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Abstract. The induced transformation on a properly chosen interval of a 2-interval

exchange transformation is a 2-interval exchange transformation again. This induction

is explicitly integrated by using the simple continued fraction algorithm. Therefore, we

can say that the simple continued fraction algorithm acts well as a ‘‘multiplicative

Rauzy induction’’ on the family of 2-interval exchange transformations. Now, we have

the following question; On what kind of family of 3-interval exchange transformations

does the negative slope algorithm act well as a multiplicative Rauzy induction? The

purpose of this paper is to give the answer to this question.

1. Introduction

There exists an essential relationship, called the multiplicative Rauzy

induction, between the simple continued fraction algorithm and a certain

family of 2-interval exchange transformations. In order to describe this

relationship more precisely, we start with the following definition.

Definition 1. For each a B Q with 0 < a < 1, let Ia denote the interval

½�a; 1Þ or ð�a; 1�. The transformation Ra : Ia ! Ia is defined to be the

2-interval exchange transformation given by

RaðxÞ ¼
xþ a if �aa x < 1� a

x� 1 if 1� aa x < 1

�

or

RaðxÞ ¼
xþ a if �a < xa 1� a

x� 1 if 1� a < xa 1

�

according as Ia ¼ ½�a; 1Þ or Ia ¼ ð�a; 1�.
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We consider the 2-interval exchange transformation Ra on Ia ¼ ½�a; 1Þ and the

subinterval Jð1Þ ¼ ½�a; 1� a1aÞ of Ia, where a1 is given by a1 ¼ 1
a

� �
. We note

that a and a1 are related by means of the simple continued fraction algorithm

T as Ta ¼ 1
a
� a1. Furthermore, let ðRaÞJð1Þ be the induced transformation of

Ra into the interval Jð1Þ, that is,

ðRaÞJð1Þ ðxÞ :¼ RkðxÞ
a ðxÞ

where kðxÞ :¼ minfk jRk
a ðxÞ A Jð1Þ; kb 1g. Then, we have the following the-

orem.

Theorem 1. Let a1 be the image of a by the simple continued fraction

algorithm T, that is, a1 ¼ Ta ¼ 1
a
� a1. Then, ðRaÞJð1Þ is isomorphic to Ra1 on

ð�a1; 1� and an isomorphism j : ½�a; 1� a1aÞ ! ð�a1; 1� is given by jðxÞ ¼ � 1
a
x,

that is, we have

Ra1ðjðxÞÞ ¼ jððRaÞJð1Þ ðxÞÞ: ð1Þ

The relation (1) in Theorem 1 enables us to say that the simple continued

fraction algorithm acts well as a multiplicative Rauzy induction on the family

of 2-interval exchange transformations given in Definition 1. Here the ter-

minology ‘‘multiplicative Rauzy induction’’ means that we use the Rauzy

inductions ([6]) multiplicatively. By using Theorem 1, we can recognize the

behavior of the recurrent rule of the orbit of the origin fRn
að0Þ j nb 0g (see

Corollary 1 in the section 2). Now we have the following question; Consider

the negative slope algorithm instead of the simple continued fraction algo-

rithm. Then, on what kind of family of 3-interval exchange transformations

does the negative slope algorithm act well as a multiplicative Rauzy induction?

We arrive at the answer to this question in Theorem 3, that is, the negative

slope algorithm acts well as a multiplicative Rauzy induction on the family of

2-interval exchange transformations with 3-partition (see Figure 3 and Theorem 3).

2. The simple continued fraction algorithm and the family of 2-interval

exchange transformations

In this paper, the interval that we consider is only of the type I ¼ ½a; bÞ or

I ¼ ða; b�. The di¤erence between ½a; bÞ and ða; b� is characterized by the sign

function sgn as follows:

sgn½a; bÞ ¼ þ1; sgnða; b� ¼ �1:

Let fJ1; J2; . . . ; JNg be a partition of the interval I , that is,

6
N

k¼1

Jk ¼ I and Ji V Jj ¼ q for i0 j

and fJ1; J2; . . . ; JNg has the property sgn I ¼ sgn Jk for all k A f1; 2; . . . ;Ng.
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From now on, we give a sketch of the proof of Theorem 1. To prove

