Sandwich-type theorems for a class of integral
operators

Teodor Bulboaca

Abstract
Let H(U) be the space of all analytic functions in the unit disk U. For a
given function h € A we define the integral operator I3 : K — H(U), with
K ¢ H(U), by

2 1/8
Lolf)(z) = |8 [ FPn orwar]

where 3 € C and all powers are the principal ones.
We will determine sufficient conditions on g;, g2 and § such that

] o <[] g0 < [50]

92(2)

implies

Iniplg1](2) < Tng[f1(2) < In;slg2](2),
where the symbol “<” stands for subordination. We will call such a kind of
result a sandwich-type theorem.

In addition, Ij.5[g1] will be the largest function and Ij,3[go] the smallest
function so that the left-hand side, respectively the right-hand side of the
above implication hold, for all f functions satisfying the differential subordi-
nation, respectively the differential superordination of the assumption.

We will give some particular cases of the main result obtained for appro-
priate choices of the h, that also generalize classic results of the theory of
differential subordination and superordination.

The concept of differential superordination was introduced by S. S. Miller
and P. T. Mocanu in [5] like a dual problem of differential subordination [4].
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1 Introduction

Let H(U) be the class of analytic functions in the unit disk U = {z € C : |2] < 1}.
We denote by A the class of analytic functions in U and usually normalized, i.e.
A={fe HU): f(0)=1,f'(0) =1} and let

A={he A:h(2)M(2)#0,0 < |z| < 1}.
For n a positive integer and a € C, let
Hla,n]| ={f € HU): f(2) = a+ anz" + an12" + ...}
For a function h € A we define the integral operator 1.5 : Kp.3 — H(U) by
1/B

Lalf)(2) = |8 [ P on wrede] (11)

where Kp,.3 C H(U) will be determined in Lemma 3.1 and Lemma 3.2, such that this
integral operator is well defined (all powers in the above formula are the principal
ones).

For f,g € H(U) we say that the function f is subordinate to g, or g is super-
ordinate to f, if there exists a function w € H(U), with w(0) = 0 and |w(2)| < 1,
z € U, such that f(z) = g(w(z)) for all z € U. In such a case we write f(z) < g(z).
If g is univalent in U, then f(z) < g(z) if and only if f(0) = ¢(0) and f(U) C g(U).

In [2] the author determined conditions on the h and g functions and on the
parameter (3, such that

] <[5

In the present paper we will improve the above result, then we will study the
reverse problem to determine simple sufficient conditions on h, g and 3, such that

zh (2) /8 zh (2) /8

< | == =1 <1, ,

S <[5 e = sl <t
and we will prove that under our assumptions this result is sharp.

Combining these results we will obtain a so called sandwich-type theorem, and

we will give some interesting particular results obtained for convenient choices of

the h function.

1/8
] 0(2) = Tpl(2) < Tnplel2). (12)

2 Preliminaries

In order to prove our main results, we will need the following definitions and lemmas

presented in this section.
1+2 I
Let ¢ € C with Rec > 0, and let N = N(c¢) = |C|\/?+ mc
ec

2N
univalent function k(z) = 1722, then we define the open door function R. by

. If k is the

b
Ro(2) = k (fij) L zeu, (2.1)
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where b = k71(c).
Remark that R, is univalent in U, R.(0) = ¢ and R.(U) = k(U) is the complex
plane slit along the half-lines Rew = 0, Imw > N and Rew =0, Imw < —N, i.e.

R.(U)=k(U)=C\{weC:Rew=0,|Imw| > N}.

Lemma 2.1. [1, Lemma 3.1.] Let 3,7 € C with 5 # 0, Re(8 +v) > 0 and let
h € A with h(2)h(2)/z2#0,z€ U. If f € A and

z2f'(2) 2N (2) zh"(z) B
6 f(Z) +(7 1) h(Z) +1+ h’(z) _<R5+“/< )
then,
FeA, Fiz) #0, €U and Re [ﬁzgé(z? + ’VZZS) >0,2€U
where

F(z) = [i;(rg /OZ PPN (1) dt] 1/6,

and all powers are the principal ones.

We denote by Q the set of functions ¢ that are analytic and injective on U\ E(q),
where

E(g) = {¢ € 9U : lim g(2) = oo},

and such that ¢/(¢) # 0 for ¢ € 9U \ E(q). The subclass of Q for which ¢(0) = a is
denoted by Q(a).

