Regularity of solutions for a fourth order
parabolic equation
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Abstract

In this paper, we study the regularity of solutions for a fourth order
parabolic equation. Based on the Schauder type estimates and Campanato
spaces, we prove the global existence of classical solutions.

1 Introduction

This paper concerns the study of a fourth order parabolic equation

?;: + divim(u)kVAu — |[VulP~>Vu] =0, x €,

where 2 is a bounded domain in RY and k is the positive coefficients. On the
basis of physical consideration, the equation is supplemented by the zero mass flux
boundary condition, the natural boundary condition

ou;  O0Aup
onloa — on lea — 7

and initial value condition

u(z,0) = up(x), x € Q.
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The equation arises in epitaxial growth of nanoscale thin films [1, 2, 3], where
u(x,t) denotes the height from the surface of the film in epitaxial growth. The
term div(m(u)VAu) denotes the capillarity-driven surface diffusion and the term
div(|Vu[P~2Vu) denotes the upward hopping of atoms. If the nonlinear relation
|Vu|P~2Vu is replaced by a term of the form f(u)Vu, we obtain the well known
Cahn-Hilliard equation[4, 6, 8, 9.

B. B. King, O. Stein and M. Winkler[3] studied the following equation

ou
En + A%y — div(f(Vu)) = g(z, 1),
where reasonable choice of f(z) is f(z) = |z[P722 — 2. They proved the existence,
uniqueness and regularity of solutions in an appropriate function space for initial-
boundary value problem.

In this paper, we study the problem for one-dimensional case. i.e.

0
8—1: + Dm(u)kD* — |Du"2Du] = 0, (2,t) € Qp,p > 2, (1.1)
with boundary condition
— N3 _
Du =01 =01 0, (1.2)
and initial condition
u(z,0) = ug(x), =€ (0,1). (1.3)
0

where Q; = (0,1) x (0,t), D = B

Our main purpose is to establixsh the global existence of classical solutions under
much general assumptions. The main difficulties for treating the problem (1.1)-
(1.3) are caused by the nonlinearity of the principal part and the lack of maximum
principle. Due to the nonlinearity of the principal part, there are more difficulties in
establishing the global existence of classical solutions. Our method for investigating
the regularity of solutions is based on uniform Schauder type estimates for local in
time solutions, which are relatively less used for such kind of parabolic equations of
fourth order. Our approach lies in the combination of the energy techniques with
some methods based on the framework of Campanato spaces.

Now, we state the main results in this paper.

Theorem 1.1. Assume that

(H1) m(s) € C*™(R), 0 < mf(s),

(H2) ug € O D'ug(0) = D'ug(1) =0 (i = 1,3),

where Cy, Cy, q are positive constants. Then the problem (1.1)-(1.3) admits a unique
classical solution u € C*T1H/4(Qr).

This paper is organized as follows. We first present a key step for the priori
estimates on the Holder norm of solutions in Section 2, and then give the proof of
our main theorem subsequently in Section 3.
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2 Holder Estimates

As an important step, in this section, we give the Hélder norm estimate on the local
in time solutions. From the classical approach, it is not difficult to conclude that
the problem admits a unique classical solution local in time. So, it is sufficient to
make a priori estimates.

Proposition 2.1. Assume that (H1)-(H2) holds, and u is a smooth solution of the
problem. Then there exists a constant C' depending only on the known quantities,
such that for any (x1,t1), (xe,t2) € Qr and some 0 < a < 1,

u(r, 1) = u(@s, ta)| < Oty — b + |1 — 25]%),

Proof. Multiplying both sides of the equation by D?u and then integrating resulting
relation with respect to x over (0, 1), we have

1d
2dt Jo
1
:—/ D]|Dul?~* Du]D*udz,
0

(Du)Qda:—l—k/ w)(DPu)2dx

that is
Ld 3 ! ~2( 2, \2
(Du) da:+k/ )(D*u)?d :—(p—l)/ | DulP~2(Du)2dx,
2dt 0
hence 1 d
. O(Du) dx+k/ W) (DPu)2dz < 0
we obtain )
sup [ (Du)*dx < C. (2.1)
0<t<T v0

// Vde < C. (2.2)

The integration of (1.1) over the interval (0, 1) yields / —d:c = 0, hence we obtain

/01 u(z, t)de = /01 uo(z)dz.

Applying the mean value theorem, we see that for some z; € (0, 1)

u(zy,t) = /01 up(z)dr = M.

