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0. Preliminaries

We deal here with the oscillatory and asymptotic behavior of n-th order
(n>1) retarded differential equations, which contain a damping term involving
the (n—1)-th derivative of the unknown function. The results are obtained in
two steps. In the first part of the paper we consider the simple damped differ-
ential equations with retarded argument

(%) [r(x= D] +g(Oe(x[a()]) = 0
and
(%) [r()x=D(B)] —g®)e(x[a()]) = 0

for which the following assumptions are made:
(i) The function o: [ty, ©)—R is continuously differentiable and such
that

a(t) St for every t=t,
a'(t)=0  forevery t=tg

lim o(t) =
t—0

(i) g: [tg, 0)—[0, ©) is continuous and not identically zero for all large

(iii) The function ¢: R—>R is continuous, y#0=>y@(y)>0 and it is
strongly superlinear in the sense that it is nondecreasing and

© dy - dy
S ————(p(y) < o and S —m-(p(y) < ©

Note: Condition (iii) implies that

(1) lim 20 = » = lim 20)
y—® y y-—© y
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(iv) r: [ty, 00)—(0, ©) is continuous
For (¥) we give some general oscillation results not only for the case where the
condition

(Cy) o -

o = 0
holds, but also for some cases in which this condition fails. As far as we know,
the only result concerning the oscillatory and asymptotic behavior of all solutions
of (x) is that of Sevelo and Varech ([6], Theorem 1) in which condition (C,)
is assumed. We also classify all solutions of (*x) with respect to their oscillatory
character and to their behavior as t— oo, in the case where (C,) is assumed.

In the second part we give a comparison lemma, which is a modification of a
related lemma due to Staikos and the author ([9], Lemma 1) concerning differ-
ential equations without damping terms. This lemma can be used in order to
extend the results which are derived in the first part of the paper to more general
differential equations. As an application, we give general oscillation results con-
cerning damped differential equations of the form:

(%) [s()x"= D@1 +Q(t, x*= (1) + p()F(x[a(D)]) = 0

These results include as special cases the above mentioned result of Sevelo and
Varech as well as a result due to Naito ([5], Theorem 1) and, in particular, for
rt)=1, Q(t, y)=0, the related results concerning the retarded differential equation
without damping terms

xm()+ p()F(x[o(t)]) =0

(Cf. [3] and [7]).

In what follows, we consider only such solutions of the equations (%), (¥x)
and (***) which are defined for all large t. The oscillatory character is considered
in the usual sense, i.e., a continuous function defined for all large t is called
oscillatory if it has no last zero, otherwise it is called nonoscillatory.

1. Oscillatory and asymptotic behavior of the equations (*) and (**)

In order to obtain our results for () and (*x) we need the following lemmas
the first of which is a unified adaptation of two lemmas due to Kiguradze ([1]
and [2]). ' :

LEMMA 1. Let u be a positive v-times continuously differentiable function
on an interval [a, ). If u®™ is of constant sign and not identically zero for
all large t, then there exist a t,Za and an integer |, 0SI<v with v+ odd if

u™M <0, v+ 1 even if ut™ =20 and such that for every t=t,
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I1>0=u®™()>0 (k=0,1,.,1-1)
and

1< v—1=(= D) u®@$)>0 (k=1 1+1,.,v=1)

LEMMA 2. Let u be a (v—1)-times (v>1) continuously differentiable func-
tion on an interval [a, o©). Let also m(t) be a positive function on [a, o) such
that the function mu®~Y is continuously differentiable on [a, ). Suppose
moreover that for every t=a we have

u(t)>0

out=1(1)>0

OLm(Du~V()]) £ 0 and not identically zero for all large t
where 6= +1. Then there exists a constant K >0 such that

m@) |u®"D@)]

v=1 < y
(@) ZG2) "' = K foralllarget

where

m*(t) = max m(9)

fsost

ProoF. By Lemma | there exist an integer [, 0</<v—1, with [+v—1 even
for =+1 and I+v—1 odd for 0= —1 and some t,=a such that for every t=1,

