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Abstract. Let m be a Radon measure on Rd which satisfies mðBðx; rÞÞaCrn for any

x A Rd and r > 0 and some fixed positive constants C and n with 0 < na d. In this

paper, the relationship between the L pðmÞ boundedness and certain weak type endpoint

estimates are considered for the singular integral operators.

1. Introduction

In the last several years, there has been significant progress on the study of

the function spaces with non doubling measures and the boundedness of

singular integral operators on these spaces (see [1–3], [5–7]). Let m be a

Radon measure on Rd which satisfies the following growth condition

mðBðx; rÞÞaCrn; for all x A Rd and r > 0; ð1Þ

where C > 0, 0 < na d are constants, and Bðx; rÞ is the ball centered at x with

radius r. Let Kðx; yÞ be a locally m-integrable function on Rd � Rdnfx ¼ yg
which satisfies

jKðx; yÞjaCjx� yj�n; x; y A Rd ; x0 y ð2Þ

and
jKðx; yÞ � Kðx; y 0Þj þ jKðy; xÞ � Kðy 0; xÞj

aC
jy� y 0jg

jx� yjnþg ; if jx� yjb 2jy� y 0j; ð3Þ

where 0 < ga 1 and C are positive constants. For � > 0, define the truncated

operator T� by

T� f ðxÞ ¼
ð
jx�yjb�

Kðx; yÞ f ðyÞdmðyÞ: ð4Þ
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For a fixed p with 1 < p < y, we note that if the operators fT�g�>0 are

bounded on LpðmÞ uniformly, then there is an operator T bounded on L2ðmÞ
which is the weak limit as � ! 0 of some subsequence of the uniformly

bounded operators fT�g�>0. We say that the operator T is bounded on L2ðmÞ
if T� is bounded on L2ðmÞ with a bound independent of �. In the remarkable

work [6], Tolsa established the Calderón-Zygmund decomposition and showed

that if T is bounded on L2ðmÞ, then T is also bounded from L1ðmÞ to weak

L1ðmÞ. The purpose of this paper is to show that the LpðmÞ boundedness of T
can be deduced from some weak type estimates. Our main result can be stated

as follows.

Theorem. Let 0 < r < 1 < p0 < y, and let F be a Young function such

that

Fðt1t2ÞaCFðt1ÞFðt2Þ; for any t1; t2 b 0

and ð 1
0

Fð1=tÞtp0�1 dtþ
ðy
1

Fð1=tÞtr�1 dt < y:

Let Kðx; yÞ be a locally m-integrable function on Rd � Rdnfx ¼ yg that satisfies

(2) and (3), and let T� be the operator defined by (4). Suppose that there is a

positive constant C independent of �, such that, for any l > 0 and any bounded

function f with compact support,

mðfx A Rd : jT� f ðxÞj > lgÞaC

ð
R d

F
j f ðxÞj

l

� �
dmðxÞ:

Then T� is bounded on LpðmÞ with a bound independent of � for any p with

1 < p < y.

As an application of Theorem, we have

Corollary. Let Kðx; yÞ be a locally m-integrable function on Rd �
Rdnfx ¼ yg that satisfies (2) and (3), and let T� be the operator defined by

(4). Suppose that, for some 1a p0 < y and 0 < g < y, there is a positive

constant C independent of �, such that, for any l > 0 and any bounded function f

with compact support,

mðfx A Rd : jT� f ðxÞj > lgÞaC

ð
Rd

j f ðxÞj
l

� �p0

logg 2þ j f ðxÞj
l

� �
dmðxÞ:

Then T� is bounded on LpðmÞ uniformly for any p with 1 < p < y.

Remark. Even if m is the Lebesgue measure, both Theorem and Cor-

ollary are new.
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Throughout this paper, C denotes a constant that is independent of the

main parameters involved but whose value may di¤er from line to line. By a

cube QHRn we mean a closed cube whose sides are parallel to the axes and

we denote its side length by lQ. Let bd be a fixed positive constant such that

bd > 2n. For a cube Q, we say that Q is doubling if mð2QÞa bdmðQÞ, and ~QQ

is the smallest doubling cube of the family f2kQgkb0, where aQ denotes the

cube concentric with Q and having side length alQ. For two cubes Q1 HQ2,

set

SQ1;Q2
¼ 1þ

XNQ1 ;Q2

k¼1

mð2kQ1Þ
l n
2kQ1

;