Like in [3] or [4], let Q@ C C, ¢ € Q and n be a positive integer. Then, the class
of admissible functions (in the sense of subordination) W, [€2, ¢] is the class of those
functions ¢ : C3 x U — C that satisfy the admissibility condition

Y(r, s, t;2) & Q,
¢q"(¢)

7 (¢)
and m > n.
We write U[Q2,¢q] = W,[Q,q]. For the special case when Q # C is a simply
connected domain and A is a conformal mapping of U onto {2, we denote this class

by U,[h, q].

Remark 2.1. If ¢p : C> x U — C, then the above defined admissibility condition
reduces to

whenever r = ¢(¢), s = m(q'(¢), Re Z—I—l > mRe l + 1] ,2€U,CedU\ E(q)

¥(q(¢), mCq'(€); 2) ¢ 2,
when z € U, ( € 90U \ E(q) and m > n.

The next lemma is a key result in the theory of sharp differential subordinations.
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Lemma 2.2. /3], [{] Let h be univalent in U and ¢ : C3> x U — C. Suppose that
the differential equation

¥(q(2), 2q (2), 22q"(2); 2) = h(z)
has a solution q, with q¢(0) = a, and one of the following conditions is satisfied:
(i) g€ Qandy € Vh,q]

(it)  qis univalent in U and p € V[h, q,], for some p € (0,1), where

4p(2) = q(pz), or
(i13)  q is univalent in U and there exists py € (0,1) such that ) € Vlh,,q,]

for all p € (po,1), where h,(2) = h(pz) and q,(2) = q(pz).
Ifp(z)=a+arz+ ... € H(U) and ¥(p(z), 2p'(2), 2*p"(2); z) € H(U), then
V(p(2), 29/ (2), 2°p"(2);2) < h(2) implies p(z) < q(z)
and q is the best dominant.
Lemma 2.3. [3] Let ¢ € Q, with q(0) = a, and let p(z) = a+a,z"+ ... be analytic

in U with p(z) Z a and n > 1. If p is not subordinate to q, then there exist points
20 € U and (p € OU \ E(q), and an m >n > 1 for which p(|z| < |z0|) C q(U), and

(@) p(zo) = Q(Co)7

(4)  zop'(20) = mGoq (Co),
i) Re 2P (20)
(71) R o)

Coq/,(Co)
q/(QJ)

—i—lsze[ —i—l].

The function f € H(U), with f(0) = 0, is called to be starlike in U, or simply
starlike, if f is univalent in U and f(U) is a starlike domain with respect to the
origin. It is well-known that a function f € H(U), with f(0) = 0, is starlike if and

/!
only if £/(0) # 0 and Re ZJ{ ((j)
2
The function f € H(U) is called to be convezr in U, or simply convez, if f is
univalent in U and f(U) is a convex domain. A function f € H(U) is convex if and

only if f/(0) # 0 and Re ijiléiz)) +1>0,z€U.

For a € R, a function f € H(U) with f(0) = 0 and f’(0) # 0 is called to be an
a-conver (not necessarily normalized) function [7], if

@) ()
Re (10 5 o (5 )

and we denote this class by M. Note that all a-convex functions are univalent and
starlike [6], i.e.

>0, zeU.

>0, ze U,

M,y C M. (2.2)
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Lemma 2.4. [/, Lemma 1.2c.] Let n > 0 be an integer and let v € C, with
Rey > —n. If f(2) = Z a2 is analytic in U and F is defined by

m>n

Fe)=— [ o,

A 2™

then F(z) = )

m>n

s analytic in U.
m

As in [5], let Q C C and ¢q € HJa, n|, where n is a positive integer. Then, the
class of admissible functions (in the sense of superordination) ®,[(,q] is the class
of those functions ¢ : C* x U — C that satisfy the admissibility condition

o(r,s,1;¢) € Q,
/ t 1 /!
whenever r = ¢(z), s = =4 (Z), Re—-+1< —Re () +1},¢€0U, z€ U and
m s m q(2)

m > n.

We write ®[Q2,q] = $1[Q2,¢]. For the special case when Q # C is a simply
connected domain and A is a conformal mapping of U onto §2, we denote this class
by @,h, q].

Remark 2.2. If ¢ : C?> x U — C, then the above defined admissibility condition
reduces to

pla(z), 2¢'(2)/m; ) € L,
when ¢ € OU, z € U and m > n.

