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1. Introduction and preliminaries

Consider the neutral differential equation

(1) S0+ pylt— 91+ aye — o) =0

where p, 7, ¢ and o are real numbers. The main results in this paper are the
following:

THEOREM 1. The following statements are equivalent:
(a) Every bounded solution of Eq. (1) oscillates.
(b) The characteristic equation associated with Eq. (1)

)] F(A)= A+ Ape ™™ +qe™* =0

has no roots in (— oo, 0].

THEOREM 2. The following statements are equivalent:

(a) Every unbounded solution of Eq. (1) oscillates.

(b) The characteristic equation (2) associated with Eq. (1) has no roots in
(0, ©) and 0 is not a double root of Eq. (2).

An immediate corollary of the above theorems is the following result which
was proved in [3].

COROLLARY Every solution of Eq. (1) oscillates if and only if its characteris-
tic equation (2) has no real roots.

As is customary a solution of Eq. (1) is called oscillatory if it has arbitrarily
large zeros. Otherwise it is called nonoscillatory.

In the sequel all functional inequalities that we write are assumed to hold
eventually, that is for sufficiently large t.



410 G. LaDAs and S. W. SCHULTS

We now list some preliminary results which will be useful in our study of

Eq. (1).
The first result we will make use of is extracted from [5].

LEMMA 1. Let r and u be positive constants. Assume that x(t) is a positive
solution of the inequality

xX@)+rx(t—w<0
and y(t) is a positive solution of the inequality

y@) —ryt +p)20.
Then

x(t—p< (r%x(t)
and
4
ye+p< WY(I) .
For a proof of the next lemma see [4].

LEMMA 2. Let y(t) be a solution of Eq. (1) for t > t, and let o and f be any
constants. Then

t—p
x(t) = f y(s) ds

—a

is also a solution for t > t, + max {a, }.

The next result deals with the characteristic equation (2).
LEMMA 3. Assume the characteristic equation (2) has no roots in (—oo, 0].
Then there exists m > 0 such that for all A >0
A+ Ape* —ge** < —m  if ¢>0
while
—A—Ape* +qge < —m if q<0.
Also, if (2) has no roots in (0, c0), there exists m > 0 such that for all . >0

—A—Ape*—qge Tt < —m if ¢g>0
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while
A+Adpe™™ +ge < —m if q<0O.

The next lemma, which follows from [1], shows that if Eq. (1) has a
nonoscillatory solution then it also has a nonoscillatory solution with “nice”
properties which are useful in the study of Eq. (1).

LEMMA 4. Assume q # 0 and let y(t) be an eventually positive solution of
Eq. (1). Define z(t) = y(t) + py(t — t) and w(t) = z(t) + pz(t — t). Then

wit)>0, wit)<0, wit)>0 and lim,,, w(t)=0
if y(t) is bounded, while
w(t)>0, w(it)>0, wit)>0 and lim,,  w(t)= oo

if y(t) is unbounded. Moreover z(t) is a differentiable solution of Egq. (1) and w(t)
is a twice differentiable solution of Eq. (1).

For the following see Grammatikopoulos, Sficas and Stavroulakis [2].

LEMMA 5. Let v(t) be a positive and continuously differentiable function.
Assume that there exists positive numbers A and o such that either

3) o(t — a) < Ao(t)
or

“) vt + o) < Av(t) .
Set

A ={A>0:0(t) + Av(t) < 0} if (3) holds
and
A={A>0: —0i(t) + Av(t) < 0} if (4) holds .
Then (A > 1) and

In A
do=—L¢ 4.
o

Proor. We will prove the lemma when (3) holds. The case when (4)
holds is similar and will be omitted. Assume that (3) holds and, for the sake of
contradiction, assume that A, € 4. Then

;—t[e“"v(t)] = e () + Agu()] < 0
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which implies that the function e*ov(t) is decreasing. Hence
e*lt=Ny(t — o) > eo'p(t)
or
o(t — a) > e*o®v(t) = e™4v(t) = Av(t)
which contradicts (3) and completes the proof of the lemma.

