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Introduction

Let X be a real Banach space and (S, X, p) a finite nonnegative complete
measure space. For a general Banach space X, a u-continuous vector measure
v: Z—X of finite variation need not be the indefinite Bochner integral of its
derivative unless the values are suitably chosen. The purpose of this paper is to
introduce a notion of generalized derivative which can be defined for any vector
measure that is yu-continuous and of finite variation and investigate basic properties
of the generalized derivatives.

The fundamental theorem of calculus for vector measures (called commonly
the Radon-Nikodym theorem) need not be valid for all types of integrals. It is
a notable pathology that the Bochner integral does not mimic the Lebesgue
integral with regard to the fundamental theorem. In this connection various
types of integrals which include the Bochner integral have been introduced
through the duality theory by Birkhoff, Dunford, Gel’fand, Pettis and Phillips;
and the Radon-Nikodym theorems have been established in the respective senses.
Although each integral definition has its own features, the most general one among
them is that of Gel’fand and the so-called Dunford-Pettis theorem is regarded
as the associated fundamental theorem for vector measures with values in dual
Banach spaces. Our notion of generalized derivative is also based on the Gel’fand
integration theory.

Various examples of vector measures with values in nonreflexive Banach
spaces such as L'(u) and L®(u) suggest that to an arbitrary vector measure only
the differentiation in the sense of the weak*-topology of X (viewed as a subspace
of its second dual unless X is a dual Banach space) may be applied. Indeed, if
v is a measure on X with values in a dual Banach space not possessing the Radon-
Nikodym property, only the local boundedness of the set {w(E)/u(E): E € Z} may
be assumed, namely: There exists a sequence {S,:n=0, 1, 2,...} such that
w(So)=0, u(S,)>0 (n=1), S=U, S, and {WE)/u(E): E€ X, E€ S,} is bounded
for each n=1. Therefore, only the relative weak*-compactness is applied to find
the derivative and the derivative (supposing it is defined) is to possess only the
weak*-measurability. The Dunford-Pettis theorem may apply to X-valued
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measures since they can be embedded into its second dual. But in most cases
the dual of a nonreflexive Banach space is not separable; hence, depending upon
the choice of separable subspaces of X*, their theorem would furnish with “un-
countably’” many (weak*-) derivatives for a single measure. This suggests
that, in order to avoid this difficult situation, the derivative ought to be defined
as a multi-valued function, rather than a single-valued function.

In virtue of the above-mentioned, we shall employ “multi-valued’’ derivatives
defined in the following way: First let v be an X*-valued, u-continuous measure
v of finite variation and IT a family of suitably chosen finite partitions of S on
which a partial order is defined as follows: for n,, n, eIl we write 7, <, iff
every set in 7, is represented as a union of some sets in ©,. Now for ne Il we
write f(s)= ger (W(E)/u(E))xe(s) and define the multi-valued function ¢,: S—
2X* by

®\(5) = Npen €07 {fr(s): @' 2 7}, s€S,

where co? [W] denotes the weak*-closed convex hull of a set W. We then call
¢, the generalized derivative of the X*-valued measure v. If X has no preduals
and v is an X-valued p-continuous measure of finite variation, then v is viewed
as an X**-valued measure and the generalized derivative ¢, is defined as an X**-
valued function in the same way as above. Our notion of generalized derivative
is therefore a generalization of the weak*-derivative for vector measures. Given
an X-valued, p-continuous measure v of finite variation, it is proved that ¢, is
defined u-a.e. on S. The function ¢, may lie in the second dual of X and is perhaps
genuinely multi-valued unless X is the dual of another separable Banach space.
However, it will be shown that such multi-valued derivative ¢, can be treated
through a certain equivalence relation for weak*-measurable functions as if it were
single-valued, and still possesses characteristic properties of the “derivative’’ of v.
Basic to this type of derivative is the fact that the fundamental theorem of calculus
holds between v and selection of ¢, in the sense of the Gel’fand integral.

In 1968, Rieffel established a general Radon-Nikodym theorem for the
Bochner integral. Since then important progress has been made in the study
of Banach spaces with the Radon-Nikodym property. 1In fact, this class of spaces
plays an important role in modern Banach space theory. Also it is noteworthy
that Stegall gave various types of characterizations of dual Banach spaces with
the Radon-Nikodym property. Moreover a wider class of Banach spaces (called
spaces with the weak Radon-Nikodym property) was introduced in 1979 by Musiat
and generalizations of the Radon-Nikodym theorem for the Bochner integral
have been investigated by Musiat, Rybakov, Uhl, Jr., and Kupka. For the results
as mentioned above we refer the reader to the distinguished survey of Diestel
and Uhl, Jr. [20]. These important works not only provide us with information
concerning exclusive classes of vector measures which are not Bochner differenti-
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able, but also suggest deeper problems as to when our generalized derivatives
become the Bochner derivative or else how our derivatives are related to the
integral representation of vector measures in the sense of Pettis.

In Section 1 a notion of multi-valued weak*-measurable function is introduced
and various integral definitions of scalarly measurable functions are discussed.
Moreover, some basic results concerning the Gel’fand integration will be given.

Section 2 is devoted to the investigation of weak*-closed convex hulls of
weak*-cluster points of bounded nets in dual Banach spaces. The main result
of this section plays an essential role in our argument.

The aim of Section 3 is to introduce the notion of generalized derivative for
general vector measures and examine basic properties of the generalized derivatives.
The results given in this section are closely related to the work of Kupka [13].
He gave general integral representation theorems for vector measures with the
help of the lifting theorem, while we base our argument on the relative weak*-
compactness of the suitable average ranges of vector measures only; and it turns
out that more precise aspects of the Radon-Nikodym theorem for the Gel’fand
integral are found. The relations of our results to those of Kupka will be
discussed in detail at the end of the section.

Section 4 deals with a Lebesgue type space (denoted Zi(u, X*)) of X*-
valued weak*-measurable functions. The space #4(u, X*) of Bochner integrable
functions on S is isometrically embedded in #}(u, X*) and it is verified that the
class of all X*-valued u-continuous vector measures of finite variation is isometri-
cally isomorphic to the space ZLL(u, X*).

Section 5 continues with a series of definitions of Lebesgue type spaces
LiE(u, X*), 1=£g=<00. The duals of the spaces L&(u, X), 1< p=< o0, of Bochner
integrable functions on S are characterized by means of L&(u, X*), 1<gq= .

Finally, Section 6 contains some applications of our results to the Bochner
and Pettis integrals and it will be shown that there is a striking contrast between
them. In this section we shall also make a few remarks on the relation of our
results to the recent works of Geitz [7] and Hashimoto [9], in which Pettis
integrable functions are discussed from the viewpoint of the sequential approxi-
mation of scalarly measurable functions by simple functions.

1. Vector integration of scalarly measurable functions

Throughout this paper the symbol X denotes an infinite dimensional real
Banach space; and the symbols X*, X** and X*** represent the dual space of X,
the second dual and the third dual space of X, respectively. We always identify
X with the image of the natural embedding of X into X**. For xeX and
x* e X* we write {x, x*) for the value x*(x) of the functional x* at x. However
when we focus our attention on the elements of X* we sometimes write (x*, x>
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for the pairing {x, x*) by regarding x as an element of X**. Given a subset
K of a Banach space X, we mean the convex hull and the convex closure of K
by co K and co K, respectively. Moreover if W< X*, co’ W denotes the weak*-
closure of co W.

Let xe X and x**eX**. If f is an X*-valued function on a set S, we
write { f, x**> and ({, x) for the real-valued functions defined respectively by

x5 () = <f(s), x**>  and  <f, x> (s) = {f(s), x)

for seS. Likewise, given an X*-valued measure defined on a o-field X, we
denote by <v, x**> and (v, x> the real-valued measures <{v(-), x**> and {v(-),
x), respectively. The triplet (S, X, u) stands for a finite, complete and nonnegative
measure space; and the symbol Z* denotes the set of all elements EeX with
positive measures. Moreover, for each E€ X, we write Z(E)={ENnF: FeZX}
and call it the restriction of X to E.