I>0=u®()>0 (k=0 1,..,1—1)
(2) and
I S v—1=(=1)*u®>0 (k=1 1+1,...,v—1)

Applying Taylor’s formula we get

—_ — l
u(®) = ult) +u @) 2Tt uo @O < e < g

and consequently for every 3=, we have
—_ l
u(®) = Q_l'biu(n(g)
Hence there exist ¢, ¢, and K, >0 such that

3) u(t/2) = K, t'u®™(t/2) for every t21,

Again by Taylor’s formula
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5(_ l)v—l—ltv—-l~l
2 EIG—I=1D)!

ud(t)2) = u('>(t)——£-u(’“>(t)+---+ U= (%),

-~

2
and consequently, by (2), for every t=t, we have

i1

(O]
uD@)2) 2 s oo

U1 (%)

tv—l‘-l 6u(v—l)(t*)m(t*)
vy —=I-1)! m(t*)

> it Su~V()m(t)
=E2FIG=I=DT T m*Q)

— it (v—1) m(t)

=g Gor= T
Thus
@ uD(t2) 2 Kpt*=1=1 [ u=D(5) | "n",,fg) forevery 121,

where K,=1/2""""1(v—1-1)!.
Combining the inequalities (3) and (4) we obtain

-1
©) n’z’:‘((tt)) qu(t/z()t)l "1 <K  forevery t =1t

where K=1/K,K,.
Note. If the function m is nondecreasing, then, obviously, (5) takes the form

[uD()]

u(t/2)

LeEMMA 3. Consider the differential equation (x) subject to the conditions
(i)-(iv). Then we have the following:
a) If(C,) holds, then for every nonoscillatory solution x of (x) we have

1<K forevery t = ¢,

x()x*~D()>0  for all large t
b) If for every T =ty
(C,) SwR(t, T)dt = o, R(t, T)= (S;g(S)d\‘J)/r(t), t>T

then for every nonoscillatory solution x of (*) with lim x(t)#0 we have
t—0
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x(Ox=D()>0  for all large t

© If
© dt

(Cy) S At < 0 and for some k > 1

Swa"‘z(t)g(t)h"(t)dt = 0, h®) = Sw %

then for every nonoscillatory solution x of (*) with lim x(f)#0 we have
t—00

x(Ox=D(@&)>0  for all large t

PrOOF. Let x be a nonoscillatory solution of (). Without loss of generality
we suppose that x(f)>0 for every t>t,, since the substitution x= —u transforms
(*) into an equation of the same form subject to similar assumptions. Next, by
(i), we choose some ¢, =1, such that

x[a(1)]>0 forevery t=t,
Thus, in all cases a)-c) we have
6) [rx»=V(@)]) £0 for every t =1,

Moreover, since g(t) is not identically zero for all large ¢, the same holds for
[r()x(=1(#)]’ and consequently the function r(t)x(*~1)(f) is positive or negative
for all large ¢t. Thus, since r(f)>0 for every t=t,, we must have x"~1(1)>0
or x("~1)(1)<O0 for all large ¢.

We shall prove that the assumption

x"=D(1) <0 for all large ¢

leads to a contradiction in all cases a)-c), provided that in cases b) and c¢) we have
lim x(t)#0. To do this we suppose that for some ¢, >t, we have
t—00

@) x(=1)(1)<0 forevery t=t,
By (6), integrating from ¢, to 1=, we get

r@)x™= (1) £ r(t)x" ()
and consequently

1
r(t)

Integrating again from ¢, to t=t,, we obtain

—x=1() = —r@,)x""1(t,) forevery t=1t,
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- —2yf - 't d9
=D +07(0) 2 —rla)x D) A
and consequently condition (C,) implies

lim x=2)(f) = — oo

t-—=00

which contradicts the positivity of x. This contradiction proves a).
To prove b) we remark that the assumption lim x(¢)#0 implies the existence
t—00

of a constant L>0 such that
o(x[e(]) = L for every t=1t,
This, by (), leads to the inequality
) [r@x"* D)) +9g()L £ 0 for every t =1,
By (8), integrating from ¢, to t>t, we get
r(t)x(’"”(t)—r(tz)x("“l)(t2)+LSt 4(9)d8 < 0
ta
and consequently