The following “Duality Lemma” from [1] will enable us to reduce the
required number of cases we have to consider in our proofs of the theorems.

(DuaLITY) LEMMA. Suppose that p is a nonzero real number. Then y(t) is a
solution of Eq. (1) if and only if y(t) is a solution of

0+ 230 --0]+ L — e -y =o.

2. Proof of Theorem 1

Proor. (a)=>(b). Ifit is false the characteristic equation (2) would have a
root Ay € (—o0, 0] and therefore Eq. (1) would have the nonoscillatory bounded
solution

y(t) = e

But this contradicts the hypothesis that every bounded solution of Eq. (1)
oscillates.

(b)=(a). Assume, for the sake of contradiction, that Eq. (1) has a
bounded eventually positive solution y(t). First assume p =0. Then (1) and
(2) reduce to

(%) y(t) + qy(t —0) =0
and
(6) A+ge*=0.

As (6) has no real roots in (—oo, 0] it follows that ¢ # 0 and when g > O then
o # 0. Hence we have the following cases to consider:
(i) ¢g>0ando>0
(i) ¢g>0ando <0
(i) ¢ <O.
Case (i): q > 0 and o > 0. Define
A={A>0:y()+ Ay(t) <0} .
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Clearly O e 4 and so A is a nonempty interval. We will show that A has the
following contradictory properties.

(Py) There exist positive numbers 4; and 4, such that A, € 4 and 4, ¢ 4.

(P,) AeA=A+ me A where mis as defined in Lemma 3.

Observe that y(t) + qy(t) <0 which implies that 1, = qe 4. Applying
Lemmas 1 and 5 to (5) we obtain

ln—4
2
A= (o9) e
o

Let Ae A and set ¢(t) = e*y(t). Then ¢(t) = e*[y(t) + Ay(t)] <0 which
implies ¢(t) is nonincreasing. Now
(@) + (A +my@) = —qy(t — o) + (2 + m)y(t)
= —qe M7 p(t — o) + (1 + me™*o (1)

<eMp()[—qe** + A+ m]l <eFp(t)[-m+m] =0,

which shows A + m e 4.

Case (i) g>0 and 0 <0. We have F(0)=q >0 and F(—o0) = —©
which implies that the characteristic equation has a root in (—oo, 0]. This is a
contradiction.

Case (iii): q < 0. Here

y() = —qy(t —0) >0
which implies lim,_, y(t) = ¢ € (0, 0). But then lim,, y(t) = —qZ > 0 which
implies that £ = co. This is a contradiction and the proof is complete when

p=0.
Next, observe that if 7 = 0 and p # —1, Eq. (1) reduces to

(7 ) + l—j—py(r —0)=0

for which the result has just been established. On the other hand, when 1 =0
and p = —1 Egs. (1) and (2) reduce to

tJ] qyt—0)=0
and
) ge * =0

respectively. As (9) has no roots in (—o0, 0], it follows that g # 0 and so (8)
implies that y(¢) = 0 which is a contradiction.
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Because of the Duality Lemma we may and do assume that 7 > 0.
For subsequent use, define z(t) = y(¢) + py(t — 1) and w(t) = z(t) + pz(t — 7).
Then, it follows from Lemma 4 that

w()>0, wit)<0, wit)>0 and lim,,, w()=0.

RemMARK 1. By integrating Eq. (1) from ¢t — a to co with y(t) replaced by
w(t) one sees that

x(t) = Jw w(s) ds

is a solution of Eq. (1).

The remaining part of the proof will be accomplished by considering the
following eight cases:

D q T o
L+ + + o+
20+ 4+ 4+ -0
.0+ - 4+ o+
4 | + - + -0
50 -+ 4+ o+
6| — + + -0
7. - - + o+
8. | — — + -0

Case 1. p>0,9g>0,7>0 and ¢ >0. Since F(—o0) = +oo it follows
that ¢ > 7. Set

w(t), n=0
1 t) =
(19 wall) {w,,_l(t)+pw,,_1(t—t), n=12,....
It follows from Lemma 4 or from the fact that Eq. (1) is linear and autonomous
that w,(¢) is a twice differentiable solution of Eq. (1). Thenforn=1,2,.... we
have
(11) Wa(t) = —qw,_,(t — o)
(12) w,(t)>0, w,(t)<0, w,()>0
and
(13) W,(t) + pW,(t — 1) + gw,(t —0) = 0.

