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ABSTRACT. We give useful criteria for lips, beaks and swallowtail singularities of a
smooth map from the plane into the plane. As an application of the criteria, we
discuss the singularities for a Cauchy problem of single conservation law.

1. Introduction

Singularities of map germs have long been studied, especially up to the
equivalence under coordinate changes in both source and target (o/-equiv-
alence). According to [2], “classification” for map germs with .o7-equivalence
means finding lists of germs, and showing that all germs satisfying certain
conditions are equivalent to a germ on the list. Classification is well under-
stood, with many good references in the literature. ‘Recognition” means
finding criteria which will describe which germ on the list a given germ is
equivalent to (see [2]). The classification problem and recognition problem for
map germs from the plane into the plane up to .«Z-equivalence was studied by
J. H. Rieger [9]. He classified map germs (R? 0) — (R? 0) with corank one
and .oZ,-codimension <6. Table 1 shows the list of the .oZ,-codimension <3
local singularities obtained in [9]. Some of these singularities are also called
as follows: 4, (lips), 4o (beaks), 5 (swallowtail). These singularities are
depicted in Figure 1. Rieger also discussed the recognition of these map germs
after normalizing the coordinate system as (u,v) — (u, f2(u,v)). However, for
applications, criteria of recognition without using normalization are not only
more convenient but also indispensable in some cases.

In this paper, we give criteria for the lips, the beaks and the swallowtails of
a map germ (R* 0) — (R? 0) without using the normalizations (Theorem 3).
Since they only use the information of the Taylor coefficients of the germ,
Theorem 3 can be applied directly for the recognition of the lips, the beaks and
the swallowtail on explicitly parameterized maps. Using the criteria, we study
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Table 1. Classification of (R?,0) — (R?,0)

Name Normal form .o,-codimension
Immersion (u, v) 0

Fold (u, v?) 0

Cusp (u, > + uv) 0

4+ (u,0® + ukv), k=2,3 k—1

5 (u, uv + v*)

64 (u,uv +v° + v7)

115 (u, uv® + v* 4 v°) 2

Fig. 1. Lips, beaks and swallowtail

singularities of a conservation law about a time variable. We study singu-
larities of geometric solutions of the equation and show the singularities that
appear for the first time are generically the lips (Section 3).

The case of wave front surfaces in 3-space, criteria for the cuspidal edge
and the swallowtail were given by M. Kokubu et al. [7]. By using them, we
studied local and global behaviors of flat fronts in hyperbolic 3-space. Using
them, K. Saji et al. [11] introduced the singular curvature on the cuspidal edge
and investigated its properties.

Criteria for other singularities of fronts and their applications were given
in [1, 5, 12]. Recently, several applications of these criteria were considered in
various situations [3, 5, 6, 8, 10]. Throughout this paper, we work in the
C®-category.

2. Preliminaries and statements of criteria

Let U < R* be an open set and f: (U, p) — (R*0) a map germ. We
call g € U a singular point of f if rank(df), < 1. We denote by S(f) = U the
set of singular points of /. Two map germs f; : (R?,0) — (R*,0) (i = 1,2) are
o/ -equivalent if there exist diffeomorphism map germs @;: (R*0) — (R*,0)
(i=1,2) such that fjo®; = ®,0f; holds. For a positive integer k, a map
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germ f : (U, p) — (R?,0) is k-determined if any g : (U, p) — (R*,0) satisfying
the condition that the k-jet j¥g(p) of g is equal to j¥f(p), is .«Z-equivalent to f.
The following fact is well-known.

Fact 1. ([9, Lemma 3.2.2 and 3.1.3]) The lips and the beaks (x,y) —
(x,y3 + xy) are three-determined. The swallowtail (x,y) +— (x,xy + y*) is four-
determined.