—x(=1() > L<St g(g)ds)/r(t) forevery t2=1t,

Using this inequality and condition (C,) we obtain again the contradiction

lim x(*=2)(t) = — o0

t—00

To prove c) we rewrite (x) as follows:
. ' ¢(x[a(0)]) =
) [r@x"D@®)] +g(t)mx[0(t)/2] =0, tzt,

and we remark that (1) and lim x(#)#0 imply the existence of some t;>t, and of
t—00

a positive constant L, such that

Mgh for every t =1,

x[e()/2] =
By this inequality, (9) leads to
(10) [rx™=D(@O) +L1g()x[0()/2]1 0, t=1,

Applying Lemma 2 with v=n—1 and m(f)=1, by (10) and (7) we derive the in-
equality
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(1D [r(H)x= V()Y + KL,g()e" 2(t)x"=2)(1) £ 0, t=ty

By (11), x(*=2)(¢) is obviously a positive solution of the linear second order or-
dinary differential equation

KL, o™ 2(t)g(t)x" () + )’(t)
Y("—Z)(I)

(12) [r@)y'] +

121,

where y(1)= —[r()x" V(1)) — KL,6""2(t)g(t)x("=2)(t), t=t;. Since, by (11),
y#®) =0 for every t=t;

the functions r and g,, where

9:(0) = KL,a"209(0) + 20 -

are obviously subject to the conditions

Sw ra(];) < oo and for some k > 1, Sng(t)h"(t)dt =
Thus, applying a result due to Moore ([4], Theorem 2) we conclude that all solu-
tions of (12) are oscillatory. But this is a contradiction, since x("~2) is a non-
oscillatory solution of (12). This contradiction proves c).

THEOREM 1. Consider the differential equation (x) subject to the conditions
(i)-(iv) and

o0 t n—2
(C) S g(t)g 4 ;%d&- for every T2 t,

where r*(t)= max r(9).

t
fs9se

Then:

o) under condition (C,) every solution of () is for n even oscillatory and
for n odd either oscillatory or tending monotonically to zero as t— oo together
with its first n—2 derivatives.

B) wunder condition (C,) or (C;) every solution of (x) is either oscillatory or
tending monotonically to zero as t—oo together with its first n—2 derivatives.

Note: In the case where the function r is nondecreasing, condition (C,)
can be replaced by

(CY* S ( t)(t) g@t)dt =
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Proor oF THE THEOREM. Let x be a nonoscillatory solution of (x) with
lim x(#)#0. As in the proof of Lemma 3, we assume, without loss of generality,

h Smd ]

that ¢, = ¢, is chosen so that
x[ae(t)]>0 for every t=1t,
This, by (%) and (ii), (iii) implies that
[r@®x*V@®) £0 for every t=>t,

where this function is not identically zero for all large ¢.
Now, under one of the conditions (C)-(C;) we have, by Lemma 3,

x=1)()>0 for all large ¢
Without loss of generality we assume that
x(=D()>0 for every t=t,
By Lemma 1 there exists some ¢, = ¢, such that
x>0 or x'(1)<0 forevery t=t,
and consequently we have to examine the following two cases:

Casel. x'>0on[t,, ). Let z be the function defined by the formula

13 20 = ~rOxe0O]) 2 O ds, 2 1,

We obviously have
(14) z() =0 for every t=t,
By (13), for every t=>t,, we get

20 = ~COxOY | et
_r@x" Y@ 2@)a' ()
#le@1eGLeMD
o 2(3)a’' (9)
9“)"’("["(’”)5 FTe@1eGlo@D

__ "2 r@®x"" V@ x'[a@®)/2]e' @)
r*le@®] x'[e(®/2]  o(x[e@®])

Since the functions ¢ and x are nondecreasing and the function r(f)x("=1)(¢)
is nonincreasing, we obtain
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 m2(9)a’(9)

B )

X 0@] o] gaea gy [xlo®/2]]
¥lo@ o] oGLe®2D

for every t=t,. Thus applying Lemma 2 with u=x’, m=r, v=n—1 and a(?)
in place of t, we have

fU);guﬂ

A C) LA C))] [x[e(®/2]T
g7 oY) g9 g XL /2d]
2 r*La(9)] ¢e(x[e(®)/2])
for every t=t;, where t;=1t, is chosen properly. By this inequality, integrating
from t; to t=1t; and taking into account (iii) and (C,) we obtain lim z(f)= oo,
t—00
which contradicts (14).

