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Abstract. Let Y ¼ ðY1;Y2; . . . ;YkÞ 0 be a random vector with multinomial distribu-

tion. In this paper we investigate the convergence rate of so-called power divergence

family of statistics fI lðYÞ; l A Rg introduced by Cressie and Read (1984) to chi-square

distribution. It is proved that for every kb 4

Prð2nI lðYÞ < cÞ ¼ Gk�1ðcÞ þOðn�1þmðk�1ÞÞ;

where GrðcÞ is the distribution function of chi-square random variable with r degrees

of freedom, mðrÞ ¼ 6=ð7rþ 4Þ for 3a ra 7, mðrÞ ¼ 5=ð6rþ 2Þ for rb 8. This refines

Zubov and Ulyanov’s result (2008). The proof uses Krätzel-Nowak’s theorem (1991)

on the number of integer points in a convex body with smooth boundary.

1. Introduction and main result

Let Y ¼ ðY1;Y2; . . . ;YkÞ0 be a random vector with the multinomial distri-

bution Mkðn; pÞ, i.e.,

PrðY1 ¼ n1;Y2 ¼ n2; . . . ;Yk ¼ nkÞ ¼ n!
Qk

j¼1

p
nj
j

nj !

Pk
j¼1 nj ¼ n

0 otherwise;

8<
:

where nj ¼ 0; 1; . . . ; n, p ¼ ðp1; p2; . . . ; pkÞ0, pj > 0,
Pk

j¼1 pj ¼ 1. For testing

the simple hypothesis H : p ¼ p ( p is a fixed vector) against K : p0 p the

power divergence statistics (introduced by Cressie and Read in [2]) can be used:

2nI l ¼ 2

lðlþ 1Þ
Xk
j¼1

Yj

Yj

npj

� �l
� 1

" #
; l A R;

where p ¼ ðp1; p2; . . . ; pkÞ0, pj > 0 ð j ¼ 1; 2; . . . ; kÞ and
Pk

j¼1 pj ¼ 1.
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Remark 1. When l ¼ 0 or l ¼ �1, this notation should be understood as

a result of passing to the limit.

Throughout this paper we will use the following notation:

x ¼ ðx1; . . . ; xrÞ0;

x* ¼ ðx1; . . . ; xl�1; xlþ1; . . . ; xrÞ0;

For any BHRr and for any l A f1; . . . ; rg denote

Bl ¼ fx� : x A Bg:

Definition 1. A set BHRr is called an extended convex set, if B has the

following representation for every l A f1; 2; . . . ; rg:

B ¼ fx : llðx*Þ < xl < ylðx*Þ; x* A Blg;

where ll , yl are continuous functions on Bl .

It is known (see Cressie, Read [2]), that under the null hypothesis 2nI l

has the chi-square distribution with r ¼ k � 1 degrees of freedom in the limit.

Moreover the distribution function of 2nI l has the following expansion:

Prð2nI l < cÞ ¼ Prðw2r < cÞ þ J2 þOðn�1Þ; ð1Þ

where

J2 ¼ � 1ffiffiffi
n

p
Xr
l¼1

n�ðr�lÞ=2
X

xlþ1 ALlþ1

. . .
X
xr ALrðy

�y
. . .

ðy
�y

wBl
l
ðx*Þ½S1ð

ffiffiffi
n

p
xl þ plnÞfðxÞ�yl ðx*Þll ðx*Þdx1 . . . dxl�1; ð2Þ

Lj ¼ xj : xj ¼
1ffiffiffi
n

p ðnj � npjÞ; nj A Z

� �
; ð3Þ

S1ðxÞ ¼ x� ½x� � 1

2
;

½hðxÞ�yl ðx*Þ
ll ðx*Þ ¼ hðx1; . . . ; xl�1; ylðx*Þ; xlþ1; . . . ; xrÞ

� hðx1; . . . ; xl�1; llðx*Þ; xlþ1; . . . ; xrÞ;

fðxÞ ¼ ð2pÞ�r=2jWj�1=2 exp � 1

2
x 0W�1x

� �
;

W ¼ diagðp1; . . . ; prÞ � ðp1; . . . ; prÞ0ðp1; . . . ; prÞ:
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Here wAðxÞ is an indicator function, ylðx�Þ and llðx�Þ are continuous functions

from Definition 1 for the set

Bl ¼ fx : 2nI lðxÞ < cg ð4Þ

with

2nI lðxÞ ¼ 2

lðlþ 1Þ
Xk
j¼1

ðnpj þ
ffiffiffi
n

p
xjÞ 1þ xjffiffiffi

n
p

pj

� �l
� 1

" #
; ð5Þ

xk ¼ �ðx1 þ � � � þ xrÞ:

In Lemma 2 and Lemma 7 we shall prove that Bl is a convex set with

smooth boundary. Hence Bl is an extended convex set (see Definition 1) and

it follows from Yarnold’s result [6] that

J2 ¼ Oðn�1=2Þ:

This was improved by Zubov and Ulyanov in [7]. They showed that

J2 ¼ Oðn�1þ1=ðrþ1ÞÞ:

Our main result is the following

Theorem 1. If 2nI l is the power divergence statistic defined above, then

Prð2nI l < cÞ ¼ Prðw2r < cÞ þ J2 þOðn�1Þ

and

J2 ¼ Oðn�1þmðrÞÞ; ð6Þ

where

mðrÞ ¼def
6

7rþ4 for 3a ra 7
5

6rþ2 for rb 8:

(
ð7Þ

2. Properties of Bl

2.1. Convexity.

Lemma 1. Let 2nI lðxÞ be the function defined by (5); then 2nI lðxÞ is a

strictly convex function on the domain

Q ¼ fx : xj > �
ffiffiffi
n

p
pj; x1 þ � � � þ xr <

ffiffiffi
n

p
pkg: ð8Þ

Proof. The set Q is convex since it is an open r-dimensional pyramid.

Calculating second partial derivatives of 2nI lðxÞ we obtain
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q2ð2nI lÞ
qx2

i

¼ 2

pi
1þ xiffiffiffi

n
p

pi

� �l�1

þ 2

pk
1� x1 þ � � � þ xrffiffiffi

n
p

pk

� �l�1

; i ¼ 1; r; ð9Þ

q2ð2nI lÞ
qxiqxj

¼ 2

pk
1� x1 þ � � � þ xrffiffiffi

n
p

pk

� �l�1

; i0 j: ð10Þ

All these derivatives are continuous on Q. Hence, 2nI lðxÞ is twice di¤er-

entiable on Q. The lemma will be proved if we show that d 2ð2nI lÞ is a

positive definite quadratic form on Q. For this, by Sylvester criterion, it

is su‰cient to prove that the principle minors Dl , l ¼ 1; r of the matrix

A ¼ q2ð2nI lÞ
qxiqxj

� �
are positive on Q. The proof is by induction on l and is

left to the reader. r

Lemma 2. Let Bl be the set considered in Introduction; then Bl is a strictly

convex set.

Proof. Consider any x1 A qBl, x2 A qBl, t A ð0; 1Þ. This means that

2nI lðx1Þ ¼ c, 2nI lðx2Þ ¼ c. From Lemma 1 it follows that 2nI lðxÞ is a

strictly convex function on Q. Therefore

2nI lðx1 þ tðx2 � x1ÞÞ < 2nI lðx1Þ þ tð2nI lðx2Þ � 2nI lðx1ÞÞ

¼ ð1� tÞ2nI lðx1Þ þ t2nI lðx2Þ ¼ ð1� tÞcþ tc ¼ c:

This implies that x1 þ tðx2 � x1Þ A Bl. Consequently Bl is a strictly convex

set. r

2.2. Boundedness.

Lemma 3. Let fnðxÞ ! f ðxÞ pointwise and the set A ¼ fx : f ðxÞa cg be

bounded. Let the functions fnðxÞ be continuous, convex, strictly decreasing for

x A ½an; 0Þ, fnð0Þ ¼ 0, strictly increasing for x A ð0; bn� and

fnðanÞ ! þy; fnðbnÞ ! þy; n ! þy:

Then the sets An ¼ fx : fnðxÞa cg are uniformly bounded.

Proof. Assume the converse. Let N be a number such that

minð fNðaNÞ; fNðbNÞÞ > c:

Then for any natural n > N the set An is a finite segment ½an; bn� containing 0,

where an < 0, bn > 0 are solutions of the equation fnðxÞ ¼ c. By our assump-

tion at least one of the sequences fang and fbng is unbounded. Let it be fbng
(for the case of fang the argument is similar). Further we select from fbng an

infinitely large subsequence fbnkg. Then
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½0; bn1 �H ½0; bn2 �H � � �H ½0; bnk �H � � �

and, therefore, for any l > k

fnl ðbnk Þa c:

Passing to the limit at l ! þy we obtain

f ðbnk Þa c ) bnk A A;

but this contradicts with boundedness of A. r

Lemma 4. For any l A f1; . . . ; rg the set Bl
l can be represented as

Bl
l ¼ fy A Rr�1 : F ðyÞ < cg;

where y ¼ x� and

FðyÞ ¼ 2

lðlþ 1Þ
Xr
j¼1

ðnqj þ
ffiffiffi
n

p
yjÞ 1þ yjffiffiffi

n
p

qj

� �l
� 1

" #
;

q ¼ ðp1; . . . ; pl�1; plþ1; . . . ; prÞ0; qr ¼ pl þ pk;

yr ¼ �ðy1 þ � � � þ yr�1Þ:

Proof. The proof is found in [7]. r

It can easily be seen that 2nI 1ðxÞ is a quadratic form, which doesn’t

depend on n (see (5)). Therefore, B1 ¼ f2nI 1ðxÞ < cg is an ellipsoid, which

doesn’t depend on n. However the set Bl ¼ f2nI lðxÞ < cg depends on n (see

(4)).

Lemma 5. The set Bl, l0 1, is uniformly bounded w.r.t. n.

Proof. The proof is by induction on dimension r:

(1) For r ¼ 1 the lemma follows from Lemma 3.

(2) Let it be true for the dimension ðr� 1Þ. From Lemma 4 it follows

that projection Bl
r of the set Bl on subspace

xr ¼ 0

is an ðr� 1Þ-dimensional set, that has the same form as Bl. By

induction assumption Bl
r is uniformly bounded w.r.t. n. Thus, for all

x A Bl

jxijaC1; i ¼ 1; r� 1

By the same argument we see that Bl
1 is uniformly bounded w.r.t.

n. Hence for all x A Bl

jxrjaC2: r
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2.3. Smoothness. In the rest of this paper we will use such concepts from

di¤erential geometry as manifold, smooth manifold, manifold of class Cy,

surface, etc. Definitions of these concepts can be found e.g., in [5].

Lemma 6. Let f : Rn ! R1 be a function of class Cy, Mc ¼ fx : f ðxÞ ¼ cg.
If the gradient of f is nonzero throughout Mc, then Mc is a smooth ðn� 1Þ-
dimensional manifold of class Cy.

Proof. The proof is found in [5], Ch. 3, § 2, Theorem 1. r

Remark 2. The lemma is true if f is defined on a set Q A Rn such that

QIMc.

Lemma 7. The surface

qBl ¼ fx : 2nI lðxÞ ¼ cg ð11Þ

is an ðr� 1Þ-dimensional surface of class Cy.

Proof. The domain of the function 2nI lðxÞ is the set Q defined by (8).

Q increases infinitely with the growth of n. Since the set Bl is bounded (see

Lemma 5) there exists the number N such that Q contains the surface qBl for

all nbN. The function 2nI lðxÞ is indefinitely di¤erentiable as a superposition

of indefinitely di¤erentiable functions. By direct computations we see that

qð2nI lÞ
qxj

¼ 2
ffiffiffi
n

p

l
1þ xjffiffiffi

n
p

pj

� �l
� 2

ffiffiffi
n

p

l
1� x1 þ � � � þ xrffiffiffi

n
p

pk

� �l
; j ¼ 1; r: ð12Þ

Let us show that the gradient of 2nI lðxÞ is nonzero throughout qBl. Assume

the converse. Then there exists x0 A qBl such that

grad½2nI lðx0Þ� ¼ 0 ) qð2nI lÞ
qxj

ðx0Þ ¼ 0; j ¼ 1; r

,
x0
jffiffiffi
n

p
pj

¼ � x0
1 þ � � � þ x0

rffiffiffi
n

p
pk

; j ¼ 1; r:

We can write these last r equations in the matrix form:

1ffiffi
n

p
p1
þ 1ffiffi

n
p

pk

1ffiffi
n

p
pk

� � � 1ffiffi
n

p
pk

1ffiffi
n

p
pk

1ffiffi
n

p
p2
þ 1ffiffi

n
p

pk
� � � 1ffiffi

n
p

pk

..

. ..
. . .

. ..
.

1ffiffi
n

p
pk

1ffiffi
n

p
pk

� � � 1ffiffi
n

p
pr
þ 1ffiffi

n
p

pk

0
BBBBBB@

1
CCCCCCA

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
C

x0
1

x0
2

..