This last lemma gives us a very important result in the theory of sharp differential
superordinations.

Lemma 2.5. [5, Theorem 5.] Let h € H(U), q € H[a,n] and let ¢ € ®,[h,q], i.e.
0 : C? x U — C and satisfies the condition

v(q(2),tz¢'(2);¢) € h(U),

for z € U, (€U and 0 <t < 1/n < 1. Ifp € Q(a) and v(p(z),zp'(2); 2) is
univalent in U, then

h(z) < @(p(2), 2p'(2); 2) = q(2) < p(2).

Furthermore, if v(q(z),2¢'(2);2) = h(z) has a univalent solution q € Q(a), then q
is the best subordinant.

3 Main results

For a given 8 € C with Re3 > 0, first we need to find sufficient conditions for the
h function in order to determine the correspondent subset Kp.3 C H(U), such that
the integral operator I, 5 defined by (1.1) is well defined on /.
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Lemma 3.1. Let g € C with Re3 > 0, let h € A and denote by

zh (2) 14 zh'(z)

ﬂ%@@%ﬂv—ﬂh@) e

If R represents the open door function defined by (2.1) and if

Ry = {f e a5 40 < Rg<z>}, for i £ 1,

Kua = {f € HQU): f(0) =0}, for3 =1,

then the integral operator 1.5 is well-defined on Eh;g.

Proof. The case 8 # 1 represents Lemma 2.1 for v = 0. If § = 1, denoting t = wz
we have

Talf](2) = hé) /0 1 [h“’z h’(wz)] Flwz)w " duw,

(wz)

and according to Lemma 2.4 for the special case v = 0 and n = 1, we obtain our
result. ]

Lemma 3.2. Let 5 € C with Re3 >0, and let h € A. If

Khs = Kng, for 8# 1,
Kna = {f € Kna: f/(0) #£0}, for 3 =1,

then the integral operator 1.5 is well-defined on Ky.z and satisfies the following
conditions:

F(z)

F=Tylfle A, —2+£0,2€U, Re [ﬁZF/(Z)

F(z)

>0, ze U, forf#1,

z

and

F(2) =Tuslfl(z2) = f(0)z+ ..., z€ U, forp=1.

Proof. The case 0 # 1 follows from Lemma 3.1 and Lemma 2.1 for v = 0. For
B =1,since f(z) =a1z+ ..., z € U, a simple computation shows that

F(z) =Talf](z) =a1z2+ ..., z € U.

The next main result deals with the subordination of the form (1.2) and gives
us an extension of Theorem 1 of [2].
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Theorem 3.1. Let 3> 0 and let h € A. Let f,g € Ki.g and suppose that

29(2) ! e z),
Re= v >—3R J(0,Rh)(z), z € U. (3.1)

Then,

] <[

and the function 1,.5(g] is the best dominant of the subordination.

1/8
] 9(2) = Luslf)(2) < Tnslgl (2),

' Zh’(Z) 1/8
Proof. Denoting by F(z) = Ing[f](2), G(2) = Lnglg](2), ¥(z) = [ ] f(2)

zh (2)

1/8
and ¢(z) = [ ] g(z), we need to prove that

P(z) < p(z) = F(z) < G(2).

Since f,g € Kps and h € A then ¢, ¢ € H(U), and by Lemma 3.2 we have
F.G € H(U) with F(0) = G(0) = 0, F'(0) # 0 and G'(0) # 0.

' 1/8
Differentiating the relations ¢(z) = [Z;LL(S)} g(z) and G(z) = Ipp(g](2) we
obtain
w(z) 1 a2 (1) 2G(e) 1 2G"(2)
5 prenea 55 - (1-5) G35 (4 5) - oo

From the assumption (3.1), according to (2.2) and the second part of the above
equality, we deduce that G € My,3 C M, hence G is a starlike (univalent) function
in U.

Since h € A and g € K5, then ¢(0) = 0, ¢'(0) # 0. Hence, combining the
inequality (3.1) of the assumption together with the first part of (3.2), we obtain
that ¢ is a starlike (univalent) function U.

