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ABSTRACT. Let x be a Radon measure on RY which satisfies u(B(x,r)) < Cr" for any
xeR“ and r> 0 and some fixed positive constants C and n with 0 <n < d. In this
paper, the relationship between the L?(x) boundedness and certain weak type endpoint
estimates are considered for the singular integral operators.

1. Introduction

In the last several years, there has been significant progress on the study of
the function spaces with non doubling measures and the boundedness of
singular integral operators on these spaces (see [1-3], [5-7]). Let u be a
Radon measure on RY which satisfies the following growth condition

U(B(x,r)) < Cr", for all xe R and r > 0, (1)
where C > 0, 0 < n < d are constants, and B(x,r) is the ball centered at x with

radius 7. Let K(x,y) be a locally u-integrable function on R x R/\{x = y}
which satisfies

[K(x,p)| <Clx=y™"  x,yeR%\ x#y 2)

and
[K(x, ) = K(x, y")| + [K(y,x) = K(y', %)

ly— ')’

S e if [x =yl = 2]y -y, (3)

where 0 < y < 1 and C are positive constants. For € > 0, define the truncated
operator 7T, by

o= K0 @
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For a fixed p with 1 < p < oo, we note that if the operators {T.}., are
bounded on L?(x) uniformly, then there is an operator 7 bounded on L?(u)
which is the weak limit as ¢ — 0 of some subsequence of the uniformly
bounded operators {7.}..,. We say that the operator T is bounded on L*(u)
if 7, is bounded on L*(x) with a bound independent of e. In the remarkable
work [6], Tolsa established the Calderon-Zygmund decomposition and showed
that if 7 is bounded on L?(u), then T is also bounded from L!(u) to weak
L'(u). The purpose of this paper is to show that the L”(x) boundedness of T
can be deduced from some weak type estimates. Our main result can be stated
as follows.

THEOREM. Let 0 <r <1< py < o0, and let ® be a Young function such
that

D(111r) < CO(1)P(t), for any t1,t, =0

and

1 0

J &(1/1)1! dz+J &1/t dt < 0.

0 1
Let K(x,y) be a locally u-integrable function on R? x R/\{x = y} that satisfies
(2) and (3), and let T, be the operator defined by (4). Suppose that there is a
positive constant C independent of €, such that, for any A > 0 and any bounded
function [ with compact support,

a. |f (%)
ﬂ({xeRf.|TEf(x)>;,})gcjkd¢< : >du(x).

Then T, is bounded on L?(u) with a bound independent of € for any p with
1 < p<oo.

As an application of Theorem, we have

COROLLARY. Let K(x,y) be a locally p-integrable function on R? x
R\{x = y} that satisfies (2) and (3), and let T. be the operator defined by
(4).  Suppose that, for some 1 < py < oo and 0 <y < oo, there is a positive
constant C independent of €, such that, for any A > 0 and any bounded function f
with compact support,

Po

p({x e R T f(x)| > 2}) < CJ ) (Vg—x”) logy(2 +M>dﬂ(x).

R )

A
Then T, is bounded on LP(u) uniformly for any p with 1 < p < co.

ReMark. Even if p is the Lebesgue measure, both Theorem and Cor-
ollary are new.
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Throughout this paper, C denotes a constant that is independent of the
main parameters involved but whose value may differ from line to line. By a
cube QO = R" we mean a closed cube whose sides are parallel to the axes and
we denote its side length by /p. Let f; be a fixed positive constant such that
B, >2". For a cube Q, we say that Q is doubling if x(20) < f,u(Q), and Q
is the smallest doubling cube of the family {20}, ., where aQ denotes the
cube concentric with Q and having side length a/p. For two cubes Q) = O»,
set N

[4H%) k
Soi,00 =1+ Z Mv

k=1 ;le
where Np, o, is the least integer k such that Ly >1lp,. For a locally
integrable function f, M*f denotes the sharp maximal function of f defined
by Tolsa [5], that is,

M*f(x) = sup U®j|ﬂ> m(f)ldu(y)

Osx U

b met) —me(n)

xeQcR So,r
Q,R are doubling

where mg(f) is the mean value of f on the cube Q. For 0 <r < oo, let
M*f = (M*(|f]")"". For 0<s< oo and 5> 1, M, is the non central
maximal operator defined by

Mv‘"f(x)_séllx n0) J ()P du ))l/x.