1.1. Let X be a Banach space. We say that a function f: S— X is simple if
there exist x,,...,x,€X and E,,..., E,€X such that f=3 17, x;xz, where each
Xk, denotes the characteristic function of E;. A function f: S—X is said to be
strongly u-measurable if there exists a sequence (f,) of simple functions such that
lim,_, , || £,(8)—f(s)]| =0 u-almost everywhere. We say that f is weakly measurable
if for each x* e X* the numerical function {f, x*) is u-measurable, and that f
is weakly integrable if {f, x*) is u-integrable for each x* € X*. One may intro-
duce more general notions: Let ' X*. A function f: S—X is said to be I'-
measurable (resp. [-integrable), if {f, x*) is u-measurable (resp. u-integrable)
for each x*eI'. Let X be a Banach space, f an X*-valued function on S, and let
X be viewed as the image under the natural embedding of X into X**. Then we
say that f is weak*-measurable (resp. weak*-integrable) if it is X-measurable
(resp. X-integrable) in the above sense. Two functions f: S»X and g: S—»X
are said to be I'-equivalent, provided that {f, x*)>={g, x*) u-a.e. for each x*e
I'. If in particular f: S—»X and g: S— X are X*-equivalent, we say that fand g
are weakly equivalent. Likewise, if f: S—»X* and g: S—»X* are X-equivalent,
f and g are said to be weak*-equivalent. The space of all X*-valued, weak*-
integrable functions is denoted by (S, X, u, X*), or simply ®(u, X*). The space
®(u, X*) is a vector space under the usual addition and scalar multiplication.

REMARK. In contrast with the strong measurability, the notion of scalar
measurability as mentioned above does not assume the existence of approximate
sequence of simple functions. For instance, the weak*-measurability of an
X*-valued function f does not necessarily imply the existence of a sequence (f,)
of X*-valued simple functions such that {f,, x)—><f, x> p-a.e. for each xe X
(where the null set on which the convergence does not hold may vary with x)
unless the Banach space X or else the base measure space (S, Z, p) is suitably
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chosen. In fact, even a weakly measurable function does not necessarily have
an approximate sequence of simple functions when the base measure space is
not perfect. It is an interesting problem in connection with the weak Radon-
Nikodym property for Banach spaces to investigate such sequential approximation
of weakly measurable functions by simple functions. For the results in -this
direction we refer to the recent works of Geitz [7] and Hashimoto [9].

We now state the following fact which is basic to the definition of Gel’fand
integral.

LemMma 1.1. If a function f: S—X* is weak*-integrable over S, then to
each E € X there corresponds a constant M(E)=0 such that

(L.1) §E|<f(s), Dldp < M(B)lx|  for xeX.

The proof is obtained by applying the uniform boundedness theorem. See
Gel’fand [8].

We then give the definition of Gel’fand integral of a weak*-integrable function.
Let f: S—X* be weak*-integrable over S and for each Ec Z, set

(12) MAE) = sup {{ 1K), dldus IxI s 1}, Eex.

The set function M (-): Z—[0, cv) is monotone and countably subadditive.
Moreover Lemma 1.1 states that for each E e X the mapping x+— S {f(s), xddu
E

defines a continuous linear functional v(E) on X such that ||[v(E)| <M (E). Hence
W(E)e X* for E€ X and we have

(KE), x> = SE (f(s), x>dp xeX and Eel.

As is easily seen, the set function v(-): Z— X* is countably additive with respect
to the weak*-topology of X*. But it should be noted (Example 4 in [3], p. 53)
that v need not be norm-countably additive. Now given an E e X the value v(E)
is called the Gel’fand integral (or simply the G-integral) of fover E and is denoted
as

WB) = ©) - | _fan.

For every pair f, g € ®(u, X*), f and g provide the same G-integral v(E) for every
Ee X iff fand g are weak*-equivalent.

REMARK. Let X be an arbitrary Banach space and suppose that a function
f:S—X is weakly integrable over S. Then Lemma 1.1 states that for each

E e X there is a v(E) € X** such that {wW(E), x*) =S {f(s), x*>dufor every x* e X*.
E
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If in particular all of v(E)’s are determined in the original space X, the function f
is said to be Pettis integrable over S. There is a notable difference between the
Gel’fand integral and the Pettis integral; the absolute continuity in the sense of
Saks. In fact, an indefinite G-integral need not be absolutely continuous in the
sense of Saks, while any indefinite Pettis integral is absolutely continuous in
that sense.

1.2. In this paper multi-valued functions play an important role in the
discussion of the generalized derivatives of vector measures. Let X be a Banach
space. By a multi-valued function ¢ from S into X we mean a mapping ¢:
S—2%; and a selection of ¢ means a single-valued function f: S—X such that
f(s)e ¢(s) for se S. For multi-valued functions as mentioned above, one may
introduce natural notions of measurability as well as integrability. A multi-
valued function ¢: S§—2%* is said to be weak*-measurable (resp. weak*-integrable
over S) if

(i) any pair of selections of ¢ are weak*-equivalent to each other; and

(ii) there is a selection f of ¢ such that {f, x) is pu-measurable (resp. u-
integrable over S) for x e X.

If ¢ is a multi-valued function from S into X, the weak measurability and weak
integrability are defined in a similar manner.

Given a pair of X-valued (resp. X*-valued) functions f and g on S, we usually
identify f with g if f=g p-a.e. on S. In this sense every single-valued function
may be regarded as a multi-valued function as mentioned above. However a
multi-valued, weakly measurable (resp. weak*-measurable) function should mean
a function ¢: S—2X (resp. ¢: S—2%*) with the property that ¢ has at least two
selections f, g such that f and g are weakly equivalent (resp. weak*-equivalent),
but for some g,>0 the outer measure of the set {seS: | f(s)—g(s)|=¢eo} is
positive. In what follows, a function ¢: S—2X is said to be essentially single-
valued if for any pair of selections f, g of ¢ we have f(s)=g(s) u-a.e.

1.3. Let II be the set of all finite disjoint collections #={E,,..., E,} of
elements of Z*. Let l<p<oo and v: Y- X a vector measure such that v(E)=0
whenever u(E)=0. By the p-variation of v we mean a mapping [v|,(-): Z—
[0, co] defined by

VI (E) = SuPrenr {X 4er V(A N E)|[?/u(A N E)P=1}1/P

for Ee X, where we use the convention that ||[v(E)|/u(E)=0 whenever u(E)=0.
If p=1, the 1-variation of v is defined to be a mapping |v|,(-): Z—[O0, o0]
which assigns to each E € 2 the value

IVI{(E) = supren { X uer V(A N E)|1}.

Henceforth, |v|, is written as |v| and is simply called the variation of v. If |v| is
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finite, v is said to be of finite variation; and if |v| is o-finite, we say that v is of o-
finite variation. For 1<p<oo, we denote by VP(u, X) the space of all vector
measures v: - X such that ||v]|,=[v[,(S)<oc0. Moreover, V°(u, X) stands for
the space of all vector measures v: X—»X with |v|,=inf {k>0: |w(E)| £ ku(E)
for Ee X} <o0.

Let 1<p<o. We denote by £4(u, X) the space of all X-valued strongly
u-measurable functions f such that | f(-)| € LP(u); hence in particular £(u, X)
is the space of all X-valued Bochner integrable functions on S. In this paper the
Bochner integral of fe #}(u, X) over E € X is written as

WE) = ® - | _fdn.

Given a pair f, g in Z§(u, X), we say that f is equivalent to g if f(s)=g(s) u-a.e.
on S; and we write L§(u, X) for the space of all equivalence classes in #5(u, X).
If X and u are fixed, we sometimes write ¥4 and Lj for #%(u, X) and L}(u, X),
respectively. The space L4(u, X) is a Banach space under the norm | f|=
(Ss If (s)[lPdu))l/p where fef and fe L(u, X). Tt is well-known ([3], Theorem 1
on page 98) that Li(u, X)*=L%(u, X*) where p~1+¢~1=1, iff X* has the Radon-
Nikodym property with respect to u. Moreover the space of all X-valued strongly
p-measurable functions f on S with | f(-)|| e L*(u) is denoted by ZF(u, X);
and we write Ly(u, X) for the space all equivalence classes in £§(u, X). The
space Ly(u, X) is a Banach space under the norm | f||,, =esssup .5 | f(s)], fe
feLg(u, X). Thus the dual space of LB(u, X) is no longer represented as
Lebesgue type spaces of strongly u-measurable functions on S. We then quote
the following result which is originally due to Bochner and Taylor [1].

THEOREM 1.2. Let 1=p<o and p~'4+q'=1. Then Li(u, X)* is iso-
metrically isomorphic to Vi(u, X*) under the correspondence between Te
L%(u, X)* and ve Vi(u, X) defined by

T(f)=Ss fdv  for feJ and JeLi(u X).