From G(z) = I.5[g](2), a simple differentiation shows that

2G()]VP zh/(z
1) =66) | 5] e wta =58
hen
t zh (z) /8 2G'(2) 1A
0= 5] s -co | 33)
Similarly, we obtain P
_ i [ L 2R
and,
S (2 1/B SF (2 1/8
o0 = T2 10 -re |55 (3.0
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Now, by using Lemma 2.2, we will show that F(z) < G(z). Without loss of
generality, we can assume that ¢ and G are analytic and univalent in U and G’(¢) # 0
for [(| = 1. If not, then we could replace ¢ with ¢,(2) = ¢(pz) and G with G,(z) =
G(pz), where p € (0,1). These new functions will have the desired properties and
we would prove our result using part (iii) of Lemma 2.2.

With our assumption, we will use part (i) of the Lemma 2.2. Denoting by

2G'(2) Uﬁ_
G(Z) ‘| - @(2)7

aG@xxn@>=G@ﬁ

we only need to show that ¢ € U[p, G], i.e. ¢ is an admissible function (in the sense
of subordination).

If we suppose that F'(z) £ G(z), then by Lemma 2.3 there exist points zy € U
and (y € JU, and a number m > 1, such that

F(Zo) = G(gO)
20F" (z0) = m¢oG'(Co)-

Using the equalities (3.3) and (3.4) together with the above two relations, we
obtain

/B ' /B
ZOF’(%)] 1 [mCOG (@)] 1
=G(Q) | —F—— = mPp(¢). 3.5
F(Zo) ( 0) G(CO) ()0( 0) ( )
Since we already proved that ¢ is a starlike function in U, then ¢(U) is a starlike
domain with respect to the origin, and from the fact that § > 0 the relation (3.5)

gives us

) = Fla) |

Y(20) = m"Po(Go) & (V).
According to the Remark 2.1, we have ¢ € ¥[p, G] and, using Lemma 2.2, we obtain
that F'(z) < G(z).
Furthermore, since the G function, with G(0) = F(0), is a univalent solution
of the differential equation ¢(q(z), 2¢'(z)) = ¢(z), then G is the best dominant of
¥(2) < ¢(z) differential subordination, that completes the proof of the Theorem. m

The next theorem represents a dual result of Theorem 3.1, in the sense that the
subordinations are replaced by superordinations.

Theorem 3.2. Let 3 >0 and let h € A. Let g € Ki.p and suppose that

zg'(z) 1 . s
Re ™5 >~ 5ReJ(0.h)(2). 2 € U, (3.6)

zh (2)
h(z)

/B
Let f € QNKyg such that [ ] f(2) and L.5[f](2) are univalent functions

wn U.
Then,

[zh’(z)r/ﬁ o(2) < [zh’(z)

1/p
h(z) h@)] F(2) = Tniplgl(2) < Tl f](2),

and the function 1,.5(g] is the best subordinant of the superordination.



Sandwich-type theorems 545

Proof. Using the same notation as in the previous proof, i.e. G(z) = I,.5[g](2),

20 (2)]MP zh (2
PG = Tualflh ) = [0 o) and vte) = | S

sion becomes

/B
1 f(2), our conclu-

p(z) < (2) = G(2) < F(2).

From f,g € Ky, and h € A it follows that 1, p € H(U), and by Lemma 3.2 we
have F,G € H(U) with F(0) = G(0) =0, F'(0) # 0 and G'(0) # 0.

Using the assumption (3.6) and according to (2.2), from the second part of the
equality (3.2) we deduce that G € My,3 C M, hence G is a starlike (univalent)
function in U.

Since h € A and g € K, 3, then ¢(0) = 0, ¢’(0) # 0. From the inequality (3.6)
of the assumption together with the first part of (3.2), we obtain that ¢ is a starlike
(univalent) function in U, hence ¢(U) is a starlike domain with respect to the origin.

By using Lemma 2.5 we will show that G(z) < F(z). Without loss of generality,
we can assume that ¢ and G are analytic and univalent in U and G'(¢) # 0 for
|| = 1. If not, then we could replace ¢ with ¢,(2) = ¢(pz) and G with G,(z) =
G(pz), where p € (0,1). These new functions will have the desired properties and
by letting p — 1 we will obtain our result.