Theorem 1, it is enough to check the following structure. Let Ia, I1, and I2 be

Ia :¼ I1 U I2; I1 :¼ ½�a; 1� aÞ; I2 :¼ ½1� a; 1Þ

and let Jð1Þ, J
ð1Þ
1 , and J

ð1Þ
2 be

Jð1Þ ¼ J
ð1Þ
1 U J

ð1Þ
2 ; J

ð1Þ
1 :¼ ½1� ða1 þ 1Þa; 1� a1aÞ; J

ð1Þ
2 :¼ ½�a; 1� ða1 þ 1ÞaÞ

where a1 ¼ 1
a

� �
(see Figure 1). Then we see that

fJð1Þ
2 ; J

ð1Þ
1 ;RaðJð1Þ

1 Þ;R2
aðJ

ð1Þ
1 Þ; . . . ;Ra1

a ðJð1Þ
1 Þg ð2Þ

is a partition of ½�a; 1Þ. Moreover, we denote by fJð1Þ 0
1 ; J

ð1Þ 0
2 g the partition of

½�a; 1� a1aÞ where Ra1þ1
a ðJð1Þ

1 Þ ¼ J
ð1Þ 0
1 and RaðJð1Þ

2 Þ ¼ J
ð1Þ 0
2 . We know that the

Fig. 1. The induced transformation ðRaÞJð1Þ and the 2-interval exchange transformation Ra1 .
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signs of these intervals are þ1. Let ðRaÞJð1Þ be the induced transformation of

Ra into Jð1Þ, that is,

ðRaÞJð1Þ ðxÞ :¼ RkðxÞ
a ðxÞ

where kðxÞ :¼ minfk jRk
a ðxÞ A Jð1Þ; kb 1g. Then, we see that

ðRaÞJð1Þ ðJð1Þ
1 Þ ¼ Ra1þ1

a ðJð1Þ
1 Þ; ðRaÞJð1Þ ðJ

ð1Þ
2 Þ ¼ RaðJð1Þ

2 Þ;

so we write

J
ð1Þ 0
1 ¼ ðRaÞJð1Þ ðJð1Þ

1 Þ; J
ð1Þ 0
2 ¼ ðRaÞJð1Þ ðJ

ð1Þ
2 Þ:

Furthermore, let jðxÞ be the map from Jð1Þ to Ia1 ¼ ð�a1; 1� given by jðxÞ ¼
� 1

a
x where a1 ¼ 1

a
� a1, sgn Jð1Þ ¼ þ1 and sgn Ia1 ¼ �1. Then, we see that

jðJð1Þ
2 Þ ¼ ð1� a1; 1�; jðJð1Þ

1 Þ ¼ ð�a1; 1� a1�;

jðJð1Þ 0
1 Þ ¼ ð0; 1�; jðJð1Þ 0

2 Þ ¼ ð�a1; 0�:

Therefore we have

Ra1ðjðxÞÞ ¼ jððRaÞJð1Þ ðxÞÞ for x A Jð1Þ

where the 2-interval exchange transformation Ra1 is defined on Ia1 with

sgn Ia1 ¼ �1 (see Figure 1).

Here, we recall the simple continued fraction algorithm T . For 0 < a < 1,

a B Q, we define a map T : ð0; 1Þ ! ð0; 1Þ as follows:

TðaÞ :¼ 1

a
� aðaÞ

where aðaÞ ¼ 1
a

� �
. For the integer valued function aðaÞ, we put

a1 :¼ aðaÞ ¼ 1

a

� �
; an ¼ anðaÞ :¼ aðT n�1ðaÞÞ ¼ 1

T n�1ðaÞ

� �
:

Then we know the following properties:

(1) for 0 < a < 1, a B Q, there exists an infinite sequence ða1a2 . . .Þ and

we see that

a ¼ 1

a1 þ
1

a2 þ
1

. .
.

þ 1

an þ T nðaÞ

¼ pn þ pn�1T
nðaÞ

qn þ qn�1T nðaÞ
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where ðqn; pnÞ is given by

qn qn�1

pn pn�1

� �
:¼ a1 1

1 0

� �
a2 1

1 0

� �
. . .

an 1

1 0

� �
;

(2) let an :¼ T na, then we see that

qna� pn ¼ ð�1Þnaa1 . . . an:

Now let us define the intervals Jð2n�1Þ, J
ð2n�1Þ
1 , J

ð2n�1Þ
2 , Jð2nÞ, J

ð2nÞ
1 , J

ð2nÞ
2 as

follows:

Jð2n�1Þ :¼ ½�aa1 . . . a2ðn�1Þ; aa1 . . . a2n�1Þ

J
ð2n�1Þ
1 :¼ ½�aa1 . . . a2ðn�1Þð1� a2n�1Þ; aa1 . . . a2n�1Þ

J
ð2n�1Þ
2 :¼ ½�aa1 . . . a2ðn�1Þ;�aa1 . . . a2ðn�1Þð1� a2n�1ÞÞ

and

Jð2nÞ :¼ ½�aa1 . . . a2n; aa1 . . . a2n�1Þ

J
ð2nÞ
1 :¼ ½�aa1 . . . a2n; aa1 . . . a2n�1ð1� a2nÞÞ

J
ð2nÞ
2 :¼ ½aa1 . . . a2n�1ð1� a2nÞ; aa1 . . . a2nÞ

(see Figure 2).

