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ABSTRACT. In this note, we define adherent and accumulation points
of a set in an intuitionistic fuzzy metric space, and prove the Sier-
pinski and Hine Theorem for intuitionistic fuzzy metric spaces.

1. INTRODUCTION

Zadeh [11] introduced the concept of fuzzy sets. Atanassov [1] general-
ized fuzzy sets by introducing and studying intuitionistic fuzzy sets. Re-
cently, using the idea of intuitionistic fuzzy sets, Park [10] introduced the
notion of intuitionistic fuzzy metric spaces with the help of continuous t-
norms and continuous t-conorms as a generalization of fuzzy metric spaces
due to George and Veeramani [3]. In a series of papers the authors [2—
7,10] are systematically developing the theory of fuzzy structure on metric
spaces.

In this note, we define the notions of adherent and accumulation points,
and prove that in an intuitionistic fuzzy metric space, each compact subset
is a complete set. We also prove a new version of the Hine Theorem and
the Sierpinsky Theorem for intuitionistic fuzzy metric spaces. Our results
also extend, generalize, and make fuzzy several results on metric spaces and
fuzzy metric spaces.

2. PRELIMINARIES

Definition 1. A binary operation *: [0,1] x [0,1] — [0,1] is a continuous
t-norm if x satisfies the following conditions:

(a) * is commutative and associative;

(b) * is continuous;

(c) a*x1=a forall a €[0,1];

(d) a*b<cxd whenever a <c and b<d, and a,b,c,d € [0,1].
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Definition 2. A binary operation ¢: [0,1] x [0,1] — [0,1] is a continuous
t-conorm if o satisfies the following conditions:

(a) © is commutative and associative;

(b) ¢ is continuous;

(c) ac0=a for all a €[0,1];

(d) aob<cod whenever a <c and b<d, and a,b,c,d € [0,1].

Remark 3. The concepts of triangular norms (shortly t-norms) and tri-
angular conorms (shortly t-conorms) are known as the axiomatic skeletons
that we use for characterizing fuzzy intersections and fuzzy unions, respec-
tively. These concepts were originally introduced by Menger [9]. Several
examples for these concepts were proposed by many authors [2-7,9,10].

Remark 4. If x is a continuous t-norm, ¢ is a continuous t-conorm and
r; €(0,1), 1 < <7, then
(a) If 11 > 1o, there are r3,r4 € (0,1) such that r1 xrs > ro and
T2 0Ty < r1.
(b) If rs € (0,1), there are rg,m7 € (0,1) such that r¢ * 76 > 15 and
reors < rs.

Definition 5 ([10]). A 5-tuple (X, M, N, *,©) is said to be an intuitionistic
fuzzy metric space (shortly IFM-space) if X is an arbitrary set, * is a
continuous t-norm, ¢ is a continuous t-conorm and M, N are fuzzy sets
on X? x (0,00) satisfying the following conditions: for all z, y, z € X, s,
t>0,

(IFM-1) M(z,y,t) + N(z,y,t) < 1;

(IFM-2) M(z,y,t) > 0;

(IFM-8) M (z,y,t) =1 if and only if x = y;
(IFM'4) M(.Z‘,y,t) = M(y’xat);

(IFM-5) M (z,y,t)* M(y,z,s) < M(z,z,t+s);
(IFM-6) M (z,y,.): (0,00) — (0,1] is continuous;
(IFM-7) N(z,y,t) > 0;

(IFM-8) N(z,y,t) = N(y,x,t);

(IFM-9) N(x,y,t) o N(y,z,8) > N(z,z,t+ s);
(IFM-10) N(z,y,.): (0,00) — (0, 1] is continuous.

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions
M(z,y,t) and N(z,y,t) denote the degree of nearness and the degree of
non-nearness between x and y with respect to t, respectively.

