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0. Introduction

Suppose that we have serial measurements for each of N individuals on
each of p occasions, and let X be an N x p data matrix of observations. Then,
the growth curve model proposed by Potthoff and Roy [17] can be written as

(0.1) X = AEB + E,

where A is an N X k between-individual design matrix of rank k, £ is an
unknown k X g parameter matrix, B is a ¢ x p within-individual design matrix
of rank q(< p), and E is an N x p unobservable matrix of random errors. It
is assumed that the rows of E are independently and identically distributed
as N,(0, 2), where 2 is an unknown p x p positive definite matrix. The model
(0.1) is also called a GMANOVA model since this model is a MANOVA
model in the special case B=1,. The model (0.1), which is adequate for
balanced data, has been studied by many authors, including Potthoff and Roy
[17], Khatri [12], Rao [18], Grizzle and Allen [10], etc. An extension of
this model to unbalanced data has been considered in Laird and Ware [14],
Vonesh and Carter [29], etc., by assuming that 2 has certain covariance
structures. For an extensive survey or a comprehensive review of the literature
on these models, see, e.g., Timm [27], Woolson [31] and von Rosen [22]. An
extension of the model (0.1) is given by

0.2) X=A,5,B+A,E, +E,

where 4, and A, are N x k, and N x k, design matrices, respectively,
rank [4,, A,] =k, +k, <N —p, and =, and =, are unknown k, x q and
k, x p parameter matrices, respectively. The expected value of X in the model
(0.2) is the sum of two matrix components. The first component is the
GMANOVA portion, and the second one is the MANOVA portion. The
model (0.2) may be called a mixed MANOVA-GMANOVA model. This type
of models has been considered in Chinchilli and Elswick [6], Verbyla and
Venables [28], Yokoyama and Fujikoshi [33], [34], etc. It may be noted
(Verbyla and Venables [28]) that the model (0.2) can be applied to analysis
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of repeated measurements with parallel profiles or covariates.

When there is no theoretical or empirical basis for assuming special
covariance structures, we need to assume that X is arbitrary positive
definite. However, there exist some situations that certain covariance
structures can be imposed for repeated measurements. Typical parsimonious
covariance structures are a random-effects covariance structure (see, e.g., Rao
[18], [19], Ware [30], Reinsel [20], [21], Lange and Laird [15]), a uniform
covariance structure (see, e.g., Arnold [3, pp. 209-238]) and an autoregressive
covariance structure (see, €.g., Hudson [11], Lee [16], Fujikoshi, Kanda and
Tanimura [8]).

This paper is concerned with some mixed MANOVA-GMAVOVA models
with random effects. The random-effects covariance structure, which is based
on random-coefficients models proposed by Rao [18], can be naturally and
reasonably introduced to a repeated measurements design and enables us to
make more efficient inferences. Main inferential problems on this model are
divided into two parts:

(P1) the adequacy of a random-effects covariance structure,

(P2) estimation and testing problems of unknown mean parameters under

this structure.

This paper consists of two parts. Part I is concerned with a multivariate
parallel profile model with random effects and consists of Sections 1 to 4. In
Section 1 a multivariate parallel profile model, which is useful in analyzing
multiple-response parallel growth curves of several groups, is described in detail
and is reduced to a canonical form. The model is a special case of (0.2), but
it has a random-effects covariance structure based on several response
variables. In Section 2 the likelihood ratio (= LR) statistic for a hypothesis
concerning the adequacy of a random-effects covariance structure is obtained.
However, since the exact LR criterion is complicated and impractical, it is
suggested to use a modified LR statistic, which is the LR criterion for a
modified hypothesis. An asymptotic expansion of the null distribution of the
statistic is derived. The LR criterion for the hypothesis is also discussed. In
Section 3 the maximum likelihood estimators (= MLE’s) of unknown mean
parameters are obtained under the random-effects covariance structure, and
one of the MLE’s is compared with the MLE in the case when the covariance
matrix has no structures. Further, two testing problems are considered.
Modified LR statistics and their asymptotic null distributions are obtained. In
Section 4 we discuss the single-response case, in which the exact LR criteria
for testing the hypotheses in Sections 2 and 3 have been obtained by Yokoyama
[32] and Yokoyama and Fujikoshi [34]. In this section asymptotic non-null
distributions of the LR criteria are obtained under local alternatives.
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Part II is concerned with a growth curve model with covariates and
random effects and consists of Sections 5 to 8. In Section 5 a growth curve
model with covariates is outlined and is reduced to a canonical form. The
model is a mixed MANOVA-GMANOVA model which has random-effects
covariance structures based on a single response variable. In Section 6 test
statistics for a general hypothesis concerning the adequacy of a family of
random-effects covariance structures are proposed. A modified LR statistic
and its asymptotic null distribution are obtained. The LR criterion for the
hypothesis is also discussed. In Section 7 the MLE’s of unknown mean
parameters are obtained under one of these covariance structures, and the
efficiency of one of the MLE’s is discussed. Finally, in Section 8 the results
of Section 6 are exemplified by a data set of repeated measurements.