.

x0
r

0
BBBBB@

1
CCCCCA¼ 0:
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The matrix C is nondegenerate (the proof is left to the reader). Hence x0 ¼
ð0; . . . ; 0Þ0, and 2nI lðx0Þ ¼ 2nI lð0; . . . ; 0Þ ¼ 0 < c. But this contradicts with

the choice of x0 A qBl. This contradiction proves that

grad½2nI lðxÞ�0 0

throughout the surface qBl. Applying Lemma 6 to the mapping 2nI l proves

the lemma. r

2.4. Parameterization. Consider the function

Unðr; tÞ ¼ 2nI lðxðr; tÞÞ � c; ð13Þ

where the mapping xðr; tÞ ¼ ðx1ðr; tÞ; . . . ; xrðr; tÞÞ0 is defined by the equalities

x1ðr; tÞ ¼ r sin t1 . . . sin tr�1;

xjðr; tÞ ¼ r cos tj�1

Q r�1
l¼j sin tl for j ¼ 2; r� 1;

xrðr; tÞ ¼ r cos tr�1;

8><
>:

on the set

S ¼
(
ðr; tÞ : r A ½0;þyÞ; t1 A ½0; 2p�; tl A ½0; p�; l ¼ 2; r� 1;

xjðr; tÞ > �
ffiffiffi
n

p
pj; j ¼ 1; r;

Xr
j¼1

xjðr; tÞ <
ffiffiffi
n

p
pk

)
: ð14Þ

Remark 3. Notice that the function U defined by (13) depends on n for

l0 1 (denote it by Un) and doesn’t depend on n for l ¼ 1 (denote it by U).

Let yðtÞ ¼ ðy1ðtÞ; . . . ; yrðtÞÞ0 be a mapping defined by the equalities

y1ðtÞ ¼ sin t1 . . . sin tr�1;

yjðtÞ ¼ cos tj�1

Qr�1
l¼j sin tl for j ¼ 2; r� 1;

yrðtÞ ¼ cos tr�1:

8><
>: ð15Þ

Then xðtÞ ¼ ryðtÞ and

kyðtÞk ¼ 1: ð16Þ

Lemma 8. For su‰ciently large n we have

qUn

qr
> 0

on Snfr ¼ 0g.
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Proof. Calculating partial derivative of Unðr; tÞ w.r.t. r we have

qUn

qr
¼
Xk
j¼1

qð2nI lÞ
qxj

qxj

qr

¼ 2
ffiffiffi
n

p Xr
j¼1

yjðtÞ
l

1þ ryjðtÞffiffiffi
n

p
pj

� �l

� 2
ffiffiffi
n

p
Pr

j¼1 yjðtÞ
l

1�
r
Pr

j¼1 yjðtÞffiffiffi
n

p
pk

 !l

: ð17Þ

Consider the function

f ðxÞ ¼ x

l
ð1þ xÞl � x

l
; x A R:

It can easily be seen that in su‰ciently small neighborhood of x ¼ 0

f ðxÞb 0; f ðxÞ ¼ 0 , x ¼ 0; ð18Þ

Using f ðxÞ we can rewrite (17) in the following way

1

2
ffiffiffi
n

p qUn

qr
¼
Xr
j¼1

1

sjðrÞ
f ðsjðrÞyjðtÞÞ þ

1

skðrÞ
f �skðrÞ

Xr
j¼1

yjðtÞ
 !

b 0; ð19Þ

where sjðrÞ ¼ rffiffi
n

p
pj
> 0. Assume that

qUn

qr
ðr0; t0Þ ¼ 0. Then by non-negativity

of every term in (19) we obtain

f ðsjðr0Þyjðt0ÞÞ ¼ 0; j ¼ 1; r

f ð�skðr0Þ
Pr

j¼1 yjðt0ÞÞ ¼ 0:

(
) ffrom ð18Þg ) yjðt0Þ ¼ 0; j ¼ 1; r

) yðt0Þ ¼ 0:

But this contradicts (16). Therefore,
qUn

qr
> 0 for all ðr; tÞ A S and r0 0. r

Lemma 8 and implicit function theorem give us the following

Lemma 9. Let Unðr0; t0Þ ¼ 0, where Un is defined by (13). Then for any

su‰ciently small e > 0 there exists a neighborhood Vðt0Þ of t0 and a unique

function rnðtÞ such that jrnðtÞ � r0j < e and

UnðrnðtÞ; tÞ ¼ 0:

for all t A Vðt0Þ and the function rnðtÞ is continuous and infinitely di¤erentiable

on Vðt0Þ.
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Put by definition

T ¼ ½0; 2p� � ½0; p� � ½0; p� � � � � � ½0; p�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðr�2Þ times

:

Lemma 10. The surface qBl has infinitely di¤erentiable parameterization

xnðtÞ ¼ rnðtÞyðtÞ; t A Rr�1;

where yðtÞ is defined by (15).

