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Abstract

The norm of a bounded self-adjoint operator T : {> — [? is considered. As
applications, a new bilinear inequality with a best constant factor and some
Hilbert’s type inequalities are built.

Let H be areal separable Hilbert space and T": H — H be a bounded self-adjoint
semi-positive definite operator. Then (see [1],(17))

(0, T)| < ||—T2||(|IaH2I|bH2 +(a,0)*) 7 (a,b € H), (1)

where (a, b) is the inner product of a and b, and ||a|| = +/(a,a) is the norm of a.
Note 1. By Cauchy-Schwarz’s inequality (see [2]), (1) can imply to

(@, TO)| < ||T'[[[|al[|[bl] (a,b € H). (2)

It is obvious that the constant factor ||T’|| in (2) is the best possible and then the
constant factor ||7°|/2 in (1) is still the best possible since (1) is an improvement of
(2).

In this paper, the norm of a bounded self-adjoint operator T : I> — [? is con-
sidered. As applications, a new bilinear inequality with a best constant factor and
some new Hilbert’s type inequalities are built by using (1), (2) and the given norm.
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For this, we consider some firsthand corollaries of (1) as follows:
(a) Since we have (see [3])

SRI] Popsa I PR B S ®)

= m=1 n=1
where the constant factor { (3, % }2 0 < A < 4) is the best possible and B(u,v)
is the Beta function. Replacing n"z a, by a, in (3), we have an equivalent form of
(3) as
2 2
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If we set a self-adjoint semi-positive definite operator T : I> — [? as:

oo A-1)/2 o0
Ta:=b= {Z Onn)i)\am} ) a:{am}§=1 €l2a
n=1

m=1 (m + n)

then Inequality (4) is equivalent to |[Ta|| < B(3,%)|lal|- Since the constant factor

B(3,3) (0 < A <4)in (4) is the best possible, we can conclude that 7' is a bounded

operator and ||T|| = B(3,3). Hence, if T is shown being of semi-positive definite,

then by (1) and Note 1, one has: If {a,,}>_, {b,}%, € [?, then for 0 < X\ < 4,

)72 a,b 1 >\)\

22# 753 {Z ZbQ+ZaM}, (5)

where the constant factor ﬁB(%, 2) is the best possible.
(b) Since we have (see [4])
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where the constant factor (§)? (0 < A < 2) is the best possible. By the same way
of (a), we have:

If {am}oo, {bn}52, €% then for 0 < A < 2,

=
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where the constant factor ,\—JE is the best possible.
(c) Since we have (see [5])

< lB(?%)r i(n+%)1”ai, (8)
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where the constant factor {B(%, %)}2 (0 < A <2) is the best possible. By the same

way, we have:
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If {a,}5 g {bn}52, € 1%, then for 0 < A < 2,
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nii m+n+1)]A ambng\/iB(z 2 {Z Zb2+za” ”} ’

’2\, %) is the best possible. In particular, for A\ = 1,

we have the following improved Hilbert’s inequality (see [1])

where the constant factor — - B(
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(d) Since we have (see [7])

o0 o 2 o
A am nl=> g2
—_— 11
2 |8 ey | <6 £ =
where the constant factor (§)? (0 < A < 2) is the best possible. By the same way,
we have:
If {an}5o, {bn}52, €%, then for 0 < A < 2,

(mn) 2 ambn 4 {oo ) o] ) o] }
< S a2 b+ anb.p 12
o )\\/5 n=1 fin n=1 " +n:1a ( )
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where the constant factor A—\% is the best possible. In particular, for A = 1, we have
the following improved Hilbert’s type inequality (see [6]) :

=

[e.e] [e.e]

Yy < IS @S S an) (13)

n=1m=1 n=1

Theorem 1. Let k(z,y) be continuous in (0,00) x (0, 00), satisfying:

() k(z,y) = k(y,x) (> 0), for z,y € (0, 00);

(ii) for x > 0 and £ > 0, k(x,y)(%)% is decreasing in y € (0, 00);

(iii) for x > 0 and € € [0, ) (go is small enough), the integral [;* k(z, y)(i)%dy
is a constant only dependent on €, but independent on x, such that

k(e) = /OOO k‘(%y)(g)%dy = k(0) + o(1) (¢ — 0F); (14
mi:lm—ms) /01 k(m, y)(%>1gs dy =0(1) (e —07%). (15)

If I? is a real space, define the operator T : 1> — [* with the kernel k(m,n) as: for
n € N,

Ta:=b= {Z k(m,n)am} ; a={an}y_1 € L.

