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1. Introduction and preliminaries

In the past decade there has been much work on the oscillation of neutral
differential equations. Necessary and sufficient conditions via the characteristic
equations have been obtained for those with constant coefficients, and various
explicit sufficient conditions have been obtained, see [2-6, 8, 9]. For neutral
differential systems of first order, O. Arino and I. Gyori also gave a necessary
and sufficient condition via the characteristic equation, see [1]. Since this
condition is not easy to verify, some explicit conditions are needed. But to
the best of the authors’ knowledge there are very few results so far; here we
mention only the results by I Gyori and G. Ladas [7] for a very special
system and a weaker definition of oscillation. In this paper we will give some
explicit conditions for oscillation of neutral systems under a stronger
definition. We will show that even for the scalar case our results for explicit
conditions are still the best up to now.

Consider the neutral delay differential system in the form

dN m
e @) — Pyt —r]l+ ; Qjyt—1)=0 (L.1)

where P, Q; (j=1,...,m) are given n x n matrices, r,t; (j=1,...,m) are
nonnegative numbers, v = max {r, t,,...,7,,} and N is a positive integer.

DeriNiTION 1.1. By a solution of (1.1) on [— v, 0) we mean a function
yeC([— v, o), R") such that y(t) — Py(t — r) is N-times continuously differen-
tiable and satisfies (1.1) on [0, c0).

DErFINITION 1.2, A solution y = (y;,...,y,)": [— v, 0) > R" of (1.1) is
called nonoscillatory if there exists a t, >0 and iye{l,...,n} such that
[¥i,@®)] >0, t >t;. A solution y of (1.1) is called oscillatory if it is not
nonoscillatory. Eq. (1.1) is called oscillatory if all of its solutions are
oscillatory.

Note that the definition of oscillation here is much stronger than that in
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[7] in the sense that oscillation according to our definition implies oscillation
as in [7]. We will see later that even under the latter definition our results

are still much better.
Our results are based on the following lemma which is an extension of

Theorem 2.1 in [1].

LemMma 1.1.  Egq. (1.1) is oscillatory if and only if its characteristic equation

det [AN(I — Pe™%r) + i Qe 1 =0 (12)

J
has no real root.

For the criteria of oscillation we need the following notations and

definitions.
For any n xn real matrix A we denote by A,(4) (i=1,...,n) the
eigenvalues of A satisfying

Re 4,(4) = Re 1,(A4) = --- = Re 4,(A).
| Ax|l;

. xR x%0 || x|
N i1/i ] = N | =

(j;|x1|) , i<oo and |x|[, E%n{lxll}' For each i=1,2,...,00, the

Lozenski measure u;(4) of A is defined as follows:

We define ||A|; = i=1,2,...,00, where x = (x,,...,X,), lIx]l; =

I+ hAl; =1
) = Jlim TR
and vi(4)= — w(— A), i=1,2,...,00. In general, without specification, we

denote by u(A) and v(A) any pair of u;(4) and v,(4), i=1,2,...,00. It has
been shown that y;(4) and v;(A4), i=1, 2,...,00, exist for any n x n matrix 4
and can be explicitly calculated for i=1, 2, and i = o0:

uy(A) = s%p {ajj+ Z Iaijl}’ v1(4) = il}f{ajj_ Z |aij|};
i=1 i=1

i#j i#j

w(A4) = A, (%(A + AT)>, vy(4) = A.,G(A N AT));

Beo(A) = sup {a; + Z Iaijl}s Vo (4) = inf {a; — Z Iaijl}'
¢ i=1 ¢ j=1

i j#i
For any n x n matrices 4 and B and any Lozenski measures we have

i) u(4 + B) < u(A) + u(B), v(4 + B) = v(A4) + v(B);
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i) v(=A)=—p), wu(—A)=v();

1ii) w(aA) = au(A4), v(aAd) = av(4), a > 0;

iv) u(4) = Re 4,(A), v(4) < Re 1,(A4). (1.3)

For more details concerning Lozenski measures, see [10]. In the sequel,
we will obtain some criteria for oscillation by using Lozenski measures. Since
the criteria are given by the general form of Lozenski measures y and v, we
will actually have infinitely many different results corresponding to each
criterion in the theorems. Moreover, three of them, which are given by p;

and v;, i = 1, 2, 00, can be expressed explicitly. But for the scalar case, where
u(A4) = v(A) = A, all of them coincide to give the same results.