Part 1. Multivariate parallel profile model with random effects
1. The model and its canonical form

Suppose that m response variables x,,...,x, have been measured at p
different occasions on each of N individuals, and each individual belongs to
one of k groups or treatments. Let x be an mp-vector of measurements on

the j-th individual in the g-th group arranged as
X0 =(x9;,.., x0 . X9, X9,

and assume that the x{ are independently distributed as N,,,(u?, Q2), where
j=1..,N, g=1,...,k. Further, we assume that profiles of k groups are
parallel, i.e.,

(1.1) HO=(1,81,)09 +p, g=1..k

where 1, is a p-vector of ones, and (1,® I,) defines the Kronecker product
of 1, and the m x m identity matrix. Without loss of generality we may
assume that 6® = 0. In the following we shall do this. Let

X =[x, x0), . x0T
Then the model of X can be written as
(1.2) X~ Nyxmp(4, 41, 1,,) + 154, 2@ Iy),
where N=N; +--+ N,
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is an N x (k — 1) between-individual design matrix of rank k—1 (K N—p—1),
4 =[6V,...,6% V] is an unknown (k — 1) x m parameter matrix, g = (uj,...,
u,) is an mp-vector of unknown parameters, £ is an unknown mp X mp
positive definite matrix. The model (1.2) is called a multivariate parallel profile

model.
We are now interested in a random-effects covariance structure

(1.3) Q=1,0)Z,1,L)+ 1,8,

where 2, and X, are arbitrary m x m positive semi-definite and positive definite
matrices, respectively. The random-effects covariance structure (1.3) is based
on the following model:

(14 xP = (1,® 1) (69 + 4P) + p + €,

where A and € are independently distributed as N,,(0, Z,) and N,,,(0, I,®Z),
respectively. Here, the A¢”s are m-vectors of latent variables and can be
regarded as ones denoting variation between individuals for each group. From
(1.4), we have

V) =02=01,81,)2,1,81,) + [,® Z,.
Therefore, the model of X with random effects can be written as
(1.5) X ~Nyump(4:141,®1,) + 1yp', (1,@1,)2,1,1,)+ 1,0 2,)® Iy),

which is an extension of the single-response case due to Yokoyama and
Fujikoshi [34] to the multiple-response case.

Reinsel [20], [21] introduced certain multivariate random-effects cova-
riance structures to a multivariate GMANOVA model. Chinchilli and Carter
[5] discussed the LR test for a patterned covariance structure

'Q = (1p® Im)zl(I;;@ Im) + (W® Im)zr(W, ® Im) + Ip ® Ze’

in a multivariate GMANOVA model, where W is a known p x (p — 1) matrix of
rank p—1 such that 1, W =0, and X is an arbitrary m(p— 1) x m(p— 1) positive
semi-definite matrix. We note that the model (1.5) is a multivariate mixed
MANOVA-GMANOVA model with multivariate random-effects covariance
structure. In Section 2 we propose test statistics for the hypothesis
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(1.6) Hy:Q=(01,81,)2,1,®1,)+1,®Z%, vs. H,:notH,

under the multivariate parallel profile model (1.2). By making this stronger
assumption about 2, we can expect to have more efficient estimators. For
the single-response case (m = 1), Srivastava [25] obtained the MLE of 4 when
no special assumptions about 2 are made. For the case m = 1, in comparison
with his result, Yokoyama and Fujikoshi [34] has shown how much gains
can be obtained for the maximum likelihood estimation of 4 by assuming this
covariance structure. In Section 3 we discuss the efficiency of the MLE of
4 in the multiple-response case.

We now reduce the model (1.2) to a canonical form, which implies that
the problem of obtaining the LR test under the model (1.2) can be reduced
to the one of obtaining the LR test under a GMANOVA model. Let
G=[p '?1,,¢P,....8% V] =[p '?1,, G,] be an orthogonal matrix of order
p. Then

0=G6Q®I,
= [Ql: Q(zl),---,Q(zp_l)] = [Qn Qz]

is an orthogonal matrix of order mp. Further, let H = [N /21y, H,] be an
orthogonal matrix of order N. Consider the transformation from X to

[z’]_ N7
Y _[ H) ] ¢

Then, letting Y =[Y;, YV,..., Y V] =[Y,, Y,], we have

zl 0/
17 ~Nywmo (|~ vl ),
all [n Yz] v ”([Alr 0] ®”)

where 0 = N~ Y21, 4,[I, 01 + N'?yQ, A, = HyA,, I' = p'/*4 and

L4 5”12)

¥Y=000-= (
WZI YIZZ
We can express the hypothesis (1.6) as

p2;,+2, (0]

1.8 Hy: ¥ =
19 wr=(" 5

) vs. H;: not H,.

