), z€G,
9(2, %) :={ 1 LeU, j=12 (4.1)

9(2,%0) = % ! C(C_’Zzo)dc (4.2)

+Zz2m/ (¢, 20) gg((z—l)lazo)dg

i=1j5=1

Z
// ggC 0) doc.
U1UU2 — 2

g(CaZO)a C € L}%UL}%
f(Ca ZO) = g(lv ZO) QS L?})%v
g(_17 Zo) C € LZ}%

where
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Lemma 4. Let G € PQ(K,«,3) for some 0 < a <1, 3>0; z0 € B € G. Then,
for any n > 3, we have

Proof. Lemma 4 is set up analogously to Lemma [6, Lemma 4.2] . The difference
is that in Lemma [6, Lemma 4.2] the domain G € PQ(K,[3) has interior zero
angles only at the points zo = 1 and 23 = —1. On the other hand we consider the
domain G € PQ(K,a, 3) with an interior zero angle at z3, but having the exterior
zero angle at the point z,. By this reason, following the scheme of [6, Lemma 4.2]
proof, we give the estimations relatively to the point 2z only.

There is a polynomial P,(z) of degree < n [22, p.142], such that

|
< Leyy

i=1j5=1

H// gg (¢, Zo
UC
U1UU2 — Z

= E+L()+h()+hHU+hHU+k

i !

0 (., 20) — T, 20) <67 2(B)VInlnn(lnn) % . (4.3)

L2(G)

! !

g (., 20)—P,(., 2)

HLQ(G)

9(¢, 20) — g((=1)", 20)
[n J(R) (¢ %

_ 2)2

L2(G)

L2(G)

The estimate for the Ji(—1), k = 1,2, is set up completely analogously to the Ji, k =
1,2, in [6, (4.6), (4.8)].
Since, for all ¢ € y4(R) , i = 1,2, we have
_ _1
19(C, 20) — g((+1),20)| < 672(B)[¢ — (+1)]

from (3.1) and Lemma 2, then, using [4, Lemma 5.2], we obtain

=

9(¢, 20) — g(1, 20)
Je(—=1) = d Int; o 015
K1) /v?(R) (€ —2)? ‘ La(G) 0B 2
ko= 3.4, (4.5)

where £;; ;= mes v/ (R), i,j = 1,2. According to [1, Cor. 1.3], (3.10), (3.12) and [8,

Lemma 5], we get
—1

o= 1= 2 < (nn)™j=1,2 (4.6)
Thus, (4.5) implies
Ju(+1) < 6 2(B)VInlnn(lnn) =, k = 3,4. (4.7)

Since the Hilbert transformation

THE) = ] g

is a bounded linear operator from Ly — Lo, (3.1) yields

1
2

2
La(UaUUz) (; mes g(oz;(Uj),zO)> : (4.8)

Js < ng
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For a sufficiently large ¢ and small 0 < gy < % , let us set
Vi={C:Ceaj(Up), I — 1] < ellnn)™ "1V = aj(Up)\V{,j = 1,2,a > 0;

Uy ={C:|C+1 <o}, Vi =U;NU,,, j=1,2,a=0.
Then, by [6, Lemma 3.4] and 3, we obtain

mes g(Vi) < 6 YB)(Inn)™* ", (4.9)

mes g(VQJ) < 5_1(B)n51;21,

and )
J2 <071 (B)(Inn)™> . (4.10)

JFrom (4.4), (4.7) and (4.10) we get

i !

g (. 20) — P, z0) <6 2(B)VInlnn(lnn) % . (4.11)

L2(G)

Now, let P,(z, z) is defined by

P (2, 20) = { P.(z,20) — Pu(20,20) + (2 —,zo)[g/(zo,zo) — P (20,2)], n> N(Ry),
e (Z - 20)9 (20,20), n < N(Ro).

Then f’n(zo, 29) =0, ﬁ;(zo, 2p) = 1 and according to means value theorem, we get

i =~/

g (., 20)—P,(.20)

!

< (1467 (20)) |9 (- 20) = (- 20)

(4.12)

La(G) La(G)

Since ¢ = rg, where = [g' (20, 20)] ™" = 6(20), we let S, := rP,. Then, (4.12) yields

Since Sy (20, 20) = 0, S, (20, 20) = 1, then taking into account the extremely property
of m,(z, z9) we complete the proof. n

! !

0 (. 20) — S (., 20) <6 2(B)VInlnn(lnn) % .

Lo2(G)

Lemma 5. Let G € Q° for some 0 < a <1, 290 € B @ G. Then, for any n > 2, we
have

/ /

o (., 20) —m,(., 20) < 5_%(3)71_7,

L2(G)

where
0< v < L
42 — )

15 arbitrary.

