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Abstract

Let ⊥ be the polarity of PG(5, q) defined by the elliptic quadric Q−(5, q).
A locally Hermitian spread S of Q−(5, q), with respect to a line L, is associated
in a canonical way with a spread SΛ of the 3-dimensional projective space
L⊥ = Λ, and conversely. In this paper we give a geometric characterization
of the regular spreads of Λ which induce Hermitian spreads of Q−(5, q).

1 Introduction

Let Q−(5, q) be the elliptic quadric of PG(5, q). A spread S of Q−(5, q) is a partition
of the pointset of Q−(5, q) into lines. Let L be a fixed line of S. For each line M
of S, the subspace 〈L, M〉 has dimension 3 and intersects Q−(5, q) in a non-singular
hyperbolic quadric. Let RL,M be the regulus of 〈L, M〉∩Q−(5, q) containing the lines
L and M . The spread S is locally Hermitian with respect to L if RL,M is contained
in S for all lines M of S different from L. If the spread S is locally Hermitian with
respect to all the lines of S, then the spread is called Hermitian or regular and is
unique up to isomorphism (see [8], Section 8.1).

Let ⊥ be the polarity of PG(5, q) defined by Q−(5, q). As in [3], it is possible
to associate with a locally Hermitian spread with respect to a line L of Q−(5, q), a
spread of the 3-dimensional projective space L⊥ = Λ in the following way. Let M
be any line of S different from L; then mL,M = 〈L, M〉⊥ is a line of Λ disjoint from
〈L, M〉.
Then, SΛ = {mL,M | M ∈ S, M 6= L} ∪ {L} is a spread of Λ and in [3] it has been
shown that for each spread F of Λ containing L, there is a locally Hermitian spread
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S(F , L) of Q−(5, q) (with respect to L) such that S(F , L)Λ = F . This construction
is the dual of the one in [8], Section 8.1, Case d (see, e.g., [3]).

By [8], if S is a Hermitian spread of Q−(5, q), then the spread SΛ is regular for
each line L of S but, surprisingly, for q > 2, there exists a regular spread F of Λ
containing L such that S(F , L) is not Hermitian (see [3], Theorem 6). Note that for
q = 2 every regular spread induces a Hermitian spread (see [3]). An open problem
was the characterization of those regular spreads of Λ inducing Hermitian spreads
of Q−(5, q).

Let Q+(5, q2) be a non-singular hyperbolic quadric of PG(5, q2). Choose Σ '
PG(5, q) in such a way that Q−(5, q) = Q+(5, q2)∩Σ, with Σ the set of fixed points
with respect to a Baer involution σ of PG(5, q2) preserving the hyperbolic quadric
Q+(5, q2).

Denote by Λ∗ the 3-dimensional subspace of PG(5, q2) defined by Λ. Recall that
each regular spread of Λ has exactly two transversal lines over GF (q2) (see, e.g.,
[1]). Note that Λ∗ intersects Q+(5, q2) in two conjugate planes with respect to σ
meeting Λ in exactly the line L.

In this paper we prove that the only regular spreads (containing L) of Λ which
give Hermitian spreads of Q−(5, q) are those whose transversals lie on the two planes
of Q+(5, q2) through L.

2 Regular Spreads of PG(3, q)

Let L1, L2, L3 be any three disjoint lines of PG(3, q) and denote byR(L1, L2, L3) the
regulus of PG(3, q) containing L1, L2 and L3 (see e.g. [2]). A spread F of PG(3, q)
is regular if R(L1, L2, L3) is contained in F for all distinct L1, L2, L3 ∈ F . Put
Λ̄ = PG(3, q2) and let τ be a Baer involution of Λ̄. The set Λ of the points of Λ̄
fixed by τ is a 3-dimensional projective space PG(3, q). A line of Λ̄ contains exactly
0, 1 or q + 1 points of Λ, and a point x of Λ̄ \ Λ is incident with the extension of
exactly one line of Λ. If m is an imaginary line of Λ̄ (i.e., a line disjoint from Λ),
then also mτ is imaginary. For each point x of m, let L(x) be the line joining the
points x ∈ m and xτ ∈ mτ . Then L(x) intersects Λ in exactly q + 1 points and
l(x) = L(x) ∩ Λ is a line of Λ. The lineset Fm = {l(x) : x ∈ m} is a regular spread
of Λ and for each regular spread F of Λ there are exactly two imaginary lines m
and mτ such that Fm = Fmτ = F (see, e.g., [2]). The set R is a regulus of Fm if
and only if {x ∈ m : l(x) ∈ R} is a Baer subline of m (see, e.g., [1]), i.e. a subline
isomorphic to PG(1, q). The lines m and mτ are called transversals of Fm.

