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Introduction

A number of papers published in recent years have actively studied the
relationship between the structure of a Lie algebra to that of the lattice of
its subalgebras. In these studies, Lie algebras whose proper subalgebras are
either semisimple, abelian or almost-abelian (that we shall call X-algebras for
short) have occurred frequently (c.f. [9], [10], [13]). For instance, Lie
algebras with a relatively complemented lattice of subalgebras are X-algebras
(Gein and Muhin [10]). Of special interest are the Lie algebras in which
every subalgebra of dimension > 1 is simple (supersimple Lie algebras).

The purpose of this paper is first to investigate the structure of an
X-algebra; and secondly to study upper semi-modular, relatively complemen-
ted, supersimple, and minimal non-modular Lie algebras; and thirdly to
determine the Lie algebras with a subalgebra lattice of length 3 as well as
their corresponding subalgebra lattices.

In section 1, we consider Lie algebras L having an element x such that
C;(x) is abelian and dim N (C.(x))/C.(x) < 1. This class of Lie algebras
contains all X-algebras and the Lie algebras having a self-centralizing
ad-nilpotent element (which have been determined in [4]). If N (C.(x)) =
C.(x), then we show that x lies in the center of L. If dim N (C.(x))/C.(x) =1,
then we get that either N, (C,(x)) is nilpotent, C,(x) <L, or L/Z(L) has a
self-centralizing ad-nilpotent element.

Moreover, we prove that the Engel subalgebras of a simple Lie algebra
of dimension > 3 are neither almost-abelian nor 3-dimensional simple. This
section finishes with two criteria for an element of a Lie algebra to be
ad-semisimple.

In section 2, we study the structure of a nonsolvable X-algebra. Solvable
X-algebras have been studied in Gein [12, Theorem 3].

In section 3, we use results in the previous sections to study upper
semi-modular and relatively complemented Lie algebras. It is known that
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every upper semimodular Lie algebra is relatively complemented (see
[17]). Gein [9] proved that an upper semimodular Lie algebra is either
abelian, almost-abelian or supersimple. We obtain this same result for
relatively complemented Lie algebras of characteristic # 2, 3. If the ground
field F is perfect with char (F) # 2, 3, then every supersimple Lie algebra is
3-dimensional non-split ([21]). An example of a supersimple Lie algebra of
dimension 7 over a perfect field of characteristic 3 is given in [12, Example
2], every proper subalgebra of this algebra is either 1-dimensional or
3-dimensional non-split simple.

The existence of supersimple Lie algebras over a field F of characteristic
> 3, other than the 3-dimensional non-split, is an interesting open problem.
By contrast with the characteristic 3 case, we obtain that such Lie algebras
cannot contain 3-dimensional non-split proper subalgebras. Therefore, there
exists a supersimple Lie algebra over F of dimension greater than three if
and only if there is over F a Lie algebra of dimension > 3 whose non-trivial
subalgebras are 1-dimensional.

In section 4, we assume that F is perfect with char (F) # 2, 3. We prove
that if L is simple and minimal non-modular then either L= sl(2), or L has
only abelian subalgebras, or L is 3-dimensional non-split simple over its
centroid. This result is a slight refinement of a Gein’s result [12].

In section 5, we determine the Lie algebras whose lattice of subalgebras
has length 3 and the structure of the corresponding lattices of subalgebras. In
particular, we show that the lattice-theoretical characterization of the algebra
sl (2, F) given by Gein in [11], when F has characteristic 0, remains true when
F is any perfect field of characteristic p # 2, 3.

A Lie algebra L is called almost-abelian if there exists a basis a,,...,a,, x
for L with product [a;, a;] =0, [a;, x] =aq; for i,j=1,...,n

Throughout L will denote a finite dimensional Lie algebra over a field
F, and @ will be an algebraic closure of F.

1. On Lie algebras containing an abelian centralizer

If L contains a self-centralizing ad-nilpotent element x, then N (C.(x)) is
2-dimensional almost-abelian (see [4]). It is easy to see that if L is a
semisimple X-algebra, then N, (C.(x)) is either abelian or almost-abelian for
every x€ L~(0). This leads us to study Lie algebras having an element x such
that C,(x) is abelian and dim N, (C.(x))/C.(x) < 1.

Let x be an element of a Lie algebra L. We will denote by E,(x) the
Engel subalgebra of L relative to x; that is E;(x) is the Fitting null-component
of L relative to the linear transformation ad x.



Lie algebras 223

LemMa 1.1. Let xeL such that C,(x) is abelian. Then the following
holds:

1) N.(C.(x)) = Ker(ad x)* is a subalgebra of L.

2) If in addition N (C,(x))/C.(x) is abelian, then Ker(ad x)® is a
subalgebra too.

Proor. (1): Clearly, N, (C.(x)) < Ker (ad x)*>. Let yeKer (ad x)>. Then
[yx]JeC.(x). For every ceC.(x) we have [[yc]x]=[[yx]c] =0, so that
[yc]eC.(x). This means ye N, (C,(x)).

(2): Let u, veKer(ad x)*>. Since [ux], [vx]eKer (ad x)> = N (C.(x)), we
have

[[ux], [vx])e N (CL(x)) < Cp(x).

This yields, [(ad x)*(u), [vx]] = — [[ux], (ad x)*(v)]. Then, by using Leibniz’s
rule we obtain (ad x)*[uv] = 0. So that, [uv]eKer (ad x)3.

ProposITION 1.2. Let xe L such that N;(C,(x)) is abelian. Then E,;(x) =
CL(x).

PrOOF. As N (C.(x)) is abelian, we have N, (C.(x))= C.(x). On the
other hand, N (C(x)) = Ker (ad x)* by Lemma 1.1. This yields, E; (x) = C(x).

LEMMA 1.3. Lex x be an ad-nilpotent element of L such that C,(x) is
abelian and dim N (C.(x))/C.(x) = 1. Then the following holds:

1) The simple elementary divisor polynomials of ad x have the form:
A, A,...,A where r > 1.

2) Either C.(x) <L or Cp(x) = Z(NL(CL(x)) + Fx.

Proofr. (1): By Lemma 1.1, N, (C,(x)) = Ker (ad x)>. Then, (1) follows
from dim N;(C.(x))/CL(x) =1 and a Jordan matrix argument.

(2): Assume N (C.(x)) # L. Then, there exists ueKer (ad x)*-Ker (ad x).
Put N,(C.(x)) = C.(x) + Fy. Since [ux]eN.(C.(x)), we can decompose
[ux] = co + oy where coe Cp(x), ae F. If a =0, then we have [[ux]x] = [cox]
=0 and so ueKer (ad x)?, which is a contradiction. Therefore, a # 0. For
every ce C(x), we find

[[uc]x] = [[ux]c] = [co, ] + alyc] = alyc]e N (CL(x)) < Cp(x).