2. Main results

To simplify the discussion and proofs we first consider a simpler equation

N

d
o [y@®) — Py(t =]+ Qy(t—7)=0 2.1

where P, Q are n x n matrices, r, T > 0. The following conditions will be used
to determine the oscillation of eq. (2.1):

Ay Y [v(P)]"V(Q)(kr+r)”2<§> :
k=0

A)  S*LAP)IT* QLK + Dr — 11 > (5> ,

e

N N
(A Y @I Q[ (k+ Dr+ 11" > <;>

where ) * and )., denote the sums over all the terms for k >0 such that
k k

(k+1Dr—1>0 and — (k+ 1)r + t > 0, respectively.

THEOREM 2.1. Assume N is odd and v(Q) > 0. Then each of the following
is sufficient for (2.1) to be oscillatory:

) wP)y=vP)=1,
i) O0<v(P)<u(P)<1, and (A,) holds,
iii) 1 <v(P) < u(P), and (A,) holds,
iv) 0<v(P)< 1< u(P), and (A,),(A4,) hold.
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THEOREM 2.2. Assume N is even and v(Q) > 0. Then each of the following
is sufficient for (2.1) to be oscillatory:

i) O<u(P)<1, and (As) holds,

ii) w(P)>1, and (A,), (45) hold.

REMARK 2.1. The condition (A;) in Theorem 2.2 is required in the sense
that if the set {keZ,: — (k + 1)r + t > 0} is empty and v(P)> 0, then eq.
(2.1) must have a nonoscillatory solution. In fact, the above assumption
implies that r > 7. If (2.1) is oscillatory, then (3.1) has no real root. Let

F(1) = AN(I — Pe*) + Qe
Then
u(F(O0) = u(@) = v(Q) >0
implies that u(F(4)) >0 for all AeR. But
R(FA) < A1 = v(P)e™) + p(Q)e ™ — —

as A— — oo. This contradiction shows that all solutions cannot be oscillatory.
The above oscillation criteria for eq. (2.1) can be easily extended to the

€q. (1.1) by using the following conditions where q = ( ﬁ V(@)™ T = L i T;.
j=1 mij=1
B) 3 Y DA +1) > (g) or @2
j=1k=0
& N
mq Y, [v(P)]*(kr + 1)V > <~), (2.3)
k=0 e

N N
(By)  X[a(PI“Pv) Ik + 1)r—r,-]"2<?> , or

e

mg Y * [u(P)1~** V[ (k + )r — ¥ > <§> ,

N N
By XL [uP)“OwQ)I— (k+ Dr+ 7] > ( _> or
; \e
mg Y [u(P)]™ [~ (k + Dr + 11" > <_>

e

" *
k J.k J.k

all the terms for 1 <j <m, k> 0 such that (k + )r —7;>0and —(k + 1)r +

where ) *, )", are defined the same as before; Y. *, ), denote the sums over
k
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7; > 0, respectively.

THEOREM 2.3. Assume N is odd and v(Q) >0 but not all zero,
j=1,...,m. Then each one of the following is sufficient for (1.1) to be
oscillatory :

) uP)=vP) =1,
i) O<v(P)<u(P)<1, and (B,) holds,
iii) 1 <v(P)< u(P), and (B,) holds,
iv) 0<v(P)<1<u(P), and (B,),(B,) hold.

THEOREM 2.4. Assume N is even and v(Q;)>0 but not all zero,
j=1,...,m. Then each one of the following is sufficient for (1.1) to be
oscillatory

i) 0<u(P)<1, and (Bj) holds,
ii) u(P)>1, and (B,), (B;) hold.

The idea in the proofs of the above theorems may also be applied to the
case that v(Q;) are not all nonnegative. As an example we give a result for
the equations of the form

dN m
o [y@®) — Pyt =11+ ) [Gy(t—0)— H;y(t —1)]1=0 24
j=1
where P, G;, H; are n x n matrices, v(P) > 0, v(G;) > 0, u(H;) > 0, v(G;) — u(H,)
>0 and not all zero for j=1,...,m,r,0;,7; (j=1,...,m) > 0.