Fig. 2. The intervals Jð2n�1Þ, J
ð2n�1Þ
1 , J

ð2n�1Þ
2 , Jð2nÞ, J

ð2nÞ
1 , and J

ð2nÞ
2 .

455Negative slope alg. & Rauzy ind. of 3-IET



Let us define the substitution sa as follows:

sa : 1 ! 1 . . . 1
zfflffl}|fflffl{a

2

2 ! 1

sa1 � sa2 � � � � � sanð1Þ ¼ s1s2 . . . sqnþpn

sa1 � sa2 � � � � � sanð2Þ ¼ sa1 � � � � � san�1
ð1Þ ¼ s1 . . . sqn�1þpn�1

:

Then we have the following theorem.

Theorem 2. (1) The induced transformation ðRaÞJð1Þ of Ra into JðnÞ is

isomorphic to Ran on the interval Ian with sgn Ian ¼ ð�1Þn and an

isomorphism jn is given by

jn : JðnÞ ! Ian

A A
x 7! ð�1Þn

aa1 . . . an�1
x:

(2) For the sequence s1s2 . . . sqnþpn , we see that

Rk�1
a J

ðnÞ
1 H Isk ; k ¼ 1; 2; . . . ; qn þ pn

Rk�1
a J

ðnÞ
2 H Isk ; k ¼ 1; 2; . . . ; qn�1 þ pn�1:

(3) Put

J
ðnÞ 0
1 :¼ Rqnþpn

a J
ðnÞ
1 and J

ðnÞ 0
2 :¼ Rqn�1þpn�1

a J
ðnÞ
2 ;

then we see that

J
ðnÞ 0
1 U J

ðnÞ 0
2 ¼ JðnÞ and J

ðnÞ 0
1 V J

ðnÞ 0
2 ¼ q:

Then we have an interesting result as a corollary of Theorem 2 in the

following.

Corollary 1. Let 0 < a < 1 be an irrational number, then we have

Rk�1
a ð0Þ A Isk ; k ¼ 1; 2; . . . ;

where s1s2 . . . sk . . . is given by

lim
n!y

sa1 � sa2 � � � � � sanð1Þ ¼ s1s2 . . . sk . . . :

In the next section, we will consider the family of 3-interval exchange

transformations on which the negative slope algorithm acts well as a multi-

plicative Rauzy induction.
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3. Definitions of the negative slope algorithm and a family of 3-interval

exchange transformations

We introduce a map S on X :¼ ½0; 1Þ2nfða; bÞ j aþ b ¼ 1g, which is called

the negative slope algorithm ([1], [2], [3], [4], [5]), as follows.

Definition 2. By using the integer valued functions

ðnða; bÞ;mða; bÞÞ ¼
b

ðaþbÞ�1

j k
; a

ðaþbÞ�1

j k	 

if aþ b > 1

1�b
1�ðaþbÞ

j k
; 1�a

1�ðaþbÞ

j k	 

if aþ b < 1

8><
>:

and

eða; bÞ ¼ �1 if aþ b > 1

þ1 if aþ b < 1

�
;

let us define the algorithm S, called the negative slope algorithm, by

Sða; bÞ :¼
b

ðaþbÞ�1 � nða; bÞ; a
ðaþbÞ�1 �mða; bÞ

	 

if aþ b > 1

1�b
1�ðaþbÞ � nða; bÞ; 1�a

1�ðaþbÞ �mða; bÞ
	 


if aþ b < 1

8><
>:

and denote ða1; b1Þ :¼ Sða; bÞ.

For each ða; bÞ A X, we have the sequence of vectors ððe1ða; bÞ; n1ða; bÞ;
m1ða; bÞÞ; . . .Þ by setting

ekða; bÞ
nkða; bÞ
mkða; bÞ

0
B@

1
CA :¼

eðSk�1ða; bÞÞ
nðSk�1ða; bÞÞ
mðSk�1ða; bÞÞ

0
B@

1
CA: ð3Þ

Remark 1. Let ðak; bkÞ ¼ Skða; bÞ denote the image of ða; bÞ by the k-fold

iteration Sk of S. Then, we say that the iteration of the negative slope algorithm

S at ða; bÞ A X stops if there exists k0 b 0 such that xk0 ¼ 0, yk0 ¼ 0, or

xk0 þ yk0 ¼ 1. In this paper, we treat only the point ða; bÞ at which the iteration

of the negative slope algorithm does not stop.