O g(t)g

Case 2. x'<0 on [t,, ). In this case we consider the function w defined
by the formula

t n-2 4
(15) W) = ~[roxeo@) | DD ag, 124,
We obviously have
(16) w(i) =0 forevery t=t,
By (15) for every t=t,, we get
Yy — At 6" 2(8)6’(9)
w' (@)= —[r(®)x"* V()] S” #To(9)] d9d
x=DAOr(E) .- ,
B CO R
t g"2(8)0’(9)
2 90D T BB agy

xDle@] rle@®] .- /
o021 Flen]’  @xle®/2]

Moreover, since lim x(t)#0, there exists a positive constant ¢ such that
=0

o(x[o()]) = ¢ forevery t=1t,

Thus, by applying Lemma 2 with u= —x'=|x'|, m=r, v=n—1 and ¢(¢) in place
of t, we finally obtain

6" 2(8)a’(9)

Sty s + 2K [x e ()/2])

W) 2 cg(t)S
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for every t=t;, where t;=t, is chosen properly. This last inequality, by (C,)
and the fact that the solution x is bounded, leads to lim w(#)= oo, which con-
t—®©

tradicts (16).

We have proved by now, that for every nonoscillatory solution x of (x)
lim x(1)=0 and consequently x(#)x'(t)<O0 for all large ¢. If condition (C,) is
1=
satisfied, then x(f)x(*~1)(t)>0 for all large t and consequently n must be odd.
Moreover, as it is easy to see, lim x(f)=0 implies that lim x(f)=0 for all

t—00 1—00

i=0,1,..,n=-2.

REMARK. The following examples show that in the case where the condition
(C,) fails, while one of the conditions (C,) or (C,) is satisfied, we may have non-
oscillatory solutions x of () with lim x(f)=0 and x(£)x("~1)(f)<0 for all large

t—
t. The same examples also show that condition (C,) may hold in cases where
(C,) and (C,) fail as well as that condition (C;) may hold in cases where (C,)
fails.

ExaMPLE 1. Consider the differential equation
(17) [t2x'Y +(1/t2sin2 1/f)x3 = 0, t>1

This equation admits the positive solution x(¢f)=sin1/t, t>1 for which we have
x'(f)=—1/t?cos1/t<0. We observe that condition (C,) is satisfied since for
every T >1 we have

S' (1/92 sin2 1/6)d9
lim 2T =1

t -0 t

while the conditions (C,) and (C,) fail. It is also easy to see that condition (C,),
and in particular (C,)*, is satisfied and consequently, by Theorem 1, every solu-
tion x of (17) is oscillatory or such that lim x(#)=0.

t—0o0
ExampLE 2. The differential equation
(18) [t3x" ] +6t2x2sgnx = 0, t>0

admits x(#)=1/t, t>0 as a solution for which x” = —6/t*<0. It is easy to verify
that conditions (C,) and (C,) fail, while condition (C5) is satisfied for k=5/4.
Since moreover condition (C,)* is also satisfied, by Theorem 1, every solution
x of (18) is oscillatory or such that

lim x(f) = lim x'(f) = lim x"(f) = 0
t—00 t—00 t—00

THEOREM 2. Consider the differential equation (xx) subject to the condi-
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tions (i)~(iv), (C,), (C,) and
(Cs) for every ¢#0

Swg(t)w[c_r%:] dt = + o

Then every solution x of (+x) satisfies exactly one of the following:
(a) x is oscillatory
(B) x and its first n—2 derivatives tend monotonically to zero as t— o
(y) It holds

lim r()x™*= V() = o0 and lim x®(f) = oo (i=0,1,..,n=-2)
t—00 t—0

or
lim r(@)x""V(t) = —o0 and lim xI(@t)= -0 (i=0,1,...,n-2)
t—00 t—00

Moreover, (B) occurs only in the case of even n.