THEOREM 2.5. Assume N is odd. Then each one of the following is
sufficient for (2.4) to be oscillatory.

i) v(P)21,0;<rt;<r, and (B,) holds for the case where v(Q;) are replaced
by v(G)) — u(Hy), j=1,...,m. Furthermore,

N\ m
- (—) + a¥v(P) + Y [v(G)e bitrmed) — p(H)e %=1 >0 (2.5)
er j=1
where
. 1 G)r—a.
a = min { ! ln@}, b;= In v(G)r a’), j=1,...,m.
1sjsm (1;—0; p(H)) T —0; wH)r—1)

ii) v(P)>0, p(P)< 1, 0;>1;>0, and (B,) holds for the case where v(Q))
are replaced by v(G;)) — u(Hj), j=1,...,m. Furthermore, v(PT'G) >0,
u(P~'H)>0,j=1,..,m and



322 L. ErBe and Qingkai KoNG

er j

where

V(P1G)o;

-1G; 1
a* = min { ! In i ’)}, b¥ =

; -1
1<jsm (g; —1; u(P™"H)) 6;—71;

3. Proofs of the main results

The following lemma will be needed in the proofs of the results.

n - ,
w(P~"H)t;

N m
_ (ﬁ) +a*vP Y+ Y [P 1G)e % — w(P~ H)e %] > 0,
j=1

=1,...,m

LemMMA 3.1. Let A be an n x n real matrix. If either v(A)>0 or

u(A) < 0, then det(A4) # 0.

Proor. From (1.3), if v(4) >0, then Re 4,(A) >0. Hence Re 1,(4) >0

for i=1,2,...,n. Thus

det (A) = A,(A)-- 4,(A) # 0.

The case that u(4) <0 is similar.

ProoF OF THEOREM 2.1. The characteristic equation of (2.1) is

det (AN(I — Pe™*) + Qe %) = 0.

i) Assume u(P)=v(P)=1. Let

F(A) = AN(I — Pe™*) + Qe ™.

Then v(F(0)) = v(Q) > 0, and

V(F(2)) = v(AN(I — Pe™*)) + v(Q)e ™.

For A>0

V(F(4) = A1 — p(P)e™*) + v(Q)e™ ™
=A%1 —e ™) +v(Q)e ¥ >0.

For A< 0

V(F(A) = |ANv(=TI 4+ Pe™*) + v(Q)e™ ™
> AN(= 1 +v(P)e ™) + v(Q)e * > 0.

(3.1)

(3.2)

Thus v(F(4)) >0 for all AeR. By Lemma 3.1, det F(4) # 0 for 1€R,
i.e., (3.1) has no real root.
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ii) Assume 0 < v(P) < u(P) < 1. Clearly 4 =0 is not a root of (3.1). For
A >0, by (3.2)

v(F(A)) = A¥(1 — u(P)e™ ) + v(Q)e * > 0.
Hence det (F(4)) # 0 for A > 0 by Lemma 3.1. Let A = — s and denote
G(s) = — s"(I — Pe™) + Qe™. (3.3)

Then 1 <0 is a root of (3.1) if and only if s >0 is a root of det (G(s)) =
By Lemma 3.1, if det (G(s)) = O has a root s > 0, then v(G(s)) <0. Since
N is odd,

0> v(G(s)) = s¥(— 1 + v(P)e™) + v(Q)e™
which implies that 0 < v(P)e” < 1. As a result

s¥ > v(Q)e" (1 — v(P)e™) ™!

= § DAt (34

Ms

>

k N

stkr + t)e |V
[V(P)]kV(Q)[—] .
0
The equality can not hold since es®***? attains its minimal value at

different point s for different k. Thus

8

T DTk + 7" < (N )N,
e

contradicting (A;). Therefore (3.1) has no real root.