2. Tests for random-effects covariance structure

In order to examine whether or not the model (1.5) can be assumed, we



446 Takahisa YOKOYAMA

consider the LR test for the hypothesis (1.6) under the model (1.2). This is
equivalent to considering the LR test for the hypothesis (1.8) under the model
(1.7). Let L(0, I", ¥) be the likelihood function of [z, Y]. Then we have

g(I', ¥)= —2log L®, I, ¥)
=Nlog|¥|+tr Y'Y, — A, Y,)[Y,— A, Y,],

where § = z. The minimum of g(I', ¥) when I" and ¥ are unrestricted, which
has been obtained by Khatri [12] and Gleser and Olkin [9], is given by

X

)+ Nmp,

. 1
2.1 ming(I', ¥) =N log( N Y, Y,

— S
N2
where S;,.,=8;; — S5:255,'S,; and

~ o~ ~ ~ S, S
S = Y'(IN-I—Al(AaAl)*A;)Y=< N ”>.
S21 522
As is seen later on, the minimum of g(/, ¥) under H, in (1.8) is
complicated. For simplicity, we consider the LR test for a modified hypothesis

- ¥, 0
2.2) Hy: ¥ = ,
0 I,.,®Z,

where ¥, is an arbitrary m x m positive definite matrix. We note that the
difference between H, and H, is whether or not ¥,, satisfies a restriction
¥,,=>2, Itis easily seen that

.3)
p— 1 - -
Y v Yz‘"l + Nmp.

min g(I, =Nlo _
it g(r, ¥) g No—1) &

+ N(p—1)log

1
—8S
N 11
Therefore, from (2.1) we can obtain the LR test statistic

B B2

(2.4) A= X
[S1111822] l 1 rt

-1
i Z Y(i)'YG)p
p— 1.2 2 2

for testing ﬁo vs. H,, which may be also used for testing H, vs. H,. In order
to express the statistic (2.4) in terms of the original observations, let

k Ng ~ _ k Ng _ _
S: = Z Z (xj.g) _ x)(x§g) _ x)’, Sw = Z Z (xgg) — x(g)) (x§a) — x(g))r,

g=1j=1 g9=1j=1

where



MANOVA-GMANOVA models with random effects 447

=13 F 20 and 0= L 0
NS = N, &
Noting that
(2.5) (Z;Zl)“:diag(i,..., ! >+i1,‘_11,;_1,
Ny Nt/ Ni

we have

1 1 -1
Su = ;(1;®IM)SW(1,®1,..), Si12= (;(1;,@1,..)5;1(1,,@1".)) ,

(2.6)
i) i i) i ’ 1 ’ -
Y=g ®1,)8,EY®1L,), ;Y= ';(1.,@1".)5: Y1, @ 1,)|1S.].
The statistic (2.4) can be decomposed as
2.7 A=AVAD,
where
1) — ISI — |S11‘2|_l and A(2)= IYZlYZI .
[S1111822]  IS11.2 + 812822 Sa4l 1 2 wvel
b1 > Y
- i=1

The statistics A and A® are the LR statistics for ¥,, =0 and
¥,, =1, ,®Z,, respectively. Further, we can decompose A‘®, which is the
LR statistic for testing multivariate sphericity, as

2.8) AP = AP AP,

where

p_ 1 . .
[T 1%

Y, Y, i=
AP = p_ll 26 and AP = " :_1 =
i=1 p—1:=1

The statistic 4% is the LR statistic for testing the hypothesis that ¥,, is
block diagonal, and the statistic 4% is the one for testing equality of diagonal
matrices given that ¥,, is block diagonal. It is easy to verify that under
Hy, S11.2, S128:2'S,; and Y, Y, are independent,

Si12~Wu(N —k—m(p—1), ¥y), Slzsz_zlsu ~ W,(m(p — 1), ¥1,),
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r—1
VY~ Wy (N=1,1,.,®Z) and Y Y'Y~ Wo((N—1)(p—1), £.).
i1

13

Therefore, the statistics AV and A® in (2.7) are independent. The h-th
moment of A" is obtained from that A" is distributed as a lambda
distribution A,, mp—1),N-k-mp-1) and is given by

rme (N—k—mp—1)}+ h> r,n(%(zv _ k)>
2.9) E(AD) =

1 b
r,,,(% (N —k—m(p— 1)}> I‘,,,(E(N —k+ h)
where I,,(-) is the multivariate gamma function defined by I, (n/2)=

amm VAT I'((n—j + 1)/2). On the other hand, it is known (Boik [4])
that under H,, the statistics 4®) and A% in (2.8) are independent, and the

h-th moment of A® is given by
m(p—1) 2 m 2 (p
I

1 1 '
m(p—1)<5N>Fm<EN(P— D+@- 1)h>

(2.10) E(AP" = (p — 1ymp—Dh

From these null moments of A, we can obtain an asymptotic expansion of
the null distribution of — Nplog A by expanding its characteristic function.
For the method, see, e.g., Anderson [2].