Proof. From Lemma 2 it follows that the set Bl ¼ fx : 2nI lðxÞ < cg is

convex. Therefore its boundary qBl ¼ fx : 2nI lðxÞ ¼ cg is a convex surface

containing the origin since 2nI lð0; . . . ; 0Þ ¼ 0 < c. Hence for all t0 A T the

ray that starts at the origin in the direction of the vector yðt0Þ intersects qBl

at the unique point x0. Using the transformation

x ¼ ryðtÞ

we turn to spherical coordinate system. Then the point x0 turns to the point

ðr0; t0Þ, where r0 ¼ kx0k. By construction x0 lies on the surface qBl, thus

Unðr0; t0Þ ¼ 2nI lðx0Þ � c ¼ 0:

Therefore from Lemma 9 it follows that there exists a neighborhood Vðt0Þ of t0
and a unique function rnðtÞ such that UnðrnðtÞ; tÞ ¼ 0 and rnðtÞ is continuous

and infinitely di¤erentiable on Vðt0Þ. Put

xnðtÞ ¼ rnðtÞyðtÞ:
Then

2nI lðxnðtÞÞ ¼ UnðrnðtÞ; tÞ þ c ¼ c; t A Vðt0Þ;

and the functions xn
j ðtÞ, j ¼ 1; r are continuous and infinitely di¤erentiable on

Vðt0Þ.
Since t0 is taken arbitrarily, the lemma is proved. r

Throughout this paper we denote uniform convergence of fnðxÞ to f ðxÞ as

n ! y by

fnðxÞ x f ðxÞ; n ! y

Lemma 11. 2nI lðxÞ x 2nI 1ðxÞ, n ! y, on any bounded set. Moreover

Em A N and Ee1; . . . ; er A N0 : e1 þ � � � þ er ¼ m

qmð2nI lÞ
qxe1

1 . . . qxer
r
ðxÞ x qmð2nI 1Þ

qxe1
1 . . . qxer

r
ðxÞ; n ! y;

on any bounded set.
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Proof. The uniform convergence 2nI lðxÞ x 2nI 1ðxÞ follows from Taylor

expansion of 2nI lðxÞ w.r.t. n. From (12) it follows that

qð2nI lÞ
qxi

x
2

pi
xi þ

2

pk
ðx1 þ � � � þ xrÞ ¼

qð2nI 1Þ
qxi

; i ¼ 1; r:

From (9) and (10) it follows that

q2ð2nI lÞ
qx2

i

x
2

pi
þ 2

pk
¼ q2ð2nI 1Þ

qx2
i

; i ¼ 1; r;

q2ð2nI lÞ
qxixj

x
2

pk
¼ q2ð2nI 1Þ

qxixj
; i0 j;

and Emb 3, Ee1; . . . ; er A N0 : e1 þ � � � þ er ¼ m

qmð2nI lÞ
qxe1

1 . . . qxer
r
ðxÞ x 0 ¼ qmð2nI 1Þ

qxe1
1 . . . qxer

r
ðxÞ: r

Let rnðtÞ be the function constructed in Lemma 10 for the surface qBl.

Then from Lemma 5 it follows that jrnðtÞjaR, where R ¼ supnfmaxt AT rnðtÞg
< y.

Lemma 12. Em A N and Ee1; . . . ; er A N0 : e1 þ � � � þ er ¼ m

qmUn

qrerqte11 qte22 . . . qter�1

r�1

x

½0;R��T qmU

qrerqte11 qte22 . . . qter�1

r�1

:

Proof. By induction on m and direct calculation we can show that

qmUn

qrerqte11 qte22 . . . qter�1

r�1

¼
Xm
l¼1

X
e1þ���þer¼l

ej AN0

q lð2nI lÞ
qxe1

1 . . . xer
r
Pl; eðr; tÞ;

where Pl; eðr; tÞ doesn’t depend on n. Now the lemma follows from Lemma

11. r

Lemma 13. Let rnðtÞ and rðtÞ be the functions constructed in Lemma 10

for the surfaces qBl ðl0 1Þ and qB1 respectively. Then

jrnðtÞ � rðtÞjaCn�1=2:

Moreover, Em A N and Ee1; . . . ; er�1 A N0 : e1 þ � � � þ er�1 ¼ m

qmrn
qte11 . . . qter�1

r�1

ðtÞ x
T qmr

qte11 . . . qter�1

r�1

ðtÞ:
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Proof. First let us show that rnðtÞ x
T

rðtÞ. Assume the converse. Then

there exists a number e > 0 and a sequence ft ng such that

jrnðt nÞ � rðtnÞjb e: ð20Þ

By compactness of T we select a converging subsequence ftnkg : t nk ! t0.