The proof of (11), (12) and (13) is by induction.
Set
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A, = {4 = 0:w,(t) + Aw,(1) < 0} .

The proof will be accomplished by showing that A, has the contradictory
properties:
(P;) There exist positive numbers A, and 4, such that 4, € 4, and 4, ¢ 4,
forn=1,2,....
(P,) There exists a positive u, independent of n, such that Ae 4, with
A=A =>A+ued, . forn=12,....
First we will prove (P;). From (12) and (13) we have

1+ pw,(t —1)+ gw,(t —0)<O0.

It follow that
(14) W t) + ——w(t — (6 — 7)) < 0
1+p

or
q
w,(t) + +pw(t)<0.

Hence
=9 en=,4,.

Y 14p

Applying Lemma 1 to (14) we obtain

4(1 + p)?
g*(c — 1)

Wt — (0 — 7)) <

w,() .

From Lemma 5 we have

1 4(1+p
a—-r q —1)?

/12?—'

¢ Un

Let 1€ 4, and set u = m/(1 + pe***) and @,(t) = e*w,(t). Then
Gu(t) = ¥ [Wy(t) + Aw, ()] <0
which shows ¢, is a nonincreasing function. Now

War1 (&) + (A + WWo1 () = —gw,(t — 0) + (4 + @) [W,(t) + pw,(t — 7)]
= —q@,(t — 0)e™ ¥
+ (A + Wle.e™ + po,(t — 1)e™*¢79]
< @t — 1)e [ —qe’ + 2 + Ape* + u + ppe*]

<@,t—1e M [-m+m]=0
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The proof is complete in this case.

Cases 2 and 8: p>0,9>0,7t>0,6<0o0r p<0,g<0, t>0, 0 <0.
In these cases F(0)- F(—oo) < 0 which implies that the characteristic equation
has a root in (—o0, 0].

Cases 3 and 4 p>0,9<0,t1>0,6>00r p>0,4g<0, 1>0, 0 <0.
Here

Z2t)= —qy(t —0)>0.

Integrating the above from t, and ¢ and taking the limit as ¢t - oo implies that

y(t) € L'[t,, o) and so z(t) € L![t,, 00). As z(¢) is also a monotonic function it

follows that lim, ., z(t) = 0 which is impossible because z(t) > 0 and increasing.
Case 5. p<0,g>0,7>0and 6 >0. Set

_ W(t), n=0
(15) wi(t) = {Wn—l(t) + Wit —17), n=12....

Then forn =1, 2, ... we have

Wn(t) = _qwn—l(t - 6)

(16)

w,(t) >0, w,(t) <0, Ww(E)>0
and
(17) Wo(t) + pWi(t — 7) + qw,(t — 0) =
Set

= {A=0:W,(t) + Aw,(1) <0}, n=1,2....

As in Case 1, the proof will be accomplished by showing that A4, has the
contradictory properties (P;) and (P,).
From (17) we have

(18) w,(t) + gw,(t —0) < 0.
Hence

Ay=gqe€ m:o=1 4
Applying Lemma 1 to (18) yields

w,(t —0) < —

()2 Wl

It now follows from Lemma 5 that

1
)“2 )2¢U

(qa
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Let A€ 4, and set @,(t) = e*w,(t) and u = m. Then
War1 () + (4 + WWass (8) = —gw,(t — 0) + (2 + p) [wa(®) + pw,(t — 7)]
= —qeM"g,(t — o)
+ (A + Wl @, (t) + pe™ P, (t — 7)]
< e HMp,(t)[—qe* + A + Ape* + u + upe**]
<e o, ()[-m+p]=0.