Remark 2 ([1]). We note that nk;mk b 1 for kb 1 and for any such

sequence ððei; ni;miÞÞib1, there exists ða; bÞ A X such that ðeiða; bÞ; niða; bÞ;
miða; bÞÞ ¼ ðei; ni;miÞ unless there exists kb 1 such that ðei;miÞ ¼ ðþ1; 1Þ for

all ib k or ðei; niÞ ¼ ðþ1; 1Þ for all ib k.

We introduce a projective representation of S as follows.

We put

Aðþ1;n;mÞ :¼
n n� 1 1� n

m� 1 m 1�m

�1 �1 1

0
B@

1
CA; Að�1;n;mÞ :¼

�n �nþ 1 n

�mþ 1 �m m

1 1 �1

0
B@

1
CA
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for m; nb 1, then we have

A�1
ðþ1;n;mÞ ¼

1 0 n� 1

0 1 m� 1

1 1 nþm� 1

0
B@

1
CA; A�1

ð�1;n;mÞ ¼
0 1 m

1 0 n

1 1 nþm� 1

0
B@

1
CA:

We identify ða; bÞ A X with ctða; b; 1Þ for c0 0, then we identify ða1; b1Þ
ð¼ Sða; bÞÞ with

cAðe1ða;bÞ;n1ða;bÞ;m1ða;bÞÞ
tða; b; 1Þ for c0 0

and its local inverse is given by

A�1
ðe1ða;bÞ;n1ða;bÞ;m1ða;bÞÞ:

On the negative slope algorithm S, the following fundamental fact related to

the periodicity of the sequence ðSkða; bÞÞkb0 is known and it will be used in

Corollary 5.

Corollary 2 ([4]). Suppose that the iteration of the negative slope

algorithm S at ða; bÞ A X does not stop. Then the sequence ðSkða; bÞÞkb0 is

purely periodic if and only if a and b are in the same quadratic extension of Q

and ða�; b �Þ is in ð�y; 0Þ2 where a� denotes the algebraic conjugate of a.

Let us introduce the substitutions sðþ1;n;mÞ and sð�1;n;mÞ from f1; 2; 3g to

6
y

nb0

f1; 2; 3gn by

sðþ1;n;mÞ : 1 ! 31

2 ! 32

3 ! ð32Þm�13ð31Þn�1

;

sð�1;n;mÞ : 1 ! 32

2 ! 31

3 ! ð31Þm2ð32Þn�1:

ð4Þ

Then the incidence matrices Lsðe; n;mÞ of the substitutions sðe;n;mÞ are given by

Lsðe; n;mÞ ¼ A�1
ðe;n;mÞ:

Suppose that the iteration of the negative slope algorithm S at ða; bÞ A X

does not stop. Let us define a family of 3-interval exchange transformations

Ra;b as follows.

Definition 3. Put the intervals Ia;b, I3, I2 and I1 with sgn ¼ þ1 by

Ia;b :¼ ½�b; 1þ aÞ; I3 :¼ ½�b; 1� bÞ; I2 :¼ ½1� b; 1Þ; I1 :¼ ½1; 1þ aÞ

and define the interval exchange transformation Ra;b on Ia;b by

Ra;bðxÞ :¼
xþ ðaþ bÞ if x A I3

x� 1 if x A I2

x� 1 if x A I1:

8<
:

(see Figure 3).
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Theorem 3. Let us introduce the subinterval Jða;bÞ H Ia;b with sgn ¼ þ1 by

Jða;bÞ ¼ ½�bþ ðn� 1Þðaþ b� 1Þ; ð1� bÞ � ðm� 1Þðaþ b� 1ÞÞ if e ¼ �1

½�bþ ðm� 1Þð1� ðaþ bÞÞ; ð1� bÞ � ðn� 1Þð1� ðaþ bÞÞÞ if e ¼ þ1

�

where e, n, m are given by Definition 2. The case of sgn ¼ �1 is defined

analogously (see Figure 8 and Figure 13 in the section 4). Then we have the

following properties.

(1) The induced transformation ðRa;bÞJða; bÞ of the interval exchange trans-

formation Ra;b into the interval Jða;bÞ is isomorphic to Ra1;b1 and the

isomorphism jða;bÞ : J
ða;bÞ ! Ia1;b1 with sgn Ia1;b1 ¼ e1 is given by

jða;bÞðxÞ ¼ x
1�a�b

, that is, the following relation holds:

ðRa1;b1 � jÞðxÞ ¼ ðj � ðRa;bÞJða; bÞ ÞðxÞ:

