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1. Introduction

In the last years there has been an increasing interest in studying the oscillatory
behaviour of the solutions of differential equations and inequalities which involve
forcing terms of the kind introduced by Kartsatos [9, 10]. As examples, we refer
the reader to the papers of Chen and Yeh [2-4], Foster [5], Grace and Lalli
[6-8], Kartsatos [11], Kusano et al. [12-14], and True [17]. The purpose of
this paper is to establish some new oscillation criteria for higher order functional
differential inequalities involving more general forcing functions. More precisely,
we consider the class of perturbations which represent the so called strongly
bounded functions (see [15]).

The functional differential inequalities under consideration are of the form

(D x(O){L,x(1) + f(t, x(g1(1)),... x(gm(1))) — R(D)} = O, n even,

and
(2 x() {Lx(t) — f(t, x(g,()),..., x(gu(t))) — h(t)} = 0, n odd,

where n=2 and L, is the general disconjugate differential operator defined re-
cursively by Lox(t)=aq(t)x(t) and

Lix(t) = ay()(Ly—  x(O)), k=1,2,.. n.

We shall assume that ay(t), i=0, 1,..., n, are positive and continuous functions on
[to, o0) and the operator L, is in the first canonical form in the sense that

3) Sw af\(Bdt =0, i=1,2..n—1
In what follows, the set of all real-valued functions y(t) defined on [t,, ) and
such that L;y(#), i=0, 1,..., n, exist and are continuous on [t,, o) will be denoted
by 2(L,).

For the inequalities (1) and (2) the following conditions will be assumed
without further mention:
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(i) feC([ty, ©) X R™, R) has the following sign property:
f(@t, x45.ey X)) >0 for (x4,...,x,)ERT, t2t,,
St Xi5eey X)) <0 for (x4,..., X )ER™, t=t,,
where R, = (0, ©) and R_ = (-0, 0);

(ii) g,eC([ty, ), R), lim,, g(t) =0, i=1,2,...,m;

(iii) heC([ty, ), R) and there exists a function pe 2(L,) such that L,p(t)=
h(t) and Lyp(t) is strongly bounded on [t,, o) in the sense that for every
T=t, there are T,, T*= T such that

Lop(Ty) = minyr ) Lop(t) and  Lop(T*) = maXe 1, Lop(t).

As usual, we restrict our considerations only to those solutions x(#) of (1)
(or (2)) which exist on some ray [¢,, o) and satisfy

sup {|x(s)l: s =t} >0

for every te[t,, 0). Such a solution is called oscillatory if it has arbitrarily
large zeros in [t,, 00) and it is called nonoscillatory otherwise.

2. Preliminaries

To formulate our results we shall use the following shorthand notation.
Letj e{l,2,...,n—1},r=1,2,...,n—1, and ¢, se[t,, ©©). We define I,=1 and

t
Ir(t’ S5 jl"“’jr) = Ss (1;11(1)1,_1(7, S, j2a~~'ajr)dr'

For the sake of brevity we denote
oult, ) = agl(OI(t, s; 1,..., k), (1) = oyt o),
wk(t5 S) = a;l(t)lk(t’ 55 n_la“-s n—k)a wk(t) = cok(t, tO)'

Moreover, we shall have an occasion to use the following generalized Taylor’s
formula given in [1]:

Lo(t) = ey (= D LA (s, 15 ovwor i+1) +
“4)
_1ye—itt \° . : L,.(7)
+(=1) SII,-_I(T,t,r,...,l+1)————ﬁa’+l(r) dz,

where i=0, 1,...,r; r=0, 1,..., n—1; ¢, se[t,, ).
Now we state two well-known Kiguradze’s Lemmas which will be needed in
proving our results. For the proof see for example [16].

LemMa 1. Let ye 2(L,) satisfy y(t)>0 and L,y(t)<0 on [t,, o), t,2t,.
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Then there exist a T=t, and an integer {,0< {<n—1, such thatn+ ¢ is odd and
(5) Ly >0 on [T, ©) for i=0,1,..,¢,
(6) (=DtLy(t) > 0 on [T, ©) for i= 4,4 +1,...,n.