Remark 6. Every fuzzy metric space (X, M, ) is an IFM-space of the
form (X, M, 1 — M, x,0) such that t-norm % and t-conorm ¢ are associated,
ie. zoy=1—(1—z)x (1 —vy)) for all z,y € [0,1]. But the converse is
not true.
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Definition 7 ([10]). Let (X, M, N,*,0) be an IFM-space. Fort > 0, the
open ball B(x,r,t) with center x € X and radius v € (0,1) is defined by
B(z,r,t) ={y € X : M(x,y,t) >1—r, N(x,y,t) <r}. Let (prn) be the
set of all A C X with x € A if and only if there exist t > 0 and r € (0,1)
such that B(x,r,t) C A. Then T(p Ny is a topology on X (induced by the
intuitionistic fuzzy metric (M,N)). A sequence {x,} in X converges to
x in X if and only if M(x,,x,t) tends to 1 and N(zy,x,t) tends to 0 as
n tends to oo, for each t > 0. A sequence {x,} in X is called a Cauchy
sequence if for each € > 0 and A € (0,1), there exists ng € N such that
M (T, Tmye) > 1 — X and N(2p, Tm,e) < A for all nym > ng. An IFM-
space is called complete if every Cauchy sequence is convergent.

Theorem 8 ([10]). In an intuitionistic fuzzy metric space every compact
set is closed and intuitionistic fuzzy bounded.

3. MAIN RESULTS

Definition 9. Let (X, M, N,x,0) be an IFM-space and S C X.
(a) © € X is said to be adherent to S if

B(z,r,t)NS #0 for each r € (0,1) and t > 0,
(b) x € X is said to be an accumulation point of S if
(B(z,r,t)NS)\{z} # 0 for each r € (0,1) and t > 0.

Theorem 10. Let (X, M, N,*,0) be an IFM-space and S be a compact
subset of X. Then each infinite subset of S has an accumulation point in

A.
Proof. The proof is the same as metric spaces [8]. O

Theorem 11. Let (X, M,N,*,0) be an IFM-space and S be a compact
subset of X. Then S is complete.

Proof. Let {z,} C S be a Cauchy sequence and A = {x1,x2,...} be the
range of {x,}. If A is a finite set, then {x,} is convergent to an element of
S. If A is an infinite set, then A has an accumulation point zy in S. We
will show that z,, — xg.

Fix t > 0. For a given ¢ € (0,1), we can find a § such that (1 — §) *
(1-9)>1—cand dod < e. Since {z,} is a Cauchy sequence, there
exists ng € N such that for each n, m > ng, we have M (xy,, T, t/2) > 1—0
and N(z,, Tm,t/2) < J. Since ¢ is an accumulation point of S, we have
(B(zg,0,t/2) N S)\ {z} # 0. Consequently, there exists an m > ng such
that z,, € B(xo,d,t/2). Now, for each n > ng, we have

M(xp,x0,t) > M(Zpy T, t/2) % M (24, 20, t/2)
>(1-6)x*(1-6)>1—c¢,
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N(zp,x0,t) < N(Tp,Tm,t/2) © N(2pm, x0,1/2)
<dod<e.

Since € was arbitrary, M (z,, zo,t) — 1 and N(z,,zo,t) — 0, that is x,, —
xo. Hence, S is complete. ]

Theorem 12. Let (X, M, N, x,0) be an IFM-space, S be a compact subset
of X and {xz,} C S. Then {x,} has a convergent subsequence in X.

Proof. Let A = {x,, : n € N}. If A is finite, then there exists x € A and
increasing sequence {n;} such that x,, = x,, = --- = z. Hence, the
subsequence {x,,} is convergent to z. If A is infinite, then A has an
accumulation point, say x. Fix ¢ > 0 and choose n; such that x,, €
B(z,1/2,t). Assume that points x,,,...,%,, , are properly chosen. Since
(B(z,27%,t) N A)\{z} # 0, we can choose n; > n;_1 such that z,, €
B(x,27% t). Therefore, M (z,,,x,t) >1—27% and N(z,,,z,t) < 27%, that
is x, — xzo. Hence, {z,,} is convergent. O

Theorem 13 (Intuitionistic Fuzzy Hine Theorem). Let (X, M, N,*,¢) and
(Y,0, P, x, \) be IFM-spaces and f: X — Y be a continuous map. If X is
compact, then f is uniformly continuous.