Proof. In [3, p.234-236] we have shown that if L is a quasiconformal curve, then
there exists a polynomials P,(z, 2g),0of deg P, = n, satisfying P,(zq,20) = 0 and
P! (20, 20) = g(20, 2), such that

’ ’

§(20) = P20l = 07 o) lmes g(0*(Crane\G) )} (413)

L2(G)
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for arbitrary small ¢ > 0.
Since o = rg, where 7 = [¢'(20, 20)]~" =< 6(20), we define the polynomials S,, :=
rP,. Then, (4.13) implies

[¢'Coz0) =m0 ) < (o 20) = Su 20
’ ’ 5(20) ” 1
= rlg(20)—P,(20) 12(G) < - + [mes g(a*(Gr\G), 20)]2
< 6 3(B)n @,
where in the last inequality we used Corollary 1. [

Corollary 2. Let G € Q(\) for some 0 < A <1, zg € B € G. Then, for anyn > 2,
we have

! i

0 (., 20) — (., 20) <67 2(B)n77, (4.14)

L2(G)
where

A -
0< <4(2_)\)

s arbitrary.
Proof. Since G € Q()\), then G satisfies the " A— wedge” conditions. Therefore, by
[20] ¥ € LipA, and (4.14) follows from Lemma 5. ]

Lemma 6. Let G € Cy(\) for some 0 < A< 2, zg € B & G. Then, for any n > 2

’

¥ ('7 ZO) - W;z('a ZO)

1
BCTCESY] -y
e <8 I (B,

where
I A

5

O<7<min{2, 5%

s arbitrary.

This Lemma in case of L,(G)— norm with p > 1 is proved in [3, Cor.3.3].

5 Proofs of main results

First of all we shall establish the necessary facts about tie of the orthogonal poly-
nomials with conformal mappings and Bieberbach polynomials.

Let G be an arbitrary finite domain of the complex plane C', bounded by a Jordan
curve L, zg € B € G; {K,(2)} deg K,, =n,n=0,1,2, ..., be a system of orthogonal
polynomials over the domain G . It is well known (see, for example, [14]) that the
conformal mappings ¢(z, zp) of the domain G can be represented with the help of
polynomials {K,,(2)} in the following way:

o) = S ) [ Kttt/ Y| 6.1)

=0 0
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On the order hand, the Bergman kernel function K(z,%,) can be written [11] as

1_9(020)9 (%) =S Ki(2)Ki(2), 2 €G, (5.2)

K(z,70) = — [1—g(z0,20)9(2, 20))? =

where the series in (5.2) converge uniformly in G. Taking into account that ¢ = rg,
we put

=Y IKi(z0)”,  Seo =D |Ki(20)[,
7 =0

and get from (5.2),

QPI(Z, Zo) = WT2 ZKZ(ZO)KZ(Z)a zeqG (5 3)

i=0

Hence -
. (2, 20) S ZKi(ZO)Ki(Z)a zeG, (5.4)

n—1 ;=0
. S = (5.5)

Lemma 7. We have

/ / 2 1 1
¢ (., 20) — 7Trz(’vz(]>HL2(c;) T S S

Proof. ;From (5.3) and (5.4) we get

@l(z,zo) (2, 20) z:: <7rr o ) Ki(ZO)Ki(Z)—|—7TT2iKi(ZO)Ki(Z).

By Parseval equation,

Corollary 3.

2

L@ (5.7)

S IKi(0)I* = St - Soe - (- 20) = (-, 20)

: , 2
Lemma 8. Let n,(B) := sup {‘ o (., 20) —m,(., zO)HL @ W€ B e G} , then
2

wn(B) < 6 2(2)nn(B). (5.8)
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Proof. For all z, zp € B € G we have

n—1 P

[0(2, 20) — T (2, 20)]Sn_1 = @ (2, %) Sn_1 — Zo Ki(z0) / K (nyr
— (2, 20) S — 2 K:(20) / i(t)dt] — (2 20) [See — Sn_1]
= SR [ K0 = ol ) S = S
= A (Z> ZO) - 90(2> ZO)AIn(Zm ZO)>

where
(2, 20) ZK Zo/ ;(t)dt; A (20, 20) Z|K 20)|
by (5.3) and (5.4). Then

Az, 20)] A (20, 20))

Sn—1 Sn1
For the estimation of the first term, we are applying Schwarz inequality, and accord-
ingly to Corollary 3, we get

|02, 20) = (2, 20)| < + le(z, 20)] (5.9)

Al < {3 |KZ-<ZO>|2}§ {f: /Z ] |

20 j=n

=

<A{Sn-1+ Soo - n(B)}2 (mesl(z, z)) max {Z |K;(t)]” dt

oral

= {Sue1 - See T (B)}? {m“l 2 20) Z|K |2dt}
s { St

)

= On-1" Soo nn( ) (mesl(z, z

where [(z, 29) € B is the rectifiable arc joining zy and z.Then, using (5.5) we have

Sn—l 7”2

For the estimation the second term, firstly we observe that |¢(z, z)| < r for all z
zo € B, and therefore

(5.10)

‘A"(ZO’Z())‘ <. SOO . fqn(B) < nn(B)

n—1 r

|o(z, 20 (5.11)

;From (5.9)-(5.11) we obtain

(B
lo(z, 20) — mn(2, 20)| < %, Vz,2€BeG.

Since r = ;=< d(z0), we complete the proof.

1
g'(z,20

Now, the proof of Theorems 1-5 easily follows from Lemma 8, Lemmas 4, 6, [6,
Lemma 4.2] and Corollary 2. ]
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