The proof is complete in this case.
Case 6. p<0,9>0,7>0and 6 <0. The dual of Case 6 is

p<0, g<0, 7<0 and o6<0 with o<1

which we will now consider. As in [3], set

w(t), n=0
(19) w,(1) = t-o
— W1 (®) + pW,— 1t — 7T)] — q J;—: Wo—1(s)ds, n=1,2,...
and define 4, as in Case 5. Then for n=1, 2, ... we have
(20) W,(t) + pW,(t — 7) + gw,(t — 0) =0,
21 Wi(t) = qW,—y (¢ — 7)
and
(22) w,(t) >0, Ww,(t)<0 and w,(t)>0.

From (20) and (22) we obtain
(23) —W,(t) — pw,(t — 1) < 0.
Applying (21) to (23) yields
(24) —qW—1(t — ) — pW,(t —7) < 0.
Integrating the above from ¢ + 7 to t yields
= qWo—1(t — T)(=7) — pw,(t — 7) + pw, (1) <0

from which it follows that

(25) ot = 1) > 20,
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Combining (25) with (21) gives

. p

w,(t) + ;w,,(t) >0

which implies

1=2¢ Ui 4,.

From (19) we have
(26) Wo(t) < (—p — gt — )W, (t — 7).
Applying (26) to (21) yields

Wlt) + ————— W (1) < O

p—4q(t—o)
which implies

—q
Mh=————€e[\2, 4,.
' —p—gqlt—o0) (=

Let 4 > 4, and set ¢,(t) = e*'w,(t) and

elzt -1
= m| —pers — 2 .
u l: pe A

Now

W1 () + (A + W)W41 ()

=gqw,(t—7)+ (A + ﬂ)[—w,.(t) —pwt—1)—¢q J Wy(s) dS}

t—t

< e—).t(pn(t _ 1'.)I:qe).r — 1= lpe“ + qela _ qe).r —u— upe}.: + qu—(e}.a _ elr)]

Azt
< e—).tq)"(t — T)[—l _ Ape“ + qe}.a + ”<_pe).2: _ qi >]
1

<e HMp,(t—1)[-m+m]=0.

The proof is complete in this case.

Case 7. p<0, g<0, >0 and 6 >0. Here F(0)=¢q <0 and so in
order that F(—o0) = —oo we must have ¢ > 7.

Let V be the set of all C? solutions of Eq. (1) which satisfy

o(t)>0, 5(t)<0, #(t)>0 and lim,,o(t)=0.
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Set
A@) = {4 > 0:9(z) + Av(r) < 0} .

First we establish that for every v e V the set A(v) is nonempty and bounded
from above. To this end observe that for ve V

27 o(t) + pit — 1) + qu(t — ) = 0.
Now (27) implies
po(t — 1)+ qut — o) =0,
from which it follows
(28) M0+EMLAW—1»SO.
From (28) we have
. q
o(t) + -v(t) <0.
p
Hence

%G mveV A(U) .

Applying Lemma 1 to (28) yields
v(t — (6 — 1)) < Bo(t)
where B = 4p?/[(6 — 1)%>q*]. It now follows from Lemma 5 that

_lnB
T o—1

l*

¢ Uvel’ A(v) .
Next let A, =q/p and set u=m/(e*"* — pe** —1). We will prove by
induction that if
Ay=rApy +p, n=12 ..,
and if
w(t) , n=0

0

—[Waei (&) + PWy—q(t — T)] + 24—y f W,_1(s)ds, n=1,2,...

t—o

(29) w,(®) =
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then w,e V and 1,€ A(w,). As A(w,) is bounded from above, this will be a
contradiction and will complete the proof in this case.

Clearly w,eV for n=1, 2, .... Next, assume that 1,e A(w,). We will
show that 1,,, € A(w,4,). We first derive an inequality which we will utilize to
prove the above.

Since A, € A(w,)

(30) Wi (t) + A,w,(t) <O .

Integrating (30) from ¢ to oo yields

—w,(t) + 4, Jm w,(s)ds <0.