PrOOF. Let x be a nonoscillatory solution of (*x) with lim x(#)#0. As in
t—0

the proof of Theorem 1, we assume, without loss of generality, that for some ¢,
=t, it holds

x[a(®)] >0 forevery t =1,

Using (*#), (ii) and (iii), it is easy to see that for some 7,>¢, we have x(*"D>0
or xX*"1 <0 on [t,, ). Thus, we have the following two cases:

Casel. x®D>0 on [t ). By [rOx"1D(1#)] =0,t=t,, we get
r(f)x"= V(1) 2 r(t,)x "~ 1)(¢,) and consequently

1
r(?)

This, by (C,), implies that lim x(*~2)(¢f)= o0 and hence
t—0

x 1) 2 r(t,)x("U(,) forevery t=t,

lim x(f) = © (i=0,1,.,n-2)

t—©
Taking ty=t, such that
x() >0 for every t=t;
and applying Taylor’s formula we obtain

"(t]2 (n=1 (%) sn—1
x(t)=x(t/2)+i‘.§.‘!/_)_;_ x(n___l(;v)_;jtl_
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for some t*, t/2<t*<t, and every t=2t3=t,. Thus,

x(t) <> t"_l x("‘l)(t*)r(l*) > x(”‘l)(t3)r(t3) t"_l
=21 (n-1)! r(t*) = 2"i(m—-1)! r*@)

forevery t=1,

and consequently there exists some t5=1¢, such that .

(19) x[a(®)] = c-fn:—l(i for every = ts

r*le@®)]
where ¢=x""(t3)r(t3)/2" Y (n—1)\.

Now, from equation (**) integrating from 5 to t=ts and using (19) and
(C,) it is easy to see that

lim r()x=1(t) = oo
t >

Hence the solution x satisfies (y).

Case2. x»V<0 on [t,, ©). By considering the functions z;=-z
and w; = —w, respectively, in place of the functions z and w of the proof of Theo-
rem 1 and using Lemma 2, we obtain the desired contradictions.

The proof of the theorem is now obvious.

2. Further oscillation results

LemMmA 4. (Comparison principle). Let the differential equations
(E) [s()x™ Y]+ 0, x" D)+ F(t, x<to(D)>,..., x(" V<1, (1)>)
=0, t=t,

and
(Eq,) [r@®y "= D@Y +9(06(t, y<oo(t)>,..., y"~ D <0, 4()>) =0
where

x<t(t)> = (x[t;,(®]...., x[7;, (DD,

x<o(t)> = (x[o;,(D],..., x[0;, (D]

W, v; are positive integers (i=0, 1,..., n—1), and g, r belong to certain function
classes 4, #. Let also that for any T2t,, g, r and r,r denote the functions
defined by
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F(t, z<to(t)>,..., 20" V<1,_(£)>)
G, z<04()>,..., 2" V<0o,_1)>)

0(8, z(=1(9)
CXP<ST s(Hz=D(Y) d9> t=>T

rea® = s@exp(| QI (ag), 127

gz,’l‘(t) =

If P is a propositional function with domain a function class & and
& = {x€é&: x is a solution of (E)},

L or =1x€ & x is a solution of (E,,)}

then
(Vgeg)(Vrez)(Vye L, )P(y)
and
(VxeSL)~P(x)=@AT 2 ty)g,r€¥9 and r,reR
imply

(Vx € #)P(x)

Proor. If the conclusion is false, then for some z e % we have ~P(z) and
consequently for some T =ty, g, €% and r, re Z. Thus

(VY €L g, v, ) P(Y)

But z is obviously a solution of the differential equation (E
and consequently P(z)is true, which is a contradiction.