Then, for every c'€C.(x), [[[uc]lcIx]=[[luclx]c'] =0 since C,(x) is
abelian. This yields, [uc]e N (C.(x)). Then we can write [uc]=c; + By
where ¢, e C;(x) and feF. So, [[uc]x] = f[yx]. This yields, a[yc] = p[yx]
and so [y, ac — px] =0. Therefore, ac — fxeZ(N (C.(x)). From this it
follows (2).
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THEOREM 1.4. Assume char (F) # 2. Let xeL such that C,(x) is abelian
and dim N, (C.(x))/C.(x) =1. Then one of the following holds:

1) Cp(x)<<E.(x).

2) N (CL(x)) is nilpotent.

3) E.(x)/Z(E.(x)) is a simple Lie algebra having a self-centralizing
ad-nilpotent element (the element x + Z(E,(x)) is such an element).

Proor. We may assume without loss of generality that E,(x) = L. By
Lemma 1.3, the simple elementary divisor polynomials of ad x have the form:
A, A,...,A where r > 1. Thus, from the Jordan canonical matrix for ad x it
follows that there exits a basis u,,...,u,, vy,...,0; for L with [u;, x] = u;_, for
2<i<r and [u, x]=[v;,x]=0for 1 <i<s. Let1l<m<s, then we see
that Ker (ad x)" is the span of u;, v, for j=1,...,m; k=1,...,s.

Assume C,(x) L. Let Z:=Z(N.(C.(x)). By Lemma 13, C,.(x)=
Z + Fx. Thus we may decompose u; = ax + z, where ae€F, zoeZ. Suppose
o =0. Then we have [u,[u,, x]]=0. This yields that u, acts nilpotently
on C;(x), so N, (C.(x)) is nilpotent. Therefore, (2) holds. Now assume
o« # 0. Then we claim that Z = Z(L). Clearly, [Z,u,]=0. Let 2<i<r.
We argue by induction. Suppose that [Z, u;] = 0forj <iandlet zeZ. Then
we find [[z, u;+,1x] = [z, u;,] + [[zx]u;+11=0, so [z, u;;,]€C.(x). Decom-
pose [z, u;,,] = fx + z, where feF, z,eZ. Then we have,

[[uis 1, uplz] = [uylz, w1 = Buy = Pax + fz,.

On the other hand, by using Leibniz’s rule we obtain (—1)'(ad x)' [u4;4,, t,] =
(i— Douy. It follows that [u;,,,u,]eKer(ad x)'*! and that [u;,,, u,] =
(i— Dou;,; (modKer(adx)). Then, [z[ujs,, u]11=0G— Dafz, u;1,]=
(i — Da(fx + z,). This yields, (1 —i)af = Pa and (1 —i)az, = fz,. Since
o« #0 and i > 1, we get f =0 and then z;, =0. This yields, [z, u;,,]=0. It
follows Z = Z(L), and the claim is proved.

Now we consider the Lie algebra L= L/Z(L). Let x:=x + Z(L). We
see that x is a self-centralizing ad-nilpotent element of L. So, Theorem 2.8
of [4] applies and L/Z(L) is either 2-dimensional nonabelian or simple. In
the former case, we have C,(x) <L a contradiction. Therefore, L/Z(L) is
simple. The proof is complete.

CoroLLARY 1.5. Assume char (F)# 2. For a Lie algebra L, the
following are equivalent:

1) L has an ad-nilpotent element x such that (ad x)? # 0, C,(x) is abelian,
N, (C.(x)) is non-nilpotent and dim N, (C,(x))/C.(x) = 1,

2) L/Z(L) is simple and has a self-centralizing ad-nilpotent element.

Proor. (1) implies (2) follows from Theorem 1.4 and Lemma 1.1. To
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prove the converse, let x:= x + Z(L) be a self-centralizing ad-nilpotent element
of L=L/Z(L). Then, by Theorem 2.8 of [4] it follows that N(C;(X)) is
2-dimensional non-abelian. So, N, (C,(x)) is non-nilpotent. It is easy to verify
that x satisfies the remaining conditions in (1).

COROLLARY 1.6. Assume char (F) # 2. Let xe L such that N;(C,(x)) is
almost-abelian. Then E;(x) is either almost-abelian, isomorphic to sl (2, F) or
a form of an Albert-Zassenhaus algebra (in the latter two cases C,(x) = FXx).

Proor. Let A denote the derived subalgebra of N (C.(x)). Since
N, (C.(x)) is almost-abelian, we have that A4 is abelian, dim N, (C.(x))/4 =1
and that every proper ideal of N,(C,(x)) is contained in A. This yields,
A=C/(x). On the other hand, we have Z(E,(x))<C,;(x) and thus
Z(E (x)) < Z(NL(CL(x)). Since N (C.(x)) is centerless, so is E;(x). Then, by
Theorem 1.4 it follows that either E;(x) = N, (C.(x)), and then E;(x) is
almost-abelian, or E,(x) is simple and C,(x) = Fx. Now, the result follows
from Theorems 2.8, 7.1 and 8.1 of [4].

CoroLLARY 1.7. Let L be simple. Then the following are equivalent:

1) L contains a self-centralizing ad-nilpotent element,

2) L contains an ad-nilpotent element x such that N, (C,(x)) is
almost-abelian.

Next, we prove that none of the Engel subalgebras of a simple Lie algebra
is almost-abelian or isomorphic to sl(2). For this, we will need the following
lemma which will appear in [22]. We include it by completeness.

Lemma 1.8. Let L be a simple Lie algebra of dimension greater than 3
over an arbitrary field F of characteristic p #2,3. Assume xeL is
self-centralizing. Then one of the following holds:

1) E;(x)=Fx and Lis a form of an Albert-Zassenhaus algebra,

2) E,(x) is a form of an Albert-Zassenhaus algebra and p|dim L.

Proor. Let I' denote the centroid of L. Since I'x is an abelian
subalgebra of L, we have that I'x<C,(x)=Fx. So I'=F, thus L is
central-simple. Let Lo=L® Q2. We have that L, is simple over Q.

By using [4, Theorems 2.8, 7.1 and 8.1], we obtain that E;(x) is either
1-dimensional, 2-dimensional non-abelian, isomorphic to sl (2, F) or a form of
an Albert-Zassenhaus algebra. First suppose that dim E;(x) = 1. Then we
find that Qx is a Cartan subalgebra of L,. So L, is an Albert-Zassenhaus
algebra by [6]. Therefore L is as in (i).

In the remaining cases we have that xeE;(x). Then, we can write
x = X [a;, b;] where a;, b,e E;(x). Let L= E;(x) + V be the Fitting decom-
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position of L relative to ad x. By [14, p.38], V is invariant under ad y for
every ye E;(x). Then, we obtain that ad x has trace zero on V. So p divides
dim V whenever p > 0. Therefore, if E;(x) is a form of an Albert-Zassenhaus
algebra we obtain that p|dim L.