LeMMA 2. Let ye 2(L,) satisfy y(1)>0 and L,y()>0 on [t,, ©0), t,2t,.
Then either

@) Liy(®) >0 on [T, ©) for i=0,1,...,n,

or there exist an integer ¢, 0= ¢=<n—2, such that n+ ¢ is odd and (5) and (6)
hold on [T, o).

We shall prove further the following lemma which plays an important role
in our later considerations.

LEMMA 3. Suppose that the conditions (i)-(iii) hold. If x(t) is any non-
oscillatory solution of (1) (or (2)) on an interval [t,, o), t,21t,, then Lyx(t) is
bounded away from zero, i.e. there exist a T =t, and a positive constant c
such that |Lyx(t)| =c whenever t>T.

PrOOF. We consider only (1). Let x(¢) be a nonoscillatory solution of (1)
on [t,, ©), t,=t,. Choose t, sufficiently large and assume x(#)>0 for t=>1¢,>1¢,
(the proof for x(f)<0 being similar). Since g(t)— o0 as t—o0, there is a t, >t
such that x(gy(#))>0 for t=¢, and i=1, 2,..., m. Put u(t)=x(t)—p(t). By (1)
and condition (i) we have Lu(t)<0 for t=t¢, and consequently L.u(t),
i=0, 1,..., n—1, have to be eventually of constant sign. In particular, Lyu(t) is
either positive or negative for t=t;>1t,, where ¢, is sufficiently large.

Assume first that Lyx(¢) is unbounded for large t. Then Lyu(?) is also un-
bounded and Lou(t)>0 for t=¢t;. From Lemma 1 it follows that L,u(t)>0 for
every large ¢.

If Lyx(t) is bounded we use Lemma 1 in the case Lou(f)>0, resp. Lemma 2
in the case Lyu(f) <0, to conclude that L,u(t)>0 for t=>1,.

Hence in both cases we conclude that the function Lyu(t) is increasing on
[t3, 0©). Choose ty =13 such that Lyp(ty)=min,, ) Lop(t). Then

Lox(t) = Lox(ty) + Lop(t) — Lop(ts) = Lox(t4) >0 for t=1t,

and the proof is complete.

3. Main results

On the basis of Lemma 3 we can prove
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THEOREM 1. Suppose that the conditions (i)-(iii) and
®) lim sup,_, ,, ag(t) < oo
are satisfied and, moreover, for any ¢>0 there is a ¢, >0 such that for all t=t,
X =c¢ i=1,2,...,m, implies f(t, x,,..., X,,) = ¢;, and
< —c i=1,2,.,m, implies f(t, X;,..., X)) < — ¢;.-
Then every solution x(t) of (1) is oscillatory.

PrROOF. Assume to the contrary that there exists a nonoscillatory solution
x(t) of (1). Let x(¢) be positive for t=t,.>1t,. It follows from Lemma 3 that
there exist a T=t, and a positive constant ¢ such that Lox(f)=c for t=T. By
(ii) we have that there is a T, = T such that Lyx(g{t))=c for i=1, 2,..., m and
t=T;. Hence, putting u(t)=x(t)— p(f) and taking (8) into account, we have
from (1)

Lnu(t) é _f(t’ x(gl(t))r”’ x(gm(t))) é - cl < 0, t g Tl ’

and by Lemma 1 from [16] we get lim,_, ., Lou(t)= —oo. Since Lyp(?) is bounded,
lim,_, , Lox(t)=lim,, o, (Lou(t)+ Lop(t))= — o0, a contradiction to the positivity
of x(1).

In the case x(#)<O0 on [t,, o) the proof is similar.

ExaMPLE 1. All assumptions of Theorem 1 hold in the case of the inequality
©9) x(0) {x"(t) + [x*(t) + x¥(t—=/2)]x(t) — sint} <0, t = =/2.
Thus all solutions of (9) are oscillatory. One such solution is x(f)=sin ¢.

ExaMpPLE 2. The advanced inequality

(10) x(1) {(tx’(t))' + 2e™2[x%(t) + e™x*(e™*t)]x(e™?)