THEOREM 2.1. When the hypothesis H, is true, the distribution function
of — Nplog A can be expanded for large M = Np as

P(— Np log;i < x)

—P(2<x)+ A’;—’ (P(2se < %) — P2 < X)) + OM ™),

1
where f = 2 m(mp® + p — 2m — 2),

Y, = %m{2m(p— 1) {6u* — 6(mp + Du+m(p — 1)(2mp + m + 3)
+2m* +3m—1} +6{(p— 1) {m(p— 1)+ 1} —(m+ 1)} (u + k)
—2{(p—1){2m2(p—1)2+3m(p—1)—1}— %(2m2 +3m— 1)}(u+k)
p—

+@-D){mp—-1)—1}{m(p—1)+1} {m(p—1)+2}
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1
—6_—1)2(m—1)(m+1)(m+2)},
where u= N(1 — p) — k, and p is defined by

fN( ;p) = 1~12—m{6m(p —1DRk+mp+1)

+—-){2mp—12 +3mp—1)—1} — phi_l(zm2 + 3m— 1)}.

We now consider the exact LR criterion A2 for H, vs. H,. Let

- 1 A 1 p_1

2.11 Y,=—8;,, 2, =—— YO y®
( ) 11 N 11 N(p—l) igl 2 2
If it holds that

(2.12) Y, -5, >0,

the LR statistic 4 is equal to 4. However, if (2.12) does not hold, we need
to solve the problem of minimizing

g*(Z;, Z)=log [pZ; + Z | +tr (pZ, + Z) 1P, +(p— 1 (log | Z| + tr 271 5),

which is equal to the quantity obtained by minimizing g (I, ¥)/N under H,
with respect to I. The problem is not simple and is left as a future
problem. Here, we give a bound. Let 6, > --- > J,, and 6% > --- > 6} be the
characteristic roots of p2', + 2, and 2, respectively, and let ¢, >--- > t,, and
t¥ > .- >tk be ones of 5171 , and fe, respectively. Then, from Anderson [1]

we can get a lower bound given by

. oom t; t?‘
213) | min  g*(Z; Z.) > min i; {log 0; + 3, +@ - 1)<log of + g)}’

where @ = {6, > -+ =6, 0F >+ =0k, 0, >20F>0,i=1,...,m}. It is easily
seen that the values of 4;s and 6¥’s which minimize the right-hand side of
(2.13) are

‘., if 1> tF,

1
—{t:+@— e}, if t¥>1,
p

(2.14)
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t¥, if t; > t¥,

1
—{ti+@— D}, if >y
p

for i =1,...,m. Therefore, we obtain the following bound for A:

(2.15) Z:{A’ if ¥,,-%.>0,
R,  elsewhere,
where
R = [S11211 Y2 Y,
1 p-1 N
~(Su+ X BV
14 i=1

Since the statistic R is obtained by letting 6; = 6* = {t;, + (p — 1)t}*}/p for all
i=1,...,m in the right-hand side of (2.13), we have

(2.16) A<A<A.

We note that the LR statistic 4 agrees with 4 in the case m = 1.

3. The MLE’s and LR tests
3.1. The MLE’s of unknown mean parameters

In this section we obtain the MLE’s of unknown mean parameters in the
multivariate parallel profile model (1.5) and consider the efficiency of the MLE
of 4. Reinsel [20], [21] discussed some aspects of estimation and hypothesis
testing in a multivariate GMANOVA model with multivariate random-effects
covariance structure. It may be noted that the covariance matrix of the model
(1.5) has a multivariate random-effects covariance structure, but the mean
structure is a multivariate mixed MANOVA-GMANOVA model. The
canonical form of the model (1.5) is the same as the model (1.7) except the
covariance matrix, i.e.,

z/ 0/
3.1 ~ Nyxm ~ , PRI
6.0 [n Yz] N "([Alr 0} © ”>

with
2.+ X 0
y’=(p A.+ e )
0 I,.,®Z,
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It is easily seen that the MLE’s of @ and I" are given by
0=1z

(32) n ~ ) R ~ ~ ~

I'=(A14,)7 ALYy, ie, 4=p 3 (A14) 1A Y,.

Hence the MLE of u is given by

Y;L(Z;Zl)"*A;1~>
; .

(3.3) ﬁ=N‘”2Qz—N“Q<

We now express the MLE’s given in (3.2) and (3.3) in terms of the original
observations. Noting that

~ 1
ALY, = diag(Ny,...,N_ ) {[xV,...,x* V) —1,_, %} 7(1,@ 1),
p
from (2.5) it can be shown that

e 1 el =t
(A, 4,)° 4 Y, =7[x<1>—x<k’,...,x<k D _ Y1, @ 1,).
p

Therefore, from these results we have the following theorem.

THEOREM 3.1. The MLE’s of A and p under the multivariate parallel
profile model (1.5) are given as follows:
j = 1 [_f(l) _ i(k),___’_f(k—l) _ .f“‘)]'(lp ® Im)’

1
ﬁ =x— _(1p1;® Im)('E - 'f(k))'
p

On the other hand, the MLE of 4 when 2 has no structures, i.e., is
arbitrary positive definite is given by

4 =[xV —x0, gk _ s 1,01,)((1,01,)8,'1,®1,) 1.