Let /: (U, p) — (R*0) be a map germ. A singular point ¢ is of corank
one if rank(df) 4= 1. If pisa corank one singular point of f, then there exists
a neighborhood V of p and a never vanishing vector field 7 € ¥(7") such that
df;(n) =0 holds for any qge S(f)n V. We call 5 the null vector field. We
define a function which plays a crucial role in our criteria. Let (uj,uy) be
coordinates of U. Define the discriminant function A of f by

)v(ul,uz) = det (1 i) (ul, uz). (1)

6u1 75u2

Then S(f) = 27'(0) holds. We call p € S(f) a non-degenerate singular point if
d.(p) # 0 and a degenerate singular point if dA(p)=0. Note that a non-
degenerate singular point is of corank one. The terminologies ‘“discriminant
function”, “null vector field” and “non-degeneracy’’ are defined in [7] in order
to state criteria for fronts in the 3-space. Our definitions of these three
terminologies are similar. These notions also play a key role to identify
singularities for our case. This seems to be related to the correspondence
between singularities of front and its projection to the limiting tangent plane.
This correspondence is discussed in [12].

We review the criteria for the fold and the cusp, due to Whitney [13] (see
also [12]).

Fact 2. ([13, Proposition 2.1)) For a map germ f : (U, p) — (R?)0), f
at p is of/-equivalent to the fold if and only if ni(p) # 0.

Furthermore, [ at p is of-equivalent to the cusp if and only if p is non-
degenerate, nA(p) =0 and nyi(p) # 0.

Here, n4 means the directional derivative D,4. The main result of this
paper is the following.

THEOREM 3. For a map germ f : (U, p) — (R*,0), the following hold.

(1) f is of-equivalent to the lips if and only if p is of corank one,
di(p) =0 and A has a Morse type critical point of index 0 or 2 at p,
namely, det Hess A(p) > 0.

(2) f is of-equivalent to the beaks if and only if p is of corank one,
dA(p) =0, A has a Morse type critical point of index 1 at p (ie.,
det Hess A(p) < 0.) and nni(p) # 0.
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(3) f is oF-equivalent to the swallowtail if and only if dl(p) # 0,
ni(p) =mni(p) =0 and nyni(p) # 0.

Here, for a function A: (U,u;,u;) — R, Hess / is the matrix defined by
Hess A = (0°/./0u; 0uj); 1, Remark that in Theorem 3 (1), nA(p) # 0 is
automatically satisfied because of the symmetricity of Hess 4 and the inequality
det Hess A(p) > 0.

ExampPLE 4. Let us put
filwyv) = (6> +120),  folu,v) = (u,0° —u’v) and  fi(u,0) = (u,0* + uv).

Since these are nothing but the defining formula for the lips, the beaks and the
swallowtail, these maps satisfy the conditions in Theorem 3. The discriminant
functions for these maps are

h=30"4+u?, =30 —u? and i, =40 +u,

respectively. Thus 4; and A, have a Morse type critical point at the origin.
Furthermore, the null vector field can be chosen as # = (0, 1) for all maps. It
holds that nyAy, # 0, and that dis # 0, nis =nyis =0 and nyynls # 0 at the
origin. Thus we see that each of the conditions in Theorem 3 is satisfied for
each map. These observations together with the following Lemma 1 confirm
the only if part of Theorem 3.

ExaMPLE 5. Let y: 1 — R’ be a plane curve with y/(f) # 0 for any ¢ € I.
The tangential ruling map R, of y is the map R, : (¢,u) — y(t) +uy'(¢). The
discriminant function and the null vector field of R, are A=ux and
n = (—1,1), respectively, where x is the curvature of y. Thus we have

0 «

Hess 4(£,0) = (K, 0 ) and nni(1,0) = =2«

Using Theorem 3, R, at (#,0) is .«Z-equivalent to the beaks if and only if
k(to) =0 and «’(f)) # 0 holds (See figure 2).

Fig. 2. The beaks on the tangential ruling map of (¢,73) at (¢,u) = (0,0).
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To prove Theorem 3, we need the following lemma.