Then T is a bounded self-adjoint operator and
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T, 1

171 = i= k(0) = [~ k(a)(D)bdy < oc. (16)

<

Proof. By Cauchy’s inequality with weight (see[8]), we have from (i), (ii) and
(14) that

(nilk(m,n)am)z = {Z k(m, n)[(—) ﬂ[(%)iam]r
< (3 bl m)() 3 k) ()
< [/j’k(n,wgﬁdz@k(m,nx%ﬁam
= k) ko))l

< KX Komn)()Ead] = k 3 (3 kom ()¢l
< k3 ([ )by, = 2l (")

and then ||Ta|| < kl|a||. Tt follows that Ta € I and ||T|| < k.
For 0 < € < &, setting @ as: @ ={m~"2 }°°_, € {2, then by (ii) and (iii), we have

o 0o 00 1 1ie
(Ta,a) = > 3 k(m,n) %) :
m=1n=1
— Z m—(1+e) k(m,n) —(1+¢) /OO k(m y)(@)lﬁsdy
m=1 n=1 1 Yy
N 0 [T k(m. ) ()
> | /0 (m ) Ty
s 1 m . 1+e
= > om0 Zm‘“*ﬁ / k(m,m(—)? dy
m=1 0 Yy
= > m T k(e) —0(1) = [JalP(k + o(1)) (e —0"),
m=1

and then
|T||[|al|* > ||Tal||lal] > (Ta,a) > ||al[*(k + o(1)).

Hence ||T|| > k (¢ — 07), and ||T'|| = k. Since

o0

(Ta,b) = i i k(m,n)amb, = Zamik(m,n) b, = (a,Th).

n=1m=1 m=1 n=1
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It follows that T" = T™ and T is a bounded self-adjoint operator. The theorem is
proved.

By using (2) and Theorem 1, we have
Theorem 2. If(? is a real inner-product space, a = {a,, }>°_,,b = {b,}>>, € I?,
and k(x,y) is defined by Theorem 1, then

> 2 k(m,n)anb, < Ellalll[bl], (18)
=1

where the constant factor k is the best possible and k = k(0) = [5° k(z, y)(%)%dy

Note 2. If k = k(0) = [5° k(x,y)(%)%dy is a constant but the integral

157 k(z,y)(3) 2 dy (0 < £ < £4) is dependent on z and ¢, then (17) is still valid, and
we have ||T|| < k. In this case, by (2), we still have (18), but we can’t affirm that
the constant factor £ in (18) is still the best possible.

In the following, we need the formula of the Beta function B(u,v) as (cf. Wang
et al. [9]):

Bluo) = [ Wt“‘ldt — B(v,u) (u,v > 0). (19)

Lemma 1. If A > 0, define the function f(u) := 2% u € (0,00) (f(1) ==+ =
lim,—; f(u)), then f(u) is decreasing in (0, c0).

Proof.  Setting g(u) = u* — 1 — Au*Inwu, then f'(u) = (uf(il Since ¢'(u) =
A2 Inu, we have ¢'(u) > 0,u € (0,1);¢'(u) < 0,u € (1,00), and then g(1) =
0 = max,~o{g(u)} > g(u) (v > 0). Hence f'(u) < 0 and f(u) is decreasing in (0, 00).
The lemma is proved.

(e) Setting k(z,y) = 2EMY (1) (0 < A < 2), then by Lemma 1, for fixed

Ty
z > 0,2 f(Y) = ?A(m/y% is decreasing in y € (0,00), and for z > 0, > 0 and
0< A< 2,
T 14e hl(x/ ) 1, 2= 2=Xte  Ate

O e R
Yy = yry

is decreasing in y € (0,00). For 0 < € < A\/2, we obtain that

He) = [T )T ) = [ T

=y Yy A2 Jo u—
L oo lnu 1. T, n
ﬁ/o — ZdU—(X) =k (e—07).