Therefore
lu(z, )] < |u(z,t) —ulzy, )] + |u(zy, )]

< / Du(t,y)dy‘—l—M.
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Taking this into account and using (2.2), it follows that

sup |u(z, t)] < C. (2.3)
Qr
By (2.1), we have
|u(zq,t) — u(zg, t)| < Cloy — 22]%, 0<a<1. (2.4)

Integrating the equation (1.1) with respect to  over (y, y + (At)'/4) x (t1,t,), where
0<ty <ty <T, At =ty —t1, we see that

y+(At)/4
/ [u(z, t2) — u(z, t)]dz
Yy

= ["lm(uly. )kD¥u(y, s) — | DulP 2 Duuly/, s)) (2:5)

t1

- (m(u(y7 S))]{IDSU(y, 8) - ‘Du’p72Du<ya 8))]d8
Set

N(s,y) =(m(uly’, s))kD*u(y/, s) — [Dul"* Du(y', s))

— (m(u(y, s))kD*u(y, s) — [Dul’"*Du(y, s)),

where y' = y + (At)/4,
Then (2.5) is converted into

(At /;My +0(A) 1) — uy + 0(AD)Y, 41))]do

t2

=— N(s,y)ds.

t1

Integrating the above equality with respect to y over (z,z + (At)Y/4), we get
1/4

to At
(A2 (u(z* ty) — u(z*, ty)) / / N(s,y)dyds.
t1

Here, we have used the mean value theorem, where * = y* + 0*(At)'/4, y* €
(z, 7+ (At)/*), 6 € (0,1). Hence by Holder inequality and (2.2),(2.3),(2.4), we get

u(x*,ty) —u(z* t)| < C(A)**, 0<a<l. (2.6)

The proof is complete. u
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3 Proof of the result

In this section, we prove the theorem that there exists a classical solution of the
problem (1.1)—(1.3), under our assumptions on m and uy.
Now, we consider the following linear problem

21; + D?*(a(x,t)D*u) = D*f, (3.1)
Y —

u r=0,1 - u x=0,1 - O’ (32)

u(z,0) =0 (3.3)

Here we do not restrict the smoothness of the given functions a(x,t) and f(z,1t),
but simply assume that they are sufficiently smooth. Our main purpose is to find
the relation between the Holder norm of the solution w and a(z,t), f(z,t).

The crucial step is to establish the estimates on the Holder norm of u. Let
(to, o) € (0,T) x (0,1) be fixed and define

o) = [ [ (o= wl + 102 it (9> 0)

where

1
S, = (to— p*,to + p*) x By(wg), wu,= —// udtdx
‘Sp| Sp

and B,(xg) = (xo — p, zo + p).
Let u be the solution of the problem (3.1),(3.2),(3.3). We split u on Sk into
u = uq + ug, where u, is the solution of the problem

887;1 + CL(to, l’o)D4U1 = O, (t, .fl?) S SR (34)

uy =u, D*u; =D, (t,x)€ (to— R* to+ R*) x 0Br(x0) (3.5)
uy =u, t=ty— R x¢& Bg(xy), (3.6)

and wuy solves the problem

8522 + a’<t07 $0)D4u2 = D2 (a(t(b 'TO) - a(ta x))DQu + D2f> (tv I) € SR7 (37)
Uy = O, DQ’LLQ = O, (t, .T) € (to — R4,t0 + R4) X 8BR((E0), (38)
Uy = 0, t= to - R4, T € BR(QI()). (39)

By classical linear theory, the above decomposition is uniquely determined by w.
We need several lemmas on u; and us.

Lemma 3.1. Assume that

la(t,x) — a(ty, zo)| < ag<|t—t0|a/4+ |x—x0]0>,t € (to— Rty + RY), € Bg(x).
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Then

sup / u2txda:—|—// )2 dtda
(to—R* to+R4) Y Br(zo) SR

<CR¥ / (D2u)? dtdz + C'sup | f|2R°.
SR SR

Proof. Multiply the equation (3.7) by ug and integrate the resulting relation over
(to — R*,t) x Br(zo). Integrating by parts, we have

1 t
3 ). uy(x,t)dx + a(wo, to) /tO_R4 ds /BR(DQUZ)QCM
t

t
= ds/ la(to, x0) —a(t,x)]DzuDQuzdx—i-/ ds/ fD*uydx.
to—R4 Br to—R4 Br

Noticing that

t

ds/ [a(to, zo) — a(t, )| D*uD*uydx
—-R*  JBg

<5// ug)?dsdx + C.a RQ"// )2dsdx,
Sk

and
t
/ ds/ fD*usdx| < 5// (D*ug)?dsdx + C.R° sup | f|?,
to—R4 BR SR
hence we obtain the estimate and the proof is complete. [ ]

Lemma 3.2. For any (t1,21), (t2,22) € S,
g (t1, 1) — g (ta, 22)]?
|t1 — t2‘1/4 + |LU1 — l’2|

<C  sup /Bp( )(Dul(t Jx))? dw—i—C// )2 dtdx.