LEmMMA 1. For a map germ f : (U, p) — (R?,0), the conditions in Theorem
3 are independent of the choice of coordinates of the source and target. To be
precise, the rank of (df) ,» the non-degeneracy of p, and the sign of det Hess A(p),
are independent of the choice of both coordinates on the source and target.
Suppose further that p is non-degenerate, and let J(uy,uy) and M(vi,v2) are area
density functions of [, and n and 5 are null vector fields of f, then the following
hold:

* ni(p) =0 if and only if 7A(p) = 0.

© If ni(p) =7A(p) =0, then mi(p) # 0 if and only if 7iA(p) # O.

o If ni(p) = mi(p) = ni(p) = qmA(p) =0, then nyni(p) # 0O if and only

if nni(p) # 0.

Proor. Needless to say, rank(df), is independent of the choice of the
coordinate systems. If we change the coordinates, then the function 1 is
multiplied by a non-zero function. Since the vanishing of d4 and the sign of
det Hess A do not change under this multiplication, the first part of the lemma
is proved. We now prove the second part. We can write # = a& + ayy,
where a;,a, are functions near p, satisfies a; =0 on S(f), and & is a vector
field transverse to # at p, and assume that Ais a multiplication of A by a non-
zero function. Under this setting, since {1 =0} = {a; =0} holds, one can
prove that the non-degeneracy yields the desired equivalences. O

Now we prove Theorem 3; the method of proof is due to Rieger [9].
PrOOF OF (1) AND (2). Since p is of corank one, f can be represented as
f(u,v) = (u,vf2(u,v)), p=1(0,0)

by Lemma 1. Since A(p) =0 and di(p) =0, we have f = (f2), = (f2),=0
at p, where (f), = 0f»/0u and (f>), = df»/0v. Therefore, /" can be written as

(u, v(au® + 2buv + cv?) + (higher order term)), a,b,c € R.

Here, the “higher order term” consists of the terms whose degrees are greater
than 3. Since det Hess A(p) # 0, it holds that a, b or ¢ does not vanish at p.
Moreover, since # = (0,1) and nnA(p) # 0, it holds that ¢ # 0. Now, by the
coordinate change

f can be written as

(u, v(ow® + Pv*) + yu’ + (higher order term)), «, 8,7 € R.
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Here, the ‘“higher order term” consists of the terms whose degrees are greater
than 3. We remark that the sign of of coincides with the sign of Hess A(p).
Hence, by some scaling change and a coordinate change on the target, f can be
written as

(u,0(u® + v*) + (higher order term)). (2)

Since the map germ (u, v(u® + v?)) is three-determined, the map germ (2) is .o/-

equivalent to the lips(+) or the beaks(—). O

ProorF ofF (3). Since f is of corank one, f can be written as
f(u,v) = (u,vh(u,v)). Then the null vector field is (0,1). Write

vh(u,v) = anuv + agpv? + anu’v + apuv® + agzv’ + azu’v

+ anu*v? + ajuv’ + agav® + (higher order term).

Here, the “higher order term” consists of the terms whose degrees are greater
than 4. The non-degeneracy of f yields that a;; # 0. If ap, # 0, by Fact 2,
f is .o/-equivalent to the fold. Moreover, if ap; = 0 and a3 # 0 then by Fact
2, f is o/-equivalent to the cusp. Hence we can assume agp = ap3 = 0. Since
nmA(p) # 0, we have aps # 0. By the coordinate change

=
Il

u

b= anv+ ayuv + apv’ + a31u21) + apuv® + a13173,
f is written as
f(it,0) = (@, ud + d* + (higher order term)).

Since (@, uv + v*) is four-determined, it is .oZ-equivalent to (u,uv + v*). O

3. Singularities of characteristic surfaces of a single conservation law

In this section, we consider the following Cauchy problem of a single
conservation law:

Liex+ Y D06 10 =0,

i=12

©
y(O,X) = qo(x), X = (X],Xz),

where, fi, f, and ¢ are functions. We consider the characteristic surfaces of

(C) following the framework of [4].

