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Abstract. We consider nonautonomous N-dimensional generalized Lotka-Volterra

competition systems. Under certain conditions we show that such systems are weakly

permanent or permanent and for two solutions u and v of such systems, the di¤erence

u� v tends to zero at the infinity. Our results give generalizations of previous ones.

1. Introduction and statements of the main results

In this paper we consider the system of di¤erential equations

u 0
i ¼ ui aiðtÞ �

XN
j¼1

bijðtÞ fijðui; ujÞ
" #

; i ¼ 1; . . . ;N; Nb 2; ðGLVÞ

where the functions aiðtÞ, 1a iaN, and bijðtÞ, 1a i; jaN, are assumed to be

continuous and bounded on ½c;yÞ, cb 0. For a bounded function gðtÞ on

½c;yÞ, we put gM :¼ suptbc gðtÞ, gL :¼ inf tbc gðtÞ. We assume that

bijðtÞb 0; tb c; 1a i; jaN; ð1:1Þ

aiL > 0; biiL > 0; 1a iaN: ð1:2Þ

Furthermore let the functions fijðx; yÞ, 1a i; jaN, be continuously di¤er-

entiable on ½0;yÞ2, and we impose the following conditions on fij :

fijðx; yÞ > 0; ðx; yÞ A R2
þ; 1a i; jaN;

D1 fijðx; yÞb 0; ðx; yÞ A R2
þ; 1a i; jaN;

D2 fijðx; yÞ > 0; ðx; yÞ A R2
þ; 1a i; jaN;

fijð0; 0Þ ¼ 0; 1a i; jaN;

lim
x!y

fiiðx; xÞ ¼ y; 1a iaN;

8>>>>>>><
>>>>>>>:

ð1:3Þ
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where Rþ ¼ ð0;yÞ and Di, i ¼ 1, 2, denotes the di¤erentiation with respect to

the ith variable.

Remark 1. In (GLV), we note that for i; j ¼ 1; . . . ;N, the variables x

and y of fij correspond to ui and uj, respectively.

Throughout the paper we make use of the well-known fact (see Lemma 1,

[1], [3]–[7], [9]–[11]) that if u ¼ ðu1; . . . ; uNÞ is a local solution of (GLV) with

uðt0Þ A RN
þ , then u can be extended to the interval ½t0;yÞ and uðtÞ A RN

þ for

t A ½t0;yÞ. Therefore in the sequel we may assume that all solutions of (GLV)

exist near y and are positive there.

System (GLV) is a generalization of the following nonautonomous

N-dimensional Lotka-Volterra competition system that S. Ahmad and A. C.

Lazer [1] considered:

u 0
i ¼ ui aiðtÞ �

XN
j¼1

bijðtÞuj

" #
; i ¼ 1; . . . ;N; Nb 2: ðLVÞ

To state the work of S. Ahmad and A. C. Lazer [1] we introduce the

symbols: For a continuous and bounded function g on ½c;yÞ, we set

A½g; t1; t2� ¼
1

t2 � t1

ð t2
t1

gðsÞds;

where ca t1 < t2. We define the upper average M½g� and the lower average

m½g�, respectively, by

M½g� ¼ lim
s!y

supfA½g; t1; t2� j t2 � t1 b sg;

m½g� ¼ lim
s!y

inffA½g; t1; t2� j t2 � t1 b sg:

For system (LV), S. Ahmad and A. C. Lazer [1] supposed conditions (1.1),

(1.2) and the average conditions such that

m½ai� >
X
j0i

bijMM½aj�
bjjL

; 1a iaN: ðAÞ

Under these conditions they have shown the following: Let u ¼ ðu1; . . . ; uNÞ
and v ¼ ðv1; . . . ; vNÞ be solutions of (LV) on ½t0;yÞ, t0 b c. Then

( I ) 0 < lim inf t!y uiðtÞa lim supt!y uiðtÞ < y for 1a iaN;

(II) limt!yðuiðtÞ � viðtÞÞ ¼ 0 for 1a iaN.
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Remark 2. (LV) and (GLV) are called permanent if there are positive

constants b, l, independent of the initial conditions, such that

ba lim inf
t!y

uiðtÞa lim sup
t!y

uiðtÞa l; 1a iaN

for any solution of (LV) and (GLV) (see [7]–[11]). In this paper, following [7],

we introduce the definition: (LV) and (GLV) are called weakly permanent if (I)

hold for any solution of the equation.

K. Gopalsamy [4, 5] and C. Alvarez and A. Tineo [6] have shown (I) and

(II) for solutions of (LV) under the conditions

aiL >
X
j0i

bijMajM

bjjL
; 1a iaN; ðGATÞ

that are stronger conditions than (A).

Our main aim is to show that (I) and (II) are still valid for solutions of

(GLV). To state the results we introduce the notation and the symbols: For

i ¼ 1; . . . ;N, we put

~ffiðxÞ ¼ fiiðx; xÞ; x A Rþ:

By assumption (1.3), ~ffi, i ¼ 1; . . . ;N, have the inverse functions ~ff �1
i : Rþ !