(to—p*,to+p*)

Proof. From the Sobolev embedding theorem, we have for any (z1,t), (z2,%) € S,,

t — uy (¢ 2
[ur(t, 21) — wa(t, 72| <C sup / (Dul(t,:v))2 dx. (3.10)
|ZL‘1 - 952| (to—p*,to+p*) Y Bp(wo)

Integrating the equation (3.4) with respect to = over (y, y + (At)/4) x (t1,t,), where
0<ty <ty <T, At =ty —t1, we see that

t1

yH(AnHs s 3
/ [u1(z,t2) — u1(z, t1)]dz + a(zo, to) / [Duq (y', s) — Duq (y, s)]ds = 0,
y

where ¢/ = y + (At)V/2.
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That is

(A [ sy + B, 13) — sy + B(A) 1, 1))

to
+Mmj@£[D%ﬂyﬂﬁﬂmﬁ)—D%ﬁ%$M5:0

Integrating the above equality with respect to y over (z,x + (At)'/4), we get

(At)1/2(u1(a:* tz) —up(z*, 1))

£)1/4

to
l‘oyto// [D3u, y+(At)1/4 s) — D3uy(y, s)]ds.

Hence,

Ul(l' tg) — Ul(l' t1)| < C|t1 t2 1/4// dtde

233

where z* = y* + 0*(AH)Y4, y* € (v, 2 + (At)/*), 0 € (0,1). This and (3.10) yields

the desired conclusion and the proof is complete.

Lemma 3.3. (Caccioppoli type inequality)

sup /
(to—(R/2)4 to+(R/2)4) Y Br/2(%0)

C
gm/AJm@@—wmﬁam

sup / | Duy | do + // | D3uy | dtda
(to—(R/2)%,to+(R/2)1) / Br/2(z0) Sry2

C
§R4//SR | Duy|? dtdr < —// luy(t, z) — (u1)g|? dtdz.

Lemma 3.4. Assume that

la(t, z) — a(to, xo)| <a, <|t — t0|"/4 + |z — x0|a>,

t e (tO_R4,tO+R4), xEBR($0).

Then for any p € (0, R),
1 2 4 2 2
w/éﬂm—wm|+m0mmam
P

C
Sﬁ//s (Jur = (u1)g|” + B*| D%w ) dtd.

|m@@—mm$m+/é D%y |? didz
R/2
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Lemma 3.5. For A € (5,06),

o(p) < C) <g0(R0) + sup |f|2) o, p< Ry= min(dist(mo, 8(2),753/4),

Ro
where C depends on X\, Ry and the known quantities.

The proof of lemma 3.3-3.5 is quite similar to the corresponding part in [5], and
we omit the details.

Similar to the discussion about the Campanato spaces in [7], we first conclude
from Lemma 3.5 that

) —um)|  _
|t1 — o] A=9)/4 4 |zq — 25|35 =

1 +Sup|f|> (3.11)

Ro

Proof of Theorem 1.1. The key estimate is the Holder estimate for Du, which can
be obtained by the above result. In face, let w = Du — Duy satisfies

0
% + D*(m(u)D*w) = D*f,
w = D? =0,
r=0,1 x=0,1
w(z,0) =0,

where
f = —km(u)D*uy + | DulP~2 Du.

Hence by (2.3), (3.11) and using the interpolation inequality, we thus obtain
\Du(xl, tl) — DU(ZL’Q, tg)l S C(|JZ1 — I2|a/2 + |t1 - t2|a/8).

The conclusion follows immediately from the classical theory, since we can transform
the equation (1.1) into the form

0
8—1; + ay(t, ) D*u + by (t, ) D*u + ay(t, z) D*u = 0,

where the Holder norms on

ai(t,x) = km(u(t,x)), bi(t,x) = km'(u(t, z))Du(t, x)
az(t, ) = —(p — 1)| Duf"~?,

have been estimated in the above discussion. The proof is complete. [ |
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