3 Hermitian spreads of Q−(5, q)

Let H = H(3, q2) be the Hermitian variety of PG(3, q2) with equation X0X
q
3 +

X1X
q
2 + X2X

q
1 + X3X

q
0 = 0 (for more details see, e.g., [4]) . An ovoid of H is a set

of q3 +1 points of H such that no two of them are collinear on H (see e.g. [6]). The
incidence structure formed by all points and lines on H is the dual of the incidence
structure formed by all points and lines of the elliptic quadric Q−(5, q) (see [5]); call
this duality ρ. A locally Hermitian spread S of Q−(5, q) with respect to a line L is
the image under ρ of an ovoid O of H whose points lie on q2 Baer sublines on O
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through the point P , with P ρ = L. The spread S = Oρ is Hermitian if and only if
O is classical (see [8]), i.e., is a non-singular Hermitian curve.

Let P = (1, 0, 0, 0) ∈ H and note that the polar plane of P with respect to H
is π1 : X3 = 0. In order to parametrize the ovoid O, one can fix any plane π0 of
PG(3, q2) not through P and consider the set P of the points of π0 obtained as
intersection with the q2 Baer sublines on O through P . Since O is an ovoid, the
points of P have the property that the line joining any two of them intersects π1 in
a non-singular point.

Let π0 have equation X0 = 0. The points of π0 not contained in π1 have coordi-
nates {(0, α, β, 1) : α, β ∈ GF (q2)}. As the line joining (0, α, β, 1) and (0, α, β′, 1),
with β 6= β′, intersects π1 in a singular point, it follows that for any α there is exactly
one β such that (0, α, β, 1) ∈ P . Hence, put β = f(α), f a function from GF (q2) to
itself. Then P is the set of points of π0 with coordinates (0, α, f(α), 1), α ∈ GF (q2).
Since the line joining any two points of P intersects π1 in a non-singular point, it is
easy to verify that:

(∗) tr((f(α)− f(α′))q(α− α′)) 6= 0, ∀α, α′ ∈ GF (q2), α 6= α′,

where tr is the trace function from GF (q2) to GF (q).
The ovoid O is the set of points of H lying on the q2 lines joining P with any

point of P . So (c, α, f(α), 1) ∈ O if and only if tr(c + αqf(α)) = 0, ∀α, c ∈ GF (q2),
i.e. if and only if c = γ − αqf(α), γ ∈ GF (q2) with tr(γ) = 0. Hence we can write

O = {Pγ,α | γ, α ∈ GF (q2) with tr(γ) = 0} ∪ {P}

where Pγ,α = (γ − αqf(α), α, f(α), 1). Apply the Klein correspondence φ from
the lineset of PG(3, q2) onto the pointset of the hyperbolic quadric K = Q+(5, q2)
with equation X0X5 + X1X4 + X2X3 = 0. The correspondence φ associates to the
line of PG(3, q2) spanned by the points u = (u0, u1, u2, u3) and v = (v0, v1, v2, v3),
the point of PG(5, q2) with Plücker coordinates (p01, p02, p03, p12,−p13, p23) where

pij =

∣∣∣∣∣ ui uj

vi vj

∣∣∣∣∣ , i, j = 0, ..., 3, i < j. To each point Pγ,α of O there corresponds

the line Lγ,α = (=(Pγ,α))φ of K where =(Pγ,α) is the set of lines of H through
Pγ,α. Note that the lines l1 = 〈(f(α)q,−1, 0, 0), (γ − αqf(α), α, f(α), 1)〉 and l2 =
〈(αq, 0,−1, 0), (γ − αqf(α), α, f(α), 1)〉 belong to =(Pγ,α). Hence, the ovoid O can
be associated with the partial line-spread S+ = Oφ of K:

S+ = {Lγ,α : γ, α ∈ GF (q2)} ∪ {L∗}
where L∗ = P φ = 〈(1, 0, 0, 0, 0, 0), (0, 1, 0, 0, 0, 0)〉 and
Lγ,α = (=(Pγ,α))φ = 〈lφ1 , l2

φ〉 = 〈(γ − αqf(α) + αf(α)q, f(α)q+1, f(α)q,−f(α), 1, 0),
(αq+1, γ, αq, α, 0,−1)〉.
The Hermitian variety H is the dual of the elliptic quadric Q−(5, q) = K ∩Σ where
Σ = {(x0, x−xq, y, yq, z−zq, x5) : x0, x5 ∈ GF (q), x, y, z ∈ GF (q2)} is the subgeom-
etry (' PG(5, q)) of the points of PG(5, q2) fixed by the involutorial collineation:

(x0, x1, x2, x3, x4, x5)
σ = (xq

0,−xq
1, x

q
3, x

q
2,−xq

4, x
q
5)

(see, e.g., [4], §15.2). Using this duality, the ovoid O corresponds to the locally
Hermitian spread S− = S+ ∩ Σ of Q−(5, q) with respect to the line L = L∗ ∩ Σ.
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Lemma 3.1. S− is a Hermitian spread of Q−(5, q) if and only if f(α) = aα + b,
with a, b ∈ GF (q2) and tr(a) 6= 0.

Proof. S− is Hermitian if and only if O is a classical ovoid of H, i.e. if and only
if it is contained in a non-singular plane. This implies that f(α) = aα + b, with
a, b ∈ GF (q2) and condition (∗) forces tr(a) 6= 0. Conversely, assuming f(α) = aα+b
and tr(a) 6= 0, the ovoidO is contained in the non-singular plane aX1−X2+bX3 = 0,
hence O is a classical ovoid and S− is Hermitian. �

In the sequel we use the symbol ⊥ to refer both to the polarity of PG(5, q2)
induced byK and to the polarity of PG(5, q) induced by Q−(5, q). The 3-dimensional
projective space Λ∗ = L∗⊥ has equations X4 = X5 = 0. Using the construction of
[3], the following partial spread S+ of K induces the partial spread of Λ∗:

SΛ∗ = {Lα : α ∈ GF (q2)} ∪ {L∗}

where Lα = 〈L∗, Lγ,α〉⊥ = {(αX2 +αqX3, f(α)X2−f(α)qX3, X2, X3, 0, 0) : X2, X3 ∈
GF (q2)}. If we intersect SΛ∗ with Σ, we obtain a spread SΛ of the 3-dimensional
projective space L⊥ = Λ = Λ∗ ∩ Σ.

Observe that the singular planes of K through L are exactly π : X2 = X4 =
X5 = 0 and πσ : X3 = X4 = X5 = 0.

Theorem 3.2. The spread S− is Hermitian if and only if SΛ is a regular spread
whose transversals lie on the two planes of K through L.

Proof. Suppose S− is Hermitian. By Lemma 3.1, f(α) = aα + b with tr(a) 6= 0.
Intersecting π with all lines Lα ∈ SΛ∗ we get {(αq,−f(α)q, 0, 1, 0, 0), α ∈ GF (q2)},
which is a line, say m. Similarly, intersecting πσ with all Lα ∈ SΛ∗ , we get a line, say
m′, with m′ = mσ. Note that the lines of SΛ are precisely those joining each point
on m with its conjugate on mσ. Hence SΛ is regular. Conversely, if SΛ is a regular
spread whose transversals lie in π and πσ, then π∩Lα = {(αq,−f(α)q, 0, 1, 0, 0), α ∈
GF (q2)} and πσ ∩ Lα = {(α, f(α), 1, 0, 0, 0), α ∈ GF (q2)} are lines. This happens
only when f(α) = aα + b. Finally, condition (∗) implies tr(a) 6= 0 and, by Lemma
3.1, S− is Hermitian. �
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