Thus by continuity of rðtÞ we have

rðt nk Þ ! rðt0Þ:

Now by compactness of ½0;R� we select a converging subsequence frnkl ðt
nkl Þg :

rnkl
ðtnkl Þ ! r1, and from (20) we have

r1 0 rðt0Þ: ð21Þ

Further

Unkl
ðrnkl ðtnkl Þ; tnkl Þ ¼ 0 ) fUn x Ug

) Uðrnkl ðtnkl Þ; tnkl Þ þ al ¼ 0; al ¼ oð1Þ

) fl ! yg ) Uðr1; t0Þ ¼ 0:

Combining this with (21) we get contradiction with the identity

UðrðtÞ; tÞ ¼ 0; Et A T ;

which follows from the proof of Lemma 10. Hence

rnðtÞ x
T

rðtÞ:

Now from Taylor expansion of Unðr; tÞ and boundedness of Bl we get

jUnðr; tÞ �Uðr; tÞjaC1n
�1=2:

From Lemma 8 and its proof it follows that qU
qr
ðr; tÞ > 0 for r > 0 and

qU
qr
ð0; tÞ ¼ 0. By direct computation we obtain q2U

qr2 ðr; tÞ > 0 throughout

domain. Thus qU
qr

is strictly increasing function for rb 0 and vanishing at

r ¼ 0. The set B1 is an ellipsoid, thus its radius rðtÞbK > 0 and we have

C2jrnðtÞ � rðtÞja qU

qr
ðxnðtÞ; tÞ

				
				 jrnðtÞ � rðtÞj ¼ jUðrnðtÞ; tÞ �UðrðtÞ; tÞj

¼ jUðrnðtÞ; tÞ �UnðrnðtÞ; tÞjaC1n
�1=2;

where xnðtÞ ¼ rðtÞ þ ynðtÞ|ffl{zffl}
A ð0;1Þ

½rnðtÞ � rðtÞ� x
T

rðtÞbK > 0.
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The second part of the lemma follows from Lemma 12 and the formulae

for derivatives of implicit function. r

2.5. Support function properties. Remember that 2nI 1ðxÞ is a quadratic form,

which doesn’t depend on n (see (5)). Therefore, B1 ¼ f2nI 1ðxÞ < cg is an

ellipsoid, which doesn’t depend on n. Let HnðuÞ be a support function of Bl

for any l0 1 and HðuÞ be a support function of B1. Throughout we assume

that u takes values from bounded set.

Lemma 14. Em A N, Ee1 A N0; . . . ; er A N0 : e1 þ � � � þ er ¼ m

qmHn

que1
1 . . . quer

r
ðuÞ x qmH

que1
1 . . . quer

r
ðuÞ; n ! y:

Proof. Let xnðtÞ and xðtÞ be parameterizations from Lemma 10 for the

sets Bl (l0 1) and B1 respectively. In order to simplify the computation we

will prove the statement for r ¼ 2. In this case

Hnðu; vÞ ¼ sup
ðx1;x2Þ A qBl

fux1 þ vx2g ¼ max
t A ½0;2p�

furnðtÞ cos tþ vrnðtÞ sin tg

¼ urnðt�n ðu; vÞÞ cos t�n ðu; vÞ þ vrnðt�n ðu; vÞÞ sin t�n ðu; vÞ;

where t�n ðu; vÞ is a maximum point of smooth and periodic function

fnðt; u; vÞ ¼ urnðtÞ cos tþ vrnðtÞ sin t

w.r.t. t. From Lemma 13 it follows that

qfn

qu
x

qf

qu
;

where

f ðt; u; vÞ ¼ urðtÞ cos tþ vrðtÞ sin t:

Let t�ðu; vÞ be the maximum point of f ðt; u; vÞ w.r.t. t A ½0; 2p�. In a similar

fashion as we proved the convergence of radii in Lemma 13 we can show that

t�n ðu; vÞ x t�ðu; vÞ. Thus we have

qHn

qu
¼ q

qu
ð fnðt�n ðu; vÞ; u; vÞÞ

¼ qfn

qt
ðt�n ðu; vÞ; u; vÞ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼0

qt�n
u

ðu; vÞ þ qfn

qu
ðt�n ðu; vÞ; u; vÞ

x
qf

qu
ðt�ðu; vÞ; u; vÞ ¼ qH

qu
:
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Arguing as above we see that

qHn

qv
x

qH

qv
:

Uniform convergence of the derivatives of higher order is proved in the similar

way. r

2.6. Finiteness and non-vanishing of Gaussian curvature.

Lemma 15. Gaussian curvature is finite and nonzero throughout qBl for

su‰ciently large n.