It is well known that M, is bounded on L?(u) provided that s < p < o0.

2. Proof of Theorem
We begin with some preliminary lemmas.

LeEmMaA 1 (see [4]). Let 1 < py < oo, and let T be a sublinear operator on
the set of bounded functions with compact support to the set of p-measurable
functions on RY.  Suppose that T satisfies

(i) there is a positive constant C such that

NN ey < ClIS N 0
(i) for a Young function @ :[0,00) — [0,00) which satisfies

1
J " @(1/1)dt < o,
0
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there is a positive constant C such that for 1 >0,

u({x e R |Tf(x)| > A}) < CJ l®<m>d,u(x).
R

A
Then T is bounded on L (u).

The following lemma will be useful in the proof of our theorem, and is of
independent interest.

LemMmA 2. Let 0 <r< 1. Under the assumptions of Theorem, there is a
positive constant C which is independent of € such that for any cube Q and
bounded function [ with compact support contained in Q,

1 r o
20 ), TS du) < €l Mg

where || - |lg o, is the Luxemburg norm defined by
: 1 I/ ()]
f :1nf{t>0:—J @( du(x) < 1.
|| ||45,Q.,u /l(Q) 0 t ( )

Proor. By homogeneity, we may assume that | /1|4 o , = 1 which in turn
implies that

R
Q)

A straightforward computation shows that

Jgrpuf(xn)dﬂ(x) <1.

1
j T,/ ()| dp(x) = j P u({x e O ITof(x)] > 2))di
0 0
+ jf T u({x e QT (x)] > 2))di

< Cu(0) + jQ |t o0 mareseau

1
< Cu(Q).

The desired estimate then follows directly.

LemMa 3. Let K(x,y) be a locally p-integrable function on R? x
RN\{x = y} which satisfies (2) and (3), and let T, be the operator defined
by (4). Then there is a positive constant C which is independent of € such that
for any bounded function f with compact support,
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|mQ(|T6(fXRd\(4/3)Q)|r) - mR(|T€(fXR"\(4/3)R)|r)| = CSgrg,R”f”Zx(y)v
where Q < R, Q is an arbitrary cube and R is a doubling cube.

Proor. Denote Np g + 1 simply by N. Recalling that R is doubling, we
obtain R = R. We write

Imo(( Tf(fXR"\(4/3)Q) ") — mg(]| TE(fXR"\(4/3)R)|r)|

= |mQ(|TF(fXR‘1\(4/3)Q)|r) —mo(|T. (fXRI‘\zNQ)|r)|
+ |mQ(|TE(fXRd\2NQ)|r) - mR(|Te(fXR"\2NQ)|r)|
+ Imr(Te(fxra@mr)l’) = mr(Te(fxraavo)l)

< mo(|Te(f 227 o\@4/300)])
+ mo(ITe(fxraavo)l") — mr(ITe(fxranang)l)]
+ mR(|Tf(f)f2”Q\(4/3)R)|r)

=1+J+H.

The estimate for H is easy. Indeed, by the growth condition (1), we see that
for each fixed y e R,

T (f22v o\ ay3R) ] < CL"uY O N ey < CIS Nl e

which implies that

H < ||/

L* ()

Recall that Ng g is the least integer k such that 2¥Q > R. A simple com-
putation involving the regularity condition (3) shows that for any x e Q and
YER,

T i avg) O = T2 g) ()]

< |Te(fXRd\2NQ)(x) - Te(f){Rd\zNQ)(J’)|r

< (”f”L"(/j,) JR"\zNQ |K(x,z) — K(J’,z)|d,u(z)>

< ClIA Nz -

This gives the desired estimate for J in view of the estimate
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|mQ(| TE(fXR“\zNQ)|r) — mg(| Te(fXR"\zNQ)‘rH
1 . - . r
< WJQ j T o @) O = 1T trang) O dia(x) ().

On the other hand, we can verify that for any ye Q,

L duz)

T( N S 0 Y
Tt a9 < 171l (,,)<LNQ\2MQ|y_Zn u

1 1
+ J ———du(z) + J 7 du(z)
w1020 1Y = 2] 0@y ="

2N =2 u(2k 2
L%(,,)(“,(n Q) S0 u Q))

g ko Beig e

< Cll/]

< ClS Ml (So. 75
and so

1< C|[fll2e (950, r-
This completes the proof of Lemma 3.