The result, which is an extension of Srivastava [25] to a multivariate case,
follows by rewriting a general expression in Chinchilli and Elswick [6]. The
estimators 4 and 4 have the following properties.

THEOREM 3.2. Under the multivariate parallel profile model (1.5) it holds
that both the estimators A and A are unbiased, and

Vivee (4)) = %(pzl LI M,
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~ _1 m(p— 1)
V(vec(A))—p{1+N_k_ m(p_l)_l}(pfﬁie)@M,

where M = diag(N7*,..,N; )+ N;'1,_,1; ;.
PrROOF. Since 4 = p~'/?(4;A,) 14, Y,, we have

Ed)=4 and Vivec(d) =202, + £)® (A 1)1,
p

which imply the result on 4. By an argument similar to the one in Srivastava
[25], it can be shown that for any positive definite covariance matrix
Q,E(4)=4 and

m(p — 1)
N—k—-mp—-1)-1

V(vec ()) = {1 + }((1;®1m)9‘1(1,®1m))-1 ® M.

Under the assumption of 2 =(1,®1,)2,1,®1,) +I1,® Z,, it holds that
1
(1,®1,)27'1,®1,)" = ;(PZ; + 20),

which proves the desired result.
From Theorem 3.2, we obtain

m(p—1)

P{N—k—m(p—l)_1}(pzl+2e)®M>0,

V(vec (4)) — V(vec (ﬁ)) =

which implies that under the model (1.5) 4 is more efficient than 4. This
shows that we can get a more efficient estimator for 4 by assuming a
random-effects covariance structure. For the case m = 1, this result agrees
with the one in Theorem 2.2 in Yokoyama and Fujikoshi [34].

3.2. LR tests for two hypotheses

In this section we consider two testing problems under the multivariate
parallel profile model (1.5). First we consider the LR test for

(34) Hy:2,=0 vs. H;;:not Hy,

under the model (1.5). For testing the hypothesis (3.4), we may start from
the model (3.1). Let L@, I, Z,, 2,) be the likelihood function of [z, Y'].
Then we have

(BS5) 9.2, Z)=—2logL@, T, %, %,

1
= N{IOE |pZ, + Z |+ tr (pZ, + 2)7! ‘ﬁsu
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® 1){1 AR S e Y”}}
+(p—1)slog|Z,| +trE; ' ——— Dy
g Np—1) & 2 I3
where 6 and I are defined in (3.2), and
Si1=Y{(Iy-, — P3)Y,, Pz =A4,(44)"4;.

Then the minimum of (3.5) under H,, is given by

(3.6) min g, (23, ) = Nplog
o1

1 pt
N—p(S“ + ) Yz(')'Yz('))""NmP-
i=1

Since the minimum of (3.5) under H,, is complicated (see (2.13), (2.14)), we
consider the minimization of g,(¥,,, 2,) under the model (3.1) with the same
modified covariance matrix as in (2.2). Therefore, min g,(¥%,,, 2.) is equal to
(2.3). From (2.3) and (3.6), we can suggest a test statistic

rp—1

1

£ @) y.)
Yy
0 ; 'Y,

i

18111
(3.7 A, =

i

1 p_1 P
— (81 + Y Yz('))‘
14 =1

for testing H,, vs. H;;. The statistic (3.7) can be expressed in terms of the
original observations, using (2.6).

LEMMA 3.1. When the hypothesis Hy, is true, the h-th moment of A, is
1
- FM(E(N—k)+h>

(p— D=t F,n(% (N — k)>

rm(%(N -1+ - 1)h)rm<%{(N —)p— (k- 1)})

E(AY) =

1 1
F’"(E(N - - 1))1}(5 {N-=1p—(k—-1}+ ph)
Proor. It is easy to verify that under H,,,

Si1~ Wu(N—k Z) and

)

p—1
Y Y9 ~ W, (N — 1) (p — 1), Z,).
i=1

13

Further, these two statistics are independent. Therefore, the h-th moment of
A, can be written as
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mph
14

~hy _
E(Al) - (p _ I)M(P-l)h

F,,,<%(N— k+ 2h))Fm<%{(N —Dp-1)- 2h})

() |

where W, and W, are independently distributed, W, ~ W, (v, I,)), W, ~
W, (v5, I,), and v; = N — k + 2h, v, = (N — 1)(p — 1) — 2h. The desired result
follows from that

1 1
rm<'2_(N_k)>rm<E(N- D - 1))

LA
W+

Using Lemma 3.1, we can obtain an asymptotic expansion of the null
distribution of — Np, log 4; by expanding its characteristic function.

