A New Hilbert-Type Inequality

Bicheng Yang

Abstract

This paper deals with a new Hilbert- type inequality by introducing a
parameter and the Beta function. As applications, the equivalent form, the
reversions and some particular results are considered. All the theorems pro-
vide some new estimates on this type of inequalities.

1 Introduction

If a,,b, > 0, such that 0 < 22, a?
Hilbert’s inequality is given by

< ooand 0 < 3%, b? < oo, then the famous

n=1"n
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where the constant factor 7 is the best possible (see [1]). Inequality (1) was gener-
alized by Hardy-Riesz [2] in 1925 with (p,q)- parameter as:
pr>1,%—|—f 1,0 < > <ooand 0 < Y22, 0% < oo, then

nln n=1"n

n=1m=

where the constant factor 7 / sin(7/p) is the best possible. When p=q=2, (2) reduces
o (1). Inequality (2) is named of Hardy-Hilbert’s inequality, which is important in
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analysis and its applications (see [3]). In 1997- 1998, by estimating the weight
coefficient, Yang and Gao [4,5] gave a strengthened version of (2) as:

© = o (e[ x _1_7ap; <7 & 1-9]
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where 7 is Euler constant, and 1 —~ = 0.42278433". In recent years, by introducing
a parameter A and the Beta function, Yang [6] gave a generalization of (2) as:
If 2—min{p,q} <A <2,0< 3% n'Aa? <ooand 0 < 300, n! A < oo, then

55 i cenlEoe B o

where the constant factor k,\(p)(: B(”P#, L;H)) is the best possible( B(u,v) is

the Beta function). And the equivalent form was built as (see [7]):

j{:7ﬁp—1xk—1)[j£: Am
n=1

C | < lar e, )

where the constant factor [ky(p)]P(= [B(“p#, wﬁ)]p) is the best possible. When

A = 1, inequality (4) reduces to(2), and (5) reduces to the equivalent form of (2) as:

N P e e ] ©)
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For p=¢ =2, in (4), one has 0 < A <2 and

1
AAT 1oa o= 12|’
T LU
It is obvious that inequality (7) is and extension of (1). We call (7) the extended
Hilbert’s inequality. Yang [8] proved that (7) is still valid for 0 < A < 4. In 2003,
Yang et al. [9] provided and extensive account of the above results. Recently, Yang
[10] gave a reversion of the integral analogue of (4) following the assumption of
O<p<l g+ ;=land2—-p<A<2—gq

The main objective of this paper is to build a new Hilbert-type inequality by
introducing a parameter A and the Beta function, which is related to the double
series as

> > LHL%(mV(A>2_mm@”D‘

n=ng m=no

As applications, the equivalent form, the reversions and some particular results are
considered. All the theorems provide some new estimates on this type of inequalities.
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2 Main results and the equivalent form

First, we need the formula of the Beta function as (cf. Wang et al. [11]):

Blu,v) = [ mlt)wt“ldt — B(v,u) (u,0 > 0). (8)

LEMMA 2.1. If p > 1, % —|—% = 1, u(t) is a differentiable strict increasing function

in (ng — 1,00) (ng € N), such that u((np — 1)+) = 0 and u(oco) = oo, and for

r=p,qA>2-—r, (u(t))¥u’(t) (t € (np — 1,00)) is decreasing, define the weight
function wy(r,m) as

2—)

o) i= 3 s (S0 T ) (e Nom 2 no). ()

n=ny (1 +u(m)u(n))*

Then, one has

A—2 A—2 -
w/\(ra m) < B (p - p ’ . i q ) (u(m)>2(2T A)il (T =p,qm 2 nO)' (10)

Proof. By the assumption of the lemma, since A\ > 2 — min{p,q} > 0 and
(u(t)) ™7 u/(t) (t € (no — 1,00)) is decreasing, one has

wx(r,m) < /Oo = <u(m)

no—1 (1 +u(m)u(y)* \ u(y)

2—)

) W(y) dy.