Let 7 : PT*(R x R*> x R) — R x R* x R be the projective cotangent bundle.
Identify PT*(R x R> x R) = (R x R* x R) x P(R x R*> x R) and denote the
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local coordinates of this space by (¢, x,y,[t: &:7]). We consider the canonical
contact form,

o = [tdt + &ydxy + Eydxy + ydy).

Then the equation (C) is written in the following form:

E(L £ £.0) = { (60 [ & n) € PT'(Rx B2 x R |e 4+ 3 /()G =0},
i=1,2
where f/ =dfj/dy. 1f (C) has a classical solution y, then the non-zero normal
vector v = (J;, Vx,,Vx,, —1) of smooth hypersurface (z,x,y(t,x)) = R x R* x R
exists, where, yy, = dy/dx; for example.
Hence we have a Legendrian immersion : R x R*> — PT*(R x R*> x R):

P(t,x) : (t,x) — (t,x,9(t,x),[v]) € E(1, f], /,0) =« PT*(R x R* x R).
According to this, we define a geometric solution of (C) as a Legendrian
immersion L : (Usuy,uy) — E(1, f],f1,0) = PT*(R x R* x R) of a domain
U < R? such that mo L is an embedding. We apply the method of charac-
teristic equation. The characteristic equation associated with (C) through
(O,XO) is

G0 =T 0x0), x0) = x

D (1 x(1) =0, y(0.x(0)) = p(xo).

dt
The solution of the characteristic equation can be expressed by
dfi
X[(ll, l) = ui+td_y((p(u))7 y(O,x(u, 0)) :y(07u) = (D(u)a u= (Ml,uz) eU.
(3)
If a map
gru> (x1(u, 1), x2(u,t)) 4)

is non-singular, y = ¢((g;)"'(x1,x2)) is the classical solution of (C) (See [4,
Section 5]). Remark that if =0, g, is non-singular. Thus, in order to
investigate the singularity of (C), we study the singularities of a family of maps
g;- The discriminant function of g,(u) is

det(l + ten tcin >7 . d*f; (o(@)) 0y (a).

tco 1+ tex v dyz 6711,

Needless to say, this matrix is never equal to the zero-matrix. This implies
that (¢,u) is a singular point of (3), if and only if —#! is an eigen value of the
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matrix C = (Cij)i,/:l‘z- The eigen equation for an eigen value x4 of C can be
computed as

)

24 24
N o) 20 S o) £
=de
2 2
o) 2w G o) 5 )~

= 1= G o) 22 )~ S o) 22 )
= u(p — traceC).
Hence (#,u) is a singular point of (3), if and only if
t = —1/trace C.

We call C the shape operator of (C). Now we consider the first singular point
of (4) with respect to ¢ from the initial time ¢ = 0.

For a minimal value of #(u) = —1/trace C, if det Hess #(u) > 0 holds, then
by Theorem 3, the singular point at u is .o7-equivalent to the lips. Izumiya and
Kossioris [4] have developed an unfolding theory and classified the generic
singularities of multi-valued solutions in general dimensions. According to it,
the first singular point of (4) is generically the lips, where they did not give a
condition for the singular point to be equivalent to the lips. Using our
criterion for the lips, we detect the singular point and write down an explicit
condition for the singular point to be equivalent to the lips. As a corollary of it,
we give a simple proof that the first singular point of (4) is generically the lips.

Since the single conservation law (C) is determined by functions (fi, f3)
and the initial value ¢, we may regard that the space of single conservation
laws is the space

{(fi,/2,0)} = C*(R.R)* x C*(R*,R)
with the Whitney C®-topology.

THEOREM 6. There exists a residual subset O = C*(R,R)* x C*(R?,R)
such that for any (fi, f2,9) € O, the map germ (4) defined by (fi, f2,9) at the
first singular point with respect to t > 0 is o/-equivalent to the lips.