THEOREM 3.3. When the hypothesis H,, is true, the distribution function
of — Np,log A, can be expanded for large M = Np, as

P(— Np,log 4, < x)

= P2 <x) + ;4— (PO 1e < %) — P2, < %)} + O(M™?),

1
where f, = Em(m + 1),

2 —
23 )}(2m +3m—1)

y2=im{6(m+ l)uz—Z{{l +
plp—1

E(k—l){m+1—(p—1)(k—1)}}u+{1+ zzp—_li}(m—l)(m+1)(m+2)
p pp—1)
2

—@p—1)(k— 1){15(2m2 +3m—1D)=3m+1)(k—1)+2(p—1)(k— 1)2}},

p
where u= N(1 — p,) — k, and p, is defined by

le(l—p1)=11—2m{6(m+l)k+{1+ }(2m2+3m—1)

pp—1)
—g(k— H{m+1—@p—1)k- 1)}}.

We now consider the exact LR criterion AY/? for Hy, vs. Hy;. If (2.12)
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holds, the LR statistic 4, is equal to 4,. However, if it is not the case, the
LR statistic 4, is complicated. As a simple bound for 4,, we can suggest

- A if ¥, — 2 >
(.8) A1={ 1> if ¥,,—-2,20,
1, elsewhere
such that
(3.9) A, <A, <4,

We note that the LR statistic 4, agrees with A, in the case m = 1.
Next we consider the LR test for
(3.10) Hy,: 4=0 vs. H{,:not Hy,
under the multivariate parallel profile model (1.5). For simplicity, we consider

again the model (3.1) with the modified covariance matrix given in (2.2). Let

1,
(3.11)  g,(¥11,2.) = N{l()g“['ul + tr P! N Y'Y,
+(p—1ilog|Z,| +trEt ——
® No-p &

This function is defined by the same way as g,(¥;, Z.), i.e., by considering
the maximization of the likelihood function L(8, 4, ¥,,, 2,) under H,, with
respect to . Then we have

(3.12) min g,(¥,,, 2,) = N log

1
— Y'Y,
N 1h

p—1
S Y Y2 + Nmp.
Np-1 i; 2

Therefore, from (2.3) we can suggest a test statistic

Sul _ IS4l
1Y, Y| |Sll+Y1/P§1Y1|

+ N(p—1)log

(3.13) A, =

. 1 .
for testing H,, vs. Hy,, where Y/Y, =—(1,®1,)S,(1,®1,). It is easy to
verify that under H,,, p

Siy~WaN—k, ¥y) and Y(Pz Y, ~ W, (k—1, ¥y,).

Further, these two statistics are independent. Therefore, the h-th moment of
A, is obtained from that A, is distributed as a lambda distribution A,, ,_; x—&
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1 1
F,,,(E(N — k) + h)I“,,,(E(N - 1))

1 1 '
I,|—-(N=Kk)I,| =(N=1)+h
(30v-n)r(so-v+1)
For an asymptotic expansion of the null distribution of — Np, log ;iz, see,
e.g., Siotani, Hayakawa and Fujikoshi [24, p. 250].

and is given by

E(A%) =

4. Parallel profile analysis for single-response case

For the single-response case (m = 1), we can obtain the exact LR criteria
for two testing problems in Sections 2 and 3. Asymptotic null distributions
of the LR criteria have been derived by Yokoyama [32] and Yokoyama and
Fujikoshi [34]. In this section we derive asymptotic non-null distributions
of the LR criteria under local alternatives. First we consider the LR criterion
for the hypothesis (1.6) under the model (1.2) in the case m = 1, i.e., for

4.1) Hy: Q=2*1,1,+¢%I, vs. H;:not H,
under
4.2) X ~ Nyxp(4,01, + 1y, Q@ Iy),

where A2 >0 and o2 > 0. Then, the canonical forms (1.7) and (1.8) can be
expressed as

zI 0!
4.3 ~N x ~ 3 W I
%3 [yl Yz] N ”([Aly 0] ®© ")

and
pA? + o? 0

0 2 ) vs. H;:not H,,
o

(4.4) HO: q/ = (

p—1
respectively. The MLE’s of A?> and o¢? under H, can be obtained by a
well-known technique in a variance components model (see, e.g., Arnold [3,

p.- 251]) and are given by

N 1/1 1
A? = max {—(—s“ - —tr Yz'Y2>, 0},
pP\N N(p-1)

6% = min

4.5)

1 1
——tr Y, Y, — (s, +tr Y, Y5),,
{N(p— 1) 2 12 Np( 11 2 2)}
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respectively. Therefore, we can write the LR criterion as

(4.6) AN = {Ru if 5,,/N2tr ;Y,/{N@p— 1)},
. Ry, if s;i/N<tu,L,/{Np-1)},
where
1 : 1 : 1 3 1 3
— 511 — Y)Y, — 5 2y
(N 112) N 272 (N 11 2) N 2
Ri= y vo-n: R = Np’
! 2{ ! trY’Y} 2 1 ( +t Y/Y) 2
N N(n— 1 — (s T
N 11 Np-—1) 21 Np 1 1Y,
and

1 ’ 1 rQg—1 -1
sll = ; lpSwlp, 311.2 = ;lpsw lp N

tip>

1 1
trY;Y,=trS, — —1,S,1,, |Y;Y,|=—1,5711,[5,.
p p

THEOREM 4.1. Let AY'? be the LR criterion for testing H, vs. H,. Then,
under the sequence of local alternatives