1ii) Assume 1 < v(P) < u(P). Similar to i) we see that 4 <0 is not a root
of (3.1). Assume A>0 is a root of (3.1). By Lemma 3.1 we have

0> v(F(4) > A"(1 — p(P)e™") + v(Q)e™* (3.5)

“>1. So

which implies that u(P)e
AN > [u(P)]™'v(Q@)e* (1 — [u(P)] " ter) ™!
— io: ['u(P)]—(k+1)v(Q)e}.[(k+1)r—r]
k=0

Mk + Dr — t)e ]N

> ;*[u(P)]""“’V(Q)[ N

that is,
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iv)
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N
X LuP)] ¢ w(@) [l + r = 71" < <_f;{> ,

contradicting (A,).

Clearly, 4 =0 is not a root of (3.1). From the proof of ii) and iii) we
see that (A;) and (A,) imply that any A >0 and A <0 can not be a
root of (3.1). O

PrROOF OF THEOREM 2.2.

i)

ii)

Assume u(P) < 1. Similar to the proof of Theorem 2.1 ii), we see that
any A > 0 is not a root of (3.1). Assume A= —s <0 is a root of (3.1).
Then by Lemma 3.1 and from (3.1)

V(F(—s)) = v(s¥(1 — Pe™) + Qe*) < 0.
Since N is even,
0> v(F(—s) >s"(1 — u(P)e”) + v(Q)e™
which implies that u(P)e” > 1. As a result
sV > [u(P)]™ (@) (1 — [u(P)] e~ !

= i [u(P)]~*+Dy(Q)est e+ Lr+al
k=0

s[—(k+ Dr+ r]e:IN

> g*[u(m]“““v(g)[ 5

that is,

N N
2 PN~k + r + 7]V < <—> -
3 e
Assume p(P) > 1. 1If Ais a real root of (3.1), then 1 # 0 and AV > 0. By
the proof of i), (A;) implies that 4 < 0 cannot be a root of (3.1). By the
proof of Theorem 2.1 iii), (A,) implies that A > 0 cannot be a root of
(3.1). O

PrROOF OF THEOREM 2.3 AND 2.4. Similar to those of Theorem 2.1 and
2.2. To show the difference we only give an outline of the proof of Theorem
2.3 ii) as an example.

Corresponding to (3.4) we now have

V>3 S P)TvE)et (36)

j=1k=0
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>33 [v(P)]*v(Q,-)[M]N,

j=1k=0 N

that is,

i i VP v(Q) [kr + 71" < < g) ,

j=1k=0

contradicting (2.2). From (3.6) we also have

m

sV = (Y v(@)e)( i [v(P)I*e*)
k=0

j=1

> m([]v(@)e™) ™ § [v(P) e

k=0

8

O

= mgq Z [V(P)]kes(kr+r)

k=0
>mg 'y [v(P)]k[s—(k’—*l)—e}N,
k=0 N
that is,
mq Y. [v(P)]*(kr + DV < <E)N,
e

contradicting (2.3). O

ProofF oF THEOREM 2.5. The characteristic equation of eq. (2.4) is

det (AN(I — Pe ™) + Y (Gje % — H;e %)) = 0. (3.7)
j=1

J

Let

F(A) = AN — Pe™*) + (Gje_’“’f _ Hje—hj)‘

IF

j=1

Then 1 =0 is not a root of (3.7) since the assumption before Theorem 2.5
implies that

WEFO) = V(Y. (G~ H) > Y. (v(G)) — u(H}) > 0.
j=1 j=1

Hence det F(0) # 0.

i) Assume v(P)>1 and o;<7t;<r. If A>0 is a root of (3.7), then by
Lemma 3.1
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m

0= v(F(A) = A¥(1 — u(P)e™™) + ), (v(Ge™*" — u(H))e™*)

j=1

> 1ML~ u(P)e™¥) + 3. (/(G) — u(H)e ™.