2sin (log ¢
___t(z_g_)}é(), t=1

b

has the oscillatory solution x(t)=sin (log?)/t. Moreover, as it follows from
Theorem 1 where we have p(f)=cos (log t)/t, every solution of (10) is oscillatory.

ExampLE 3. Consider the inequality
(11) x(®){(e7'x'(t)) + e ™ 2x(t—7/2) + e "x(t—7) —

— e~ 2!(sint— 3 cost) + e *(cost+sint)} < 0



Oscillation criteria for functional differential inequalities 643

for t=n. Here p(f)=(1+e *)sint. Since all conditions of Theorem 1 are
satisfied, every solution of (11) is oscillatory. For example, x(f)=e ’sint is
one such solution.

The next example shows that Theorem 1 is in general false in the case of odd
order inequality (2). However, we are able to prove a similar theorem concerning
the oscillation of all bounded solutions of (2).

ExaMPLE 4. The third order linear inequality
(12) x(2) {t(t(tx'(2))')’ — x(t—m) — t(cos t—3tsint—t2cost)} = 0,

t=m, satisfies all the conditions of Theorem 1 with p(t)=sin ¢, but it has x(f)=
t+sin t as an unbounded nonoscillatory solution. On the other hand, the above
inequality admits the bounded oscillatory solution x(t)=sin ¢.

THEOREM 2. Suppose that the conditions of Theorem 1 are satisfied. Then
every bounded solution x(t) of (2) is oscillatory.

ProOF. Let x(f) be a bounded nonoscillatory solution of the inequality (2).
Arguing exactly as in the proof of Theorem 1 we conclude that lim,_, ,, Lox(t)= o0
for x(t) eventually positive, resp. lim,., , Lyx(t)= — oo for x(t) eventually negative.
In view of (8), this contradicts the boundedness of x(¢).

ExaMPLE 5. Consider the equation

(t(tx'(1))'") — e™2t2[x2(t) + e™x2(e™2t)]x(e™?t) =
(13)

_ 2sin(logt)+2cos(logt) _ cos(logt)
- 12 t

for t=1. Here the forcing term is the third “‘quasi-derivative’’ of the strongly
bounded function p(f)=(1+t"1)sin(logt). Moreover, since the problem of
oscillation of the functional differential inequalities (1) and (2) includes the problem
of oscillation of the corresponding functional differential equations, we may
conclude, by Theorem 2, that all bounded solutions of the above equation are
oscillatory. In fact, x(f)=sin (log t)/t is one such solution.

Now, let the function f(¢, x,,..., X,,) satisfy, in addition to (i), the following
condition:
(iv) for any u € 2(L,) such that

u(t) 2 coy - 4(1), resp. u(t) £ — coy_ (1),

for some constant ¢>0, some integer k, 1<k<n-—1, and t>t, =1t,, there
exists t, >t such that
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S @, u(g,(0),..., u(gn(1)
2 f(t, et 1(g1();-.., con—1(gm(M))
resp.
J(t, u(g (D)., u(gnm(1)))
S @, —cou—1(g1(D)s--o, — ct—1(gm(D))
on [t,, o).

THEOREM 3. Suppose that the conditions (1)—(iv) are satisfied. If, moreover,

149 ("o 6 DI e s@u@s cotm s(guDDe = 0

and

19 ("o (6 DI — et @Oy = (G (DT = = 0

for every T =1, every positive constant c and every odd integer k=1, 3,..., n—1,
then all solutions of the inequality (1) are oscillatory.