(2) More precisely, let Ji and J 0
i , i ¼ 1; 2; 3 be the decomposition of Jða;bÞ

given by

J1 :¼ ½�b þ ðn� 1Þðaþ b � 1Þ;�ðaþ b � 1ÞÞ

J2 :¼ ½�ðaþ b � 1Þ; 1� b �mðaþ b � 1ÞÞ

J3 :¼ ½1� b �mðaþ b � 1Þ; 1� b � ðm� 1Þðaþ b � 1ÞÞ if e ¼ �1

J 0
1 :¼ ½�b þ nðaþ b � 1Þ; 0Þ

J 0
2 :¼ ½0; a�mðaþ b � 1ÞÞ

J 0
3 :¼ ½�b þ ðn� 1Þðaþ b � 1Þ;�b þ nðaþ b � 1ÞÞ

ð5Þ

and

J1 ¼ ½1� ðaþ bÞ; ð1� bÞ � ðn� 1Þð1� ðaþ bÞÞÞ

J2 ¼ ½�ð1� aÞ þ ðmþ 1Þð1� ðaþ bÞÞ; 1� ðaþ bÞÞ

Fig. 3. The interval exchange transformation Ra; b.
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J3 ¼ ½�ð1� aÞ þmð1� ðaþ bÞÞ;�ð1� aÞ þ ðmþ 1Þð1� ðaþ bÞÞÞ

if e ¼ þ1

J 0
1 :¼ ½0; ð1� bÞ � nð1� ðaþ bÞÞÞ

J 0
2 :¼ ½�ð1� aÞ þmð1� ðaþ bÞÞ; 0Þ

J 0
3 :¼ ½ð1� bÞ � nð1� ðaþ bÞÞ; ð1� bÞ � ðn� 1Þð1� ðaþ bÞÞÞ:

ð6Þ

Let us denote the substitution sðe;n;mÞ as (4) by

sðe;n;mÞ ¼
1 ! s

ð1Þ
1 s

ð1Þ
l1

¼ s
ð1Þ
1 s

ð1Þ
2

2 ! s
ð2Þ
1 s

ð2Þ
l2

¼ s
ð2Þ
1 s

ð2Þ
2

3 ! s
ð3Þ
1 s

ð3Þ
2 . . . s

ð3Þ
l3

8>><
>>:

where

l1 ¼ l2 ¼ 2 and l3 ¼
mþ nþ ðmþ n� 1Þ if e ¼ �1

ðn� 1Þ þ ðm� 1Þ þ ðnþm� 1Þ if e ¼ þ1;

�

then there exist J1, J2 and J3, which are given in (5) and (6), such that

( I ) fJ1;Ra;bJ1; J2;Ra;bJ2; J3;Ra;bJ3; . . . ;R
k
a;bJ3; . . . ;R

l3�1
a;b J3g is a parti-

tion of Ia;b;

( II ) Rk�1
a;b Ji H I

s
ðiÞ
k

, 1a ka li;

(III) Rli
a;bJi ¼ J 0

i .

This theorem says that the negative slope algorithm acts well on the family

of 3-interval exchange transformations given by Definition 3 as a multiplicative

Rauzy induction. Let us define

JðnÞ :¼ j�1
ða;bÞ � j�1

ða1;b1Þ � � � � � j
�1
ðan�1;bn�1ÞðIan;bnÞ

and jn : J
ðnÞ ! Ian;bn by

jnðxÞ :¼ jðan�1;bn�1Þ � � � � � jða;bÞðxÞ:

Then we know that sgn Ian;bn of Ran;bn is given by sgn Ian;bn ¼ e1e2 . . . en.

Therefore we have the following corollaries.

Corollary 3. The induced transformation ðRa;bÞJðnÞ of Ra;b into JðnÞ is

isomorphic to Ran;bn under the isomorphism jn, that is, the following relation

holds:

Ran;bnðjnðxÞÞ ¼ jnððRa;bÞJðnÞ ðxÞÞ for x A JðnÞ:

Corollary 4. Put

lim
k!y

sðe1;n1;m1Þ . . . sðek ;nk ;mkÞð3Þ ¼ s1s2 . . . : ð7Þ

460 Kazuko Nakazawa, Koshiro Ishimura and Shunji Ito



Then we see that

Rn�1
a;b ð0Þ A Isn

for all n A N.

By Theorem 3, we have the following corollary.

Corollary 5. Suppose the sequence ðSkða; bÞÞkb0 is purely periodic with

the period lb 1, that is, S lða; bÞ ¼ ða; bÞ. Then we see that the sequence s1s2 . . .

given by (7) is a fixed point of the substitution s�, that is,

s�ðs1s2 . . .Þ ¼ s1s2 . . .
where s� is given by

s� ¼ sðe1;n1;m1Þ . . . sðel ;nl ;mlÞ:

4. The proof of the main theorem

In order to prove Theorem 3, we need the following lemma.