Proof. If u is any point of unit sphere fx : kxk ¼ 1g, and x ¼ MðuÞ its

image under the canonical map, then the Gaussian curvature k of qBl ðl0 1Þ
in x is equal to ðl1; . . . ; lr�1Þ�1 where f0; l1; . . . ; lr�1g are the eigenvalues of

the matrix
q2Hn

quiquj
ðuÞ

� �
(see [1], p. 61f ). Notice that Gaussian curvature of the

ellipsoid qB1 is finite and nonzero. Now the lemma follows from Viéte’s

formulas and from Lemma 14. r

3. Preliminary transformation of J2

By definition put

L ¼ x : xj ¼
1ffiffiffi
n

p ðmj � npjÞ; mj A Z; j ¼ 1; r

� �
;

This means that L is an r-dimensional lattice in Rr and lattice spacing of L is
1ffiffi
n

p . Let N l be the number of lattice points in Bl, i.e., N l ¼aðLVBlÞ. Let

V l be the volume of Bl.

Proposition 1. Let J2 be the term defined by (2); then

J2 ¼ dn�r=2ðN l � nr=2V lÞ þOðn�1Þ; ð22Þ

where d ¼ const > 0.

Proof. Let xnðtÞ ¼ rnðtÞyðtÞ be the parameterization of qBl ðl0 1Þ
constructed in Lemma 10 and xðtÞ ¼ rðtÞyðtÞ be the parameterization of qB1

from the same Lemma. The set Bl is a strictly convex set (see, Lemma 2).

Thus it is an extended convex set. Let us fix arbitrary x* A Bl
l . Then from

Definition 1 it follows that

ðx1; . . . ; xl�1; ylðx�Þ; xlþ1; . . . ; xrÞ A qBl;

ðx1; . . . ; xl�1; llðx�Þ; xlþ1; . . . ; xrÞ A qBl:
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Since xnðtÞ is the parameterization of qBl, there exist values tl , ul such that

ðx1; . . . ; xl�1; ylðx�Þ; xlþ1; . . . ; xrÞ ¼ xnðtlÞ;

ðx1; . . . ; xl�1; llðx�Þ; xlþ1; . . . ; xrÞ ¼ xnðulÞ:

Denote

WlðxÞ ¼ S1ð
ffiffiffi
n

p
xþ plnÞ:

Then

wBl
l
ðx*Þ½S1ð

ffiffiffi
n

p
xl þ plnÞfðxÞ�yl ðx

�Þ
ll ðx �Þ

¼ Wlðxn
l ðtlÞÞfðxnðtlÞÞ �Wlðxn

l ðulÞÞfðxnðulÞÞ

¼ Wlðxn
l ðtlÞÞ½fðxÞ�

x nðtl Þ
xðtlÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

A

þWlðxn
l ðulÞÞ½fðxÞ�

xðulÞ
x nðulÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

B

þ d½WlðxÞ�
xn
l
ðtlÞ

xn
l
ðulÞ; ð23Þ

where d ¼ fðxðtlÞÞ ¼ fðxðulÞÞ, since xðtlÞ; xðulÞ A qB1 and

qB1 ¼ fx : 2nI 1ðxÞ ¼ cg ¼ fx : x 0W�1x ¼ cg:

Further for all t A ½0; 2p� � ½0; p� � � � � � ½0; p�

jfðxnðtÞÞ � fðxðtÞÞj ¼ jfðrnðtÞyðtÞÞ � fðrðtÞyðtÞÞj

¼ jðfðyðtÞÞÞr
2
n ðtÞ � ðfðyðtÞÞÞr

2ðtÞj

¼ jfðyðtÞÞhnðtÞ logðfðyðtÞÞj jrnðtÞ � rðtÞj jrnðtÞ þ rðtÞj

aCn�1=2 ð24Þ

where hnðtÞ ¼ r2nðtÞ þ lnðtÞ|ffl{zffl}
A ð0;1Þ

½r2nðtÞ � r2ðtÞ� x
T

r2ðtÞ. The last estimate in (24) fol-

lows from boundedness of Bl (Lemma 5) and the uniform estimate

jrnðtÞ � rðtÞjaC1n
�1=2;