Rþ. For R > 0 and db 0, we define two constants C �ðd;RÞ and C�ðd;RÞ,
respectively, by

C �ðd;RÞ ¼ maxfDk fijðx; yÞ j 1a i; jaN; k ¼ 1; 2; ðx; yÞ A ½d;R�2g;

C�ðd;RÞ ¼ minfD2 fijðx; yÞ j 1a i; jaN; ðx; yÞ A ½d;R�2g:

The number C�ð0;RÞ will be employed only when D2 fijð0; 0Þ > 0, 1a i; jaN.

Let R > 0 and db 0. For system (GLV) we introduce the conditions

m½ai� >
C �ðd; 2RÞ
C�ðd; 2RÞ

X
j0i

bijMM½aj �
bjjL

; 1a iaN ðGAÞ

provided that C�ðd; 2RÞ > 0. As seen from below (GA) can be regarded as a

generalization of (A).

Remark 3. If fijðx; yÞ ¼ y, 1a i; jaN, we have C �ðd;RÞ ¼ C�ðd;RÞ ¼ 1

for R > 0 and db 0. Since C �ðd;RÞ=C�ðd;RÞ ¼ 1, conditions (GA) reduce to

conditions (A).

Theorem 1. Let conditions (1.1), (1.2) and (1.3) hold, and D2 fijð0; 0Þ > 0,

1a i; jaN. Suppose that (GA) hold for d ¼ 0 and for some R satisfying

R > maxf ~ff �1
i ððai=biiÞMÞ j 1a iaNg;
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that is,

m½ai� >
C �ð0; 2RÞ
C�ð0; 2RÞ

X
j0i

bijMM½aj�
bjjL

; 1a iaN: ð1:4Þ

Then (I) and (II) hold for solutions u ¼ ðu1; . . . ; uNÞ and v ¼ ðv1; . . . ; vNÞ of

(GLV) on ½t0;yÞ, t0 b c.

When D2 fijð0; 0Þ may vanish for some i; j A f1; . . . ;Ng, we give a variant

of Theorem 1:

Theorem 2. Let conditions (1.1), (1.2) and (1.3) hold and let t0 b c.

Suppose that (GA) hold for some d > 0 and R satisfying

R > maxf ~ff �1
i ððai=biiÞMÞ j 1a iaNg;

that is,

m½ai� >
C �ðd; 2RÞ
C�ðd; 2RÞ

X
j0i

bijMM½aj�
bjjL

; 1a iaN;

and

lim inf
t!y

aiðtÞ �
P

j0i fijðR;RÞbijðtÞ
biiðtÞ

> max
1a jaN

f fjjðd; dÞg; 1a iaN ð1:5Þ

hold. Then (I) and (II) hold for solutions u ¼ ðu1; . . . ; uNÞ and v ¼ ðv1; . . . ; vNÞ
of (GLV) on ½t0;yÞ, t0 b c.

Remark 4. Conditions in Theorem 2 imply that (GLV) is permanent (see

Proposition 4).

We give examples of systems (GLV) for which above conditions hold.

Example 1.1. We consider the following system for two species

u 0
1 ¼ u1 ðcos tþ 7Þ � ðsin tþ 7Þ � u1

2
þ 1

� �
u1 � ðsin tþ 1Þ � u21

2
þ u2

� �� �

u 0
2 ¼ u2 ðcos tþ 9Þ � ðsin tþ 1Þ � ðu2 þ 1Þu1 � ðsin tþ 9Þ � u2

3
þ 1

� �
u2

� �
;

where f11ðx; yÞ ¼ ðy=2þ 1Þy, f12ðx; yÞ ¼ ðx2=2þ yÞ, f21ðx; yÞ ¼ ðxþ 1Þy and

f22ðx; yÞ ¼ ðy=3þ 1Þy.

First we note that D2 fijð0; 0Þ > 0, i; j ¼ 1; 2, hold. Since aiðtÞ, i ¼ 1; 2,

are periodic functions, we have M½a1� ¼ m½a1� ¼ 7, M½a2� ¼ m½a2� ¼ 9.
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Since ða1=b11ÞM a 8=6, ða2=b22ÞM a 10=8, we have

~ff �1
1

8

6

� �
¼ �1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2 � 8

6

r
¼ �1þ

ffiffiffiffiffi
11

3

r
< 1;

~ff �1
2

10

8

� �
¼ �1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð4=3Þ � ð10=8Þ

p
2=3

¼ �3þ
ffiffiffiffiffi
24

p

2
< 1:

Therefore we can put R ¼ 1. Then, since

C �ð0; 2RÞ ¼ 3; C�ð0; 2RÞ ¼ 1;

we have

m½a1� �
C �ð0; 2RÞb12MM½a2�

C�ð0; 2RÞb22L
¼ 7� 3 � 2 � 9

1 � 8 ¼ 1

4
> 0;

m½a2� �
C �ð0; 2RÞb21MM½a1�

C�ð0; 2RÞb11L
¼ 9� 3 � 2 � 7

1 � 6 ¼ 2 > 0:

Hence conditions (GA) hold.