Lemma 1. In the case when aþ b > 1, i.e. e ¼ �1, and a; b < 1, we have

the following.

(1) The interval I ¼ ½�b; 1þ aÞ is decomposed into Ii, i ¼ 1; 2; 3. We

see that 0 A I3, a A I2, and jI1j ¼ a, jI2j ¼ b, jI3j ¼ 1 (see Figure 4).

(2-1) By using m ¼ a
aþb�1

j k
, we can decompose the interval I1 into m inter-

vals of length aþ b � 1 and the interval of length a�mðaþ b � 1Þ
as in Figure 5, where the length of a c-marked interval is aþ b � 1

and the length of a k-marked interval is a�mðaþ b � 1Þ.

Fig. 4. The decomposition of I into Ii, i ¼ 1; 2; 3.

Fig. 5. The decomposition of I1 into c;k-marked intervals.
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(2-2) By using n ¼ b

aþb�1

j k
, we can decompose the interval I2 into n inter-

vals of length aþ b � 1 and the interval of length b � nðaþ b � 1Þ
as in Figure 6, where the length of a s-marked interval is

b � nðaþ b � 1Þ.

(2-3) We can decompose the interval I3 ¼ ½�b; 1� bÞ into ðmþ n� 1Þ
intervals of length aþ b � 1, the interval of length a�mðaþ b � 1Þ
and the interval of length b � nðaþ b � 1Þ as marked intervals in

Figure 7.

(2-4) The interval Jða;bÞ ¼ ½�b þ ðn� 1Þðaþ b � 1Þ; a�mðaþ b � 1ÞÞ is

decomposed by (2-3) as (5). We show the figure of the decom-

positions of ½�b; 1þ aÞ into the marked intervals c, s and k (see

Figure 8).

Fig. 6. The decomposition of I2 into c;s-marked intervals.

Fig. 7. The decomposition of I3 into c;s;k-marked intervals.
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Lemma 2. Let Ra;b be the interval exchange transformation given by

Definition 3 and assume that aþ b > 1, i.e. e ¼ �1. Let Ji, J
0
i , i ¼ 1; 2; 3 be the

intervals given by (5) where we know

jJij ¼ jJ 0
i j; i ¼ 1; 2; 3:

Moreover, for the sets Rk
a;bðJiÞ, we know the following fact:

(1) J1 H I3
Ra;bðJ1Þ ¼ ½aþ ðn� 1Þðaþ b � 1Þ; 1ÞH I2
R2

a;bðJ1Þ ¼ ½�b þ nðaþ b � 1Þ; 0Þ ¼ J 0
1 H Jða;bÞ

(2) J2 H I3
Ra;bðJ2Þ ¼ ½1; 1þ a�mðaþ b � 1ÞÞH I1
R2

a;bðJ2Þ ¼ ½0; a�mðaþ b � 1ÞÞ ¼ J 0
2 H Jða;bÞ

(3) J3 H I3
Ra;bðJ3Þ ¼ ½1þ a�mðaþ b � 1Þ; 1þ a� ðm� 1Þðaþ b � 1ÞÞH I1
R2

a;bðJ3Þ ¼ ½a�mðaþ b � 1Þ; a� ðm� 1Þðaþ b � 1ÞÞH I3
..
.

R2k�1
a;b ðJ3Þ ¼ ½1 þ a � ðm � k þ 1Þða þ b � 1Þ; 1 þ a � ðm � kÞða þ b�

1ÞÞH I1
R2k

a;bðJ3Þ ¼ ½a� ðm� k þ 1Þðaþ b � 1Þ; a� ðm� kÞðaþ b � 1ÞÞH I3
..
.

R2m�1
a;b ðJ3Þ ¼ ½1þ a� ðaþ b � 1Þ; 1þ aÞH I1

R2m
a;bðJ3Þ ¼ ½1� b; aÞH I2

R2mþ1
a;b ðJ3Þ ¼ ½�b;�1þ aÞH I3

R2mþ2
a;b ðJ3Þ ¼ ½a; aþ ðaþ b � 1ÞÞH I2
..
.

R2mþ2l�1
a;b ðJ3Þ ¼ ½�b þ ðl � 1Þðaþ b � 1Þ;�b þ lðaþ b � 1ÞÞH I3

R2mþ2l
a;b ðJ3Þ ¼ ½aþ ðl � 1Þðaþ b � 1Þ; aþ lðaþ b � 1ÞÞH I2
..
.