Letting

ZG/(Z)‘| o _ QO(Z)
Gz | 77
we only need to show that ¢ € ®[p, G], i.e. ¢ is an admissible function (in the sense

of superordination).
A simple calculus shows that

B(G(=), 2C(2)) = G(2) [

pede 1/8
H(G(2), 12G(2)) = G(2) [“’“] = Y8(2). (37)

G(2)
Using the fact that ¢ is a starlike function, then ¢(U) is a starlike domain with
respect to the origin, and from the assumption 5 > 0 the relation (3.7) gives us

$(G(2),12G'(2)) = t1/79(2) € (U),

whenever 0 < ¢ < 1. From the Remark 2.2 we get ¢ € ®[p, G|, then applying
Lemma 2.5 we obtain that G(z) < F(z).

Furthermore, since the G function, with G(0) = F(0), is a univalent solution
of the differential equation ¢(G(z),2G'(2)) = ¢(z), then G is the best subordinant
of p(z) < ¥(z) differential superordination, hence the proof of the Theorem is
complete. m

If we combine these two results we obtain the following sandwich-type theorem.

Theorem 3.3. Let 3 > 0 and let h € A. Let g1,92 € Kn.p and suppose that the
next two conditions are satisfied

/
1
Re %) o Lpe 0. m(), €U, for k=12 (3.8)

gk(Z) B
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/ 1/8
Let f € QN5 such that [Z;LL(S)] f(z) and 1.5[f](2) are univalent functions
in U.
Then,
()P 2H() P ()P
S ae < |5 <[5 we)
implies

Lnglg1](2) < Inig[f](2) < Inslg2](2).
Moreover, the functions 1.5(g1] and 1,.5[ge] are respectively the best subordinant and
the best dominant.

Since in the assumption of the above Theorem we need to suppose that the
zh (z)
h(z)
will give us, in addition, sufficient conditions that imply the univalence of these
functions.

Corollary 3.1. Let 3 > 0 and let h € A. Let g1,92 € Kp,p and suppose that the
conditions (3.8) are satisfied.
Let f € QN Ky.p such that

1/8
functions [ ] f(z) and I.5[f](2) are univalent in U, the next similar result

ZHC) 1 e 2), z
Re 8 >_6R J(0,h)(z), z € U. (3.9)
Then,
zh (2) 18 zh (2) 1A zh (2) e
o) =55 = [5] e
implies

Iniplgr](2) < Tnip[f1(2) < Tnislgo] ().
Moreover, the functions 1.5lg1] and I.5[ge] are respectively the best subordinant and
the best dominant.

Proof. In order to use Theorem 3.3 to prove this Corollary, we only need to prove
Zh/( Z) 1/8
h(z)
U. Next we will show that the assumption (3.9) implies the univalence of both of
these functions.

A simple calculus shows that

W) 1 s (1P 1 2
o)~ T OME T Q ﬁ>F®)+BQ+de>' (3.10)

From the assumption (3.9), according to (2.2) and (3.10), we deduce that
F e M3 C My, hence F is a starlike (univalent) function in U.

Since h € A and f € Ky,3, we get ¢(0) = 0, ¥'(0) # 0. Then, combining the
inequality (3.9) of the assumption together with (3.10), we obtain that 1) is a starlike
(univalent) function in U. ]

that the functions ¥(z) = f(z) and F(z) = In[f](2) are univalent in
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4 Particular cases

In this section we will discuss some particular cases of Theorem 3.3 obtained for
appropriate choices of the h function.

4.1 The special case h(z) = zexp(Az), |\ < 1.

Then it is easy to show that h € A, and for > 0 and |\| < 1 we have

1 1 Az 1. Az

. Az - I\l
IL+Xz " A=V

z e U.

It follows that
1 [Al

BL—[A]
and for this special case, from Theorem 3.3 we obtain the next example:

—; Re J(0, h)(2) < ceu,

Example 4.1. Let 3 > 0 and g1, 92 € K.exp(r2);8, where |A| < 1. Suppose that the
next two conditions are satisfied

zgp(2) 1 A
Re — ,ze U, for k=1,2.
gr(z) — B1—|Al

1/8
1
+ M\t dt]

Let f € QN K, exp(rz);p such that (1 + /\z)l/ﬁf(z) and [ﬁ /z fﬂ(t) ;
0

are univalent functions in U.