), i.e, zeS,,,

9z,Trz, T

Next we give applications of Lemma 4 in order to extend Theorem 1 to
differential equations of the form (x#x). It is obvious that parallel arguments can
be used in order to extend Theorem 2 to differential equations of the form

[sx"= V(@] +Q(t, x"= (1) — p()F(x[a()]) = O

In addition to (i) we suppose that
(I) p:[tg, ©)—(0, o0) is continuous
(II) F: xR—R is continuous, nondecreasing and such that

y#0=yF(y)>0

(II) s: [ty, 0)—(0, o0) is continuous
(IV) Q: [to, 00)x R-R is continuous and such that
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(Vt 2 to)y # 0= yQ(t, y) > 0

(V) There exists a continuous function q,: [to, 00)—[0, o) such that
(v1210) (vy 20262 < g,

To obtain our results, we also need the following lemma.

LEMMA 5. Let u be as in Lemma 2 with 6= +1. Then there exists a posi-

tive constant K such that

t dd
< v—2 =
(20) u(t) < Kt Sa (9 KR, (t) for all large t
Proor. It is obvious that lim v;ﬁi} exists in R* (R* is the extended real
t—©

line). Thus we have the following two cases:

Case . lim tu‘(_tg <oo. In this case there exists a K; >0 such that
t—

u(t) S K;1v-2  forevery t=a

Since moreover

't d9 2a 49
> = >
Sa m(8) = ga m(9) K, for every ¢t = 2a

it is obvious that

u(t) = Kt”‘zgt% for every t=2a

where K=K, /K,.

Case 2. lim u(?) =o00. In this case we obviously have lim u("~2)(t) =oo0.
t—0

t"‘z t—

But, we also have 0<lim m(f)x"~1(t)< oo and consequently there exists L, >0
t— o

such that
u~H@) < L, forevry t=a
m(t) =
Thus
21 uV2(t)—u""2(a) £ L \" d.‘g forevery t=a
="1) . m(9) =
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which implies that
® d9

If now t, = a is such that u¥(f)>0 for every t>t, (i=0, 1,..., v—1) (cf. Lemma
1), then by Taylor’s formula we get

4 v—-2
u(t) < u(t,)+u l(t,‘)(t~t1) +~--+£((v_;§t’) (t—1t,)? forevery t=t,
and consequently, using (21),
(v—-2) t
< .4 U @ _gy-24_ L \‘—ZS a3 s
u(®) S u(t)+-+ (v—?.)!(t ty) +(V_2)!(t ty) am(9)’t=t1

which, by (22), easily leads to (20).

We introduce, now, the following conditions in which g,(¢) denotes the (non-
negative) function defined by

qZ(t) = inf Q(t’ }’)/y, t g tO
y#0

and for any T =t

ity T) = s(0) exp<g;%i((§)) ds), P¥(t, T) = max r (9, T) (i=1,2)
3st

A

R
2
(H,) for every T =t,

Sw dt

en %

(H,) for every T =t,

e a

(H3) for every T =t,

© _ dt ® -2 k -
S P ) < o and for some k > 1, S o 2(H)p(t)h*(t, T)dt = o0,
where
(= d3
e 1) =y



444 Y. G. Sricas
(H,) there exists a continuous and nondecreasing function f: R—R such
that
y#0=f(y)>0

© dy —® dy
S FO) °°’S FO)

and for every T 2ty and any c with |c| sufficiently large

©  pOrT) (" e 2(8)d'(9) _
S SOACR(c®, T)) \ST FLo(9)] d9)dt = oo

< o0

—_th—2 ' d9
where R,(t, T)=t ST—_rZ P

THEOREM 3. Consider the differential equation (xxx) subject to the condi-
tions (i), I)~(V) and (H,). Then

a) under condition (H,) every solution of (x*x) is for n even oscillatory and
for n odd either oscillatory on tending monotonically to zero as t— oo together
with its first n—2 derivatives.

b) under (H,) or (H;) every solution of (x*x) is either oscillatory or tending
monotonically to zero as t— oo together with its first n—2 derivatives.