On the other hand, we have that (E,(x)), contains a Cartan subalgebra
C of L, by [3]. Now assume tht E;(x) is either 2-dimensional non-abelian
or isomorphic to sl (2, F). Then, as C is also a Cartan subalgebra of (E.(x))q,
we find dim C = 1. This yields that L, is an Albert-Zassenhaus algebra, by
[6] again. In particular, we find that dim L= p" for some n. But, from
pldimV and L=E;(x)+ V it follows that dim L=2,3 (modp). This
contradiction completes the proof.

ProposiTION 1.9. Let L be a simple Lie algebra of dimension > 3 over
a field of characteristic p # 2, 3. Then, none of the Engel subalgebras of L
is almost-abelian or 3-dimensional simple.

Proor. Let xeL. First we note that E;(x) cannot be isomorphic to
sl (2, F), since otherwise we would have C,(x) = Fx which contradicts Lemma
1.8. Now assume that E;(x) is almost-abelian. Then C,(x) is an abelian
ideal of E;(x) and E,(x) = C.(x) + Fy where ad y acts as the identity map
on C;(x). Let I" denote the centroid of L. We have that I'y is an abelian
F-subalgebra of L and (ad x)2(I'y) = I'[[yx]x] = 0. This yields, I'y < E,(x)
NCL(y)=Fy and so I' = F. Therefore, L, = L&) 2 is simple. As (E.(x))q
is the Engel subalgebra of L, relative to x, (E.(x)), contains a Cartan
subalgebra H of L, by Barnes [3]. We have dim H =1 since (E, (X)), is
almost-abelian and H 1is also a Cartan subalgebra of (E (x)),. Say
H=Qh We can decompose h=cy,+ ay where coe(C(X))g, €. Let
ceC.(x). We have [ch] = a[cy] = ac since (C.(x)), is abelian. So, C,(x) is
contained in a root space of L, relative to H. Then by Corollary 3.8 of [6]
it follows that C,(x) is 1-dimensional. This yields, C,(x)= Fx which -
contradicts Lemma 1.8. The proof is now complete.

CoroLLARY 1.10. Let L be a simple Lie algebra of dimension greater
than 3 over a field of characteristic p # 2, 3. Let xe L such that N (C.(x))
is almost-abelian. Then E;(x) is a form of an Albert-Zassenhaus algebra and
pldim L.

Proor. It follows from Corollary 1.6, Proposition 1.9 and Lemma 1.8.

We finish this paragraph showing two criteria for an element x of a Lie
algebra to be ad-semisimple. We will need them in sections 2 and 3.
We will say that ad x is separable if its minimum polynomial is separable.

LEmMMA 1.11. Let x be an element of a Lie algebra L over a field F.
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(1) If ad x is separable and C,(x) is a maximal subalgebra of L, then
ad x is either nilpotent or semisimple.

(2) Assume char (F) #2,3. If Lis simple and E;(x) = Fx, then ad x is
semisimple and separable.

Proor. (1): Suppose C,(x) is a maximal subalgebra of L. Since,
C.(x) < E.(x) < L it follows that either C,(x) = E;(x) or E,(x)=L. In the
latter case, we have that ad x is nilpotent. Then suppose C,(x) = E (x). Let
K be a splitting field of the minimum polynomial of ad x over F, and let
Ly=L®rK. Let U denote the direct sum of all eigenspaces of Lk relative
to ad x. As E;(x) # L, x acts non-nilpotently on L. So, ad x is not nilpotent
on Lyg. Therefore, ad x has a nonzero eigenvalue on Lg. This yields
U # (CpL(x))k-

Let G be the Galois group of K over F. Then, for each g€ G the K-linear
map ¢ =1® ¢ is a Lie-automorphism of Ly. As K is a Galois extension
of F, an element of Ly lies in L if and only if it is fixed by ¢ for every
oeG. Let z be an eigenvector of Ly relative to ad x, so [z, x] = az for some
acK. We find,

[0'(2), x] = [0'(2), 0’ (x)] = 0'[2, x] = 0 (@) 7" (2).

This yields, ¢'(U) < U for every 0 G. Therefore, (UnL)g = U (see [7, p. 54]).

We have (C, (x))x < U =(UnL)g, whence C;(x) < UnL. Since UNL is
a subalgebra of L, from the maximality of C,(x) it follows either UnL= C,(x)
or UnL= L. In the former case, we find U = (UnL)g = (CL(x))x which is
a contradiction. Consequently, UnL= L. This yields, U = L. Therefore,
ad x is semisimple on L.

(2): Suppose L is simple and E;(x) = Fx. Let I denote the centroid of
L. Since [yx, x] = y[x, x] =0, we have I'x < E;(x) = Fx. This yields I'=F
and so L, is simple. Since E,(x), is the Engel subalgebra of L, relative to
ad x, we have that Qx is a Cartan subalgebra of L,. The result now follows
from Corollary 3.8 of [6].

2. Lie algebras all of whose proper subalgebras are either semisimple,
abelian or almost-abelian

ProposITION 2.1. Assume char (F)# 2. For a Lie algebra L the
following statements are equivalent:

1) Every subalgebra (including L itself) is either semisimple, abelian or
almost-abelian,

2) For every aeL— (0), N (a)) is either abelian or almost-abelian.
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Proor. (1) implies (2): Let acL —(0). Since Fa < Z(C.(a)) <N (C.(a)),
we have that N (C,(a)) is not semisimple. Therefore, N,(C,(a)) is either
abelian or almost-abelian.

(2) implies (1): Let S be a subalgebra of L of dimension > 1. Assume
that S is not semisimple. So that, S has an abelian minimal ideal A. Pick
ae A —(0). Then, ad a is nilpotent on S and so S < E;(a). Assume N, (C_(a))
is abelian. Then E (a) = C,(a) by Proposition 1.2, and so S is abelian. Now
assume that N, (C.(a)) is almost-abelian. Then, by Corollary 2.6 we have
that either E,(a) is almost-abelian or C;(a) = Fa. In the former case, we have
that S is either abelian or almost-abelian. In the latter case, by using Theorem
2.8 of [4] we obtain that S is 2-dimensional nonabelian. The proof is
complete.

THEOREM 2.2. Let L be a nonsolvable Lie algebra over a field F with
char (F) # 2, 3. Assume that every proper subalgebra of L is either semisimple,
abelian or almost-abelian. Then one of the following holds:

1) Lz=sl(2, F).

2) L=Fa®L,L is simple, and L' is the only proper subalgebra of L
which is not abelian.

3) Z(L)#0,L/Z(L) is simple, and L has only abelian proper subalgebras.