Example 1.2. We consider the following system for two species

u 0
1 ¼ u1 ðcos tþ 7Þ � ðsin tþ 7Þ � u1

2
þ 1

� �
u1 �

1

10
ðsin tþ 1Þ

� �
� u1u2

� �

u 0
2 ¼ u2 ðcos tþ 9Þ � 1

6
ðsin tþ 1Þ

� �
� 3u2u1
u2 þ 1

� ðsin tþ 9Þ � u2

3
þ 1

� �
u2

� �
;

where f11ðx; yÞ ¼ ðy=2þ 1Þy, f12ðx; yÞ ¼ xy, f21ðx; yÞ ¼ 3xy=ðxþ 1Þ and

f22ðx; yÞ ¼ ðy=3þ 1Þy.

First we note that D2 f12ð0; 0Þ ¼ 0. From Example 1.1, we put R ¼ 1 and

d ¼ 9=20. Then we have

a1ðtÞ � f12ðR;RÞb12ðtÞ ¼ ðcos tþ 7Þ � 1 � 1 � 1
10

ðsin tþ 1Þb cos tþ 34

5

b
29

5
¼ 29

40
� 8b 29

40
� ðsin tþ 7Þ ¼ 29

40
� b11ðtÞ

a2ðtÞ � f21ðR;RÞb21ðtÞ ¼ ðcos tþ 9Þ � 1

1þ 1
� 3 � 1 � 1

6
ðsin tþ 1Þb cos tþ 17

2

b
15

2
¼ 3

4
� 10b 3

4
� ðsin tþ 9Þ ¼ 3

4
� b22ðtÞ:
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Then, since f22ðd; dÞa f11ðd; dÞ ¼ 441=800 < 29=40, (1.5) hold. Moreover,

since

C �ðd; 2RÞ ¼ 3; C�ðd; 2RÞ ¼ 9=20;

we have

m½a1� �
C �ðd; 2RÞb12MM½a2�

C�ðd; 2RÞb22L
¼ 7� 3 � ð1=5Þ � 9

ð9=20Þ � 8 ¼ 11

2
> 0;

m½a2� �
C �ðd; 2RÞb21MM½a1�

C�ðd; 2RÞb11L
¼ 9� 3 � ð1=3Þ � 7

ð9=20Þ � 6 ¼ 173

27
> 0:

Hence conditions (GA) hold.

The rest of this paper is organized as follows. In Section 2 we give

important propositions that are employed in proving Theorems 1 and 2. The

proofs of Theorems 1 and 2 are given in Sections 3 and 4, separately.

2. Preliminary propositions

To prove Theorems 1 and 2, we prove important propositions that are

generalizations of [1, Lemmas 3.1 and 3.2].

Proposition 1. Let u ¼ ðu1; . . . ; uNÞ and v ¼ ðv1; . . . ; vNÞ be solutions of

(GLV).

( i ) Let D2 fijð0; 0Þ > 0, 1a i; jaN. Suppose that there exist constants

A;B > 0 and T ¼ Tu; v b t0 such that for j ¼ 1; . . . ;N and tbT,

Aa ujðtÞ; vjðtÞaB: ð2:1Þ

Suppose moreover that for system (GLV) there exist positive constants

a1; . . . ; aN such that for j ¼ 1; . . . ;N,

lim inf
t!y

ajbjjðtÞ �
C �ð0; 2BÞ
C�ð0; 2BÞ

X
i0j

aibijðtÞ
" #

> 0: ð2:2Þ

Then there exist some constants ~TT bT, C ¼ CA;B > 0 and g ¼ gA;B > 0

such that for tb ~TT,

XN
i¼1

juiðtÞ � viðtÞja
XN
i¼1

juið ~TTÞ � við ~TTÞj
 !

Ce�gðt� ~TTÞ: ð2:3Þ

(ii) Suppose that there exist constants A;B > 0 and T ¼ Tu; v b t0 sat-

isfying (2.1) for j ¼ 1; . . . ;N and tbT. Suppose moreover that for
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system (GLV) there exist positive constants a1; . . . ; aN such that for

j ¼ 1; . . . ;N,

lim inf
t!y

ajbjjðtÞ �
C �ðA; 2BÞ
C�ðA; 2BÞ

X
i0j

aibijðtÞ
" #

> 0: ð2:4Þ

Then the same conclusion as in (i) holds.

When (GA) hold, we can reduce condition (2.2) to a simpler one.

Proposition 2. Suppose that conditions (GA) hold for some db 0 and

R > 0. Then there exist some positive constants a1; . . . ; aN such that for

j ¼ 1; . . . ;N,

ajbjjL � C �ðd; 2RÞ
C�ðd; 2RÞ

X
i0j

aibijM > 0: ð2:5Þ

Note that (2.5) with d ¼ 0 implies (2.2) with B ¼ R, and (2.5) with d > 0

implies (2.4) with A ¼ d and B ¼ R. So (GA) automatically imply (2.2) or

(2.4) according as d ¼ 0 or d > 0.

Remark 5. By Proposition 1, in order to prove Theorem 1, it is su‰cient

to prove

0 < lim inf
t!y

uiðtÞa lim sup
t!y

uiðtÞ < R; 1a iaN; ð2:6Þ

where u ¼ ðu1; . . . ; uNÞ is a solution of (GLV) defined near y and R is the

constant indicated in Theorem 1. Similarly, to prove Theorem 2, it is su‰cient

to prove

d < lim inf
t!y

uiðtÞa lim sup
t!y

uiðtÞ < R; 1a iaN: ð2:7Þ

In Sections 3 and 4 we shall prove (2.6) and (2.7) (Propositions 3 and 4).