Setting t = u(m)u(y) in the above integral, one finds

1 u?(m) =
wy(r,m) < /0 (1+t)k< ; ) u(m)dt

0 1 r4A=2 22-0) 4
pr— 7t ™ dt s .
b T (u(m))

In view of 2=2 > (0 (r = p,¢) and ]74"# + % = A, then by (8), one has (10).
The lemma is proved.

THEOREM 2.2. If p > 1,% + % = 1, u(t) is a differentiable strict increasing
function in (ng — 1,00) (ng € N), such that u((ng — 1)+) = 0 and u(o0) = oo, and

forr =p,q, A >2—r, (u(t))kizu’(t) (t € (ng — 1,00)) is decreasing; a,, , b, > 0,

satisfy
2 2
oo (u(n))E(Qf)\)fl oo (u(n));@f}\)fl
0< S B pcoo and 0< Y < oo,
ey (W(n))Pt iy (W(n))771

then one has

[c. ol o}
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©  (uln 2(2-2)-1 > < (uln 2(2-0)-1 7
< kA(?){Z (<(/)()n)>p_1aﬁ} {Z ( Eu/)()n))q—l bi} ; (11)

n=ng U
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where ky(p) = B (p’;#, %) . In particular,

(i) setting u(t) = ¢* (a > 0;¢ € (0,00)), then for 2 —r < X < 24 (L — 1)
(r =p,q), one has

{Z” e } {an?”qqabi}qs (12)

(i) setting u(t) = Int (¢t € (1,00)), then for 2 — min{p, ¢} < A < 2, one has

>y

n=1m=1 [1 + (mn) ]
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(13)
Proof. By Hdélder's inequality with weight (see Kuang [12]) and (9) , one has
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Hence by (10), one has (11). The theorem is proved.

THEOREM 2.3. If p > 1,% + % = 1, u(t) is a differentiable strict increasing
function in (ng — 1,00) (ng € N), such that u((ng — 1)+) = 0 and u(o0) = oo, and
forr=p,q, A\>2—r, (u(t))AZQu’(t) (t € (ng — 1,00)) is decreasing; a,, > 0, satisfy

=, (u(n)e

0< >

n=no

then, one has the equivalent form of (11) as

’ = (u(n)s

< [kA(p)]? ; ()t (15)

S W) [ =
> ey [Z (1 + u(m)u(n))*

o (u(n) T i

where [k\(p)]P = [B (%, %)]p. In particular,
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(i) setting u(t) = t* (@ > 0;¢ € (0,00)), then for 2 —r < X < 2+ r( — 1)
(r = p, q), one has the equivalent form of (12) as

(ii) setting u(t) = Int (¢t € (1,00)), then for 2 — min{p, ¢} < A < 2, one has the
equivalent form of (13) as

2(2 A)

‘| i 2a(2—=N)+p A)+p

Z ay; o (16)

p—2(2—X)

0o lnn P 0o a p 0o np—l
m P P
Z Lf}; A mminn) < [ka(p)] nz:; (lnn)l"@‘”an (17)

Proof. Set b, as

and use (11) to obtain

(w0 S W) [ aw T
o < & et m & e | wrtn]

n=ngo n=no (u(n ) q

mbn
- LY G

n=ng m=ng

< (uln (2-2)-1 % < (uln %(27,\)71 %
mm{z L } {Z e bz} Sy

n=ng =ng

IN

9] (u(n))%@—)\)—l . % B 0o u/(n) oo am p)p
{Z Wy bn} - {Z ) b <1+u<m>u<n>>AH

< k() { > Wag} < 0. (19)

neme  (W/(n))P

It follows that (18) takes the form of strict inequality by using (11); so does (19).
Then (15) holds.
On the other hand, suppose that (15) holds. By Hédlder's inequality, one has

mbn,

> Y Aratar

_ o\ (u'(n))" T A (u(n))@ nE
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Then by (15), one has (11). Hence (15) and (11) are equivalent. The theorem is
proved.