4) L is semisimple and the last term L™ in the derived series of L is
simple. If L™ # L then L has no nonzero ad-nilpotent elements. If L™ =L,
then for every ae L — (0) either E,(a) is abelian or C,(a) = Fa and E,(a) is a
form of an Albert-Zassenhaus algebra (in particular, L contains no almost-
abelian subalgebra of dimension greater than two).

PrOOF. Let us first suppose that L is not semisimple. Then there exists
a nonzero maximal abelian ideal A of L. Since A < Z(C.(A4)), we have that
C.(A) is neither semisimple nor almost-abelian. So, C,(A) is abelian. By the
maximality of A4, it follows C,(4)= A, or L. Assume C,(4)= A and let
x,yeL— A. Then A + Fx and A + Fy are solvable but not abelian, so they
are almost-abelian. Thus, there exist A, ue F such that [ax] = Aa, [ay] = pa
for every ae 4. We find,

Apa = Alay] = [[ax]y] = [a[xy]] + [[ay]x] = [a[xy]] + pta,

whence [a[xy]] =0 for every aeA. This yields, L' < C,(A)=A so L is
solvable, which is a contradiction. Therefore, C;(4A) = L. Thus A = Z(L) and
then Z(L) is the unique maximal abelian ideal of L. This yields that L/Z(L)
is simple. Now suppose that there exists a nonabelian proper subalgebra S
of L. Then S must be either semisimple or almost-abelian. Choose
zeZ(L)-(0). Then S + Fz =L, since ze Z(S + Fz) # S + Fz. It follows that
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S=L,Z(L)=Fz and L/Z(L)= L. We deduce that L' is simple and that
it is the unique nonabelian proper subalgebra of L. Hence, L is either as in
(2) or (3).

We assume that L is semisimple and Lz sl (2, F). Let aeL —(0). By
Proposition 2.1, N, (C.(a)) is either abelian or almost-abelian. By using
Proposition 1.2 and Corollary 1.6 we obtain that E,(a) is either abelian,
almost-abelian, or simple with C,(a) = Fa. Assume that L is not simple an
let N be a minimal ideal of L. Pick be N — (0). We have L= N + E(b) since
N contains the Fitting 1-component of L relative to ad b. Thus, L/N =
E (b)/E.(b)nN. Since beE, (b)nN <E.(b), we have that E;(b) is not
simple. So, E,(b) is either abelian or almost-abelian. This yields that L/N
is solvable. Thus N =L and N is the unique minimal ideal of
L. Moreover, we have that N cannot be abelian or almost-abelian, so N is
semisimple. From the minimality of N it follows that N is simple (see
[23, p.30]). Now suppose L= L®. Then by Proposition 1.9 none of the
Engel subalgebras of L is almost-abelian. Let S be an almost-abelian
subalgebra of L. Pick aeS’, a#0. We have S<E;(a) and §' = C.(a). Tt
follows that E;(a) cannot be abelian and so C,(a) = Fa. Therefore dim S = 2.
This completes the proof.

A field F is said to be a field of type (C,) if every homogeneous polynomial
f(44,...,4,) over F of degree less than the number n of variables has a nontrivial
root in F".

CoROLLARY 2.3. Let F be a perfect field of type (C,) with char (F) # 2, 3.
Let L be a non-solvable Lie algebra whose proper subalgebras are either
semisimple, abelian or almost-abelian. Then, L= sl (2, F).

Proor. By Corollary 1.3 of [20], every Lie algebra over F contains
nonzero ad-nilpotent elements. Thus it is clear that (2) in Theorem 2.2 cannot
occur. Next suppose L is as in (3) in that theorem. Then, we have that
every element of L/Z(L) is ad-semisimple by Theorem 4.1 of [8]. This yields
that L/Z(L) contains no nonzero ad-nilpotent elements a contradiction
again. Now suppose that L is as (4) in Theorem 2.2. Then we have that L
must be simple and that every nonzero ad-nilpotent element must be self-
centralizing. But then, we find that L contains a solvable subalgebra which
is neither abelian or almost-abelian (see Theorem 7.1 of [4] and Theorem 3.1
of [5]), which is a contradiction. Therefore L= sl (2, F) by Theorem 2.2.

The following example shows a simple Lie algebra in which every proper
subalgebra is either 3-dimensional simple, 2-dimensional nonabelian or
1-dimensional.
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ExaMmPLE. Let AeF. We denote by W ,(4) the derivation algebra of
F[X]/(X? —A). It is well known that Wi ,(4) is simple. Clearly, W ;(4)
contains self-centralizing ad-nilpotent elements, so that W} ;(4) has almost-
abelian subalgebras of dimension two.

Let F be non-perfect and let Ae F — F?. Then we prove that every proper
subalgebra of W ;(4) is either 3-dimensional simple, 2-dimensional nonabelian
or 1-dimensional. Let L= W;,(1). We have that L, is isomorphic to the
Witt algebra over 2. So L, has a unique subalgebra (Ly), of codimension
one, and every proper subalgebra of L, not contained in (L), is either
2-dimensional nonabelian, 1-dimensional or isomorphic to sl(2, 2) (see
Corollary 3.10 of [4]). Let S be maximal among subalgebras of L with
So < (Lg)o. First assume that every element of S is ad-nilpotent on L. Then
by Engel’s theorem N, (S)# S. By our choice of S, we have (N.(S))g £ (Lg)o-
Pick xe(N.(S))a, x¢(Lg)e- Since no eigenvector of ad x lies in (Lg), (see
Lemma 3.7 of [4]), we have S = 0. Next assume that S contains an element
y such that ady is not nilpotent. By Proposition 1.9, E;(y) is neither
almost-abelian nor 3-dimensional simple. It follows that (E.(y))o < (Lg)o-
Let E,(b) be the minimal Engel subalgebra of L contained in E,(y). By [3],
E;(b) is a Cartan subalgebra of L. So that (E. (b)), is a Cartan subalgebra
of L, Thus, (E_ (b)), =Qb. Since Qb < (Lg)y, we have that (Lg), is a
direct sum of root spaces relaces relative to ad b. On the other hand, we
have that ad b is semisimple and separable over F (Lemma 1.11). Let K < Q
be the splitting field of the minimal polynomial of ad b over F. Since every
root space of L, relative to ad b is 1-dimensional, we deduce that Lg has a
subalgebra M such that M, =~ (L,),. We have that M is invariant under all
automorphisms of Lk since it is the unique subalgebra of Ly of codimension
one. Since K is a Galois extension of F, it follows that there exists a
subalgebra N of L such that Ny = M. We have dim L/N = 1. Then, since
L has a self-centralizing ad-nilpotent element, from Theorem 3.9 of [4] it follows
that L is isomorphic to the Witt algebra W; ,(0). This yields AeF?, a
contradiction. We conclude that Qx < (L), for every xe L — (0). From this
it follows that every proper subalgebra of L of dimension greater than one is
either 2-dimensional nonabelian or 3-dimensional simple, as desired.