2.1. Proofs of Propositions 1 and 2. We shall prove (ii) of Proposition 1;

(i) of Proposition 1 can be proved similarly.

Proof of (ii) of proposition 1. Firstly, from (2.4), there exist some
~TT bT and e > 0 such that for j ¼ 1; . . . ;N and tb ~TT ,

ajbjjðtÞ �
C �ðA; 2BÞ
C�ðA; 2BÞ

X
i0j

aibijðtÞb e: ð2:8Þ
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Next let

yðtÞ ¼
XN
i¼1

ai log
uiðtÞ
viðtÞ

� �����
����; tb t0:

Here we note that logðuiðtÞ=viðtÞÞ, 1a iaN, are Lipschitz continuous on every

finite interval I H ½t0;yÞ and

log
uiðt1Þ
viðt1Þ

� �����
����� log

uiðt2Þ
viðt2Þ

� �����
����

����
����a log

uiðt1Þ
viðt1Þ

� �
� log

uiðt2Þ
viðt2Þ

� �����
����;

where t1; t2 A I . Therefore, since jlogðuiðtÞ=viðtÞÞj, 1a iaN, are absolutely

continuous on I , yðtÞ is di¤erentiable for almost all tb t0.

From (GLV), for almost all tbT ,

y 0ðtÞ ¼
XN
i¼1

ai
u 0
i

ui
� v 0i

vi

� �
sgnðui � viÞ

¼
XN
i¼1

ai �
XN
j¼1

bijðtÞð fijðui; ujÞ � fijðvi; vjÞÞ
" #

sgnðui � viÞ

¼
XN
j¼1

XN
i¼1

½�aibijðtÞð fijðui; ujÞ � fijðvi; vjÞÞ sgnðui � viÞ�

¼
XN
j¼1

"
�ajbjjðtÞð ~ffjðujÞ � ~ffjðvjÞÞ sgnðuj � vjÞ

�
X
i0j

aibijðtÞð fijðui; ujÞ � fijðvi; vjÞÞ sgnðui � viÞ
#
;

where u ¼ uðtÞ, v ¼ vðtÞ. Here, by the mean value theorem, we note that there

exist 0 < wij < 1, 1a i; jaN, such that for i; j ¼ 1; . . . ;N,

fijðui; ujÞ � fijðvi; vjÞ ¼ ðui � viÞD1 fijðwijui þ zijvi;wijuj þ zijvjÞ

þ ðuj � vjÞD2 fijðwijui þ zijvi;wijuj þ zijvjÞ; ð2:9Þ

where zij ¼ 1� wij, 1a i; jaN. Thus we have

y 0ðtÞ ¼
XN
j¼1

"
�ajbjjðtÞðD1 fjjðwjjuj þ zjjvj;wjjuj þ zjjvjÞ

þD2 fjjðwjjuj þ zjjvj ;wjjuj þ zjjvjÞÞðuj � vjÞ sgnðuj � vjÞ
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�
X
i0j

aibijðtÞD1 fijðwijui þ zijvi;wijuj þ zijvjÞðui � viÞ sgnðui � viÞ

�
X
i0j

aibijðtÞD2 fijðwijui þ zijvi;wijuj þ zijvjÞðuj � vjÞ sgnðui � viÞ
#

a
XN
j¼1

�C�ðA; 2BÞajbjjðtÞjuj � vjj þ
X
i0j

C �ðA; 2BÞaibijðtÞjuj � vjj
" #

:

By (2.8), we have

y 0ðtÞa�eC�ðA; 2BÞ
XN
j¼1

juj � vjj a:e: tb ~TT :

By (2.1) and the mean value theorem, we note that for i ¼ 1; . . . ;N and tbT ,

1

B
juiðtÞ � viðtÞja log

uiðtÞ
viðtÞ

� �����
����a 1

A
juiðtÞ � viðtÞj: ð2:10Þ

Therefore, for almost all tb ~TT , we have

y 0ðtÞa� eAC�ðA; 2BÞ
a�

XN
i¼1

ai log
uiðtÞ
viðtÞ

� �����
����¼ � eAC�ðA; 2BÞ

a� yðtÞ;

where a� ¼ max1aiaNfaig. Thus, since yðtÞ is absolutely continuous on

½t0;yÞ, for tb ~TT ,

yðtÞa yð ~TTÞ exp � eAC�ðA; 2BÞ
a� ðt� ~TTÞ

� �
: ð2:11Þ

Let us put a� ¼ min1aiaNfaig. By (2.1), we have

XN
i¼1

juiðtÞ � viðtÞja
B

a�

XN
i¼1

ai log
uiðtÞ
viðtÞ

� �����
����¼ B

a�
yðtÞ ð2:12Þ

for tbT and

yð ~TTÞa a�

A

XN
i¼1

juið ~TTÞ � við ~TTÞj: ð2:13Þ

Therefore it follows from (2.11)–(2.13) that

XN
i¼1

juiðtÞ � viðtÞja
a�B

a�A

XN
i¼1

juið ~TTÞ � við ~TTÞj exp � eAC�ðA; 2BÞ
a� ðt� ~TTÞ

� �
:
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Hence, putting C ¼ a�B=a�A > 0 and g ¼ eAC�ðA; 2BÞ=a� > 0, we can obtain

(2.3). r

Next we shall prove Proposition 2.