R2mþ2n�2
a;b ðJ3Þ ¼ ½aþ ðn� 2Þðaþ b � 1Þ; aþ ðn� 1Þðaþ b � 1ÞÞH I2

R2mþ2n�1
a;b ðJ3Þ ¼ ½�b þ ðn � 1Þða þ b � 1Þ;�b þ nða þ b � 1ÞÞ ¼ J 0

3 H
Jða;bÞ.

Fig. 8. The decomposition of I into c;s;k-marked intervals.
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Proof. From the definitoin of J1 and I3, it is easy to see that

J1 ¼ ½�b þ ðn� 1Þðaþ b � 1Þ;�ðaþ b � 1ÞÞH I3:

Therefore, from the fact that J1 H I3, we know that Ra;bðJ1Þ ¼ J1 þ ðaþ bÞ ¼
½aþ ðn� 1Þðaþ b � 1Þ; 1ÞH I2. So, we obtain the assertions of (1). The

other assertions of the lemma are obtained by analogous discussions.

We give a lemma which is an anologous of Lemma 1.

Lemma 3. In the case when aþ b < 1, i.e. e ¼ þ1, and a; b < 1, we have

the following.

(1) 0 The interval I ¼ ½�b; 1þ aÞ is decomposed into Ii, i ¼ 1; 2; 3 (see

Figure 9) and we see that 0 A I3, a A I3, and jI1j ¼ a, jI2j ¼ b,

jI3j ¼ 1 where the length of a c-marked interval is 1� ðaþ bÞ in

Figure 9.

(2-1) 0 By using n ¼ 1�b

1�ðaþbÞ

j k
, we can decompose the interval I1 into ðn� 1Þ

intervals of length 1� ðaþ bÞ and the interval of length 1� b�
nð1� ðaþ bÞÞ as in Figure 10, where the length of a c-marked

interval is 1� ðaþ bÞ and the length of a s-marked interval is

1� b � nð1� ðaþ bÞÞ.

Fig. 9. The decomposition of I into Ii, i ¼ 1; 2; 3.

Fig. 10. The decomposition of I1 into c;s-marked intervals.
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(2-2) 0 By using m ¼ 1�a
1�ðaþbÞ

j k
, we can decompose the interval I2 into

ðm� 1Þ intervals of length 1� ðaþ bÞ and the interval of length

1� a�mð1� ðaþ bÞÞ as in Figure 11, where the length of a c-

marked interval is 1� ðaþ bÞ and the length of a k-marked interval

is 1� a�mð1� ðaþ bÞÞ.

(2-3) 0 We can decompose the interval I3 ¼ ½�b; 1� bÞ into ðmþ n� 1Þ
intervals of length 1� ðaþ bÞ, the interval of length 1� b�
nð1� ðaþ bÞÞ and the interval of length 1� a�mð1� ðaþ bÞÞ as

marked intervals in Figure 12.

(2-4) 0 The interval

Jða;bÞ ¼ ½�ð1� aÞ þmð1� ðaþ bÞÞ; ð1� bÞ � ðn� 1Þð1� ðaþ bÞÞÞ

is decomposed by (2-3) 0 as (6). Finally, the figure of the decom-

position of ½�b; 1þ aÞ into the marked intervals c, s and k is

Figure 13.

Fig. 11. The decomposition of I2 into c;k-marked intervals.

Fig. 12. The decomposition of I3 into c;s;k-marked intervals.
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Lemma 4. Let Ra;b be the interval exchange transformation given by

Definition 3 and assume that aþ b < 1, i.e. e ¼ þ1. Let Ji, J
0
i , i ¼ 1; 2; 3 be the

intervals given by (6) where we know

jJij ¼ jJ 0
i j; i ¼ 1; 2; 3:

Then for the sets Rk
ða;bÞðJiÞ, we know the following fact:

(1) J1 H I3
Ra;bðJ1Þ ¼ ½1; 1þ a� ðn� 1Þð1� a� bÞÞH I1
R2

a;bðJ1Þ ¼ ½0; ð1� bÞ � nð1� a� bÞÞ ¼ J 0
1 H Jða;bÞ

(2) J2 H I3
Ra;bðJ2Þ ¼ ½aþmð1� a� bÞ; 1ÞH I2
R2

a;bðJ2Þ ¼ ½�ð1� aÞ þmð1� a� bÞ; 0Þ ¼ J 0
2 H Jða;bÞ

(3) J3 H I3
Ra;bðJ3Þ ¼ ½aþ ðm� 1Þð1� a� bÞ; aþmð1� a� bÞÞH I2
R2

a;bðJ3Þ ¼ ½�b þ ðm� 2Þð1� a� bÞ;�b þ ðm� 1Þð1� a� bÞÞH I3
..
.

R2k
a;bðJ3Þ ¼ ½�b þ ðm � k � 1Þð1 � a � bÞ;�b þ ðm � kÞð1 � a � bÞÞH

I3
R2kþ1

a;b ðJ3Þ ¼ ½aþ ðm� k � 1Þð1� a� bÞ; aþ ðm� kÞð1� a� bÞÞH I2
..
.