LemMMmA 4. Let 1 < p < oo. There is a constant C such that if [ satisfies

|/, 7Codutx) =0
.

and

J e RS0 > i< o, for any R>0 (5
0

then
INFll Loy < CUMPS N Lo (6)
where N is the non centered doubling maximal operator defined by
1
Nh(x) = sup —J h(x)|du(x).
( ) x€0,0 is doubling u(Q) Q| ( )l ( )
ProOF. By Lemma 6.2 in [5], we see that if f e L?(u), then

INfllo( < C|M7f|

Lr(p)*

Suppose that f e L'(u) satisfies (5), and let

A0 =), i U<k Al =Tk 1w
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It is easy to verify that

k
[, Vo) = p | 27t e R 0] > 21y

k
< pJ p({xeR:|f(x)| > 1} di < o,
0

and so f; € LP(u). Therefore, the same argument used in [6, p. 130] yields
that

INiell oy < CIM7 Sill 1o -

Letting k — oo, we then obtain our estimate (6).

PrOOF oF THEOREM. At first, we claim that there is a positive constant C
such that for any bounded function f with compact support,

IMZ (T L g < CI o ()

In order to show this, we may assume that [|f];.., =1 Note that our
assumption together with Lemma 2 implies that |7f|" is locally integrable if f
is bounded with compact support. By Lemma 3, we see that the proof of (7)

can be reduced to proving that there is a positive constant C such that
1 J . r Sva
——v | HTeS (" = mu(ITef1)ldu(x) < C. (8)
#(30) Jo e

For each fixed cube Q, set

ho = mo(|Tef 1ri\a/3)0l")-
If we can show that for any cube Q,

2300 Jo TGO = holdu) = . o)
then
1

1(50)

J 1701 = mgl17. 1 o

1 . )
< @JQI TS ()" = holdu(x) + lhg — hg| + lhg — ma(|Tf17)]

< C+CSp gt s | (TSN = h)du()

l
1(30) o
<C,
and the inequality (8) follows.
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Now we prove (9). For a fixed cube Q and a bounded function f with
compact support such that [|f1,.) =1, we decompose f as

F(x) = F(*) 130> )+f( X)Ire\a3)0(X) = f1(x) + f2(x).
Write

ﬂ(JQ) JQHTEf( I = holdu(x) <

[a—

; J T )" — | T o) ()
o

j 1T A = holdul)

(3

“;
—

8]

(Q)

[SS][98)

x)|"dp(x)

le

1 ,
+@JQ| T A — holdu(x).

Our hypothesis along with Lemma 2 yields that

1 . ,
@jg T /() du(x) < C.

On the other hand, for any x, y € O, an easy computation yields

T/ = T o' < | Tefa(x) = Tefa(¥)]"

< (j e K(y,z>|du<z>>
R\(4/3)Q
<C.

Thus, for any x € Q, we have

TS~ hol =@HQ<M@>V‘ - |Tsf2(x)|r)dﬂ(y)‘ <

which implies that

1 J ENT
o | NTAIN — holdut) < ¢
#30)Jo
The inequality (9) then holds.
We can now complete the proof of Theorem. Obviously, it suffices to
show that T is bounded on L?(u). Repeating the argument used in [1, p. 471],
for any he L} () and 1 >0, we see that
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d({x e RY : M, 35h(x) > 2}) < C sup tu({x e R?: [h(x)| > Cz}).

t>CA
This together with the fact that
M7 h(x) < M, 35h(x)
yields that
/()

T

u({xeRY: M*(Tf)(x) > 1}) < CA™" sup rJ @(
>Ci  JR?

) du(x)

< CA7! sup T¢(M’71)JR[[ @(M>d,u(x)

>C2 A

<C JRJ @ (@) du(x).

M7 (7]

Thus, by Lemma 1, we have

oo < Clf N zrop- (10)

Observe that for any bounded function f with compact support and R > 0,

LR A e RETH(X)|" > 2))d

1/r
- JR PP u({x e RY T (x)| > 1})dA
0

<c| d1reDdu) jo g5

< 00.

Therefore, it follows from the inequality (10), Lemma 4 and the last inequality
that

TS Wm0y < INATAI proseiy < NMFATF ) rore
= 1M (T < CI Imgpy-

This completes the proof of Theorem.
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