Proof. Suppose that f is not uniformly continuous. Then there are € €
(0,1), t > 0, {pn} and {g,} such that O(f(pn), f(gn),t) < 1 — e and
P(f(pn), f(gn),t) > €, but M(py,qn,t) — 0 and N(pn,qn,t) — 1. Since
{pn} is a subset of the compact set X, there is convergent subsequence {p,, }
such that p,, — p. Consider the inequalities M (qn,, p,2t) > M (Gn,;, Pn;, ) *
M (pn,;,p,t) and N(gn,,p,2t) < N(Gn,,Pn;st) © N(pn,,p,t), and let i — oo.
Thus, we get M(gp,,p,2t) — 1 and N(qn,,p,2t) — 0 s0 ¢,, — p. But f
is continuous at p € X, hence, lim; o f(pn,) = f(p) and lim; . f(qn,) =
f(p). Therefore, O(f(pn), f(qn),t) > 1 —c and P(f(pn), f(qn),t) < € for
large i, which are contradictions. O

Theorem 14 (Intuitionistic Fuzzy Sierpinski Theorem). Let (Y, O, P,x, )
be an IFM-space and X be a complete subset of Y. Then X is a Gs subset
of Y.

Proof. Let (O, P) be the intuitionistic fuzzy metric on Y and (M, N) be
an intuitionistic fuzzy metric on X that induces the same topology on X
as (O, P) does. For each x € X and each n € N, let r,(x) be a positive
real number such that r,,(z) <n~', M(w,z,t) >1—L and N(w,z,t) < 1
whenever w € X, and O(w, z,t) > 1 —r,(x) and P(w, z,t) < r,(x) for each
t > 0. Suppose that B, (z) = {B(z,rn(z),t) : t > 0} and G,, = U{B,,(z) :
x € X} foreachn € Nand T = N{G,, : n € N}. Then T is a G subset of
Y which clearly contains X. Now, we will prove that T' C X.
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Let g € T, then zy € G, for each n, hence, for each n there exists
2, € X such that zy € B,(x). Hence, O(xg, zp,t) > 1 —r,(z) > 1 — %
and P(xg,xn,t) < rm(z) < % for each t > 0. Thus, z, — zp in Y.
Now, let € € (0,1) and N € N such that (1 —1/n)* (1 —-1/n) >1—¢ and
(1/n)o(1/n) < e. Let m € N such that (1—1/m)*xO(xp,zn,t) > 1—ry(z)
and (1/m)AP(zg,xn,t) < rn(z) for each t > 0. Now, for every k > 0, we
have

O(.%‘k7,’EN,2t) O(l‘k,x07t)*0($N7.’L‘o7t)

>
> (1 - ]1€> *O(x N, xo,t),
P
1
k

P(xg,xn,2t) < P(xk, o, t) AP(x N, 20, 1)

IN

AP(.’L’N7.’EQ,t).

If k > m then O(zy,zn,2t) > (1 — 1) % Oz, z0,t) > 1 —ry(z) and
P(zy,zn,2t) < LAP(zy,m0,t) < ry(z). Hence, M(zy,zn,2t) > 11
and N(zy, zn,2t) < 2. If k,1 > m, then

M(a:k,:rl,élt) > M(a?k,:cN,Qt) * M(’Il,IN,Qt)

1 1
><1—)*<1—>>1—5,
n n

N(xp,x,4t) < N(zp, xN,2t) © N(21, 2N, 2t)

1 1
<—o—<e.
n o n
Therefore, {x,} is a Cauchy sequence and so is convergent to some member
of X. Since z,, — ¢ in Y, it follows that zg € X. Hence, T' C X. O
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