Let u be a finite positive measure on (S, X) and v:¥—X a vector measure.
We say that v is u-continuous if for every >0 there is a positive number & such
that |v|(E)<e for Ee X with u(E)<é. The u-continuity of v is equivalent to the
property that w(E)=0 for E € 2~ with u(E)=0 if v is countably additive and of finite
variation.

For 1< p< oo the definition of p-variation implies that

[VE) < VI,(S)- w(E)*~t/»  for EeZ*.

Hence v is u-continuous. However the definition of 1-variation of v does not
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yield the p-continuity and V1(u, X) is simply the space of X-valued vector measures
of finite variation. We then denote by V1(u, X) the subspace of V!(u, X) which
consists of vector measures in V(u, X) that are u-continuous. The space
V1i(u, X*) is a closed linear subspace of the Banach space V!(u, X*) by Vitali-
Hahn-Saks’ theorem. Moreover, it is easy to see that V7(u, X*)=Vi(u, X*)
for p>1 since p is finite.

Finally, we state an important lemma which will often be applied in the
sequel. Although this lemma is implicit in Musiat [14], we here give the com-
plete statement as well as its proof.

LEmMMA 1.3. Let 'cX*. If f: S—»X is u-measurable, then there exists
a nonnegative measurable function Y, with the following properties:

(1.3) For every x*e X*, [Kx*, f(s))| = ¥ (s)lIIx*|  p-a.e;
L4 v (s) = 1fG)lr = sup {[<x*, f(DI: Ix*]| £ 1, x*eT}p-a.e. and

(1.5) if ¥': §—>[0, ©) is a measurable function satisfying (1.3) and (1.4)
(with y, replaced by '), then Y ((s) < Y'(s) p-a.e..

Proor. Let M(S, X, p) be the space of all u-measurable, extended real valued
functions endowed with the usual partial ordering ““ <’ (that is, f<g means that
f(s)=g(s) pu-a.e. on S). The space M(S, Z, u) forms a complete lattice with
respect to this partial ordering. Now consider the subset N = {|{x*, f>|: [|x*| =
1, x*eI'} of u-measurable functions. Since M(S, X, u) is a complete lattice,
there exists a least upper bound y, in M(S, 2, u) of N. This ¥, is the desired
function. In fact, it is clear from the definition of ¥, that (1.3) holds. Moreover,
it follows from Theorem IV. 11.6 of [6] that there exists a sequence (x}) with
x¥ el and ||x}|| <1 such that y is a least upper bound of {|[{x}, f>|: n=1}, i.e.,
Y (s)=sup {|[<xx, f(s)>|: n=1} p-a.e. on S. Hence (1.4) holds. This means that
the least upper bound of N satisfies (1.4) automatically. It, thus, is clear that (1.5)
also holds. g.e.d.

2. Convex hulls of weak*-cluster points of bounded nets

Let (4, <) be a directed set and let (x¥, « € 4) be an arbitrary bounded net
in X*; and for each a € A, we denote K,=co’ {x}: a'=a} by the weak*-closed
convex hull of {x¥:a'Z«a}. Since each K, is weak*-compact by Alaoglu’s
theorem and {K,: a € A4} is monotone nonincreasing with respect to the order =,
we have K=\, ,K,#¢@ by the finite intersection property. On the other hand,
we consider the set W of all weak*-cluster points of the net (x¥, a € A) and let
K=co° W. The aim of this section is to establish the following result which is
of use for the discussion of our generalized derivatives.
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THEOREM 2.1. (1) Every extremal point of K is a weak*-cluster point
of the net (x¥, ae A). Namely, if the set of all extremal points of K is denoted
by ext K then ext KcW. (2) The set K coincides with K.

To prove the above theorem we need the following lemma.

LEMMA 2.2. The net (x¥, a € A) converges in X* to an element x¥§ in the sense
of the weak*-topology iff K={x}}.

PROOF. Suppose that K contains two distinct points x§ and x¥. Then by
the separation theorem one finds an element x,€ X and real numbers ¢4, ¢,
such that {xg, x§> <c;<c,<{xg, x¥>. Put U(x§)={x*e X*: {(xp, x*> < ¢,}
and U(xF)={x*e X*: {xq, x*>=c,}. Then U(x¥)n U(xF)=g, and U(x¥) and
U(x?}) are weak*-closed convex neighborhoods of x§ and x¥, respectively. Since
x¥ is a weak*-limit of (x*, « € A), there is an a, € A such that x* e U(x¥) for every
a=a,. It, thus, follows that K,c U(x§) for a=ay, and K<U(x¥). This is a
contradiction, and so we must have x¥ =x¥ and K={x}}. To show the converse,
suppose that x¥ does not converge to x& in the weak*-topology. Then one can
choose an element x, € X and a positive number ¢, so that for every a € 4 there
may exist an o’ o (o' € A) satisfying

2.1) <%0 X33 = {Xo0» X3 Z &0 > 0

Let B be the set of all such «’€ A. Then B is a cofinal subset of 4 and (xj, f e B)
forms a subnet of (x¥, ae A). Therefore, by Alaoglu’s theorem, there exists a
subnet (y¥, yeI') of (xf, Be B) such that y} converges to some element y§ in
X* in the sense of the weak*-topology. Let ¢: I'-B be any mapping with the
following properties;

(i) forevery yeT, y¥=x5,; and
(ii) for every f,€B there exists y,€I" such that y=y, implies ¢(y)=f,.

Let K'=N,rc0°{y}:y'2y}. Then we infer from the necessity part of this
lemma that K'={y¥}. We then demonstrate that y§=x%. To this end, let «
be any element in 4. Then there exists f, € B with o =a. Hence, by use of (ii),
one finds y, € I' such that y=7y, implies ¢(y) = Bo, so that {y¥: y=2yo}={xj: f=
Bo}={xy: o' Za} =K, Therefore we have K’'cco”{y}:y=yo}<K,. Since
o is arbitrary, we obtain K'cK={x3}. So, x§=y§ and y¥—x§ in the weak*-
topology. But this contradicts (2.1), and it follows that x}—x¥ in the weak*-
topology of X*. q.e.d.

ProoF OF THEOREM 2.1. (1): To show that ext K = W, suppose the contrary
and let x§eext K—W. Then there exist xo€ X, &,>0 and aye A such that
X0, X&> — (X9, X¥>|=€9>0 for every a=a,. We then take two sets H,=
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{x*e X*: {xg, X*>=<{xg, X¥> +&o} and H,={x*e X*: {xq, x*) =X, x§)—¢e—
&}. Then H nH,=¢ and x¥eH, U H, for a=a, Also, both H, and H,
intersect {xX} in such a way that {a: x} € H;}, i=1, 2 are cofinal subsets of A.
In fact, suppose that {x¥: a=«,} =H, for some oy >a,. Then K, =H, and so
KcH,, which contradicts x}¢& H,. Hence H, intersects {x}} cofinally. Like-
wise, H, contains cofinally a subset of {x}¥}. Let a=og, A,=H, N {x}:a' =a},
and let B,=H,n{x}¥:a'Za}. It is obvious that A,#@, B,#@8 and co’ 4, N
co’ B,=¢ for every a € A with a=a,. Since both A and B are relatively weak*-
compact, we obtain the relation

2.2) K, = co°(4, U B, = co(co® 4, U €o° B,).
Moreover, the following holds:
(23) K= [\aeA Ka = Co ((maeA b_o‘a Aa) u (mueA 666 Ba)) .