PrOOF. Assume that there exists a nonoscillatory solution x(f) of (1).
Without loss of generality, we may assume that x(f) and x(g,(?)) are positive for
t=t; =ty and i=1,2,...,m. Put u(®)=x(t)—p(). In th¢ proof of Lemma 3
we have shown that there is t,=t; such that L ,u(t)>0 for t=¢,. Thus, by
Lemma 1 with y(f)=L,u(t) and

L, 1y(1) = a, () (@p_ (1) (---(a2(0)y' @) )Y’
in place of L,y(f), we conclude that there are an odd integer ¢e{l, 3,...,n—1}
and a T =t, such that
(16) Lu(®)=Li_;y®)>0 on [T, )
fori=1,2,..., ¢, and
17) (=D *Lu(t) = (=1)'*L;_,y() >0 on [T, c0)

fori=4, £+1,..., n.
Using the formula (4) with y(f)=u(t), i=¢, r=n—1, and taking (17) into
account, we get

Lou(r)
o) &

=\ o L,u(z)
= Stl,,_,l_l(‘r,t,n Lo 1) 20 de

Lu(f) 2 (—1)n-2g I, i tin—1,..., ¢+1)

s
t
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on [T, ©). Thus, for s— o0

© A L,u(7)
> - i n >
L,u(t) = St I,z t;n—1,...,2+1) 2.(7) st, t=2T,

and from (1)
a8 La® 2 [ 0@ 0FC X @) X@uDDds, 12T
On the other hand, it is not difficult to verify that

Ir(t’ s;jl,-"’jr) = (—1)’1,.(8, t;jr’---sjl)
for 1<r<n-—1 and, therefore, we can rewrite (4) as
(19) Liy(t) = X5=; Liy(®)I;_(t, s; i+1,...,j) +

' : Lysy(x)
+ S I_(t t;i+1,...,r —"Ld‘t,
s ( ) ar+l(T)

i=0,1,.,r;r=0,1,...,n—1.
If ¢> 1, then using the above formula with y(t)=u(f), i=0, r=£4-2, s=T,
and taking (16) into account, we have

(20)  Lou(t) = Lou(T) + L, ju(T)I,_,(t, T; 1,..., 6—1) for t=T

Since Lyp(t) is strongly bounded there is a T,=T such that L,p(T,)=
min(r,.) Lop(t) and it follows from (20) with T, in place of T that

Lox(t) 2 Lop(t) — Lop(Tx) + Lox(T4) + Ly 1u(T W), —4(t, Ty; 1,..., £~1)
= Lox(Ty) + Ly qu(T)I,_i(t, Ty; 1,..., £—1)
=L, (T, _1(t, Ty; 1,..., £—1)
for t2T,. Thus there exist a ¢c>0and a T; =T, such that
(21 x(t) 2 cory - 4(1)
for t=T, and ¢>1.

From Lemma 3 it follows that (21) holds also for £=1.
By (iv) and (18) we have now for sufficiently large ¢

L) 2 [ 00121650 0565 ety 1 (@16 0t @S,

a contradiction to (14).

Similarly we can prove
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THEOREM 4. Suppose that the conditions (1)~(iv) are satisfied. If, moreover,
(14) and (15) hold for every T = t,, every positive constant ¢ and every odd integer
k=1, 3,..., n—2, then all solutions x(t) of (2) such that

x(9) = O(a,_()) as t— o

are oscillatory.

ExAMPLE 6. For an illustration of Theorem 3 consider the equation
(22) (1@ x(1)))) + 3173x(e™™t) =

= — 4t 4[3sin(logt) + Scos(logt)] — 3t 3sin(log?), ¢t = 1.

It is not difficult to verify that all the conditions of Theorem 3 are satisfied with
p()=(1+1)sin(log t) for which Lyp(?) is strongly bounded, and so all solutions of
(22) are oscillatory. One such solution is x(¢) =sin(log ?).

We now give an example which illustrates that the conclusion of Theorem 3

is in general false if Lyp(f) is assumed only to be bounded. Similar examples
can be found also for our other results.

ExaMPLE 7. The inequality
23) x(0) {(t(t71x(2))")’ + 2t72x(¢)
— 2t72[sin(log?)+cos(logt)+3]} <0, t=>1,

has the nonoscillatory solution x(f)=2+sin(logt). Here all the hypotheses of
Theorem 3 are satisfied except that L,p(t)=t"![sin[log?)+cos(logt)+6] is not
strongly bounded.

Our next result concerns the oscillation of all bounded solutions of (1) (or (2)).