Proof. Consider the differential equations (#*x) and
(23) [y DO +9(0 S KLoODF(xTa(]) = 0

in place of (E) and (E,,) respectively (cf. Lemma 4). Let & be the class of all
functions x defined on an interval [t,, o) and let P be such that

P(x): x is oscillatory or lim x(t) =0
t -0

Furthermore, let ¢ be the class of all nonnegative functions g defined on a half-
line [t,, ) and Z the class of all positive functions r defined on a half-line [¢,,
00) such that

(Vre #)(Vg € 9) conditions (C,) and (C,) are satisfied
(respectively:

(Vre #)(Vg € 9) conditions (C,) and (C,) are satisfied,
respectively:

(Vre #)(Vg € ) conditions (C,) and (C,) are satisfied)

By Theorem 1, it is obvious that for any g€ @ and re £ and every solution
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y of (23), P(y) is satisfied. Moreover, if x is a solution of (**) for which P(x)
is not true, i.e. x is nonoscillatory and lim x(¢)#0, then we have
t—

x(O)x=D(@) >0 or x(H)x*~ V() <0 for all large t.

To prove this, we suppose, without loss of generality, that for some ¢, = ¢,
we have

x[a()] >0 forevery t= T
If now t* = Tis a root of x("~1)(¢), then from equation (x*%) we get
[s()x "= D(D)]i=p» < 0

and consequently there exists a maximal interval (t*, t*) containing t* for which
we have

(24) [s(®)x" D] <0 for every te(t*, t¥)
Thus, by s(t*)x(*~1(t*)=0 and (24) we must have
s(Hxm () < 0 for every te(t*, t¥)
which, again by (24), implies that
t]_l.ltl;l s(Hx(=1D() < 0
By this last relation, taking into account the definition of t¥, it is easy to see that

t¥*=00. Hence s(t)x("~1(t) and consequently x("~1)(¢) is of constant sign for
all large t.

Without loss of generality we suppose that
x"D >0 or x*D <0 on [T, o)

Next we consider the functions

ren() = s(0) exﬁﬁ%%d@, 12T

___p0) FO(9, xD) ;N p(Or, 1O
010 = gLty o, Saeena) )= il 12 T

and the equation
Egerrirer) [ g@y= DO + 9,10 f(YloODF([e()]) =0, t2T

It is easy to check, by conditions (H,)-(H;), that r, r € 2. Hence, by apply-
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ing Lemma 3 to (E ), we must have

gx,Tsfx, T
x(=D() >0 forevery t=T

Since moreover

[rer(Ox" V(@] <0  forevery t=T

by Lemma 5, we have that there exist K>0 and T, =T with

x[o(0)] = Ka"’z(t)s;r d'?‘—gj forevery 12T,
x, T
Thus, for every 1= T,
(a2 (8) g s p@Orat, T) (P a"2(3)a’(9)
0510 S T 902 kRt 11y Ve et

which by (H,) implies that g, ;€ 4.

Now, applying Lemma 4, we conclude that all solutions of (xxx) are oscil-
latory or tending to zero as t—co.

The proof of the theorem is completed as that of Theorem I.

REMARK 1. In the case where Q(¢, x("~1)(1))=0 it is obvious that condition
(I) can be relaxed to

(*  p: [ty, ©)—[0, ) is continuous and not identically zero for all large
t.
Also, in the same case, we can take ¢, =0=gq,, which implies that

rt, T) = ry(t, T) = s(1)
and consequently the conditions (H,)-(H,) take the forms

© dt
(H)* S W=00

(H)* for every T2t

o,

s(3)

(H3)* for every T =t

——— < o and for some k >1, Swa"'z(t)p(t)h"(t)dt =

gw s‘(ltt)

where
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_(* d§
wo = | 5(9)

(Hy)* there exists a continuous and nondecreasing function f: R—»R
such that

y#0=/(»>0,

© dy T dy
(25) | ) ~ o, | Fo)fon = ®

and for every T =ty and any ¢ with |c| sufficiently large

(26) gw p) (St 6" 2(3)a’(9) d9> dt = ©

SR, [o(0), TI\)r s*[a(9)]
where

Thus we have the following:

CorOLLARY 1. Consider the differential equation
(27) [s()x"= (0] + p(OF (x[a()]) = 0

subject to the conditions (i), (1)*, (II), (II1) and (H ,)*.