In fact, let x*€co((MyesCO®A)U(MNyeqaC0?B,)). Then there exist y*e
MNged €% Ayy ¥ € N4y €0° B, and c € [0, 1] such that x*=cy*+(1—c)z*. Hence
we infer from (2.2) that x*e A, with aeay, so that x*e N, , K,=K. To get
the converse inclusion, let x* € N, 4 K,. Then it follows from (2.2) that for every
o€ A with a=a, there exist y} eco® A,, z¥ eco’B, and ¢, [0, 1] such that x*=
cy¥+(1—c)z¥. Since all of (¢,), (¥¥) and (z¥) form bounded nets, one can
choose subnets (¢,, yerl), (§5, yeI') and (2}, yel), a number ce[0, 1], and
elements y*, z* e X* such that ¢,—c in [0, 1], §¥—y* and Z}—z* in the weak*-
topology of X*. Hence we observe that y*e N, co’ 4, and z* € N, 4 c0° B,.
It, thus, follows that x* =cy* + (1 —c)z*€co (M4 €0° A,) U (MNyeq €0° B,)). Now,
using the relation (2.3), we conclude that x& € co ((M,eq €0 Ay) U (MyesCO° B,)).
In virtue of this and the hypothesis x§&H; UH, (hence Xx§& N, 4Cc0° A4,
U Mg C0° B,), we can take ce(0, 1), y*e N, c0° 4, and z*eN,,C0°B,
so that x¥=cy*+(1—c)z*. But x¥ eext K; hence (2.3) yields that x¥ =y*=z*.
This contradicts the definitions of y* and z* since y*#:z*. Thus ext KcW.
(2): First we prove that K< K. To this end, it is sufficient to show that W<

K. Let x* be any element of W. Then one can choose a subnet (yf, f € B) of
(x¥, aeA) so that yf—x* in the weak*-topology of X*. Hence Lemma 2.2
shows that {x*}=\gpc0? {y} : B'ZP}. On the other hand, we see from the
definition of {y}: B e B} that to each a € 4 there corresponds a B, € B such that
{5 B2Potc{xF: a'z0). So, {x*}=co?{yjf: p2Pot=co’ {xz: &' 2a}=K,.
Since o is arbitrary, we have x*e N, K,=K. Thus WcK. To show the
converse inclusion K <K, it suffices to show with the aid of the Krein-Milman’s
Theorem that ext K< W. But this has already been proved in the first step (1).
q.e.d.
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3. Generalized derivatives of vector measures

In this section we introduce a notion of “multi-valued’’ generalized derivative
of a vector measure and investigate some basic properties of the generalized
derivatives. There are two distinct cases for defining such derivatives: Let X
be a Banach space. If v is X*-valued, the generalized derivative ¢, is defined
as a possibly multi-valued function with values in the same space X*. While
the generalized derivative ¢, of an X-valued measure is a possibly multi-valued
function on S whose range may lie in the second dual X**. 1In any case our
notion of generalized derivative is understood to be a generalization of the so-called
weak*-derivative for vector measures.

3.1. Let IT be a family of finite disjoint collections n={E,,..., E,} of Z*
such that \U%; E;=S. In what follows, a finite disjoint collection = as mentioned
above is generically called a X+*-partition of S. On the family IT a partial order
“< is defined in the following way: for =, 7, € I we write ©, <, iff every set
in m, is represented as a union of some sets in #7,. Employing this partial order
the system (II, <) forms a directed set, and if x,e X for ne Il then (x,, nelIl)
forms a net in X.

The set, 2, of elements of Z* which constitute the family IT is in general a
proper (and even ‘““very small’’) subset of Z*. Accordingly, it is necessary to
require that X;; consists of sufficiently many elements so that the family I may
induce “well-behaved’’ derivatives. In this section we are concerned with families
of X+-partitions of S satisfying condition (H) as mentioned below. Let IT be a
family of X*-partitions of S. We say that IT satisfies condition (H) if:

(H) for every g € L'(u) we have lim,_pg.(s)=g(s) p-a.e.,

where g, is the simple function defined by

049 = Zeen(| 0 dUu(E) s for ses.

Condition (H) is closely related to the existence theorem for the Lebesgue
points of Bochner integrable functions. See Lemma 6.2 below. Moreover,
given a lifting p for y, the family IT, of all p(Z*)-partitions of S endowed with the
partial order as mentioned above does always satisfy condition (H). See Section
3.3. In fact, the class of those families defined through liftings for u will play an
important role in later arguments.

Let X be a Banach space and IT a family of X*-partitions of S satisfying
condition (H). First we define the generalized derivatives of X*-valued measures.
Let ve Vi(u, X*). We write  for the Radon-Nikodym derivative d|v|/du and,
for each 7 € I1, we define a simple function f,: S— X* by

(3.1 fn(s) = ZEeﬂ (V(E)/ﬂ(E))XE(s) for seS.
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Then || f ()] = 2 ger IVIE) WE))Xx(s)=,(s) for se€S and condition (H) yields
that there exists a null set N, such that

(3.2 lim sup,, || ()] < ¥(s) < oo for seS — N,
Therefore we infer with the aid of Alaoglu’s theorem that

3.3) Npen CO° {fw(s): ' =7} # 0 for seS — N,.
We then define a set-valued function ¢,: S—2** by

mneﬂa)ﬂ{fﬂ:’(s): u4 g TC}, seS — NO’

34 =
(34) b4(s) o, SN,

The function ¢, as defined above is understood to be a generalized weak*-de-
rivative of v. In fact, let se S—N,, N, being the u-null set which appeared in
(3.2). Then Lemma 2.2 yields that ¢(s) is a singleton set iff lim, f,(s) exists in
the sense of the weak*-topology of X*; and if ¢ ,(s) is a singleton set for a.e.
se€S, ¢, is the weak*-derivative of v in the usual sense. Although ¢, is in general
genuinely multi-valued p-a.e. on S, we call ¢, the II-generalized derivative of
the X*-valued measure v. (If II is fixed, we sometimes eliminate IT and simply
call the (generalized) derivative of v since it will cause no confusion.)

We next suppose that the original Banach space X has no preduals and
define the derivatives of X-valued measures. Let ve Vi(u, X). Then v can be
viewed as a vector measure belonging to Vi(u, X**) since V1(u, X) is isometrically
embedded in V1(u, X**). Hence, one can define a set-valued function ¢,:
S—2X* by (3.4), where the convex closure is taken with respect to the weak*-
topology of X**. This multi-valued function ¢, is in general properly X**-
valued. In fact, it will be shown in Section 6 that if ¢, is the IT,-derivative of v
(p being a lifting for u) and ¢,(s) intersects X for a.e. s € S then ¢, gives a Bochner
derivative of v. However it is interesting to note that the II,-derivative ¢, does
not necessarily contain the Pettis derivative of v even if v is represented as the
indefinite Pettis integral of an X-valued weakly measurable function on S. For
more detailed argument concerning this problem, see the forthcoming paper [10].

Therefore, in the following, we are mainly concerned with vector measures
which take their values in dual Banach spaces.

3.2. In order to investigate the properties of the generalized derivatives
as defined above, we need the following lemmas which are derived from Theorem
2.1.

LemMMA 3.1. Assume that II satisfies condition (H). Let veVi(u, X¥),
¢, the generalized derivative defined by (3.4), and Yy=d|v|/du the Radon-
Nikodym derivative of |v| with respect to u. Then we have the relation
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£ = ¥(s), seS — N,
for every selection f of ¢, where N is the null set which appeared in (3.2).

Proor. Let {f,: nell} be a family of simple functions defined for v by
(3.1). Then (3.2) holds. Now given se S—N, choose an arbitrary weak*-
cluster point f(s) of the net (f(s), meIl). Then (3.2) yields that || f(s)|| Y (s)
for se S—N,. Therefore, Alaoglu’s theorem and Theorem 2.1 together imply
that for each se S — N, we have | f(s)|| SY(s) for f(s) € ¢,(s). g.e.d.

LEMMA 3.2. Assume that II satisfies condition (H). Let veViu, X*)
and f any selection of ¢,. Then f is weak*-integrable over S and v(E)=(G)—

SEf(s)du for E€X.

Proor. Fix any xe X. Put g,=d{v, x>/du. Let se S—N, and f(s) any
weak*-cluster point of the net (f(s), meIl). By virtue of condition (H) there
exists a null set N, such that g (s)=lim, {f(s), x) for se S—N,. Hence we have

(3.5 J6), x> =1im, {fos), x) = g«(s)  for seS—(No U N,).

The relation (3.5) holds for every element of the weak*-closed convex hull of such
weak*-cluster points f(s). Therefore Theorem 2.1 implies that (3.5) holds for
every f(s)e ¢,(s), and so f is weak*-integrable and v is represented as the in-
definite G-integral of f. q.e.d.

The above lemma suggests that we may treat ¢, as if it were a single-valued
function. Since the G-integral (G)—S fdu does not depend upon the choice
E
of selection f of ¢,, we sometimes write (G)—g ¢,(s)du for the value (G)—S fdu.

E E

Our generalized derivative depends upon the choice of family IT of XZ*-partitions,
though Lemma 3.2 states that a selection of the II-derivative of v is weak*-equi-
valent to any selection of another derivative, say IT’-derivative of v, so far as both
IT and II’ satisfy condition (H). In this sense it is not so essential from our point
of view to discuss the difference between generalized derivatives associated with
distinct families of X*-partitions.