Then,
(T+X2)YP01(2) < (L+X)YPf(2) < (14 A2)YPgy(2)
implies
> 1 \ 1/B . 1 A 1/8 . 1 A\ 1/83
e R AUl R [ e T

PP VAN R ST R VA
Moreover, the functions [ﬁ/ gl () —: dt] and [ﬁ/ gy (t) —: dt] are
0 0

respectively the best subordinant and the best dominant.
Remarks 4.1. 1. According to Corollary 3.1, if f € Q N K, cxp(rz2);3 satisfies the

condition
) 1

R "5

e U,

1+t 1Y
+ dt]

then it is not necessary to assume that (1+X2)"?f(z) and [ﬂ/ £A(t) ;
0
are univalent functions in U.
2. For the special case f =1 and A = 0, the right-hand side of the Example 4.1
represents a generalization of a result due to Suffridge [8]. In addition, the left-hand

side generalizes Theorem 9 from [5].
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z

4.2 The special case h(z) = T

A <1,

Az
1+ Mz

For this case we have h € A and J(0,h)(z) = — . If we denote by

10 =1z <M<

then,

ReSlO) g _ e =6 g <,

U0 1+¢

and I'(0) # 0, which shows that [ is a convex (univalent) function in U. Since

1(¢) = 1(C), it follows that [ (|| < |A|) is a convex domain symmetric with respect
to the real axis, hence

A
Rel(Q) > UMD =~y I < A< 1

Hence, we deduce that

1A
BLl+A

—;ReJ(O,h)(z) < e,

and from Theorem 3.3 we have:

Example 4.2. Let 5 > 0 and g1, 92 € K./11x),8, where |A| < 1. Suppose that the
next two conditions are satisfied

sh(z) 1
g(z) © B14+ A

Re zeU, for k=1,2.

/B
/(2) ORI
Let f c Q N ’CZ/(l-i-)\Z);ﬁ such that m and B/O mdt are

univalent functions in U.
Then,

91(2) f(2) 92(2)
(T+A2)/8 ~ (1+A)/8 — (1+ \2)1/8

implies

A0
[ﬁ/o TESURL
1/8

8 8 /B
z t z t
Moreover, the functions [ﬂ ; t(qu{l—(z\t)dt] and [B/O t(lg?%—(;t)dt] are re-

spectively the best subordinant and the best dominant.

/B
<

QT RN VSR () N
5%;ﬂ1+ﬁf“1 <[ﬁﬁtU+A0d4 '
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Remarks 4.2. 1. From the Corollary 3.1 we deduce that, if f € QN K, 14r2)5
satisfies the condition )
L) 1 I

1
[z~ BRI+

ze U,

- B(¢ /8
then it is not necessary to assume that (1_{()2))1/5 and lﬁ /0 M dt] are

univalent functions in U.

2. For the special case 3 = 1 and A = 0, the right-hand side of this Example
generalizes a result due to Suffridge [8], and the left-hand side generalizes Theorem
9 from [5].

_1dt,>\€(C.

2 At
4.3 The special case h(z) = Zexp/ ¢
0

We may easily show that h € A and Re J(0, h)(z) = Re(Az) > —|A|, z € U. Taking
in Theorem 3.3 this special case we get:

dt and

Example 4.3. Let f > 0 and g1, 92 € Kpnp, where h(z) = zexp/
A € C. Suppose that the next two conditions are satisfied

Re ) SN oy ko1
gx(2) g’

/8
Let f € QN Kpp such that f(z)exp(Az/B) and [ / o expt()\ ) dt] are

univalent functions in U.

Then,
g1(z)exp(Az/B) < f(2)exp(Az/() < g2(2) exp(Az/[)
implies
z ex ex 1/8 P ox 1/p
[ﬁ/o ) pt(A ) dt] [ / £9() p()\)dt < ﬁ/o gg(t)Pt(At)dt] .

exp(\t) dt] 1A

. Ve .
Moreover, the functions lﬁ/ glﬁ( eXp( >dt] and [ﬁ/ gg(t) "
0 0

are respectively the best subordinant and the best dominant.

Remarks 4.3. 1. As in the previous remarks, from Corollary 3.1 we obtain that if

2 M _
f € QN Ky, where h(z )—zexp/

SENT.

flz) = 87

d ¢, satisfies the condition

Re

z exp(At) 1/
then it is not necessary to assume that f(z) exp(Az/3) and [ﬁ/ f’g(t)f d t]
0

are univalent functions in U.

2. For the special case =1 and A = 0, the right-hand side of the Example 4.3
extends a result of Suffridge [8]. In addition, the left-hand side is an extension of
Theorem 9 from [5].
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