2
HP: ¥ =¥+ [,

it holds that
P}l_r.n P(— Nlog4 <o)

_{mﬁwosq if 42> 0,
| BOHPREG) <o)+ {1 — BEN} P24 1(0) <), if A2=0,

where ¥, = diag (12, 62,...,0%), T = (pA? + 62)}/2, i1 is a fixed matrix partitioned

as
n N1z
’1=< H >,’71131X1,
121 N2z

f= (p2+p'—4),

N =

1 2
m (trn5,5)%,

0, = 2 121 +1tr112
1 0212'112 2T 3 22
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1 1 1 -1 1
0, = —4{tr712 ——(trﬂ)z}, o* =_2‘/p ('711 - tf’722>’
o /] (o 14 p_l

x3(8,) denotes a x* variate with f degrees of freedom and noncentrality parameter
0., and D(x) denotes the distribution function of the standard normal distribution.

Proor. From the definition of A¥'? we have
P(—NlogA4<c)=P(—2logR,;<¢, s;;/N>tr Y, Y,/{N(p — 1)})
+ P(—2logR; <c¢, 5;;/N <tr ; Y,/{N(p — 1)}).

Let

1
(PSP _ NIy =U.

/N

Then all the different elements of U are asymptotically independent, and the
limiting distributions of u; and u; are N(0,1) and N(0, 1/2), respectively,
where 1 <i, j<p, i#j. Under H™, N"1S can be expressed as

1 [2
N N

V=71+?{’”2U¥’1/2=<v“ "12>.
vy W

where

Here we note that the limiting distribution of V is the same as the one of
N+ P32U W% Then, by the same way as in Yokoyama [32], we can
expand — 2log R, as

—210g Ry =Z, + O,(N~1?),

where

ZI=

, 1 1
Viapy F Ojtr i — ——— (tr 1y

o212 (» — Do*

It is easily seen that the limiting distribution of Z, is a noncentral yx?
distribution with f degrees of freedom and noncentrality parameter 6,. When
12 > 02, we have

.. 1 1
lim P<—s11 >—1tr Yz’Yz) =1
N=o \N Np-1)

and hence
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lim P(— NlogA4 <c)= lim P(—2logR, <¢)
N-w N-ow

= P(x}(9,) < o).
When 1% = ¢%, we can expand — 2log R, as
—2logR, =Z, 4+ 0,(N~'3),
where

1 1
o= Lev-Lawr]
p

o
Let
1 -1 1
Z*=— B——(v“——terz).
c P p—1

Then the Imiting distribution of Z* is N(6*, 1). It is easy to verify that Z*
and Z, are independent, Z, = Z*?> + Z,. Therefore, the limiting distribution
of Z, is x3:1(85), 6,=0**+6,. Since s;;/N>trY,Y,/{N(p—1)} is
equivalent to Z* > 0, it holds that

p}gn P(—Nlogd<c¢)= A}l_l:n {PZ,<¢,Z*>0)+ P(Z,<c¢, Z* < 0)}

= D(B*)P(x7(0y) < ) + {1 — D(3%)} P(x}+1(62) < o),

which proves the desired result.

Next we consider the LR criterion for the hypothesis (3.4) under the
model (1.5) in the case m = 1, i.e., for

4.7 Hy,:4>=0 vs. H,,:not Hy,
under
(4.8) X ~ Nyx (4,01} + Lygt', (21,1, + 621) ® Iy).

It is easily seen that the MLE’s of A* and ¢ under H,, is given by
N 1
4.9) 1220 and 62= —(s,, + tr i} Yy,
Np

respectively. Therefore, from (4.5) we can write the LR criterion as

Ry, if s,;/N>trY;Y,/{N(p—1)},

(4.10) AN12 ={ .
1, if s;;,/N<trY;Y,/{N(p—1)},
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where
Np-1)

N
1\ 1 2
N N —1)

Np

{—1 (541 +t Y’Y)}2
s r

Np 11 213

THEOREM 4.2. Let AY/? be the LR criterion for testing Hy, vs. Hy,. Then,
under the sequence of local alternatives

wp = 2
N

lim P(~ Nlog 4; < ¢) =1 — ®(6%) + BENP(A(E) < o),

R3=

it holds that

where oa? is a constant, and 5% = . /p(p — 1) «*/a>.

Proor. From the definition of AY/?> we have
P(—NlogAd, <c)=P(—2logR; <c, s;;/N>tr Y, Y,/{N(p—1)})
+ P(s;1/N <tr ; ,/{N(p — 1}).

Let

)
s;1;—N)=U,,
2N \o? + p/2/Noa? H '

1 1
('—ztr YYZIYZ_N(I"— 1)>= U2.

J2N(p -1 \o
Then U, and U, are independent, and the limiting distribution of U; is N(0, 1),
i=1,2 Let

po?