REMARK. In connection with the Remark before Lemma 1.1, it is interesting
to consider the approximation problem for the generalized derivative ¢, by means
of simple functions. Applying the recent results of Hashimoto [9], we obtain the
following

ProrosITION. (i) If X* has the weak Radon-Nikodym property, then there
is a sequence (m,) of partitions of S such that {f, , x)—<{f, x) p-a.e. for any
x€ X and any selection f of ¢,, where the null set on which the convergenece
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does not hold may vary with x and f. (ii) If the base measure space (S, X, 1)
is separable (i.e., X is generated by a denumerable number of subsets of S),
then the same conclusion as in (i) is valid.

We are now in a position to state the main theorem of this section.

THEOREM 3.3. Let ve Vi(u, X*).  Let Il be a family of X*-partitions of S
satisfying (H) and ¢, the II-generalized derivative of v. Then for every selection
f of ¢, there exists a p-null set N, such that || f(s)|| =y(s) for se S—N,;. More-
over, || f(-)| is u-integrable and

WE = 1/@ldx for Eex.

PrOOF. Let fbe any selection of ¢,. Then fis weak*-measurable by Lemma
3.2, and so Lemma 1.3 implies that there exists the greatest lower bound ¥/, of the
family of u-measurable functions ¥’ with the following properties:

(3.6) for every xeX, |[<f(s), xD| = ¥'(s)|x| p-a.e., and
3.7 Yiis) S I1F)  pae..

From this and Lemma 3.1 it follows that V¥ (s)< | f(s)| S¥(s) p-a.e.. But we
infer from Proposition 1 in Musiat [14] that ¥ (s)=y(s) p-a.e., and so there
exists a null set N, such that

(3.8) VOERNO] for seS — N,. g.e.d.

REMARKS. 1) Given a vector measure ve Vi(u, X*) and a family IT of
X*-partitions satisfying (H), we have defined a generalized derivative ¢, by
taking weak*-cluster points of the bounded nets (f,(s)), s€ S. Hence the values
¢,(s) are subsets of X* which possibly span infinite-dimensional subspaces of X*.

2) As mentioned in Section 3.1, the generalized derivative ¢, of an X-
valued measure ve Vi(u, X) may be properly X**-valued and it turns out that the
indefinite G-integral v of an X**-valued function on S is X-valued. This phe-
nomenon is in contrast to the definition of Dunford integral since the indefinite
Dunford integral of an X-valued function is in general X**-valued.

3.3. In this subsection we discuss generalized derivatives defined by means
of liftings for u. Since (S, Z, w) is a finite nonnegative complete measure space,
there is a lifting p for u that is a mapping p: Z— X with the following properties
(hereafter called the lifting properties): (i) xg= X&) #-a.€.; (i) xg=xr p-a.e. implies
that p(E)=p(F); (iii) p(¢)=¢, p(S)=S; (iv) p(EN F)=p(E)n p(F); and (V)
p(EU F)=p(E)U p(F). See Dinculeanu’s book [4] for the detailed argument.
Let IT, be the family of all Z*-partitions n={E,,..., E,} such that E;ep(Z*)(i.e.,
p(E)=E;eX*for1si<nand S=\U%, E;). Then one gets a directed set (IT,, <)
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by defining on the family I, the partial order as mentioned at the beginning of
this section.

Now it is seen from the lifting properties (i)—(v) that for every g e L!'(u) we
have lim,.;, g.(s)=g(s) p-a.e. on S. Hence II, satisfies condition (H) and all
of the results obtained so far can be restated in terms of I7,. In particular, the
representation theorem for general vector measures due to Tulcea-Tulcea [11]
is obtained from Lemma 3.2 in the following form (cf. [4], Theorem 5 in §13):

COROLLARY 3.4. Let ve Vi(u, X*), p any lifting for u, and let ¢, be the
Il ,-generalized derivative of v. Then v(E)=(G)—S ¢, (s)du for Ee€ X.
E

In Theorem 3.3 we have assumed the existence of a family IT satisfying (H).
However, the lifting theorem yields that there is at least one lifting for x and the
family IT, which is defined through a lifting p and satisfies (H). In fact, if we
employ such a particular family IT, then we obtain stronger conclusions than
those of Theorem 3.3.

THEOREM 3.5. Let ve Vi(u, X*), p a lifting for p, and let ¢, be the II, -
generalized derivative of v. Then there is a p-null set N, such that ¢(s) is a
singleton set {f(s)} and

3.9 limgp, [ () = 1) = ¥(s) for seS—N,.
Moreover |v|(E)= SE 1£(s)|du for E€Z.

In order to prove this theorem we cite the following well-known result (see
for instance [13]):

LemMMA 3.6. Let ¢: S—>R be p-measurable and essentially bounded over

S and p(@) the lifting for ¢. Then lim, @ (s)=p(p)(s) for s€S and the
convergence is uniform on S. In particular lim, @ (s)=¢@(s) u-a.e. on S.

PrROOF OF THEOREM 3.5. In view of Theorem 3.3 and the fact that IT,
satisfies (H), it is sufficient to show that (3.9) holds. First it is seen that there
exist sequences (S,)%, in 2 and (M,)?-, in (0, o) such that {S,: n=0} is a disjoint
family, p(S,)=S,forn=1, u(Se)=0, u(S,)>0forn=1,S=UL, S,, and |V(E)|| <
M, (E) for E€2(S,) and n=1. Fix any xeX. Let g, denote the Radon-
Nikodym derivative d{v, x>/du of the scalar-valued measure (v, x> and let g2=
>0 1 p(g.- xs,)- Then we infer with the aid of Lemma 3.6 that lim, {f,(s), x)=
g9(s) holds uniformly for se S, and n=1, and so the above convergence is valid
pointwise on S—S,. In view of this we show that ¢,(s) is a singleton set {f(s)}
forse S—S,. LetseS—S,and f(s) any weak*-cluster point of the net (f,(s))zcn-
Then {f(s), x) =lim, {f(s), x> =g%s) for xe X. Hence {g(s), x>=g%s) for
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every x € X and every element g(s) of the weak*-closed convex hull of weak*-
cluster points of (f,(s)). Therefore Theorem 2.1 implies that {f(s), x)=g%(s)
for xe X and f(s) € ¢,(s). But this means that ¢,(s) can not contain two distinct
points. Next Theorem 3.3 states that for every selection f of ¢, there is a p-null
set N, such that

(3.10) If)I = ¥(s) = (dvl/du)(s) ~ for seS—N,

On the other hand, if se S—S, and f(s) an arbitrary weak*-cluster point of the
net (f,(s), meIl,), then we have

IKS(s), x> = 192 = limzepy, [<f(5), XD| < [Ix[|lim infeepr, [| f(9)] -

Therefore, we get || f(s)]| =liminf, | f,(s)| for se S—S,. Combining this with
(3.2) as well as (3.10) we obtain

limge, | £l = [ f)] =¥(s)  for seS—(Sou N,).
Now the set N,=S, U N , is the desired p-null set for (3.9). q.e.d.

REMARK. Given a lifting p for u the IT -generalized derivative ¢, may be
called a function of type p in the sense of Kupka; and conversely, every function
of type p in the sense of Kupka is regarded as a selection of ¢,. This means that
our notion of generlized derivative involves that of Kupka. On the other hand,
Theorem 3.3 states that every selection of a IT-generalized derivative ¢, is strongly
X-integrable in the sense of Kupka. It should be noted that a II-generalized
derivative ¢, is obtained without the lifting theorem and various properties of
¢, can be investigated in a rather elementary way.

4. Characterization of the space V! (u, X*)

Let X* be the dual of a Banach space X and (S, X, u) a finite, complete and
nonnegative measure space. In this section we introduce a Lebesgue type space
of weak*-integrable functions that characterizes the space V1(y, X*) and then
establish a generalized Radon-Nikodym theorem for general vector measures.
We begin with the following.

DerINITION 4.1, Given a function fe G(u, X*), let M, (-): Z—[0, c0) be
the set function defined by (1.2). We denote by |M|(S) the total variation of
M(-); and we write |[M |(S)= + oo if the total variation is infinite.