THEOREM 5. Let the conditions (i)—(iii) and (8) be satisfied and let the
Sfunction f have the following property:
(v) for any ¢>0 there is a ¢, >0 such that for all t=t,
X; g ¢ 1 g i é m, impliesf(t, Xiseees xm) ;.f(ta Cps--05 cl)

and

;X —c, 1 i< m,implies f(t, Xq,-.., X)) = f(t, —Cy1ye.es €1).

IIA

If, moreover,
4) S: 0y 1, TV, ..., )t = o0

and
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©25) S:w,,_l(‘c, T)f(z, —cy..., —c)dt = — o0

for every T=t, and every positive constant c, then all bounded solutions of the
inequality (1) (or (2)) are oscillatory.

PrOOF. We consider only the inequality (1).

Assume the existence of a bounded nonoscillatory solution x(¢) of (1). Let
this solution be positive for t=¢, >t,. Introducing the function u(t)=x(t)— p(¢)
and proceeding as in the proof of Lemma 3, we get Lu(t)<O0 for t=1,=t,, where
t, is sufficiently large. Since Lyu(?) is bounded, we have by Lemma 1 in the case
Lou(?)>0, resp. by Lemma 2 in the case Lyu(t) <0, that there exists a t;=1¢, such
that

(26) (=) 'Lu()>0 for t=t, and i=1,2,.,n.

Moreover, it follows from Lemma 3 that there are a T>t; and a constant ¢>0
such that

x(g(t)) =2¢c for t=T and i=1,2,..,m.

Now, an application of formula (4) with i=1 and r=n—1 to u(¢) and taking (26)
into consideration give

27 Lu(t) = — Sj I,_,(t, t;n—1,...,2) I;Inizif)) dt

for s2t=T. Dividing (27) by a,(¢) and integrating from T to t, we obtain after
some manipulations

Lou®) 2 Lou(™) = | Ly Ty n=1,, ) Z4C e, 127,
T a,(7)
which by (1) and (v) yields
Lou(t) = Louw(T) + St o,_(t, T)f(z, ¢4,..., ¢1)dT
T
for t=T and some constant ¢, >0. Finally, if we let t—o0 in the last relation,

we get a contradiction to the boundedness of Lyu(t).

A similar argument holds for x(f) eventually negative, and this completes the
proof.

Following the results of Grace and Lalli [6] we can similarly establish

THEOREM 6. Let the conditions (i)—(iii), (8) and (v) be satisfied. If,
moreover,
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(28) liriqjoup _oQéT)S;w"‘I(T’ T)f(z, c,..., c)dT > 0
and
(29) lim (innfa—zi—t) S;w,,_l(t, T)f(z, —c,..., —c)dz < 0

for every T2=t, and every positive constant c, then every solution x(t) of (1)
(or (2)) such that Lyx(t)/a,(t)—0 as t— o0 is oscillatory.

In order to prove this theorem it sufficies to show that the inequalities (26)
remain valid for the positive solution x(¢) of (1) (or (2)) such that Lyx(t)/a,(t)—0
as t—o0. But this is possible to do in an analogous way as in the proof of Lemma
in [6]. The rest of the proof follows along the lines of that of Theorem S, and
so we omit it.

REMARK. As mentioned in the Introduction, the class of strongly bounded
functions contains the following particular classes of continuous functions which
have frequently appeared in the literature concerning the oscillation of forced
differential equatjions and inequalities:

(I) the class of functions ¢: [t,, ©0)— R which are oscillatory and such that
lim,., o, p(1)=0,

(II) the class of functions ¢: [ty, 00)— R such that there exist sequences {t,},,
{t:}>, and constants g¢,, g, such that lim,, ¢, =lim,, =00,

nSn=1
o(t)=4,, ¢(t)=4,, and g, S@() < q, for t21,.
Obviously, the function L,p(t) in Example 2 is of the type (I), while Lyp(t) in
Examples 1 and 4 are of the type (II). On the other hand, there exist strongly
bounded functions which need not satisfy (I) or (II). In fact, the forcings in
Examples 3, 5 and 6 represent such functions.
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