R2m�3
a;b ðJ3Þ ¼ ½1� b; 1� b þ ð1� a� bÞÞH I2

R2m�2
a;b ðJ3Þ ¼ ½�b;�b þ ð1� a� bÞÞH I3

R2m�1
a;b ðJ3Þ ¼ ½a; aþ ð1� a� bÞÞH I3

R2m
a;bðJ3Þ ¼ ½1þ a� ð1� a� bÞ; aþ 1ÞH I1

R2mþ1
a;b ðJ3Þ ¼ ½a� ð1� a� bÞ; aÞH I3

R2mþ2
a;b ðJ3Þ ¼ ½1þ a� 2ð1� a� bÞ; 1þ a� ð1� a� bÞÞH I1
..
.

R2mþ2l�1
a;b ðJ3Þ ¼ ½a� lð1� a� bÞ; a� ðl � 1Þð1� a� bÞÞH I3

R2mþ2l
a;b ðJ3Þ ¼ ½1þ a� ðl þ 1Þð1� a� bÞ; 1þ a� lð1� a� bÞÞH I1
..
.

R2mþ2n�4
a;b ðJ3Þ ¼ ½1þ a� ðn � 1Þð1� a� bÞ; 1þ a� ðn � 2Þð1� a� bÞÞ

H I1

Fig. 13. The decomposition of I into c;s;k-marked intervals.
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R2mþ2n�3
a;b ðJ3Þ ¼ ½ð1 � bÞ � nð1 � a � bÞ; ð1 � bÞ � ðn � 1Þð1 � a � bÞÞ

¼ J 0
3 H Jða;bÞ

Now let us give the proof of Theorem 3. From Lemma 1 and Lemma 2,

we obtain that under the assumption aþ b > 1, i.e. e ¼ �1,

ðRa;bÞJða; bÞ ¼ Dð�1Þ

where the interval exchange transformation Dð�1Þ : Jða;bÞ ! Jða;bÞ is given by

Dð�1ÞðJ1Þ ¼ J 0
1; Dð�1ÞðJ2Þ ¼ J 0

2; Dð�1ÞðJ3Þ ¼ J 0
3:

Let us define ja;b : J
ða;bÞ ! R by

ja;bðxÞ :¼
1

1� ðaþ bÞ x;

then the endpoints of the interval Ji, i ¼ 1; 2; 3 of Jða;bÞ are given by

f�b þ ðn� 1Þðaþ b � 1Þ;�ðaþ b � 1Þ; 1� b �mðaþ b � 1Þ;

1� b � ðm� 1Þðaþ b � 1Þg

and they are mapped by ja;b to

f�b1; 1� b1; 1; 1þ a1g

bijectively. Therefore, we know that

ja;bðJða;bÞÞ ¼ ð�b1; 1þ a1� ¼ Ia1;b1

with sgn Ia1;b1 ¼ �1 and the induced transformation ðRa;bÞJða; bÞ of Ra;b into

Jða;bÞ is isomorphic to Ra1;b1 under the isomorphism ja;b.

Analogously, from Lemma 3 and Lemma 4, we obtain that under the

assumption aþ b < 1, i.e. e ¼ þ1,

ðRa;bÞJða; bÞ ¼ Dðþ1Þ

where the interval exchange transformation Dðþ1Þ : Jða;bÞ ! Jða;bÞ is given by

Dðþ1ÞðJ1Þ ¼ J 0
1; Dðþ1ÞðJ2Þ ¼ J 0

2; Dðþ1ÞðJ3Þ ¼ J 0
3

where the endpoints of the intervals Ji, i ¼ 1; 2; 3 of Jða;bÞ are given by

�ð1� aÞ þ ðmþ 1Þð1� ðaþ bÞÞ;�ð1� aÞ þmð1� ðaþ bÞÞ;
1� ðaþ bÞ; ð1� bÞ � ðn� 1Þð1� ðaþ bÞÞ

� �
:

Let us define ja;b : J
ða;bÞ ! R by

ja;bðxÞ :¼
1

1� ðaþ bÞ x;
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then we see that the endpoints of the interval Ji are mapped by ja;b to

f�b1; 1� b1; 1; 1þ a1g

bijectively. Therefore, we know that

ja;bðJða;bÞÞ ¼ ½�b1; 1þ a1Þ ¼ Ia1;b1

with sgn Ia1;b1 ¼ þ1 and the induced transformation ðRa;bÞJða; bÞ of Ra;b into

Jða;bÞ is isomorphic to Ra1;b1 under the isomorphism ja;b.
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