The functional |M /|( - ) defines an extended real-valued functional on the linear
space G(u, X*). Let f, ge ®(u, X*). If [M/|(S)<co and g is weak*-equivalent
to f, then |[M(S)<oo and [M/|(S)=|M,(S). Moreover, |M|(S)=|M4(S)
iff f is weak*-equivalent to g. This fact leads us to the following definition.
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DEerINITION 4.2. The space Z4(u, X*) is defined to be the subspace of
®(u, X*) which consists of all elements f with |[M (S)<o. Li(u, X*) is the
space of weak*-equivalence classes in #L(u, X*). We write f for the generic
element of L{(u, X*). If X* and u are fixed, we sometimes write £} and L} for
Lt(u, X*) and Li(u, X*), respectively.

Let f, g e ®(u, X*). If fis weak*-equivalent to g and fe £, then g e Z¢.
Note that every pair f, g in 2} defines the same G-integral v(E) for E € X iff both
f and g belong to the same weak*-equivalence class fe LS. Therefore, to every
fin L} and every E € X, there corresponds a unique G-integral v(E) in such a way
that v is the idefinite G-integral of every element fin f. Accordingly, v is said to
be the indefinite integral of f. Moreover, L{ forms a linear space in a natural
way. We then set

4.1 Ifllg, =IMf(s)  for fef and felLt.

In virtue of the remarks after Definition 4.1, it is seen that the functional | - ¢,
is well-defined as a real-valued functional on L} and gives a norm on L§. We
then discuss the relation of the Gel’fand integral to the Bochner integral. First
we need the following proposition.

PROPOSITION 4.3. Given an fe %}, let v(E)=(G)—$ fdu for E€X and
E
Y the function defined for f through (3.6) and (3.7). Then we have

M = IMA®) = | wfodu  for Eex.
Consequently ve Vi(u, X*) and Y, =d|v|/du a.e. for every gef.

Proor. If E€Z, then we have |{(v(E), x)| gg [Kf(s), x>ldu=s|Ix| S Y(s)du=
I|x|l [vI(E) for x € X, where the last inequality follcE>ws from Musiat [14]b: Proposi-
tion 1. Hence V(E)SM(E)< SE Y (s)du=|v|(E) for each E€X, so that we
have [V|(E)=|M|(E)= SE W (s)du for each E€Z. g.e.d.

Now let fe Li(u, X*) and ge G(u, X*). If g is weak*-equivalent to f,
then (G)—S g(s)du=(B)—S f(s)dp and ge £, and so fe £} and |M,|(S)=
S If (s)||dui Ifll; from theE above proposition. This means that ¥}c .2}
ax}id that Li(u, X*) is embedded isometrically and isomorphically in L&(u, X*).
It is well-known as the Bochner theorem that fe £} iff f is strongly u-measurable
and ||f(-)|| is u-integrable over S. However, it should be noted that | f(-)|

need not be p-measurable even if f(.) is Pettis integrable. See Pettis [15],
Example 9.1. As will be seen in later sections, the generalized derivative of an
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arbitrary vector measure in V1(u, X*) can be treated within the framework of the
space #%. This means that %} is in general much larger than the space #}.
Theorem 3.5 and Proposition 4.3 together imply the following.

PROPOSITION 4.4.  Any weak*-equivalence class fe LS contains at least one
element f such that || f(-)| is u-measurable.

PROPOSITION 4.5.  The space L}, is a Banach space under the norm | - |g. ;.

ProoF. It has already been observed that L} is a normed space. Hence
it remains to prove that L} is complete. Let (f,) be a sequence in £} such that

My, _;l(8§)>0 as m, n—oco and write v,,(E)=(G)—-SE f,du for EeZ. Then
IMg, _ 1(S)= V=Vl =V —V,l(S)»0 as m, n—»oo by Proposition 4.3. On
the other hand, Vl(u, X*) is a Banach space with norm ||v|; =|v|(S), so that there
exists ve Vi(u, X*) such that ||v,—v|;—0 as m, n->c0. We now observe that
there exists a weak*-integrable function f such that v(E)=(G)—SE fdu for EeX

by Corollary 3.4. Then we have fe £} since S [Kx, fOldug||x|| IVI(E) for xe X
E

and EeZ; and thus [M,, _/|(S)=v,—v[;—0 as n— 0. q.e.d.

THEOREM 4.6. Let T: Li(u, X*)—V(u, X*) be defined by the relation Tf=
v for fe Li(u, X*), where v is the indefinite G-integral of f. Then T gives an
isometric isomorphism between L{(u, X*) and Vi(u, X*).

Proor. In virtue of Proposition 4.3 it suffices to show that T is onto. But
the proof is involved in that of Proposition 4.5. q.e.d.

Theorem 4.6 is rewritten in the following form:

THEOREM 4.7 (The generalized Radon-Nikodym theorem). Let v be an
X*-valued measure on X. Thenve Vi(u, X*) if and only if there exists a weak*-
integrable function f: S—X* such that (i) there is an element fe L} with fef;

(ii) v is the indefinite Gel’fand integral of f; and (iii) we have |v|(E)=SE If(s)lldu
Jor E€X.

5. Characterization of the dual spaces of LE(u, X), 1S p<

In addition to the spaces £ (1, X*) and L{(u, X*) other Lebesgue type spaces
can be defined: Letl<g<oo. Thespace L&(u, X*)is the subspace of G(u, X*)
which consists of all elements f with |[M (| ,(S)<oo; and L(u, X*) denotes the
space of weak*-equivalence classes in Z%(u, X*). Let g=oo. The space £Z(u,
X*) is the subspace of ®(u, X*) which consists of those elements f such that
lf()] is essentially bounded on S; and LE(u, X*) is the space of weak*-equi-
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valence classes in £ (u, X*). In this section we discuss the relationship between
the spaces Va(u, X*) and L%(u, X*) and characterize the dual spaces of the
spaces Li(u, X). We first show the following result which extends Proposition
4.3,

PROPOSITION 5.1. Let 1<p<oco. Given an fe £5, let v(E)=(G)—SE fu
for E€X and Yy=dlv|[du. Then |v|,(E)?= le‘”(E)p—S Y(s)Pdu for EeX
Therefore, y,=y p-a.e. for every g € 7.

Proor. Let 1Sp<ow,fe¥% xeX, and EeX. Then [|[KW(E), x)|=

S 1Kf(), xDldu< x| S ¥ {(s)du< | x|| I(E) by Proposition 4.3. Therefore |v(E)|
<M,(E)<§ VA S DB and so (B S M1 E = y(s)dus v, (B, where
A=|v|. Let y=dl/du; then it is easy to verify that |v| p(E)—(S t//(s)Pdu) for

every EeZXZ. We then demonstrate that [v|,(E)=|i|,(E) for E€ZX. Since it
is obvious that |v|,<|Al,, we will show that |v|,=[4],. Given an >0 there exists
a finite partition {E;: k=1,..., n} with E=\U}_, E, and we have

.1 Al (EY — &2 < =y PI(ED?/H(EDP~.
Moreover, for each k21, there exists a partition {E, ;: i=1,..., i;} of E, satisfying
(5.2 - PIE)? = (kg V(B DIDP + eu(E)P~12n.

Combining (5.1) and (5.2), we have
1A (E)? — & < 2=y (Ziky IV(E, ) )P/ (Xieq n(Ex, )P
S Zher (2 IVCEDNP u(E, )P S V] (E)P.
Hence we obtain [A|,(E)<|v|(E) for each EeZX. Consequently, |v|(E)}<
IMflp(E)P§SE l//f(s)l’du=gE h(s)rdp=|v| (E)» for every EeX, and [v|,(E)’=
IMIII,(E)P=SE Y (s)Pdu for every E€ S. q.e.d.

PROPOSITION 5.2. Let 1<p<oco. Then L&(u, X¥)={Fe LL(u, X*): | f()] e
Lr(y) and IMflp(E)P=S |f()lPdu for EeX and some fef}.
E

PROOF. Let F be the space of those elements fin Li(u, X*) with the property
that | f(-)| € LP(n) and |M,|(E)=S If(s)lldu for E€cZ and some fef. We
shall show that L&(u, X*)=F. Let f € F and f an element of f such that || f(-)] e
Lr(u) and |Mf|(E)=gE [ f(s)lldu for E€X. Then for every xe X we have

[ 15 ldusix | 15aus iu@va({ 15@17dr)"" for Eex. Hence
E E E
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M4(E) S u(E)'/e L [ f(s)l|7du)!/» for E€ X, so that M f(E)"/#(E)""és If()rdu
E
for every E€ 2. Therefore, we have

M| (Ey < S hedy  for EeX.
E

Hence |[M | ,(S)< oo and so feLB(u, X*). This means that FcL&(u, X*). To

prove the reverse inclusion, let fe L&(u, X*). It is easy to see that £Z(u, X*)

= ZL(u, X*) for p=1. Hence, if v is the indefinite Gel’fand integral of f and f,

is any selection of ¢4 (p being a lifting for u), then Theorem 3.5 yields that | fo(-)| €

L'(p) and |v|(E)=S I fo(s)lldu for every E€ 2. Moreover, it is seen from the
E

proof of Proposition 5.1 that |[fo(-)[leLP(u) and |v|(E)=|M/|,(E)=

(§, 1so(oreau ). g.c.d.