For perfect fields F of characteristic p # 2, 3, Gein [12, Proposition 3]
has proved that a semisimple Lie algebra L, not isomorphic to sl (2, F), whose
proper subalgebras are either abelian, almost-abelian or 3-dimensional non-split
simple is simple ad-semisimple (that is, ad x is semisimple for every
xeL). From this it follows that L contains no almost-abelian subalgebras
(see Proposition 1.2 of [8]). Next, we give a proof of this last result which
works for any field of characteristic neither 2 nor 3. More generally, we
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obtain the following

COROLLARY 2.4. Let L be a semisimple Lie algebra over an arbitrary
field F with char (F)# 2,3. Assume that every proper subalgebra of L is
either abelian, almostabelian or 3-dimensional simple. Then one of the
following holds:

1) L=sl(2, F).

2) L=~ W,(4) for some AeF — FP.

3) Lis simple having no nonzero ad-nilpotent elements and every proper
subalgebra of L is either abelian or 3-dimensional non-split simple. If F is
perfect, then L is ad-semisimple.

Proor. If L' # L, then by our hypothesis L' is 3-dimensional simple.
Thus every derivation of L' is inner. By [14,p.11], L= L @ K for some
ideal K. But since K =~ L/L’, we have that K is abelian which contradicts
the semisimplicity of L. Therefore L' = L. Then, by Theorem 2.2, we get
that L is simple. Now suppose that L contains no nonzero ad-nilpotent
elements. Then, for every ae L — (0) the Engel subalgebra E,(a) is abelian.
This yields that L contains no almost-abelian subalgebras. Since sl (2, F) does
contain almost-abelian subalgebras, it follows that every proper subalgebra of
L is either abelian or 3-dimensional non-split simple. So, Lis an in (3). The
last assertion in (3) follows from Lemma 1.11.

Next suppose that L has a nonzero ad-nilpotent element x. Then
E,(x)=L and Cj(x) = Fx by Theorem 2.2. If dim L= 3, then we have
L=>sl(2, F). Suppose dim L> 3. Let S denote the kernel of the derivation
(ad x)’. We have that S is a simple subalgebra of L of dimension p, by
Theorem 2.8 of [4]. This yields S = L and so (ad x)? =0. Thus Lis a form
of the Witt algebra W, ;(0). Let yeL such that ad y is not nilpotent. Since
E.(y) cannot be either almost-abelian or 3-dimensional simple (Proposition
1.9), it follows that E,(y) is abelian. Thus E;(y) is a Cartan subalgebra of
L. This yields, dimE,(y)=1 and so E;(y)=Fy. Let L,=Qy® (Lgy),
@ - ®(Lg),-1). be the decomposition of L, into its root spaces relative to
the Cartan subalgebra Qy. Since every root space has dimension one, it
follows that the minimal polynomial of ad y has the form X? — fX where
BeF —(0). So, the derivation (ad y)’ is inner. We conclude that L is
restricted. Therefore, L is isomorphic to W; ;(4) for some AeF (see [1]). If
A€ FP, then L is isomorphic to the Witt algebra W; ,(0). But then, L contains
a subalgebra of codimension 1 which is neither abelian, almost-abelian nor
simple. Therefore, A¢ FP. The proof is complete.

For perfect fields of characteristic p # 2, 3, we shall give in section 4 more
information on the structure of a Lie algebra satisfying conditions in Corollary
24.
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3. Modular and relatively complemented Lie algebras

A Lie algebra L is called modular, upper semi-modular or relatively
complemented if its lattice of all subalgebras has the corresponding
property. The study of these classes of Lie algebras was begun by Kolman
in [15]. Of course, every modular Lie algebra is upper semimodular; and
by Maeda [17], every upper semi-modular Lie algebra is relatively
complemented. For perfect fields of characterisric not 2 or 3, these three
concepts are equivalent (Gein [12]).

For arbitrary fields, Gein [9] has proved that an upper semi-modular Lie
algebra is either abelian, almost-abelian, or a Lie algebra in which any two
linearly independent elements generate a simple subalgebra. Here, we obtain
this same result for relatively complemented Lie algebras over arbitrary fields
of characteristic # 2, 3.

First we note that the Lie algebras in which any two linearly independent
elements generate a simple subalgebra are precisely those in which every
subalgebra of dimension greater than one is simple (called supersimple Lie
algebras). Particular cases of supersimple Lie algebras are the Lie algebras
of dimension > 2 whose non-trivial subalgebras are 1-dimensional (in [12],
these algebras are called p-algebras).

In [19] it is proved that for a Lie algebra L over an arbitrary field F,
the following are equivalent: (i) L is supersimple, (ii) dim L > 2 and L contains
no 2-dimensional subalgebras, (iii) E,(a) = Fa for every aeL — (0) and
dim L> 1. By Lemma 1.11, it follows that a supersimple Lie algebra is
ad-semisimple. For perfect fields of characteristic # 2, 3, a supersimple Lie
algebra must be 3-dimensional non-split simple (Lemma 1.1 of [21]). An
example of a supersimple Lie algebra of dimension 7 over a perfect field of
characteristic 3 is given in [12, Example 2], in this algebra any two linearly
independent elements generate a 3-dimensional non-split subalgebra.

The existence of supersimple Lie algebras over a field F of characteristic
> 3, other than the 3-dimensional non-split simple Lie algebras, is an
interesting open problem. We prove that such Lie algebras cannot contain
3-dimensional non-split simple subalgebras. Therefore, there exists such a Lie
algebra if and only if there is a p-algebra over F of dimension greater than
three.

ProposITION 3.1. Let L be supersimple of dimension greater than 3 over
a field F of characteristic p > 3. Then L contains no 3-dimensional non-split
simple subalgebras.

ProOF. Assume on the contrary that L contains a 3-dimensional non-split
simple subalgebra S. Pick aeS —(0). Let K be a splitting field of the
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minimum polynomial of ada over F. Let Ly:=L&zK. By [19] Ka is a
Cartan subalgebra of Ly, and by [6, Corollary 3.8] each root space ¥, of Lg
relative to Ka is one-dimensional. Since Sg =~ sl (2, K), we have Sy = Ka®@ ¥,
@ V., for some root «. Let G denote the Galois group of K over F. Let
ceG and ¢ be the Lie automorphism of L defined by o. Say ¥, = Ke,.
Since every element of L is fixed by ¢’, we have

[0'(e,), a] = d'[e,, a] = a(x)a’(e,).