Proof of proposition 2. First let C ¼ ½cij � be an N �N matrix defined

by the following:

cij ¼
C �ðd; 2RÞbijM
C�ðd; 2RÞbjjL

ði0 jÞ; cii ¼ 0:

Furthermore we put w ¼ ðM½a1�; . . . ;M½aN �ÞT, where ðM½a1�; . . . ;M½aN �ÞT de-

notes the transpose of ðM½a1�; . . . ;M½aN �Þ. Here, from conditions (GA), we

note that for i ¼ 1; . . . ;N,

X
j0i

C �ðd; 2RÞbijM
C�ðd; 2RÞbjjL

M½aj� < m½ai�aM½ai�:

Therefore we have

Cw < w; ð2:14Þ

which means that for i ¼ 1; . . . ;N, the ith entry of the vector Cw is strictly less

than the ith entry of w. By (2.14), there exists an N �N matrix P ¼ ½pij� such
that cij < pij , 1a i; jaN, and

Pw < w: ð2:15Þ

Since P is a strictly positive matrix, it follows from the Perron-Frobenius

theorem [2] that there exists a v ¼ ða1; . . . ; aNÞT and l > 0 such that aj > 0,

1a jaN, and

PTv ¼ lv: ð2:16Þ

We can rewrite (2.16) as

lvT ¼ vTP: ð2:17Þ

From (2.15) and (2.17), we have

lvTw ¼ vTPw < vTw:

Therefore l < 1. By (2.16), we have

CTv < PTv ¼ lv < v: ð2:18Þ

Hence the jth of (2.18) implies

X
i0j

C �ðd; 2RÞbijM
C�ðd; 2RÞbjjL

ai < aj;

that is (2.5). r

198 Kunihiko Taniguchi



3. Proof of Theorem 1

From Remark 5, in order to prove Theorem 1, it is su‰cient to prove the

following proposition.

Proposition 3. Let conditions (1.1), (1.2) and (1.3) hold and let t0 b c.

Let R > 0 be a number such that

R > maxf ~ff �1
i ððai=biiÞMÞ j 1a iaNg:

Suppose that D2 fijð0; 0Þ > 0, 1a i; jaN and conditions (1.4) hold. Then for

any solution u ¼ ðu1; . . . ; uNÞ of (GLV) on ½t0;yÞ,

0 < lim inf
t!y

uiðtÞa lim sup
t!y

uiðtÞaR; 1a iaN: ð3:1Þ

Before proving Proposition 3, we give several lemmas that are employed

in the proof of Proposition 3.

Lemma 1. Let conditions (1.1), (1.2) and (1.3) hold. Let t0 b c and let

u ¼ ðu1; . . . ; uNÞ be a solution of (GLV) on ½t0;yÞ. Then the following state-

ments (i) and (ii) hold:

( i ) For i ¼ 1; . . . ;N and tb t0,

uiðtÞamaxfuiðt0Þ; ~ff �1
i ððai=biiÞMÞg:

(ii) Let R > 0 be a number such that

R > maxf ~ff �1
i ððai=biiÞMÞ j 1a iaNg:

Then

lim sup
t!y

uiðtÞaR; 1a iaN: ð3:2Þ

Proof. (i) First we prove the following claim:

Claim. If there exist some T and i A f1; . . . ;Ng such that ~ffiðuiðTÞÞb
ðai=biiÞM, then u 0

i ðTÞa 0.

In fact from the assumption, we have

u 0
i ðTÞ ¼ uiðTÞ aiðTÞ �

X
j0i

bijðTÞ fijðuiðTÞ; ujðTÞÞ � biiðTÞ ~ffiðuiðTÞÞ
" #

a uiðTÞ½aiðTÞ � biiðTÞ ~ffiðuiðTÞÞ�a 0:

By the above claim, we can prove (i).

(ii) From (i), it su‰ces to prove the existence of some T b t0 satisfying

uiðTÞaR, 1a iaN. The proof is divided into three cases.
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Case 1. The case where uiðtÞaR near y.

Case 2. The case where uiðtÞbR near y.

Case 3. Cases 1 and 2 do not hold.

In Case 1, there is nothing to prove.

In Case 2, by the proof of (i), we have

u 0
i ðtÞa uiðtÞ½aiðtÞ � biiðtÞ ~ffiððuiðtÞÞÞ�a ½ðai=biiÞM � ~ffiðRÞ�uiðt0ÞbiiðtÞ

for tb t0. Therefore we obtain

uiðtÞa ½ðai=biiÞM � ~ffiðRÞ�uiðt0Þ
ð t
t0

biiðsÞdsþ uiðt0Þ:

Hence, by ½ðai=biiÞM � ~ffiðRÞ� < 0 and (1.2), it follows that uiðtÞ ! �y as

t ! y, but this is a contradiction.