The following result gives a refinement of the representation theorem for the
dual spaces of L&(u, X) due to Bochner and Taylor.

THEOREM 5.3. Let 1=<p<oo. Then L%(u, X)*=L%u, X*), where 1/p+
1/g=1if p>1and g=o0 if p=1.

PrROOF. Let 1=p<o and 1/p+1/g=1 (or g=o0 if p=1). In view of
Theorem 1.2, it is sufficient to show that V4(u, X*) is isometrically isomorphic to
L&(u, X*). First we consider the case p=1 and let fe LE(u, X*). Then by virtue
of Propositions 5.1 and 5.2 one finds an fyef such that ||fo(-)|| e L'(u) and
VI(E)=|M ,I(E)=g I fo(s)lldu, where v is the indefinite Gel’fand integral of f,.

E
Also, we see from the proof of Proposition 4.3 that |wW(E)| =M ,O(E)gg Vs (®)du
E
S[PI(E) for every Ee2. Noting that supg.s [W(E)|l/u(E)=supg.; [V|(E)/u(E),
we have | fllg,o=5uPres M (E)/W(E)=|V|l,,. Next, let 1<p<oo, 1/p+1/g=1,
and fe L&(u, X*). Then by Proposition 5.2 there exists an element f, €f such
that | fo(s)ll € L%w) and [v|(E)?=|M fI(E)‘1=SE V(s)2dp for each EeX, where
v denotes the indefinite Gel’fand integral of f,. Hence ||f l,q=1V1(S)=1l,
Consequently L4(u, X*) is isometrically embedded in V%(u, X*) for 1<g=< 0.
To prove that L4(u, X*) is isometrically isomorphic to Va(u, X*), let
veVa(u, X*). Since V4(u, X*)<Vi(u, X*) as mentioned before Lemma 1.3,
Theorem 3.5 yields that there exists an fe ®G(u, X*) such that | f(-)| € L*(x) and
|v|(E)=S |l f(s)lldu for each E€X; and by an argument similar to the proof of
E
Proposition 5.2 we have [v|(E)? =S [f(s)|9du for each E€ . Now let f be the
E

weak*-equivalence class in ®(u, X*) containing f. Then feL%(u, X*) and
17 ll.q=Vo(S)=1Vll, g.e.d.
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The next result is a counterpart of Theorem 5.3.
PROPOSITION 5.4.  L&(u, X*) is isometrically embedded in LF(u, X*).

PrOOF. Let fe L!(u, X*). Then, by Theorem 4.7, we can choose an element
fef such that | f(-)| e L*(x) and ”f”GJ:S If(s)|ldu. Also the real-valued
function {f(-), g(+)) is u-integrable for everysg € £%(u, X). We then define a
linear functional T over Z§(u, X) by Tg=gs {f, g>du for ge ZF(u, X). Then
we have |Ty1={ 1<), gDIdus 17Ol I96)1duz1loi1gl. for each
GeL3(u, X), and so | T|<|flg: To show the reverse inequality, let v be the
indefinite Gel’fand integral of f. Then we get |v|(S)=|f|l¢.; by Theorem 4.7.
Let g=2>" Xuxg,, Where |x)|£1 (k=1,2,...) and E;,NE;=¢ (i#j). Then
9151 and $1oy HED, %= (Siey witey, fHdu=Ty<|T|. Taking ap-
propriate suprema yields that [v|(S)< || T, which show that || f le1=IT|. q.e.d.

6. Applications to Bochner and Pettis integrals

Let X be a Banach space that has no preduals and let v be an X-valued measure
belonging to V1(u, X). If v is the indefinite Bochner integral of an X-valued,
strongly p-measurable function f on S, we call f a Bochner derivative of v. Like-
wise, if v is the indefinite Pettis integral of an X-valued, weakly p-measurable
function g on S, we call g a Pettis derivative of v. The aim of this section is to
discuss Bochner and Pettis derivatives of vector measures from the point of view
of our generalized derivatives. In this section we are concerned with the appli-
cations of generalized derivatives defined through liftings for u to those typical
derivatives. Let p be any lifting for u, IT, the family of all p(2*)-partitions of
S, and ¢, the II,-generalized derivative as mentioned in Section 3.3. We shall
see that any Bochner derivative of v is regarded as a selection of ¢,, while ¢,
never contains a Pettis derivative as its selection; and this phenomenon will be
discussed to some extent in the latter half of this section.

In what follows, we sometimes regard the II,-generalized derivative ¢, as
an (X**-valued) single-valued function for convenience in notation, since ¢,(s)
is a singleton set for a.e. se S by Theorem 3.5.

LemMma 6.1.  Let ve Vi(u, X), p a lifting for pu, and let ¢, be the II ,-gener-
alized derivative of v. Suppose that v(Z) is separable and ¢ (s)€e X u-a.e. on S.
Then ¢, is Bochner integrable and gives a Bochner derivative of v.

Proor. Let X, be the closed linear span of w(Z). Then X, is separable.
Now given a mell, let f, be defined by (3.1). Then f,(s) e X, for se S and we
see in the same way as in the proof of Theorem 3.5 that there is a p-null set S,
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such that weak*-lim, ., f(s)=¢,(s) for se S—S,. But this means that ¢(s) is
a weak limit in X of (f,(s)) since ¢,(s) e X, and so ¢,(s) belongs to the separable
closed subspace X, for a.e. s€S. From this it follows that ¢, is essentially
separably-valued. Moreover, it is clear that ¢, is weakly measurable. Hence
¢, is strongly u-measurable by the Pettis measurability theorem. On the other
hand, ||¢,(-)| is p-integrable by Theorem 3.5. Therefore the Pettis theorem
implies that ¢, is Bochner integrable over S and the Gel’fand integral of ¢, turns
out to be the Bochner integral. In other words, ¢, gives a Bochner derivative
of v. g.e.d.

LEMMA 6.2. Let f be an X-valued, Bochner integrable function on S and
II a family of Z*-partitions of S satisfying (H). Then we have

(6.1) lim, [ f(s) —f()| =0 p-ace..

ProoOF. Since f is essentially separably-valued, there exists a y-null set N,
such that f(S—N,) is separable. Let {x,: n=1} be a dense subset of f(S—N,)
and put g"(s)=|f(s)—x,|| for seS and n=1. Then g"eL'(y) for all n=1
since fe Z}(u, X). Therefore condition (H) implies that for each n=1 there is
a p-null set N, such that the convergence

(6.2) lim, g7(s) = g"(s)

holds forse S—N,. Set N=\Ug.; N,. Then y(N)=0 and (6.2) holds for se S—
N and n=1. Now let e>0and se S—N. First we observe that g*(s)=| f(s)—
x|/l <¢/2 for some n=1. Hence, if 7€ Il and se E for some E € © then we have

(§, 170 = s uan e < (§ 170 = xalutan ) uce)
+ (S E g (s)n (dt))/ W(E) < g"(s) + &/2; and so

1£49) = SO S oen(({, 176) = £O1@0 (B - 1565)
< gx(s) + &2
for every e II. From this it follows that
lim sup, [| fx(s) — f()Il = lim, g7(s) + &/2
=g"(s) +¢2<e
Since ¢ is arbitrary, we obtain the convergence (6.1) for se S—N. q.e.d.

We now state the main theorem of this section.

THEOREM 6.3. Let ve Vi(u, X), p a lifting for p, and let ¢, be the II,-
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generalized derivative of v. Then the following are equivalent:

(i) v is an indefinite Bochner integral,;

(ii) ¢,(s)=X for p-a.e. seS;

(iii) there exists a strongly u-measurable function f: S—X such that f is
X*-equivalent to ¢, viewed as a single-valued function;

(iv) every element E€ X* has a subset F such that F € £* and there exists
a weakly compact convex subset Kyp of X** with the property that for each
x*e X*, {¢d,(s), x*)> Ssup {{x**, x*>: x* e K} p-a.e. on F.