¢

Using the above inequality in (29) gives

) W) ~plt =0+ 3 [ w0
t-a

Now let @,(t) = e*'w,(t) and observe, using (31), that

Wor1() + (4 + 1)Wosy (1)

t

< an(t - 0') - j'nwn(t - 0') + (j'n + ,u)[——pw,,(t - T) + '171 J

t—o

w,(s) ds:I
= qe "D, (t — 0) — A,e ", (t — 0) + (A, + p)(—pe ", (t — 1))
t
+ An(4n + 1) f e~ *@,(s) ds
t—o

< @t — 0)e M [qe* — A et — Jpet — A, + Aet + p(e*’” — pet — 1)]
< @t —o)e ™[—-m+m]=0.

The proof is complete.
3. Proof of Theorem 2

Proor. (a)=-(b). Clearly, if there is a root in (0, o) then an unbounded
nonoscillatory solution exists. Also, A =0 cannot be a double root, for if 0
were a double root then g = 0 and p = —1 which would reduce Eq. (1) to

d
;DO —ye—19]1=0

which has the unbounded nonoscillatory solution y(t) = t.
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(b)=>(a). Assume, for the sake of contradiction, that Eq. (1) has an un-
bounded eventually positive solution y().

First assume p =0. Then clearly q¢ must be negative, for otherwise y(t)
would be bounded. Also o # 0, for otherwise the characteristic equation would
have a positive root. Hence, there remain the following cases to consider.

(i) gq<0ando >0

(i) g<0ando <0

Case (i): qg<0 and 6 >0. We have F(0): F(c0) <0 which implies that
the characteristic equation has a positive root.

Case (ii): qg <0and g <0. Set

A={A=0: —p(t)+ Ay(t) < 0} .

As in Theorem 1, we will show that A has the contradictory properties (P;) and

(P2)-

From (5) we have —y(t) + (—q)y(¢) < 0 which yields 1, = —qge 4. From
Lemmas 1 and 5 it follows that

1 4
Ay=—In— .
2= In 0a? ¢A
Let A€ A and set ¢(t) = e *y(t). Observe that
ot) = —e[—y(®) + Ay(]1 = 0

which shows that ¢(¢) is increasing.
Now

=¥ + (A + my(®) = qy(t — o) + (A + m)y(1)
= qo(t — 0)e**™ + (A + m)e*o(1)
< ot)e*[ge™ + A+ m]
<o®e[-m+m]=0

which completes the proof when p = 0.

The case when 1 =0 and p # —1 follows in a manner analogous to the
case when p=0. On the other hand the case 7 =0 and p = —1 is trivial. So
we will assume pt # 0.

When g = 0, Eq. (1) reduces to

d
0 +py—0]1=0

which implies y(t) + py(t — 1) = c. Clearly, y(t) cannot be positive and un-
bounded if p > 0. Also, (2) reduces to
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F(A) = A(1 + pe ) =0

and it follows that p > —1 when 7 > 0, for otherwise (2) has a positive root or
0 is a double root of (2). Furthermore, because of the Duality Lemma, we
need only consider —1 < p <0 and 7 > 0 to complete the proof when g = 0.
To this end, let {t,} be a sequence of points such that lim,_, t, = o, y(t,) =
max,., y(s) and lim,_ y(t,) = c0. Observe that

c=yt,) + pyt,—1) =1 + p)yt,) >0 as n— o

which is impossible.
Finally, by utilizing the Duality Lemma, one can see that the following
cases remain to complete the proof of the theorem.

p q T g
L |+ + + +,0
20+ + o+ -
.+ - 4+ +,0
4 | + -  + -
50 — 4+ 4+ +,0
6 | - +  + -
7| - - 4+ +0
8. | - - 4+ -

In the sequel z(t) and w(z) denote the functions defined in Lemma 4.
Cases 1 and 2. p>0,4q>0,t>0,6=>00r p>0,4q>0,7>0, 0 <O.
Here

Z(t)= —qy(t — 0) < 0.

Hence lim,_, z(t) exists, which contradicts the assumption that y(f) is
unbounded.

Cases 3 and 7. p>0,9<0,t1>0,0=>00r p<0,9g<0,7>0, 6 >0.
We have F(0)' F(c0) < 0 which implies that the characteristic equation has a
positive root.