Moreover, o'(e)) € Sx. We deduce that o(x) = + «.  Let (Lg)® be the 1-section
of Lg corresponding to a, that is

L)®=Ka@V,® V@@ Vo 1)a

We have that (Lg)® is a subalgebra of Ly invariant under the action of ¢’
for every 6eG. As K is a Galois extension of F, it follows that (Lg)® = Uy
for some subalgebra U of L (see [7, p.54]). We deduce that U is a form of
the Witt algebra W;(). On the other hand, we have that U is ad-semisimple
since so is L. However, the forms of W, () are known not to be ad-semisimple
(c.f. [1]). This contradiction shows that L contains no 3-dimensional non-split
simple subalgebra, as desired.

THEOREM 3.2. Let L be a relatively complemented Lie algebra over an
arbitrary field F of characteristc # 2,3. Then L is either abelian, almost-
abelian or supersimple.

Proor. By Theorem 9 of Gein and Muhin [10], it follows that L is
either abelian, almost-abelian or semisimple. Note that every subalgebra of
Lis also a relatively complemented Lie algebra, so L is an X-algebra.

Let us first suppose that L is simple. Let aeL — (0). Then by Theorem
2.2 either E;(a) is abelian or C,(a) = Fa and dim E;(a) > 3. In the latter
case, from the Jordan canonical form for the transformation ad a, it follows
that E;(a) has a basis y_;, yo,..., ), with [y;,a]l=y,_, and y_, =a. We
see that Fy, + Fy_, is the only two-dimensional subspace of E;(a) which is
invariant under ad y_,. Now we take a complement K of the subalgebra
Fy, + Fy_, in the interval [Fy_,: E;(a)]; so that

Kv(Fyo+ Fy_)=E;(a) and Kn(Fy,+ Fy_;)=Fy_,.

Since K contains y_;, K is invariant under ad y_;. Nilpotency of ad y_,
implies that K contains a two-dimensional subspace which is invariant under
ady_,. This yields y,eK, which is a contradiction. Therefore, E;(a) is
abelian for every ae L —(0). From this it follows that every subalgebra of L
which contains nonzero ad-nilpotent elements is abelian. So that, L contains
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no almost-abelian subalgebras. Hence, every subalgebra of L is either abelian
or semisimple. Moreover, the field F must be infinite since otherwise L itself
would contain a nonzero ad-nilpotent element (see [20]). Next we claim that
every semisimple subalgebra of L is simple. To prove this assume that S is
a nonsimple, semisimple subalgebra of L of minimal dimension. Then by
Theorem 2.2 it follows that dim S/S’ =1 and S’ is simple. Pick be0. We
have Eg(b) < E;(b), so Eg(b) is abelian. Since every proper subalgebra of S
containing the Engel subalgebra Eg(b) is self-normalizing (see [3]), we have
Eg(b) £ §8'. So, Eg(b) = Eg(b)nS’ + Fc for some nonzero element c. Take a
complement C of Eg(b) in [Fc:S]. We have 0# CnS’, so that C is not
simple. Assume that C is abelian. Then, since S = E4(b) v C we have Fc < S
which is a contradiction. It follows that C is nonsimple and semisimple,
which contradicts the minimality of S. The claim is proved. Now we prove
that L contains no abelian subalgebras of dimension greater than one. Assume
on the contrary that A is a maximal abelian subalgebra of L of dimension
> 1. If N (A) # A, then as N, (A) is not simple, N;(A4) is abelian. Therefore,
A = N (A) by the maximality of A. Thus, A4 is a Cartan subalgebra of L. Let
aeA — (0). Pick a complement U of E;(a) in [Fa: L]. Since L=E; (a)v U
we have that U is simple; otherwise we would have Fa <{L, which is a
contradiction. Since Ey(a) = E;(@)nU = Fa, by Lemma 1.1 it follows that
ad a is diagonalizable on U,. Let V be the sum of the eigenspaces of L,
relative to ad a. We have U, + (E (a)), = V and since V is a subalgebra of
Ly, V=L, We deduce that ada is diagonalizable over L, for every
aeA. Let @ be the root system of L, relative to the Cartan subalgebra
Ago. Every root in @ is linear since A, is abelian. Then, as F is infinite,
there exists an element a, in A such that a(a,) # 0 and a(ay) # B(a,) for every
o fed, a # . Take a complement U of E;(a,) in [Fa,: L]. We have that
U is simple. Let ue U, be an eigenvector relative to ad a, corresponding to a
nonzero eigenvalue A. By our choice of g, there exists a unique root ae®
such that a(ay) = 4. It follows that u lies in the corresponding root space
(Lg), of L. As every element of A4 is diagonalizable on L, we deduce that
[A4, u] < Qu. Therefore, [4, U] < U. We get that 4 + U is a subalgebra of
L and that U is an ideal of 4 + U, which is a contradiction. We conclude
that every subalgebra of L is either 1-dimensional or simple, which means that
L is supersimple.

What remains is to prove that every semisimple Lie algebra which is
relatively complemented is simple. Let L be a counterexample of minimal
dimension. Then, by Theorem 2.2 we have dim L/L’ = 1 and L' is simple. By
the preceding paragraph, L' is supersimple. Pick aeL —(0). We have
E;.(a) = Fa. Since E;(a) £ L, it follows dim E;(a) = 2. Let beE,(a), b¢ Fa.
Then [ab] = ta for some te F. Assume t # 0 and let L,(a) denote the Fitting
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l-component of ada. Since adb stabilizes L,(a) (see [14, p.38]) and
[ad a, ad b] = t (ad a), we have that the trace of (ad a)|.,, is zero. This yields
that p # 0 and p divides dim L,(a). As L,(a) =~ L'/Fa, it follows that p divides
dim L'/Fa. On the other hand, since L' is supersimple, we have that (L'), is
either isomorphic to sl (2, ) or an Albert-Zassenhaus algebra. So, dim L' =3
or a power of p. This yields p = 2, which is a contradiction. Therefore E, (a)
is abelian. Now take a complement U of E,(a) in [Fb: L]. We see that U
cannot be abelian, since otherwise we would have Fa <|L a contradiction.
Since 0 # S'nU, it folows that U is not simple. Thus U is not semisimple
because of the minimality of L. Therefore U is almost-abelian. Let xe L'nU,
x #0. By above, we have that E;(x) is abelian. Moreover, we have
U < E;(x) since U is almost-abelian and xe U’. This yields that U is abelian,
which is a contradiction. Now the proof is complete.

As a direct consequence of Theorem 3.2 and Lemma 1.1 of [21], we
obtain the following result due to Gein [12].

COROLLARY 3.3 (Gein [12]). For a Lie algebra L over a perfect field F
with char (F) # 2, 3, the following are equivalent: (i) L is modular, (ii) L is
upper semi-modular, (iii) L is relatively complemented, and (iv) L is either
abelian, almost-abelian or 3-dimensional non-split simple.

4. Minimal non-modular Lie algebras

A Lie algebra L is called minimal non-modular if every proper subalgebra
of L is a modular Lie algebra but L is not. Assume F is perfect with char
(F) # 2, 3. Then, a Lie algebra L over F is minimal non-modular if and only
if every proper subalgebra of L is either abelian, almost-abelian or
3-dimensional non-split simple but L is not.