Here, a subset is residual if it is a countable intersection of open and dense
subsets.
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Proor. Since, for a function w, the behaviors of dw and Hess w are the
same as those of w™!, we may calculate these quantities about trace C. By a
direct calculation, we have

1) = (10, =1 00> + 17 o102+ 1 01+ f3 0
3
2(u) = (1/1),, :f1<3) 102 +fz( ) (p,)° + /1 o+ 1y o

)

[x]

and
Z3(u) := det Hess (1/1)
:f1(4) [f1(3) (20 ((2)? 02 = 201 02012 + ()  911)
+f1”¢1(((ﬂ1)2 P12 = 201020112+ ((Pz)z 111)
+ 157 0002 (00 000 = 201 02012+ (02)” 011)
+ 100 (01 920 = 201020120 + (92) 9112)]
Jrfz [f '0102((91)> 922 = 201 0201 + (92)> 011)

+ 02((91) 0102 = 201 020110+ (92)* 0111)

+ fz(3) (0) ((0))* 00 — 201 92012 + (92)* o11)

+ 17 02 (00) 920 = 201 020120 + (92)” 911)]
(fi(3>)2[(ﬂ1(011(3(01(ﬂ22 +20,012) — 491 (912)” = (92)*(911)”]
+(fy ° )) [02022(201015 + 302011) — (¢ ) (6022) - 4((”2)2((012)2]

+f f [ 2(01)’ 0120 — 40102 (912)°

+ 80102011 022 — 2(92) 011 912]

+ /U B oo 91 — 401012 2112

= 200110112+ 01 92 0111 T 202012 0111)

+ 1 (401 0120120 + 391 011 922

= 202011 P12 + 01 00 0112 T 202 012 P112)]

+ f2(3> A 201 012 0122 + 92 011 9122

= 20190012 = 4020120112+ 30202 P111)

+ 15 (201 0120200 — 201 92 P12

— 40010122 + 02011 0222 + 302022 P112)]

+ (2 (11 0122 = (9112)°) + () (9112 020 — (9122)%)

+ U5 (@111 0220 — 9112 9122);
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where for the sake of simplicity, we set

dfy L _df; d”’f
f/f::df;a/::dyz/,f/ = (=12, m=3,4)
_dp _ P
i = auia (ﬂij T auiujv and (pijk T au[ujukv (lvjvk - 172)

Next we consider a map

U)o = GHi), 7 A0). e(w) € THR,R)® x J*(R, R)

and four subsets of jet spaces J4(R,R)* x J*(R*,R) as follows:

[xp

o= {7 £ 0)(
L= {4 s 0)(
2= S p) (0,
3= {7/, f,0)(

Since the coordinate system of J*(R,R)*> x J*(R?,R) is defined by each
coordinate of source and value of derivatives of functions, =, =, 5, and &5
are algebraic subsets with respect to the coordinates of J*(R,R)* x J*(R*,R).
Comparing the coefficients of ¢;; and ¢,, in = and =, we see that = and
Z, do not have a common factor. Moreover, f/ gol(goz) is the coefficient
of o111 f1(4) of Z3, but this does not appear in either =; or Z,. Hence
S:=n’},E is a closed algebraic subset with codimension 4 in
J*(R,R)* x J*(R*,R). So this set has a standard stratification. Applying
the Thom jet transversality theorem to j*(fi, f,¢) and S, there exists a residual
subset 0 = COC(R,R)2 x C*(R?* R) such that for any (fi, f>,9) € ¢, the map
J*(f1, f>,9) is transverse to S. Since the codimension of S is 4, transversal
condition means having no intersection point. If g, at u is the beaks, there is
a singularity of g, . near uy for a sufficiently small number ¢, the beaks never
appear at the minimal value of ¢ which g, is singular. Thus (fi, f2,9) € O
satisfies the desired condition. O

Lp Ly

Ly
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