Proor. First assume that (i) holds and let f be a Bochner derivative of v.
Since I1,, satisfies condition (H) as mentioned in Section 3.3, we infer from Lemma
6.2 that f(s)e ¢,(s) for a.e. seS. This means that (ii) is satisfied. To prove
that (ii) implies (i), it suffices to show with the aid of Lemma 6.1 that v(Z) is
relatively norm-compact. To this end, let {W(E,): n=1, 2,...} =»(X), where we
may suppose that E, € p(Z*) for n=1 without loss of generality. We shall show
that {w(E,): n=1, 2,...} has a convergent subsequence. Let So=\U2,E,, 2,
the o-field on S, generated by {E,: n=1, 2,...}; uo=u|Z,, the restriction of u
to Xy; vo=v| Xy, the restriction of v to Xy; and let p,=p| Z,, the restriction of p
on X,. Then pg is a lifting for ug; po(ZE)=p(EE =p(EZ*); Xo=5p [v(Z)] is a
separable Banach space; and voe Vi(uo, X,). Therefore the IT, -generalized
derivative ¢, of v, is defined and ¢ (s) = ¢, (s) po-a.e. on S,. Therefore ¢, (s)=X
Uo-a.e. on Sy by (ii). Since vo(Z,) is separable, we infer from Lemma 6.1 that there

exists a Bochner integrable function f,: So— X, such that vo(E)=(B)—S foduo
E

for every EcX,. Since the range of an indefinite Bochner integral is relatively
norm-compact, so is vo(Zy). This v¢(Z,) contains the original sequence {v(E,):
n=1, 2,...}, which therefore has a convergent subsequence. Thus (i) is obtained.
It is easy to show with the aid of Lemma 6.2 that (i) implies (iii). Suppose then
that (iii) holds. Then the function f is a Pettis derivative of v that is strongly
u-measurable. Therefore it is proved in the same way as in [3], Theorem II1.2.6
on page 71 that f becomes a Bochner derivative of v. This means that (i) follows
from (iii). In order to prove the equivalence between (iii) and (iv), we recall a
result due to Uhl, Jr.[20]. If (iii) holds then ¢, viewed as single-valued function
is X*-equivalent to f, and so Theorem 1 in [20] implies that condition (iv) holds
for ¢,. Conversely, assume (iv) is satisfied. Then Theorem 1 of [20] again yields
that ¢, is X*-equivalent to some strongly u-measurable function g: S—X*.
Hence v becomes the indefinite Bochner integral of g, and it turns out that g(s) e
X for p-a.e. seSs. q.e.d.

COROLLARY 6.4. Let veVi(u, X), p a lifting for u, and let ¢, be the II -
generalized derivative of v. If ¢,(s) intersects X for p-a.e. s€ S, then ¢, gives a
Bochner derivative of v and lim,p, f(s)=$(s) in norm for p-a.e. s€S.
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PrOOF. Let ¢,(s)e X for y-a.e. se S. Then ¢, becomes a Bochner integrable
derivative of v by Theorem 6.3. Hence it follows from Lemma 6.2 that lim_ f,(s)=
¢,(s) holds in norm for p-a.e. se S. q.e.d.

The above results suggest several points in the theory of Pettis integration:
Firstly the equivalence between conditions (i) and (ii) mentioned in Theorem 6.3
yields the following.

COROLLARY 6.5. Let ve Vi(u, X) and ¢, the Il -generalized derivative of
v. If v has a Pettis derivative f: S—X that is not Bochner integrable on each
EeZX*, then f(s)& ¢,(s) for a.e. seS.

The above proposition states that a Pettis derivative is not necessarily deter-
mined by the so-called average range of its indefinite Pettis integral. In other
words, a proper Pettis derivative is inaccessible in the sense of Kupka [13]; and
it seems to the authors that this fact makes it difficult to give any useful characteri-
zation of Pettis integrable functions. Extremely speaking, the definition of
Pettis integral might be of use for the well-shaped integral representation of vector
measures, rather than the differentiation theory for vector measures. Never-
theless, it is interesting to investigate as to when a selection of X**-valued
derivative ¢, is weak*-equivalent to some X-valued weakly measurable function.

Recently Geitz [7] has shown that if (S, X, u) is a perfect measure space, then
a norm-bounded weakly integrable function f: S— X is Pettis integrable iff there
exists a sequence (f,) of X-valued simple functions on S such that

(6.3) s X*¥> — f, x*> p-ace. for each x* e X*,

where the null set (hereafter called the exceptional set) on which the convergence
(6.3) does not hold may vary with x*. Such sequential approximation property
for vector-valued functions is closely related to the weak Randon-Nikodym pro-
perty for Banach spaces. See Hashimoto [9], Section 4.

On the other hand, if the exceptional set for (6.3) is independent of x* € X*
then the function f is necessarily Bochner integrable over S. Combining this
fact with Theorem 6.3 and Corollary 6.5, we obtain the following result which
gives an aspect of the above results:

COROLLARY 6.6. Let f: S—»X be a Pettis integrable function, v: 2—»X
the indefinite Pettis integral of f, and let p be a lifting for p. Let f,, nell,,
be X-valued simple functions defined by (3.1). If there is a countable sequence
(m,) in II, such that f,=f, , n=1, satisfy (6.3) and the exceptional set for (6.3)
is independent of x*e X*, then f is Bochner integrable over S and ¢,(s)=

{f(s)} for u-a.e. seS.

REMARKS. A more precise aspect of the above-mentioned conspicuous phen-
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omena (all of which show the contrast between the Bochner and Pettis integrals)
may be obtained by investigating the generalized derivatives of dual-Banach-
space-valued measures.

Let X be the dual of another Banach space Y, i.e. X=Y*, and let ve Vi(y, X).
Then given a lifting p for u two sorts of generalized derivatives are defined for v.
The first one is the X-valued, I -derivative ¢, defined by (3.4), ie., ¢,(s)=
Nren, €0° X1 {fi.(s): o' Zn}; and the other one is the X**-valued derivative,
say @, of v viewed as the X**-valued measure, namely:

é,(s) = Nirem, €07 XX £ .(s): o' Z 7}, for seS.

Apparently, ¢, coincides on Y with ¢, u-a.e. on S. Moreover, if @(s)
intersects X for a.e. seS then ¢, is regarded as a Bochner derivative of v by
Corollary 6.4 and therefore coincides with ¢,. However ¢, is in general com-
pletely distinct from ¢, even if ¢, is viewed as an X**-valued function and v is
the indefinite Pettis integral of a weakly measurable function f: S—X. In fact,
suppose that v is the indefinite Pettis integral of a function f: S— X that is not
Bochner integrable on each E€Z*. Then f(s)¢& ¢,(s) for py-a.e. s€S by Corollary
6.5. But, as mentioned in the proof of Lemma 6.1, lim,.j, f(s) exists for u-a.e.
s€ S in the sense of the weak*-topology of X and ¢,(s)={f(s)} for u-a.e. seS.
Thus @,(s) N p,(s)=¢ for p-a.e. seS.

Finally, as a simple consequence of the above observation, we get a specific
result which contrasts with Corollary 6.5.

PROPOSITION 6.7. Let veVi(u, X) and p a lifting for u. Suppose that
X(=Y*) has the weak Radon-Nikodym property. Then the Il -derivative ¢,
gives a Pettis derivative of v.

Added in Proof: After this paper was submitted for publication, the
authors were called their attention to the monograph of M. Sion entitled ‘A
theory of semigroup-valued measures’’ (Lect. Notes in Math., Springer-Verlag,
355 (1973)), in which a general theory of differentiation for semigroup-valued
measures is developed by using the concept of Vitali system. He introduced a
notion of ‘“‘outer derivative” for general vector measures through a differentia-
tion basis and gave fundamental properties of such derivatives. Although his
approach is different from ours, his results are closely related to the present
work in some respects. For instance it is seen from Corollary 3.4 that an outer
derivative in the sense of Sion of ve V1(u, X*) is weak*-equivalent to a II-
generalized derivative of v if the Vitali system and the family IT of partitions
are defined through a lifting p. For details concerning the relations of our
results to the work of Sion, we shall publish them elsewhere.
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