where NQ1;Q2
is the least integer k such that l2kQ1

b lQ2
. For a locally

integrable function f , Maf denotes the sharp maximal function of f defined

by Tolsa [5], that is,

Maf ðxÞ ¼ sup
Q C x

1

m 3
2Q
� � ð

Q

j f ðyÞ �m ~QQð f ÞjdmðyÞ

þ sup
x AQHR

Q;R are doubling

jmQð f Þ �mRð f Þj
SQ;R

;

where mQð f Þ is the mean value of f on the cube Q. For 0 < r < y, let

Ma
r f ¼ ðMaðj f jrÞÞ1=r: For 0 < s < y and h > 1, Ms;h is the non central

maximal operator defined by

Ms;h f ðxÞ ¼ sup
Q C x

1

mðhQÞ

ð
Q

j f ðyÞj sdmðyÞ
� �1=s

:

It is well known that Ms;h is bounded on LpðmÞ provided that s < p < y.

2. Proof of Theorem

We begin with some preliminary lemmas.

Lemma 1 (see [4]). Let 1 < p0 < y, and let T be a sublinear operator on

the set of bounded functions with compact support to the set of m-measurable

functions on Rd . Suppose that T satisfies

( i ) there is a positive constant C such that

kTf kLyðmÞ aCk f kLyðmÞ;

(ii) for a Young function F : ½0;yÞ ! ½0;yÞ which satisfiesð1
0

tp0�1Fð1=tÞdt < y;
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there is a positive constant C such that for l > 0,

mðfx A Rd : jTf ðxÞj > lgÞaC

ð
R d

F
j f ðxÞj

l

� �
dmðxÞ:

Then T is bounded on Lp0ðmÞ:

The following lemma will be useful in the proof of our theorem, and is of

independent interest.

Lemma 2. Let 0 < r < 1. Under the assumptions of Theorem, there is a

positive constant C which is independent of � such that for any cube Q and

bounded function f with compact support contained in Q,

1

mðQÞ

ð
Q

jT� f ðxÞjrdmðxÞaCk f krF;Q;m;

where k � kF;Q;m is the Luxemburg norm defined by

k f kF;Q;m ¼ inf t > 0 :
1

mðQÞ

ð
Q

F
j f ðxÞj

t

� �
dmðxÞa 1

� �
:

Proof. By homogeneity, we may assume that k f kF;Q;m ¼ 1 which in turn

implies that

1

mðQÞ

ð
Q

Fðj f ðxÞjÞdmðxÞa 1:

A straightforward computation shows that

ð
Q

jTe f ðxÞjrdmðxÞ ¼ r

ð1
0

lr�1mðfx A Q : jTe f ðxÞj > lgÞdl

þ r

ðy
1

l r�1mðfx A Q : jTe f ðxÞj > lgÞdl

aCmðQÞ þ
ð
Q

ðy
1

lr�1Fð1=lÞdlFðj f ðxÞjÞdmðxÞ

aCmðQÞ:

The desired estimate then follows directly.

Lemma 3. Let Kðx; yÞ be a locally m-integrable function on Rd �
Rdnfx ¼ yg which satisfies (2) and (3), and let T� be the operator defined

by (4). Then there is a positive constant C which is independent of � such that

for any bounded function f with compact support,
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jmQðjT�ð f wR dnð4=3ÞQÞj
rÞ �mRðjT�ð f wR dnð4=3ÞRÞj

rÞjaCSr
Q;Rk f k

r
LyðmÞ;

where QHR, Q is an arbitrary cube and R is a doubling cube.

Proof. Denote NQ;R þ 1 simply by N. Recalling that R is doubling, we

obtain ~RR ¼ R: We write

jmQðjT�ð f wR dnð4=3ÞQÞj
rÞ �mRðjT�ð f wR dnð4=3ÞRÞj

rÞj

a jmQðjT�ð f wR dnð4=3ÞQÞj
rÞ �mQðjT�ð f wR dn2NQÞj

rÞj

þ jmQðjT�ð f wR dn2NQÞj
rÞ �mRðjT�ð f wR dn2NQÞj

rÞj

þ jmRðjT�ð f wR dnð4=3ÞRÞj
rÞ �mRðjT�ð f wRdn2NQÞj

rÞj

amQðjT�ð f w2NQnð4=3ÞQÞj
rÞ

þ jmQðjT�ð f wR dn2NQÞj
rÞ �mRðjT�ð f wR dn2NQÞj

rÞj

þmRðjT�ð f w2NQnð4=3ÞRÞj
rÞ

¼ Iþ JþH:

The estimate for H is easy. Indeed, by the growth condition (1), we see that

for each fixed y A R,

jT�ð f w2NQnð4=3ÞRÞðyÞjaCl�n
R mð2NQÞk f kLyðmÞ aCk f kLyðmÞ;

which implies that

HaCk f kLyðmÞ:

Recall that NQ;R is the least integer k such that 2kQIR. A simple com-

putation involving the regularity condition (3) shows that for any x A Q and

y A R,

j jT�ð f wR dn2NQÞðxÞj
r � jT�ð f wRdn2NQÞðyÞj

rj

a jT�ð f wRdn2NQÞðxÞ � T�ð f wR dn2NQÞðyÞj
r

a k f kLyðmÞ

ð
R dn2NQ

jKðx; zÞ � Kðy; zÞjdmðzÞ
 !r

aCk f krLyðmÞ:

This gives the desired estimate for J in view of the estimate
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jmQðjT�ð f wR dn2NQÞj
rÞ �mRðjT�ð f wR dn2NQÞj

rÞj

a
1

mðQÞmðRÞ

ð
Q

ð
R

j jT�ð f wRdn2NQÞðxÞj
r � jT�ð f wR dn2NQÞðyÞj

rjdmðxÞdmðyÞ:

On the other hand, we can verify that for any y A Q,

jT�ð f w2NQnð4=3ÞQÞðyÞja k f kLyðmÞ

 ð
2NQn2N�1Q

1

jy� zjn dmðzÞ

þ
ð
2N�1Qn2Q

1

jy� zjn dmðzÞ þ
ð
2Qnð4=3ÞQ

1

jy� zjn dmðzÞ
!

aCk f kLyðmÞ
mð2NQÞ
l n
2N�1Q

þ
XN�1

k¼1

mð2kQÞ
l n
2k�1Q

þ mð2QÞ
l nð4=3ÞQ

 !

aCk f kLyðmÞSQ;R;

and so

IaCk f krLyðmÞS
r
Q;R:

This completes the proof of Lemma 3.

Lemma 4. Let 1 < p < y. There is a constant C such that if f satisfiesð
R d

f ðxÞdmðxÞ ¼ 0

and ðR
0

lp�1mðfx A Rd : j f ðxÞj > lgÞdl < y; for any R > 0 ð5Þ

then

kNf kL pðmÞ aCkMaf kL pðmÞ; ð6Þ

where N is the non centered doubling maximal operator defined by

NhðxÞ ¼ sup
x AQ;Q is doubling

1

mðQÞ

ð
Q

jhðxÞjdmðxÞ:

Proof. By Lemma 6.2 in [5], we see that if f A LpðmÞ, then

kNf kL pðmÞ aCkMaf kL pðmÞ:

Suppose that f A L1ðmÞ satisfies (5), and let

fkðxÞ ¼ f ðxÞ; if j f ðxÞja k; fkðxÞ ¼
f ðxÞ
j f ðxÞj k; if j f ðxÞj > k:
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It is easy to verify thatð
Rd

j fkðxÞjpdmðxÞ ¼ p

ð k
0

lp�1mðfx A Rd : j fkðxÞj > lgÞdl

a p

ð k
0

mðfx A Rd : j f ðxÞj > lgÞlp�1 dl < y;

and so fk A LpðmÞ. Therefore, the same argument used in [6, p. 130] yields

that

kNfkkL pðmÞ aCkMafkkL pðmÞ:

Letting k ! y, we then obtain our estimate (6).

Proof of Theorem. At first, we claim that there is a positive constant C

such that for any bounded function f with compact support,

kMa
r ðTf ÞkLyðmÞ aCk f kLyðmÞ: ð7Þ

In order to show this, we may assume that k f kLyðmÞ ¼ 1. Note that our

assumption together with Lemma 2 implies that jTf jr is locally integrable if f

is bounded with compact support. By Lemma 3, we see that the proof of (7)

can be reduced to proving that there is a positive constant C such that

1

m 3
2Q
� � ð

Q

j jT� f ðxÞjr �m ~QQðjT� f jrÞjdmðxÞaC: ð8Þ

For each fixed cube Q, set

hQ ¼ mQðjT� f wR dnð4=3ÞQj
rÞ:

If we can show that for any cube Q,

1

m 3
2Q
� � ð

Q

j jT� f ðxÞjr � hQjdmðxÞaC; ð9Þ

then

1

m 3
2Q
� � ð

Q

j jT� f ðxÞjr �m ~QQðjT� f jrÞjdmðxÞ

a
1

m 3
2Q
� � ð

Q

j jT� f ðxÞjr � hQjdmðxÞ þ jhQ � h ~QQj þ jh ~QQ �m ~QQðjT� f jrÞj

aC þ CSr
Q; ~QQ

þ 1

m 3
2
~QQ

� � ð
~QQ

ðjT� f ðxÞjr � h ~QQÞdmðxÞ
����

����
aC;

and the inequality (8) follows.
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Now we prove (9). For a fixed cube Q and a bounded function f with

compact support such that k f kLyðmÞ ¼ 1, we decompose f as

f ðxÞ ¼ f ðxÞwð4=3ÞQðxÞ þ f ðxÞwR dnð4=3ÞQðxÞ ¼ f1ðxÞ þ f2ðxÞ:

Write

1

m 3
2Q
� � ð

Q

j jT� f ðxÞj r � hQjdmðxÞa
1

m 3
2Q
� � ð

Q

j jT� f ðxÞjr � jT� f2ðxÞjrjdmðxÞ

þ 1

m 3
2Q
� � ð

Q

j jT� f2ðxÞj r � hQjdmðxÞ

a
1

m 3
2Q
� � ð

Q

jT� f1ðxÞj rdmðxÞ

þ 1

m 3
2Q
� � ð

Q

j jT� f2ðxÞj r � hQjdmðxÞ:

Our hypothesis along with Lemma 2 yields that

1

m 3
2Q
� � ð

Q

jT� f1ðxÞjrdmðxÞaC:

On the other hand, for any x; y A Q, an easy computation yields

j jT� f2ðxÞj r � jT� f2ðyÞjrja jT� f2ðxÞ � T� f2ðyÞj r

a

ð
R dnð4=3ÞQ

jKðx; zÞ � Kðy; zÞjdmðzÞ
 !r

aC:

Thus, for any x A Q, we have

j jT� f2ðxÞj r � hQj ¼
1

mðQÞ

����
ð
Q

ðjT� f2ðyÞjr � jT� f2ðxÞjrÞdmðyÞ
����aC;

which implies that

1

m 3
2Q
� � ð

Q

j jT� f2ðxÞj r � hQjdmðxÞaC:

The inequality (9) then holds.

We can now complete the proof of Theorem. Obviously, it su‰ces to

show that T is bounded on Lp0ðmÞ. Repeating the argument used in [1, p. 471],

for any h A L1
locðmÞ and l > 0, we see that
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lmðfx A Rd : Mr;3=2hðxÞ > lgÞaC sup
tbCl

tmðfx A Rd : jhðxÞj > CtgÞ:

This together with the fact that

Ma
r hðxÞaMr;3=2hðxÞ

yields that

mðfx A Rd : Ma
r ðTf ÞðxÞ > lgÞaCl�1 sup

tbCl

t

ð
R d

F
j f ðxÞj

t

� �
dmðxÞ

aCl�1 sup
tbCl

tFðlt�1Þ
ð
R d

F
j f ðxÞj

l

� �
dmðxÞ

aC

ð
R d

F
j f ðxÞj

l

� �
dmðxÞ:

Thus, by Lemma 1, we have

kMa
r ðTf ÞkL p0 ðmÞ aCk f kL p0 ðmÞ: ð10Þ

Observe that for any bounded function f with compact support and R > 0,ðR
0

lp0=r�1mðfx A Rd : jTf ðxÞj r > lgÞdl

¼
ðR1=r

0

rlp0�1mðfx A Rd : jTf ðxÞj > lgÞdl

aC

ð
R d

fðj f ðxÞjÞdmðxÞ
ðR1=r

0

lp0�1f
1

l

� �
dl

< y:

Therefore, it follows from the inequality (10), Lemma 4 and the last inequality

that

kTf krL p0 ðmÞ a kNðjTf jrÞkL p0=rðmÞ a kMaðjTf jrÞkL p0=rðmÞ

¼ kMa
r ðTf Þk

r
L p0 ðmÞ aCk f krL p0 ðmÞ:

This completes the proof of Theorem.
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