In Case 3, there exists some ~ttb t0 such that uið~tt Þ ¼ R. By (i), we have

uiðtÞa uið~tt Þ ¼ R for tb ~tt, but this is a contradiction. r

Henceforth let R be a number such that

R > maxf ~ff �1
i ððai=biiÞMÞ j 1a iaNg:

Then, from Lemma 1, there exists some T ¼ Tu b t0 such that for i ¼ 1; . . . ;N,

uiðtÞaR; tbT ; ð3:3Þ

where t0 b c and u is a solution of (GLV) on ½t0;yÞ. Furthermore, by (1.3)

and (2.9), it follows that for i; j ¼ 1; . . . ;N,

fijðuiðtÞ; ujðtÞÞaC �ð0;RÞðuiðtÞ þ ujðtÞÞ; tbT : ð3:4Þ

Then the following lemma holds.

Lemma 2. Let conditions (1.1), (1.2) and (1.3) hold and let t0 b c. Let

u ¼ ðu1; . . . ; uNÞ be a solution of (GLV) on ½t0;yÞ. Then there exists some

a > 0 such that

XN
i¼1

uiðtÞb a; tbT :

Proof. We set a� ¼ min1aiaNfaiLg and b� ¼ max1ai; jaNfbijMg. More-

over let

VðtÞ ¼
XN
i¼1

uiðtÞ; tbT :
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Then, by (GLV) and (3.4), the following claim holds:

Claim. If there exists some ~ttbT such that 0 < Vð~tt Þa a�=

ðN þ 1Þb�C �ð0;RÞ, then V 0ð~tt Þb 0.

In fact, from the assumption of the above claim, we have

V 0ð~tt Þ ¼
XN
i¼1

uið~tt Þ aið~tt Þ �
XN
j¼1

bijð~tt Þ fijðuið~tt Þ; ujð~tt ÞÞ
" #

b
XN
i¼1

uið~tt Þ a� � b�C �ð0;RÞ Nuið~tt Þ þ
XN
j¼1

ujð~tt Þ
 !" #

bVð~tt Þ½a� � ðN þ 1Þb�C �ð0;RÞVð~tt Þ�b 0:

By the above claim, we can obtain VðtÞbminfVðTÞ; a�=ðN þ 1Þb�C �ð0;RÞg
¼: a for tbT . r

The proofs of Lemmas 3–5 are based on [1].

Lemma 3 (see [1, Lemma 2.3]). Let conditions (1.1), (1.2) and (1.3)

hold. Assume that (3.1) do not hold. Then there exist some t0 b c, some solu-

tion ~uu ¼ ð~uu1; . . . ; ~uuNÞ of (GLV) on ½t0;yÞ and a maximal nonempty subset J

of f1; . . . ;Ng such that J0 f1; . . . ;Ng and

inf
tbt0

maxf~uujðtÞ j j A Jg ¼ 0: ð3:5Þ

Henceforth let ~uu and J denote the solution and the subset of f1; . . . ;Ng
given in Lemma 3.

Lemma 4 (see [1, Lemma 2.4]). Let conditions (1.1), (1.2) and (1.3) hold.

Assume that (3.1) do not hold. Let x > 0 be a number such that

x ¼ minf~uujðTÞ j j A Jg:

Then there exist some sequences fsngyn¼1 and ftngyn¼1 such that for nb 1,

T a sn < tn; ð3:6Þ

tn � sn > n; ð3:7Þ

maxf~uujðtÞ j j A J; sn a ta tng ¼ x=n; ð3:8Þ

and there exists jn A J such that

~uujnðsnÞ ¼ x=n: ð3:9Þ
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Proof. First let

piðtÞ ¼ aiðtÞ �
XN
j¼1

bijðtÞ fijðui; ujÞ; tb t0; 1a iaN:

By (1.2), (3.3) and (3.4), there exists some number r > 0 such that for

i ¼ 1; . . . ;N,

piðtÞb�r; tbT : ð3:10Þ

By the definition of the set J and (3.10), we can prove Lemma 4 as in the

proof of [1, Lemma 2.4]. r

Henceforth let jn A J, fsngyn¼1 and ftngyn¼1 denote the sequences given in

Lemma 4.

Lemma 5 (see [1, Lemma 2.5]). Let conditions (1.1), (1.2) and (1.3) hold.

Assume that (3.1) do not hold. Let K be the complement of J: K ¼
f1; 2; . . . ;Ng � J. Then there exists some number h > 0 such that for nb 1

and k A K,

~uukðsnÞb h; ~uukðtnÞb h: ð3:11Þ

Henceforth let h > 0 denotes the number given in Lemma 5.

Since J is a finite set, there exist some integer j� A J and some increasing

sequence fnqgyq¼1 such that

jnq ¼ j�; qb 1: ð3:12Þ

For simplicity, we put cq ¼ snq and dq ¼ tnq for qb 1. By (3.7) and (3.8), we

have

dq � cq b nq; qb 1; ð3:13Þ

lim
q!y

1

dq � cq

ð dq
cq

~uujðtÞdt ¼ 0; j A J: ð3:14Þ

Since ~uuj� ðcqÞb ~uuj� ðdqÞ for qb 1 from (3.8) and (3.9), we have

log
~uuj� ðdqÞ
~uuj� ðcqÞ

� �
a 0; qb 1: ð3:15Þ

Then the following lemma holds.