By Corollary 2.4, we have that if Lis semisimple and minimal non-modular
then either L~sl(2, F) or L is simple and ad-semisimple. This result was
first proved by Gein in [12]. The following result gives us more information
on the structure of a simple and minimal non-modular Lie algebra.

THEOREM 4.1. Let L be a minimal non-modular Lie algebra over a perfect
field F with char (F) # 2, 3. Assume L is simple and L% sl (2, F). Then the
following holds:

(1) L, regarded as a Lie algebra over its centroid, has only abelian
subalgebras and is a form of a classical simple Lie algebra.

(2) If L contains a nonabelian proper F-subalgebra, then L is
3-dimensional non-split simple over its centroid.
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Proor. (1): Let us first suppose L is central-simple. Since ad x is
semisimple for every xeL (Corollary 2.4), it follows from [18, Corollary in
p-869] that L is a form of a classical simple Lie algebra. Assume L has a
proper nonabelian subalgebra S. Then, by Corollary 2.4, S is 3-dimensional
non-split simple. Moreover, L has rank > 1 since otherwise we would have
dim L= 3 a contradiction. We can take a basis e, e,, e; for § with product .
[es, es] = ey, [es, e,] = ae,, [e,, e,] = Pe; where a, fe F — (0), see [14, p.13].
Let x =e,. The characteristic polynomial of adx on S has the form
A(A%* + af). Let f(A) denote the minimum polynomial of ad x on L. Since
ad x is semisimple we can write f(4) = ny,(A)7,(4)---7, (1) where 7y(4) = 4,
n,(A) = A* + ap, m;(4) is an irreducible polynomial on F of degree > 1 for
i>1,and n; # m; for i #j. Let ueQ be a root of n,(4). Then there exists
a maximal number n such that 2"y is an eigenvalue of L, relative to ad x. By
Corollary 2.4, the subalgebra E,(x) is abelian and so it is a Cartan subalgebra
of L. So, (E.(x)), is a Cartan subalgebra of L, Let @ be the root system
of L, relative to (E.(x)),. We have that there exists ce@® such that
o(x) =2"u. Since Lg, is classical, — o is a root too. Thus, — 2"u is also an
eigenvalue of L, relative to ad x. This yields that the polynomial A% + 22"af8
divides f(4). So, m;(A) = A% + 2*"af for some 1 <i<r. Let V denote the
kernel of m;(ad x). Since ad x is diagonalizable on L, and 2"*'y is not an
eigenvalue of ad x, we have [V, V] < E;(x). This yields that the subspace
E,(x) + V is a nonabelian subalgebra of L. If E;(x) + V # L, then E;(x) + V
is 3-dimensional non-split simple. This yields, E,;(x) = Fx and so L is rank
one which is a contradiction. Therefore, E,(x)+ V=L and then f(4) =
A(A%2 + af). We deduce that u and — u are the only nonzero eigenvalues of
ad x on L, Therefore, o(x) = + u for every oce®d. Since L, is classical
simple of rank greater than 1, there exist ¢,, 0,€® such that o, + g,€®.

Then, either (o, + 0,)(x) = 0,(x) or (6, + 6,)(x) = — 0,(x). In the former case
we get o,(x) = 0. This yields, (Lg),, < C.(x) = E;(x) a contradiction. In the
latter case, we get o,(x) = — 20,(x). But since o¢,(x) = * g,(x), we have

o,(x) =0 a contradiction again. We conclude that every proper subalgebra
of L is abelian.

Now suppose that L is not central-simple and let I” denote the centroid
of L. Let § be a nonabelian proper I'-subalgebra of L. Then, S regarded
as a F-subalgebra of L is 3-dimensional non-split simple by Corollary
2.4. Then, since dim; S = |I": F|dimS and I" # F, we get dimS =1. So,
S is abelian which is a contradiction. We conclude that L regarded as a Lie
algebra over I" has only abelian subalgebras. The proof of (1) is now complete.

(2): Assume S is a nonabelian proper F-subalgebra of L. Then, by (1)
the centroid I" of L is a proper extension of F. Let T be the I'-subspace of
L generated by S. Clearly, T is closed under the Lie bracket, so that T is a
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subalgebra of L. Moreover, T is nonabelian since S is. Now, by (1) again
we get T= L. On the other hand, we have that S is 3-dimensional non-split
simple over F by Corollary 2.4. This yields, dim-T < 3. Since L is simple
over I' we get dimp-L= 3. What remains is to show that L is non-split over
I If not, then L is isomorphic to sl(2, I'). Thus the constants of
multiplication of L, relative to a standard basis B of L over [, lie in F. But
then, the F-span of B is an F-subalgebra of L isomorphic to sl (2, F), which
contradicts Corollary 2.4. The proof is now complete.

5. Lie Algebras of length 3 and their Subalgebra Lattices

In this section we describe the Lie algebras L with a subalgebra lattice
ZL(L) of length 3 as well as their corresponding lattices of subalgebras. In
particular, we show that the algebra sl (2, F) is determined by its subalgebra
lattice.

Throughout this section F denotes a perfect field F of characteristic
p#23.

LemMa 5.1. Assume L has length 3. Then, every proper subalgebra of
L of dimension greater than 1 is either 2-dimensional or 3-dimensional non-split
simple.

ProOOF. Let S be a proper subalgebra of L of dimension greater than
1. The lattice £ (S) has length 2, since it is isomorphic to the interval [0: S]
of #(L). So, the result follows from Proposition 1 of [12].

THEOREM 5.2. The lattice £ (L) have length 3 if and only if one of the
following holds:

1) L is 3-dimensional solvable.

2) Lzxsl(2, F).

3) Lis a direct sum of a 3-dimensional non-split simple Lie algebra and
a l-dimensional Lie algebra.

4) Lis 3-dimensional non-split simple over a quadratic extension I" of F.

5) Lis central-simple having only abelian subalgebras and it is a form of
a classical simple Lie algebra of type A,, B, or G,.

Proor. First suppose that #(L) has length 3. If L is solvable, then
clearly dim L=3. Thus L is as in (1). Then assume L is not solvable.
Suppose Z(L) #0. Then L/Z(L) must be nonsolvable with length 2 and
dim Z(L) = 1. By Proposition 1 of [12], we have L/Z (L) is 3-dimensional
non-split simple. Then, it is easy to see that L= L' @ Z(L) (see the proof of
Theorem 3.1 of [21]). Thus, Lis as in (3). Now suppose Z(L)=0. Then
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by using Lemma 5.1, Theorem 2.2 and Corollary 2.4, we obtain that L is
simple. Let I” be the centroid of L. If "= F, then L is as in (2) or (5) by
Theorem 4.1. Then assume I'# F. Let xeL — (0). Since I'x is an abelian
F-subalgebra of L and I'x# Fx, we have dimg/x=2. This yields,
|I': F| =2. If L contains a nonabelian proper F-subalgebra, then we get that
L is as in (4) by Theorem 4.1. Suppose then that every proper F-subalgebra
of L is abelian. Let S be a proper [-subalgebra of L. Then we have that
S is abelian and dimpS =2. Since dimgS =|I": F|dim,S, it follows
dim-S =1. We conclude that L, regarded as a Lie algebra over I, has only
1-dimensional subalgebras. So, by Proposition 1 of [12] it follows that L is
as in (4). This completes the proof in one direction.