Cased: p>0,9g<0,7>0and 0 <0. The dual of Case 4 is

p>0, g<0, 1<0 and 6<0 (6<7)

which we will now consider. Set

_ W(t) R n= 0
Wn(t) = {Wn_l(t) + PWn—1(t — ‘L') , h= 1,2,...

and
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A, = {4 =0: —w,(t) + Aw,(t) < 0} .
It follows that forn=1, 2, ...
W,(t) + pW,(t — 7) + qw,(t —0) =0,
W,(t) = —gW,—,(t — o)
and
w,()>0, W,t)>0 and w,(t)>0.

From the above we have
Wt —1) + —1 w(t—0)>0
1+p

which implies

(32) Wi (t) + Iquw,,(t +(t—a)=0
and so

. —q
(33) =0+ w0 <0,

Applying Lemmas 1 and 5 to (32) yields

1 4(1 + p)®
& ~t——alnq2(r—a)2

¢ (Vizs A

while (33) yields

q ©
1+peU,,=1A,,.

A=
Let A e 4, and set ¢,(t) = e *w,(t) and u = m/(1 + pe **). Now
~ W1 (8) + (A + B Wos1 (1)
= gw,(t — 0) + (4 + W [w,(t) + pw,(t — 7)]
= qo,(t — 0)e*™" + (A + p)[e¥p,(t) + pe* Vg, (t — 1)]
< @t — 0)eM[qe " + A + Ape™* + u + ppe "]
< @t —o)e[-m+m] =0

which completes the proof in this case.

Case 5. p<0,9g>0,7>0and ¢ >0. First assume that o <.

Set

423
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_jw(@), "
wa(t) = {—[w,,_l(t) +pWaa(t =71, n

0
L2, ...

and
A, ={A=0: —,(t) + Aw,(t) < 0} .
It follows that forn =1, 2, ...
W,(t) + pWa(t — 7) + qw,(t —0) =0
(34)
Wi(t) = qW,—1(t — 0)
and
W,(t) >0, w,(t)>0 and w,()>0.
From (34) we have
Wyt — 1)+ pw,(t — 1) + gw,(t —0) <0

and from [1] it follows that p < —1. Combining these results gives

() = =yl + = ) 2 0
and
—W,(t) + —‘(—1—4_’—) w,(t) <

It now follows that

__a o

b=

and

1 4 1 2

T — a 2(1
Let A€ A4, and set @,(t) = e *w,(t) and 4 = m/(—p). Now
—Wast (1) + (4 + W1 () = —gw,(t — 0) + (2 + ) [—w,(t) — pw,(t — 7)]
< @t — 0)e*[—qe ™ — 2 — Ape™* — u — ppe™*]
<@t —o)e[—-m+m]=0.

This completes the proof in Case 5 for o < 1.
For o > 7, set
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w(t), n=20

(33) wi(t) =

t—t

—'[Wn—l(t)+ W, —1(t—1)] + qJ‘ Wn—l(s) dS, n= 19 2’
t—o

and observe that

(36) W1 (8) = gw,(t — 1) > 0.

From (35) we obtain

Wt () <[=p + gl — D) Iw,(t — 7).

This together with (36) gives

q

“haa)+ e W () S0
which implies
T UL
Now
W,(t) + pW,(t — 7) + qw,(t — 0) =0
implies
(37 W,(®) + pw,(t — 1) < 0.

Combining (36) and (37) gives
(38) qWu—1(t — T) + pW,(t — 1) < 0.
Integrating (38) from ¢ to ¢ + 7 we obtain

qtw,_(t — T) + pw,(t) — pw,(t — 1) < 0.