Lemma 6. Let conditions (1.1), (1.2) and (1.3) hold. Assume that (3.1) do

not hold and D2 fijð0; 0Þ > 0, 1a i; jaN. Then for each k A K there exists

some xk b 0 such that
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M½ak�b
C�ð0;RÞ
C �ð0;RÞ

X
l AK

bklLxl ; ð3:16Þ

m½aj� �a
X
l AK

bj�lMxl : ð3:17Þ

Proof. Firstly, by (3.3), we note that for k A K and qb 1,

0a
1

dq � cq

ð dq
cq

~uuiðtÞdtaR:

Therefore, by considering subsequences of fcqgyq¼1 and fdqgyq¼1 if necessary, we

can assume that for k A K ,

lim
q!y

C �ð0;RÞ
dq � cq

ð dq
cq

~uukðtÞdt ¼: xk b 0 ð3:18Þ

exists.

Similarly, since akL a akðtÞa akM for tb c, by considering subsequences

of fcqgyq¼1 and fdqgyq¼1 if necessary, we can assume that for k A K ,

lim
q!y

1

dq � cq

ð dq
cq

akðtÞdt

exists. Furthermore, since (3.13) implies dq � cq ! y as q ! y, it follows

that for k A K ,

lim
q!y

1

dq � cq

ð dq
cq

akðtÞdtaM½ak� ð3:19Þ

Since, from (3.3) and Lemma 5, ha ~uukðcqÞ, ~uukðdqÞaR for k A K and

qb 1, we have

lim
q!y

1

dq � cq
log

~uukðdqÞ
~uukðcqÞ

� �
¼ 0; k A K : ð3:20Þ

Since, by (1.3) and (2.9),

fijð~uuiðtÞ; ~uujðtÞÞbC�ð0;RÞ~uujðtÞ; 1a i; jaN; tbT ;

it follows from (GLV) that for k A K and tbT ,

akðtÞ ¼
~uu 0
kðtÞ
~uukðtÞ

þ
XN
j¼1

bkjðtÞ fkjð~uukðtÞ; ~uujðtÞÞb
~uu 0
kðtÞ
~uukðtÞ

þ
X
l AK

C�ð0;RÞbklL~uulðtÞ:
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Therefore, from (3.18)–(3.20), we have

M½ak�b lim
q!y

1

dq � cq

ð dq
cq

akðtÞdt

b lim
q!y

1

dq � cq
log

~uukðdqÞ
~uukðcqÞ

� �

þ lim
q!y

X
l AK

C�ð0;RÞbklL
C �ð0;RÞ

C �ð0;RÞ
dq � cq

ð dq
cq

~uulðtÞdt
 !

¼ C�ð0;RÞ
C �ð0;RÞ

X
l AK

bklLxl

for k A K ; that is (3.16).

Next, similarly as in the proof of (3.16) by considering subsequences of

fcqgyq¼1 and fdqgyq¼1 if necessary, we have

m½aj� �a lim
q!y

1

dq � cq

ð dq
cq

aj� ðtÞdt: ð3:21Þ

Moreover it follows from (GLV) and (3.4) that for tbT ,

aj� ðtÞ ¼
~uu 0
j�
ðtÞ

~uuj� ðtÞ
þ
XN
l¼1

bj�lðtÞ fj�lð~uuj� ðtÞ; ~uulðtÞÞ

a
~uu 0
j�
ðtÞ

~uuj� ðtÞ
þ
XN
l¼1

bj�lMC �ð0;RÞð~uuj� ðtÞ þ ~uulðtÞÞ:

Therefore, by (3.15), we have

1

dq � cq

ð dq
cq

aj� ðtÞdta
XN
l¼1

bj�lM
C �ð0;RÞ
dq � cq

ð dq
cq

~uuj� ðtÞ þ ~uulðtÞdt
 !

aNbj�lM
C �ð0;RÞ
dq � cq

ð dq
cq

~uuj� ðtÞdtþ
X
l A J

bj�lM
C �ð0;RÞ
dq � cq

ð dq
cq

~uulðtÞdt

þ
X
l AK

bj�lM
C �ð0;RÞ
dq � cq

ð dq
cq

~uulðtÞdt:

Hence, by j� A J, (3.14) and (3.21), we have
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m½aj� �a lim
q!y

1

dq � cq

ð dq
cq

aj� ðtÞdt

a lim
q!y

X
l AK

bj�lM
C �ð0;RÞ
dq � cq

ð dq
cq

~uulðtÞdt ¼
X
l AK

bj�lMxl ;

that is (3.17). r

By employing Lemma 6, we prove Proposition 3.

Proof of proposition 3. We assume to the contrary that conditions (1.4)

hold and (3.1) do not hold. Then by the above lemmas, there exist a proper

subset K of f1; . . . ;Ng, an integer j� A f1; . . . ;NgnK , and some numbers

xk b 0, k A K, satisfying (3.16) and (3.17).

