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Introduction

Let g be a complex reductive Lie algebra and let gg be a non compact real
form of g. Let gg = g @ pg be a Cartan decomposition of gz and let g =T D p
be the direct sum obtained by complexifying Iz and pg. G denotes the adjoint
group of g and we put K, = {aeG; 0a = ab}, where 0: g — g is a Lie algebra
automrophism of order 2 defined by 6 =10onf, 8§ = —1 on p. K denotes the
identity component of K,. S denotes the symmetric algebra on p and we put J
={ueS;au=u for any aeK,y} and J, = {ueJ;du)1 =0}. J' denotes the
ring of K-invariant polynomials and we put J', ={feJ’; f(0) =0}. 0O(p)
deotes the space of holomorphic functions on p. We put Oy(p) = {F € O(p);
Ow)F =0 for any ueJ,} and N = {xep; h(x) =0 for any heJ’,}. The space
O(N) of holomorphic functions on the analytic set N (cf. [2]) is equal to O(p)ly
by the Oka-Cartan Theorem.

Consider the restriction mapping Z: F — Flg of Oy(p) to O(RN). In our
previous paper [4] we showed that £ is a linear isomrophism of @, (p) onto
ON) when g = so(d, 1) (d > 3). In this paper we will show that we obtain the
same result for any complex reductive Lie algebra.

1. Preliminaries.

Let S’ be the ring of all polynomial functions on p and S, be the
homogeneous subspace of S’ of degree n for neZ, = {0, 1,---}. For fe S’ and
acK,, af €S’ is given by (af)(x) = f(a™'x). It is known that any element of J’
is invariant under K, (see [1] Proposition 10). It is also known that J' has
homogeneous generators Py, -, P, such that P, is real valued (j = 1,---, 1),
where r=dim ag and ag is a maximal abelian subalgebra of pg. #
= {feS'; d(u)f = 0 for any ueJ,} denotes the space of harmonic polynomials
on p. The following lemma is known.

LEmMMA 1.1 ([1] Theorem 14 and Lemma 18). (i) If feS and f =0 on R,
then feJ',S', where J'.S'= ) S'P;
=1
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(i) For any ke Z, we have S, = (J', S, ® Hy, where (J.S), = J. 5 nS;.

Suppose FeO(p). Let F = Y F, be the development of F by the series of

k=0
homogeneous polynomial F, of degree k. Then Y F, converges to F uniformly
on each compact set in p and F, is given by the following formula:

(1.1) F.(x) = %{—l frlzp%@dt for xep,
where p > 0 and the right hand side of (1.1) does not depend on p.

Let d be a positive integer and d > 2. O(C? denotes the space of entire
functions on C% P(C? denotes the space of the polynomials on C? and H,(C?)
denotes the space of the homogeneous polynomials of degree k on C% For a
=(ty,...,0)eZ%, we put z*=z%...z2% and oa!=q,!---a,!, where z

=(z1,..., 2)€C?% For zeC? we define
0 (a#p)
a BN _—
@2 {a! (@ = p).

Then we can extend { , ) to the inner product on P(C%. For feP(C?%, we
define | f|l = <f, /D2

Let P, P,,..., P, be arbitrary homogeneous polynomials on C* with real
coefficients. We put #,(C?%) = {Fe H,(C%; P(D)F =0 for j=1,2,..., s} and

J(CHY={Y ¢;P;e H(C?; ¢1,..., ¢, are some homogeneous polynomials on
=1
C%. The following lemma is known.

LemMMA 1.2 ([3] Remark and Lemma 1). (1) For any ke Z, it is valid that
H,(CY = #,(CH® J(C% and that 3 (C*LJ(C? with respect to the inner
product { , >.

(i) Let FeO(C% and F = Y F,(F,eH(C%). Then we have
k=0

(1.2) lim sup (|| F,||/x/n!)"" = 0.

Conversely, if we have a sequence {F,e H,(C%; ke Z.} which satisfies (1.2),
then Y F, converges to some F e O(C? uniformly on each compact set in C°.

2. Statement of the result and its proof.
The purpose of this paper is to prove the following

THEOREM 2.1. The restriction mapping F — Fl|q defines the following
bijection:
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2.1) R:0(p) = ON).
ProoF. Suppose dim p =d and fe O(N). Then there exists some F e O(p)
such that F = f on R because O(N) = O(C%|y. If we put F= Y F, (F,eS)),
n=0

there exist H,e #, and G,e(J', §'), which satisfy F, = H, + G, for any ne Z,
by Lemma 1.1 (ii). Let B, be a Ky-invariant nondegenerate symmetric bilinear
form on p such that B,|, . is positive definite and {e,, -, e,} < pg be a basis of
p such that B(e; e;) = 0;; (1 <i,j<d) (see [1] p.799). Now we define the

d
mapping ¢:p—>C? by () xe)=(x;,, %) (x;€C, j=1,---,d). Let
j=1

P,,---, P, be homogeneous generators of J' such that Pj|,, are real valued
(1<j<d). Then P,=P;o¢~!is a homogeneous polynomial on C? with real
coefficients. Since H,°¢ 'e#,(C% and G,° ¢ 'eJ,(C% with respect to
P,,---, P, we get |[F,c9 ‘| > |H,>¢ '| from Lemma 1.2 (i) and this and
Lemma 1.2 (i) imply that Y H,° ¢ ~! converges to some H e O(C?) uniformly on
each compact set in C% If we put Hop=H, ZH,, converges to H on each

compact set in p and therefore d(u)H = Y, d(u)H, =0 for any ueJ,. Hence
n=0

H belongs to Oy(p). We can see that ZH = f because F, = H, and f = F on
N. So Z is surjective.

Next, suppose FeUy(p) and #F =0. If we put F= ) F, (F,eH,(p),
n=0
neZ,) and u,,---,u, are homogeneous generators of J, then J(u)F
=Y du)F,=0forj=1,2,-,r. Therefore d(u)F, =0 because d(u,F, is a
n=0

homogeneous polynomial. Hence we have F,e #, for any ne Z,. Further-
more, from (1.1) we can see that F, =0 on N because F =0 on N and tR < N
for any teC. So Lemma 1.1 implies that F,e #,n(J’.S’), = {0}. Therefore
we obtain F =0 and £ is injective. g.e.d.
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