Clearly, Lie algebras as in (1), (2), (3) and (5) have length 3. Now suppose
that L is as in (4). Then we need to prove that every proper F-subalgebra
of L of dimension greater than 2 is 3-dimensional non-split simple. Let
xeL — (0). Since L has no proper I-subalgebras of dimension greater than 1,
we have C,(x)=Ix. So, dimp C,(x)=|[": F| =2. Moreover, we have that
if [xy] = tx for some yeL — (0) and t€F, then [xy] =0 since x and y must
be linearly dependent over I. We deduce that every 2-dimensional F-
subalgebra of Lis abelian and that L has no abelian F-subalgebras of dimension
greater than 2. On the other hand, we have that the linear transformation
ad x is semisimple over F since so is over I. Then, according to Proposition
1.2 of [8], every solvable F-subalgebra of L is abelian. We conclude that L
has no solvable F-subalgebras of dimension greater than 2. Now let S be a
proper F-subalgebra of L of dimension r>2. Let us suppose first
r=3. Then §'=S; otherwise we would have that S is solvable which is a
contradiction. It follows that S is non-split simple. Therefore, we may assume
r> 3. Since dimy L= |I": F|dim L= 6, we have r < 6. Choose xeS§ — (0).
If x acts nilpotently on S, then x € Z(S) since ad x is semisimple. So, S < C,(x)
which contradicts the fact that dim C,(x) = 2. Therefore, S has no nonzero
ad-nilpotent element. Next suppose r =4. Let N be a proper ideal of S§. If
dim N <2, then N is abelian and hence every nonzero element of N acts
nilpotently on S which is a contradiction. Therefore, dim N = 3. Then, we
have that N is 3-dimensional non-split simple. Thus, every derivation of N
is inner. By [14, p.11], it follows S = N @ Fa for some aeS — (0). But then,
we find adga = 0 a contradiction again. We deduce that S is simple. Now,
as ad x is semisimple for every xS, the corollary in page 869 of [18] applies
and S is a form of a classical simple Lie algebra, which contradicts the fact
that dim S = 4. Consequently, L contains no F-subalgebras of dimension
4. Finally, suppose r=5. Then, by Theorem 2.2 of [20] it follows that L
contains a nonzero ad-nilpotent element, which is a contradiction again. Now
the proof is complete.
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CoROLLARY 5.3. Let F be a perfect field of type (C,) with char
(F)# 2,3. Then the lattice #(L) has length 3 if and only if dim L= 3.

PrOOF. Assume #(L) has length 3 and that dim L> 3. Then we have
that L is as in (3), (4) or (5) in Theorem 5.2. In either case, L' contains no
nonzero ad-nilpotent element, which contradicts Corollary 1.3 of [20].

THEOREM 5.4. Let &% be a lattice of length 3 and L a Lie algebra over
F such that #(L)~ %. Then,

1) £ has no proper modular elements if and only if L is as in (4) or
(5) in Theorem 5.2.

2) % has just one modular atom which is complemented if and only if
L is as in (3) in Theorem 5.2.

3) & has just one modular atom which is not complemented if and
only if L has a basis a, b, ¢ with one of the following products:

(i) [ab] =c¢, [ac] = [bc] =0.
(i) [ab]l=0, [ac] =a+ b, [bc] =b.

4) ¥ has just two modular atoms if and only if L has a basis a, b, ¢
with one of the following products:

(i) [ab] =a, [ac] =[bc] = 0.
(i) [ab] =0, [ac] = a, [bc] = ab where 1 #a€cF

5) % is modular if and only if L is either abelian or almost-abelian.

6) Lx~sl(2, F) if and only if & satisfies:

(i) for each atom A there is another atom B such that A v B = L,
(ii) there exists a modular co-atom, and
(i) there exist 4, Be ¥ such that AnB # 0.

7) L has a basis a, b, ¢ with product [ab] =0, [ac] = b, [bc] = fa + ab
where a, fe F and the polynomial 4> — al — f is irreducible on F if and only if
& satisfies:

(i) for each atom A there is another atom B such that A v B =L,
(i1) there exists a modular co-atom, and
(iii) AnB =0 for every co-atoms A, B with 4 # B.

Proor. (1): Let us first suppose Lis as in (4) or (5) in Theorem 5.2. Let
xeL —(0). We have C,(x) # Fx, since otherwise we would have that L is
central simple of rank one which is a contradiction. By Lemma 1.5 of [2]
it follows that Fx is not a modular element in #(L). Now assume S is a
modular proper subalgebra of L (that is, S is a modular element of ¥ (L) and
S # L). We have dim S > 1 and so S is maximal since L has length 3. Pick
xeL—S. Since C;(x) # Fx, from the modularity of S it follows SN C(x) # 0.
If S is abelian, then we have SnC,(x) < L which contradicts the simplicity of
L. Therefore, S is 3-dimensional non-split simple and Lis as in (4) in Theorem
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5.2. Take a basis ey, e,, e; for S with product [e,, e5] = e;, [es, e;] = ae,,
[e,, e;] = Pey where o, fe F — (0). LetyelI’'— F. We find SNC(e; + ye,) =
0 a contradiction.

To prove the converse, suppose that ¥ has no proper modular
elements. Then L must be simple. Since every 2-dimensional subalgebra of
sl (2, F) is modular, the result follows by Theorem 5.2.

The remaining statements can be easily proved by inspection of the
3-dimensional solvable Lie algebras and by using (1), Theorem 5.2 and the
following facts:

i) the algebra sl (2, F) has no modular atoms.

ii) every maximal subalgebra of sl (2, F) of dimension greater than 1 is
modular

iii) Lie algebras as in (3) in Theorem 5.2 have only one modular atom
which is complemented.

DerFINITION 5.5. (Gein [11]). A lattice & is called an sl-lattice if it
satisfies: (1) for each atom A there is another atom B such that Av B =1,
(2) there exists a modular co-atom, and (3) there exist 4, Be % such that
AnB #0.

COROLLARY 5.6. Let L be a Lie algebra over a perfect field of
characteristic not 2 or 3. Then, L= sl (2, F) if and only if #(L) is an sl-lattice.
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