REMARK 2. 4. For @« = A = 1in (12) and (16), one has the following equivalent
inequalities:

DD DL {in}{inb} @

n=1m=1 Sln(E) n=1

which are similar to (2) and (6).
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3 Some reversions

THEOREM 3.1. If 0 < p < 1, ;1) + % = 1, u(t) is a differentiable strict increasing
function in (ng — 1,00) (ng € N), such that u((ng — 1)+) = 0 and u(o0) = oo, and
uw'(t) (t € (ng— 1,00)) is decreasing; a,, b, > 0, satisfy

O<Z

n=ng

/ 1—p / 1—q
(W) ————al < oo and 0<2Mbg<oo,

u(n) = u(n)

then one has

Z Z (1+uf b) )~ { i (1 +<Z,((72))));(_7:()1§um)}; { i (Ul(n))l_qbi}é

n=ng m=ng n=ng n=ng

In particular,
(i) setting u(t) =t* (0 < a < 1;t € (0,00)), one has

1 1
0o oo 00 ap p ( 0© b% 7
Z Z ) {; 1+ na npla—1)+1 } {Z nala—1)+1 } ) (24)

n=1 m:l

(i) setting u(t) = Int (¢ € (1,00)), one has

00 0 o npflag v (&2 anlb% a o
;Z 1+lnmlnn) >{nz_:2 (1+1n2lnn)lnn} {nz_; Inn } ' (25)

Proof. By the reverse Hélder's inequality with weight (see [12]), using the reverse
(14) for A = 2, one has

b = w(m) ap}i{oo w(n) q}l
£ L aronr > L5 woams] (Z woge - @
where w(m) 1= wy(r,m) = 302, Wu’(n) (r = p,q). Since u/(t) (t € (ng —

1,00)) is decreasing, one has
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1 ( 1 ) ™ u'(t) t2dt<w(m)

u(m) \ 1+ u(ng)u(m)

then by (26), since ¢ < 0, one has (23). The theorem is proved.

THEOREM 3.2. If p < 1,p # 0, %—i—% =1, u(t) is a differentiable strict increasing
function in (ng — 1,00) (ng € N), such that u((np — 1)+) = 0 and u(c0) = oo, and

u'(t)(t € (no — 1,00)) is decreasing; a, > 0, satisfy 0 < 302 T < 00,
then
(i) for 0 < p < 1, one has the equivalent form of (23) as
o~ u'(n) [ - U, (u'(n))"Pal)
Y | > Z ;o (27)
n=mo (W) iz, (L+u(m)u(n))? ] = 1+U o)u(n)) u(n)

(ii) for p < 0, one has the reversion of (27), which is equivalent to (23) for the
same p(< 0).
Proof. Set b, as

_ u'(n) — m "
G L, ]

m=ng

and use (23) to obtain

0 be B 0 u'(n) O G P
O < L w2 i) LZ <1+u<m>u<n>>21
) bn
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= {i <1+<u<22)>)5(p?f (n >}
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(5 worm

n=ng

> {5‘3 (u/(n))! 7 };; »

(i) For 0 <p<1,if 302 m < 00, then (28) takes strict inequality by
using (23); so does (29); if 307 m = 00, then (29) takes strict inequality.

Hence (27) holds.
(ii) For p < 0,0 < g < 1, by (29), one has

- bl - (' (n)""Pa,

0< 2 Wemymam =2 T amoam)am) =

n=no n=no
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Hence (28) takes strict inequality by using (23); so does (29). Hence the reversion
of (27) is valid.

On the other hand , (i) for 0 < p < 1, suppose that (27) holds. By the reverse
Holder's inequality, one has

® & b
> Y drutn oral

n=ng m=n

n; [(?5233 1] mi (1+u(a77:b)u(n))2} {[W]bn}

—  u(n) | & A (& b i
{Z ) LZ% (1+u<m>u<n>>21 } {Z <u'<n>>q—1u<n>} (30)

Then by (27), one has (23). Hence (27) and (23) are equivalent. (ii) For p < 0,
suppose that the reversion of (27) holds. By (30), one still has (23). Hence the
reversion of (27) and inequality (23) are equivalent for p < 0. The theorem is

proved.
REMARK 3.3. For p < 1,p# 0,ac =1 in (24) , one has

. !
} | (31)
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