J

This is a similar inequality to (3.5) for eq. (2.1). By a similar discussion
we can get a contradiction to (B,) where v(Q;) are replaced by v(G))
—u(H),j=1,...,m. IfA<0isarootof (3.7), let A = — s, and denote
¢(s) = —s"Ie™™ — P)+ Y (Gje ™) — Hje s ™),
i=1
a(s) = — sN(Ie > — P)

ﬂj(s) — Gje_s(r_ﬂ'j) _ Hje_s(r_'[j)’

3.8)

j=1,...,m.
Then det (¢(s)) = 0, and since N is odd,
v(a(s)) = sM(— e + v(P)) > 0,
V(Bi(s)) = v(G)e > ™) — u(H)e >~ L £(s),

j=1,..m.
We have £;(s) > 0 if and only if

1 G;
SS lnﬂéaﬁ ]=1a7m
T;j—0j #(Hj)

Set a = 1m_in {a;}. We have v(¢(s)) >0 for 0 <s <a. Consider the
<J<m
case that s >a. Then

v(a(s)) > — (E)N + a¥v(P),

er
and since

2i(s) = —v(G)(r —0))e "% + u(H)(r — t;)e s~
we see the minimum of /¢ ; are attained at

s 1 In v(G)(r—a))

J

T, — 0; ,u(Hj)(r—rj)_ >
and thus

V(B(5)) = £;(5) = £(s)) = v(G))e b9 — (H )e b=,

j=1,...,m.
Therefore by (3.8) and (2.5)
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V() 2 V() + Y, V(B (9)

m

NV
> — <f> +a"v(P) + Y [v(G)e b — u(H)e ®*" 9] >0
er i

ji=1
contradicting that det (¢(s)) = 0.

ii) By Lemma 3.1, v(P) > 0 implies that P~* exists. Then (3.7) is equivalent
to

det (— AN(I — P~ 'e™) + Z [P™1G;e*r~) — P H,e*" ")) = 0.

ji=1

With 4 = —s, we have

det (sN(I = P™'e™) + Y [P71Ge™*¢~) — P~ He™5¢~%])=0.  (39)

j=1
Then we have a duality between (3.7) and (3.9) as follows:
(P,Gj,Hj,0;,t)«— (P, P"'G;, P"'Hj,r —0;,r —1)).

Using this duality and part i) we obtain the desired result. O

4. Discussion for special cases

Here we mention the work by Gyori and Ladas in [7] where eq. (1.1)
is considered for the case that N =1, P is a diagonal matrix with diagonal
entries p',...,p, such that 0<p, <1, i=1,...,n v,(Q)>=0 where v{(Q)
denotes the Lozenski measure defined in Section 1. Some comparison results
with delay equations are obtained. An explicit condition for oscillation
(actually componentwise oscillation) is given there:

If P =pl for pe[0, 1] (hence v,(P) = p), and

S 3 (BT (@) kr + 1) > 2

j=1k=0
then eq. (1.1) is (componentwise) oscillatory.

Obviously this result is included in Theorem 2.3 ii), and the equality in
(B,) is not valid there.

A special case for eq. (1.1) is that P and Q;,j=1,...,m, are symmetric
matrices. Since for any symmetric matrix A4, u,(A4) = 4,(4), v,(A4) = 4,(4) and
u(A) = A,(A), v(4) < 4,(A) for any Lozenski measures, then if we use u, and
v, in the previous theorems, they will give the best results among those using
all the Lozenski measures.
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Another special case for eq. (1.1) is the scalar case, i.e., P and Q;,
j=1,...,m are constants, hence

u(P)=v(P)=P, ”(Qj)‘_‘v(Qj)sz’ j=1,---’m

Therefore, if we substitute P and Q; into u(P) or v(P), u(Q;) or v(Q),j=1,...,m,
respectively, the previous theorems will give criteria for oscillations of scalar
equations. It is easy to see they include and improve the following known
sufficient conditions for oscillation, see [2-6, 8, 9]:

m 1_ m m 1_
AL N=1,0<p<l, qurj>*por(]_[qj)”"'(er)>—p,or
i=1 e j=1 €

i=1

m -1
p=Lr>1(j=1,.,m) and ) q;(r —1)> p__‘
e

j=1

2 2

B. N=2m=10<p<]1, p'lq(r—r)2><—> .
e

C. Nisodd, m=1, 0<p<1, and either one of the following:
N N
i) qu><—> ,
e
N
i) (- > ( )
1—p
N
iii) gl + pt + V] > < >
e
n+1
iv) qp ( >
p._

V) max(lr+r)qu ><e> .

o | =

N N
D. Niseven, m=1,0<p<1 and p‘lq(r—r)N><—> .
e
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