The above implies

(39) QWnrt — 1) < — (f) wi(t) > 0

From (36) and (39) we now obtain

—W(0) + (—%) w,(t) > 0

which implies
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= -LeUm 4,

Let A > 4, and set ¢,() = e ¥w,(t) and u=m[—p + (q/4;)]™!. Observe
that

— W1 (8) + (A + )W,y (1)

t—t

=—gwt—7)+ @A+ ﬂ)[—wn(t) —pw(t—1)+gq f Wwy(s) d8]

t—a

IA

—q@,(t — e’ + (A + #)[—%(t)e“ — ppu(t — 1)

t—t
+gq J e*,(s) ds]
t—ao

< @,(t — r)e’“l:—qe"lt — A — Ape™* — u — ppe ¥ + ge™* — ge

—Ac

+ “l_q(e—}.r _ e—}.a):l

< (Pn(l _ T)elt[_l{ _ Ape_“ _ qe—ld —u— Npe—).z + /_lg(e-lr _ e—la):|

< @t —e[—m+m]=0.
The proof is complete in this case.
Case6: p<0,g>0,7>0and 6 <0. Set
w(t), n=0

(40)  w,(1) =

t—o

_[Wn—l(t) + pwn—l(t - T)] —-q J Wn—l(s) ds , h= 19 23 cee

t—t

and define 4, as in Case 5.
Now forn=1,2, ...

(41) Wu(t) + pW,(t — 1) + gw,(t —0) =0
and
(42) Woi1(E) = gw,(t — 1) > 0.

Again it follows from [4] that p < —1. This together with (41) yields
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. q
W,(t) — ————w,(t +(—0)) =0
O = = 7t + (=)
and
() + — L w (1) < 0.
—(1+p
We now have
q
A= ————e 2 4,
T —(+p !
and
1 4(1 + p)?
Ay=—In—5— @ .
2 —0 ln (qO')Z ¢ Un—l An

To complete the proof in this case repeat exactly the same argument as in Case
5 wheno > 1.

Case 8: p<0,9q<0,7>0and 6 <0. The proof will follow a format
similar to that of Case 7 in Theorem 1.

Let V be the set of all C? solutions of Eq. (1) which satisfy

v(t)>0, o(t)>0, ¥(t)>0 and lim,,, v(t)=o00.
Set
A@W) = {4 > 0: —o(t) + Av(t) < 0} .
Observe that
(43) B(t) + pi(t — 1) + qu(t — 0) = 0.

From (43) we obtain

(44) () — (—q)o(t + (—0)) 20
and so
45) —0(t)+ (—qv(@)<O0.

From (44) and (45) we obtain
—q € A(v)

and

w1 4
A —'j'o—_ln(—qo_—)z¢/1(v).
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Now, let 4, = —q and set u = m/(1 — pe~**°). We will prove by induction
that if

/1,,=/1,,_1+,u, n=1,2,...,
and if
w(t), n=20

Wn(t) = t—o
W,_1(t) + pw,_,(t) — A,,_lpJ. W,_1(8)ds, n=1,2,...

t—t

then w,e V and A,€ A(w,). As A(w,) is bounded from above, this will be a
contradiction and will complete the proof in this case. To this end, set ¢,(tf) =
e *n'w,(t) and observe that

~Wot1(8) + (4, + )Wart ()

= an(t - O') + lnp[wn(t - 0') - n(t - T)]

t—o

+ (An + ﬂ) [Wn(t) + pwn(t - T) - 'lnp J W,,(S) ds]

t—t

t—ao

< qw(t — ) + A,pw,(t — o) + A,w,(t) — A2p f w,(s) ds

+ H[w..(t) —Ap Jl_a w,(s) ds:|

< @t — 0)e*'[ge™* + 4, + A,pe” " + p(1 — pe™*'7)]
< @t — 0)e* [—m+m] =0.

The proof of Theorem 2 is complete.

REMARK 2. In several instances, in the proofs of Theorems 1 and 2, we
found points

A€ ﬂ:o=1 4, and 1,¢ U:)=l 4,.

The values of 4, and A, were expressed in terms of the coefficients, delays and
advances of Eq. (1). Clearly when they are such that

11212

L1

this is a contradiction. Utilizing this idea we can obtain “easily verifiable
sufficient conditions for the oscillation of all bounded and all unbounded
solutions of Eq. (1).



(1]

(2]

(3]
[4]

[s]
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Note. The authors wish to thank the referee for some useful suggestions.
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