(cf. Lemma 13). Using (24) for estimation of A and B, and taking into

account boundedness of WlðxÞ, we get

A ¼ Oðn�1=2Þ; B ¼ Oðn�1=2Þ: ð25Þ

From (23) and (25) it follows that

wB l
l
ðx*Þ½S1ð

ffiffiffi
n

p
xl þ plnÞfðxÞ�ylðx

�Þ
llðx �Þ

¼ wB l
l
ðx*Þd½S1ð

ffiffiffi
n

p
xl þ plnÞ�ylðx

�Þ
llðx �Þ þOðn�1=2Þ: ð26Þ
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Inserting (26) into (2), taking into account boundedness of Bl and the fact that

lattice spacing of Ll , l ¼ 1; r is equal to n�1=2, we obtain

J2 ¼ � dffiffiffi
n

p
Xr
l¼1

n�ðr�lÞ=2
X

xlþ1 ALlþ1

. . .
X
xr ALrðy

�y
. . .

ðy
�y

wB l
l
ðx*Þ½S1ð

ffiffiffi
n

p
xl þ plnÞ�ylðx*Þllðx*Þdx1 . . . dxl�1 þOðn�1Þ: ð27Þ

Further, arguing as in (Yarnold, [6]), we prove the lemma. r

4. Application of Krätzel-Nowak’s theorem

Theorem 2 (Krätzel and Nowak). Let B denote a compact convex subset

of Rr, rb 3, which contains the origin as an inner point. Suppose that the

boundary qB of B is an ðr� 1Þ-dimensional surface of class Cy with finite

nonzero Gaussian curvature throughout. For n > 0 define AðnÞ as the number of

points of the lattice Zr in the ‘‘blown up’’ domain
ffiffiffi
n

p
B, i.e. AðnÞ ¼að

ffiffiffi
n

p
BVZrÞ.

Then there exists a number C such that

jAðnÞ � volðBÞnr=2jaCnr=2�1þmðrÞ; ð28Þ

where mðrÞ is defined by (7) and the number C may depend on B.

Proof. The proof is found in [4], Section 3. r

Proposition 2. Let N l be the number of lattice points in Bl and V l be

the volume of Bl; then

N l � nr=2V l ¼ Oðnr=2�1þmðrÞÞ; ð29Þ

where mðrÞ is defined by (7) and the constant implied by O in (29) doesn’t depend

on n.

Proof. Since 2nI lð0Þ ¼ 0 < c, from Lemmas 2, 7, 15 it follows that Bl

satisfies the conditions of Krätzel-Nowak’s theorem. Notice that Bl depends

on n for all l0 1. Thus if we apply Krätzel-Nowak’s theorem directly to Bl

we obtain

bCðnÞ : jN l � nr=2V ljaCðnÞnr=2�1þmðrÞ ð30Þ

with mðrÞ defined by (7). Now in order to replace CðnÞ by an absolute

constant in the estimate (30) we need to check the boundedness of all constants

implied in the symbols O, f, � in the proof of Krätzel-Nowak’s theorem.

Instead of Lemma 1 in [4] it is su‰cient to use Satz 5 from [3]. The bounded-

ness of constants in Satz 5, [3] was shown in [7]. We omit trivial estimates and
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focus on the part of the proof that requires considerable modification. This

part (see pp. 67–68 in [4]) is concerned with constructing a finite covering

fKjgJj¼1 of

K0 ¼def fu A Rr : 1 < kuka 2g

such that

inf
1a jaJ

inf
u 0 AKj

jHðmÞðu 0; vð jÞÞj > 0; ð31Þ

where vð jÞ are certain integer vectors that depend only on B1 and

HðmÞða; uÞ ¼def dm

dtm
Hðaþ tuÞ

				
t¼0

:

Using the well-known identity

HðmÞ
n ða; vÞ ¼

X
e1þ���þer¼m

ej AN0

m!

e1! . . . er!

qmHn

que1
1 . . . quer

r
ðaÞve11 . . . verr ;

and Lemma 14 we obtain

HðmÞ
n ða; vÞ x

a
HðmÞða; vÞ; n ! y: ð32Þ

Combining (31) and (32) we have for some N > 0

inf
nbN

inf
1a jaJ

inf
u 0 AKj

jHðkÞ
n ðu 0; vð jÞÞj > 0: ð33Þ

Using the estimate (33) instead of (31) further in the proof of Krätzel-Nowak’s

theorem we obtain (29). r

5. Proof of the Theorem 1

The statement of the Theorem 1 follows from (1), Proposition 1 and

Proposition 2.

Theorem is proved.
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