Then

a) under condition (H,)* all solutions of (27) are for n even oscillatory,
while for n odd are either oscillatory or tending monotonically to zero as t— o0
together with their first n—2 derivatives.

b) under (H,)* or (H3)* every solution of (27) is either oscillatory or tend-
ing monotonically to zero as t— oo together with its first n—2 derivatives.

Let us now consider in particular the case where the function p:
28) pt) =29t 24,1, > maxit,, 0}

is nonincreasing, when we obviously have that the function s satisfies (H,)*.

Since, for some 9,, ngg 3 <%andeveryt =T

2
'0'"—2(9)_0;’@4 _ a(t) ;91-_?# - a(t) 3n—2—
T Rl e L R I

holds, by (28), we obtain
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1029’ 495 (70 938 g L a@®) (7Y gusgg o
ST s*[a(3)] =S¢7(!)/2 s(87) 4325 s[o(@)/4] Sa(r)/;

_2v2i—1 gvi()
2n sla(®)/4]

Thus (26) can be replaced by:
“for every T=t, and any ¢ with |c|=1

© e () ,
(29) ' AR, [o), TDsTo@/a1 " = @

Moreover, supposing that for any f: 0<f <1 the function

1 |
IMW for |z 24,

f(z) =
IWWH)—)’ for |z| <t,

satisfies (25) it is easy to see, by putting c=le~, that (29) can be replaced by:

Swa”"z(t)p(t)dt =

Thus we obtain the following result, which is due to §evelo and Varech ([6]
Th. 1)

CoROLLARY 2. Consider the differential equation (27) subject to the condi-
tions (i), (I)*, (II), (111),

(VI) the function p(t)= s(t) , t>max {ty, 0} is nqndecreasing

and
(VII) forany B: 0<p=1

p(R;1(B2)) ©p(R,1(—B2))
S —Wdz<oo S ——F(—)—dz<oo

Then, under the condition
Swa""z(t)p(t)dt =

all solutions of (27) are for n even oscillatory, while for n odd are either oscil-
latory or tending monotonically to zero as t— 0 together with their first n—2
derivatives. '
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RemMARKk 2. If s(f)=1, then the function r, , which is defined in the proof
of Theorem 3, is obviously nondecreasing. Hence,

' 6" 2(9)a'(8) _ pOry,r@) (* o 2(9)a’'(9)
9.0, F1Lo(9)] - st o T

p@®) L ,
;mgra 2(9)6'(9)d9, =T

and consequently (H,) can be replaced by:

(H,)s there exists a continuous and nondecreasing function f: R—R
such that

y#0=f(y)>0,

© dy —o dy
S FoyfG) < S Foofn =%

and for every T =ty and any c with |c| sufficiently large

* P00 4w
S SR, [0(®), T])

Thus, we can easily derive the following theorem in which, (H ), (H2)x» (H3)x

denote the conditions (H,), (H,), (H,) respectively for s(f)=1.

THEOREM 4. Consider the differential equation

(30) xM(N+Q(1, x"= (1) + p(F(x[a(n]) = 0

subject to the conditions (i), (1), (I), (IV), (V) and (H,)s. Then

a) under condition (H,), all solutions of (30) are for n even oscillatory,
while for n odd are either oscillatory or tending monotonically to zero as t— o0
together with their first (n—1) derivatives

b) under (H,)s or (H3)y every solution of (30) is either oscillatory or tend-
ing monotonically to zero as t— o0 together with its first n—1 derivatives.

This theorem extends and improves a recent result due to Naito ([5] Th. 1)
in several directions.

REMARK 3. We notice that we can also obtain, by using Theorem 1 and ap-
plying Lemma 4, oscillation results similar to those in [8] for differential equations
with retarded arguments of the form

[s(x™D(®] +Q(t, x»= (1)) + p(OF (x[oo()], x[o,(1)],..., x[a,()]) = 0

We omit the details.
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