Since, by (3.16),

C�ð0;RÞbkkLxk
C �ð0;RÞ a

X
l AK

C�ð0;RÞbklLxl
C �ð0;RÞ aM½ak�

for k A K , we have

xk a
C �ð0;RÞM½ak�
C�ð0;RÞbkkL

a
C �ð0; 2RÞM½ak�
C�ð0; 2RÞbkkL

; k A K:

Therefore it follows from (3.17) that

m½aj� �a
X
k AK

bj�kMxk a
C �ð0; 2RÞ
C�ð0; 2RÞ

X
k AK

bj�kMM½ak�
bkkL

;

but this is a contradiction to an inequality derived from (1.4):

m½aj� � >
C �ð0; 2RÞ
C�ð0; 2RÞ

X
k0 j�

bj�kMM½ak�
bkkL

b
C �ð0; 2RÞ
C�ð0; 2RÞ

X
k AK

bj�kMM½ak�
bkkL

: r

By Propositions 1–3, we can prove Theorem 1.

Remark 6. Proposition 3 can be proved even if conditions (1.4) are slightly

weakened to the following:

m½ai� >
C �ð0;RÞ
C�ð0;RÞ

X
j0i

bijMM½aj�
bjjL

; 1a iaN:

4. Proof of Theorem 2

From Remark 5, in order to prove Theorem 2, it is su‰cient to prove the

following proposition.
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Proposition 4 (see [3, Lemmas 3.1 and 4.1]). Let conditions (1.1), (1.2)

and (1.3) hold and let t0 b c. Let R > 0 be a number such that

R > maxf ~ff �1
i ððai=biiÞMÞ j 1a iaNg:

Suppose that for system (GLV) there exists some number d > 0 such that (1.5)

hold. Then for any solution u ¼ ðu1; . . . ; uNÞ of (GLV) on ½t0;yÞ,

da lim inf
t!y

uiðtÞa lim sup
t!y

uiðtÞaR; 1a iaN: ð4:1Þ

Proof. Step 1. Firstly, similarly as in Section 3, there exists T ¼ Tu b t0
such that (3.3) hold. Furthermore, from (1.5), there exist some numbers d 0 >

max1a jaNf ~ffjðdÞg and ~TT bT such that for i ¼ 1; . . . ;N and tb ~TT ,

aiðtÞ �
X
j0i

fijðR;RÞbijð~tt Þb d 0biiðtÞ:

Then we can claim the following:

Claim 1. If there exist some ~ttb ~TT and i A f1; . . . ;Ng such that 0 <
~ffiðuið~tt ÞÞa ~ffiðdÞ, then u 0

i ð~tt Þb 0.

In fact, from the assumption of Claim 1, (3.3) and (1.3), we have

u 0
i ð~tt Þ ¼ uið~tt Þ aið~tt Þ �

X
j0i

bijð~tt Þ fijðuið~tt Þ; ujð~tt ÞÞ � biið~tt Þ ~ffiðuið~tt ÞÞ
" #

b uið~tt Þ aið~tt Þ �
X
j0i

bijð~tt Þ fijðR;RÞ � biið~tt Þ ~ffiðdÞ
" #

b uið~tt Þðd 0biið~tt Þ � biið~tt Þ ~ffiðdÞÞb 0:

Step 2. By Claim 1, we can claim the following:

Claim 2. For i ¼ 1; . . . ;N,

~ffiðuiðtÞÞbminf ~ffiðuið ~TTÞÞ; ~ffiðdÞg; tb ~TT :

From Claim 2, in order to prove Lemma 4, it is su‰cient to prove the

following: For i ¼ 1; . . . ;N, there exists some t̂ti b ~TT such that

~ffiðuiðt̂tiÞÞb ~ffiðdÞ:

We assume to the contrary that there exists some number i A f1; . . . ;Ng such

that ~ffiðuiðtÞÞ < ~ffiðdÞ < d 0 for tb ~TT . Then it follows from Step 1 that

u 0
i ðtÞb ðd 0 � ~ffiðdÞÞuiðtÞbiiðtÞb 0; tb ~TT :

206 Kunihiko Taniguchi



Therefore, since

u 0
i ðtÞb ðd 0 � ~ffiðdÞÞuið ~TTÞbiiðtÞ;

we have

uiðtÞb ðd 0 � ~ffiðdÞÞuið ~TTÞ
ð t
~TT

biiðsÞdsþ uið ~TTÞ; tb ~TT :

Thus, by noting that d 0 � ~ffiðdÞ > 0, it follows from (1.2) that uiðtÞ ! y as

t ! y but this is a contradiction. Hence we can prove Lemma 4 by setting

t̂t ¼ max1aiaNft̂tig. r

By Propositions 1–4, we can prove Theorem 2.

Remark 7. Proposition 4 can be proved even if conditions (1.3) are slightly

weakened to the following:

fijðx; yÞ > 0; ðx; yÞ A R2
þ; 1a i; jaN;

D1 fijðx; yÞb 0; ðx; yÞ A R2
þ; 1a i; jaN;

D2 fijðx; yÞb 0; ðx; yÞ A R2
þ; 1a i; jaN;

ðD1 fii þD2 fiiÞðx; xÞ > 0; x A Rþ; 1a iaN;

fijð0; 0Þ ¼ 0; 1a i; jaN;

lim
x!y

fiiðx; xÞ ¼ y; 1a iaN:
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