Since Lﬁ&"i/yyﬁ is decreasing in y € (0,00), then for 0 < e < A/2 (0 < X < 2), we have

_ Uin(m/y) Aol M 1te
0 A = (1+e) / 7 (—)2 d
< A(m,e) zzzlm A y/\(my) ( " ) Yy

© 1 lnm A=1 M 1+4¢

< —1/ S ()2 d

< Sm OmA_1<my>2<y>z y
2 > Inm . 4 &

= — <
e D s L AZ: )ml—% o
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and then A(m,e) = O(1). Hence k(x,y) possesses the conditions of (i),(ii) and (i
If 12 is a real space, define the operator T' : [? — [? with the kernel k(m,n)

In(m/n) (mn) on (0< A< 2)as: forn €N,

A —nA

ii).

Ta:=b= {i M(mn)%am}w , a=1an}>_, €

A A
m:lm n

Then by Theorem 1, T"is a bounded self-adjoint operator and

1Tl = k= k(0) = [ ke, ) (5 3y = (52
0 Y A
By Theorem 2, we have

Corollary 1. If [? is a real space, a = {a,,}5°_;,b = {b,}>2, € [?, then for
0<A<2,

Afl

> 5o G o, < CPallpl, 20)

n=1m=1

where the constant factor (X)2 is the best possible. In particular, for A = 1, we have
the following Hilbert’s type inequality (see [6]) :

>3 20D o, < 2?alli (21)

n=1m=1 1"
(f) Setting k(z,y) = ((13:;;)1)/2 (0 < A <2), then for x > 0,e >0
x 1 1 2-04e age
E(z,y)(— (=) 2 22
@) = s ()

is decreasing in y € (0,00). For 0 < € < A, setting u = zy, we obtain from (19) that

Fale) #f%ﬁﬁ@:ﬁ/{f%ﬁ

1+azy)* y 14 u)
o A—¢e A+e AAL .

If /% is a real space, define the operator T' : [*> — [? with the kernel k(m,n) =

% (0<AX<2)as: forne N,

= ()= :
Ta:=b= mi o a={ankno €1
a {mz::l 0t mn) a ~ a={an}r_| €

Then T is a self-adjoint operator and by Note 2, ||T|| < B(3, ). Hence by (18), we
have

Corollary 2. If [? is a real space, a = {a,,}°_,b = {b,}, € [?, then for
0<A<2,

(mn)(A—l)/2 A\
Ty e < B Dl (22)
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(8) Setting k(z,y) = 227 27

T+ ()" (0 < X <2), then for x > 0,e > 0,

X 14e . 1 (1>27;\+5x%

L4 (zy) 'y

is decreasing in y € (0,00). For 0 < & < A, setting u = (zy)*, we obtain from (19)
that

© (ry)T 1 1
ko(e) :/ Y (Vg =t
(¢) o 1+ (zy)* (y)2 YN Ttu
1 _AN—¢e A+¢ s
= 2o AT LT g 0%).
N ) oy Tk E2 0

If [ is a real space, define the operator T : [* — [ with the kernel k(m,n) =

% (0<AX<2)as: forn €N,

o) (mn)(A—l)/2 }OO )
Ta:=b= —t—a, , a=A{an}r_ €1’
{771221 1 + (mn)A n=1 { } !

Then T is self-adjoint operator and by Note 2, ||T|| < T. By (18), we have

Corollary 3. If [? is a real space, a = {a,}>_,,b = {b,}°2, € [?, then for

0< A< 2,
)( )(/\ 1)/2

O a1 3

n=1m=1

Remarks. (i) For A = 1, both (5) and (7) reduce to the following improved
Hilbert’s inequality:

oo 00 ambn T o] ) 0 ) 0 }%
< — a, b;, + anby, 24

(ii) For A = 1, both (22) and (23) reduce to the following new Hilbert’s type
inequality:

(iii) By using Theore
inequalities such as (20),

=

Z O — < llalllfo]] (25)
and e 2, we can build some new Hilbert’s type
nd

~—~

22) a
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