U1*=U1+_2‘.
g

Then, by the same way as in Yokoyama and Fujikoshi [34], we can expand
—21log R; as
—2logR; =Z¥* + 0,(N™1/?),

where
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—1 1
zr= /p—U;"—\/iUz.
P P

Here we note that the limiting distribution of Z¥ is N(6%, 1). Since
s11/N>tr Y, Y,/{N(p — 1)} is equivalent to Z¥ >0, it holds that

lim P(— Nlog4, <¢)= lim {P(Z¥* <c, Z¥>0)+ P(Z¥ < 0)},

which implies the desired result.

We note that under the null hypotheses H, and H,,, the limiting
distributions of the LR criteria in Theorems 4.1 and 4.2 agree with the results
in Yokoyama [32] and Yokoyama and Fujikoshi [34].

Part II. Growth curve model with covariates and random effects
5. The model and its canonical form

An important application of the mixed MANOVA-GMANOVA model
(0.2) arises in the growth curve model with covariates. In the model (0.1),
suppose that we can use the observations of r covariates for the N
individuals. Let C be the N x r observation matrix of r covariates. Then
the model (0.1) can be extended to a case of (0.2), and the model of X can
be written as

(5.1) X ~ Ny, (AEB +CO, EQI),

where @ is an unknown r x p parameter matrix. It is assumed that C is
fixed and rank [4, C] =k +r < N — p. Here, without loss of generality we
may assume that BB'=1,. In fact, if BB’ # I,, we may replace & and B by
Z(BB')''? and (BB')~ /2B, respectively. In the following we shall do this. The
model (5.1) is called a growth curve model with covariates.

We are now interested in a family of covariance structures

(5.2) Y =BAB,+oll(=2Z) 0<s<g,

which is based on random-coefficients models with differing numbers of random
effects, where 4, is an arbitrary s x s positive semi-definite matrix, ¢ > 0, B,
is the matrix which is composed of the first s rows of B. This family is a
generalization of random-effects covariance structures proposed by Rao
[18]. In fact, the covariance structure (5.2) can be naturally introduced by
assuming that the first s columns of = are random. We note that Lange and
Laird [15] has introduced the family (5.2) of covariance structures to a
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GMANOVA model (0.1).
A test statistic for testing Hy,: 2 = X vs. H,,: not H,y, under the mixed

MANOVA-GMANOVA model (5.1) has been proposed by Yokoyama and
Fujikoshi [33]. In Section 6 we propose test statistics for the hypothesis

(5.3) Hy:2 =2 vs. H,;:2=2,
under the model (5.1), where 0 <s <t <gq.

We now give a canonical reduction. We define the submatrices B; and
B;,, of B by B=[B,, B], B,=[B,, B.,]. Let B be a (p— q) x p matrix
such that BB'=1,_, and BB = 0, i.e.,

Bs Ql

Bs_r‘lt _ QZ

¢= Bz‘ N 03
B 0,

is an orthogonal matrix of order p. Further, let H=[H,, H,] be an
orthogonal matrix of order N such that H, is an orthonormal basis matrix on
the space spanned by the column vectors of C. Consider the transformation

from X to
Mk
= XQ'.
Y H,

Then9 lettlng Y=H5XQI = [YI, YZ, Y3’ Y4] = [Y(123)5 Y4]5 we have

0 L nleellas o) ven)
(') ),(123) Y4 Nxp ZE 0 s N |»

where u = H{A[Z, 0]+ H,COQ', A=H4A and ¥ = QXQ’. Here we note
that (@, £) is an invertible function of (i, Z). In fact, @ can be expressed
in terms of 4 and = as

(5.5) 6 =(H|C)"'uQ — (H,C)"'H,AZB.

We can express the hypothesis (5.3) as

A, + 021 0] 4, + o, o
(56) Hy: ¥ = vs. H,;:¥= .
o oll,_, o otl,_,

6. Tests for ramdom-effects covariance structures

We may consider the LR test for the hypothesis (5.6) under (5.4) instead
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of the one for the hypothesis (5.3) under (5.1). Since the elements of y in
(5.4) are free parameters, for testing the hypothesis (5.6) we may consider the
LR test formed by only the density of Y. The model of Y can be written as

(6.1) Y~N,.,([AZ,0], ¥®1,),

where n =N —r. Let L(Z, ¥) be the likelihood function of Y. Then we can
see that the MLE of & under Hy, or H,, is given by 5= (A;ZJ"Z’Y(IB).
Let

—2log L(Z, ¥)
=nlog|¥|+tr ¥ [Yyz3— A2 VI [Yu2sy— 42 Y1

g(?)

As is seen later on, the minimum of g(¥) under H,, or H,, can be obtained
in a closed form. However, since it is complicated, we consider the LR test
for a modified hypothesis

~ p 0 ~ p® 0
6.2 Hy,: ¥ = vs. H,:¥= ,
(6.2) 0 ( 0 oI ) " ( 0 o2l )

sip-s tip—t

where ¥ and P® are assumed to be arbitrary s x s and ¢ x t positive definite
matrices, respectively, and

vy )

—_ t) .

PO = ( wo  po > W(l)l L8 XS
21 22

It is easily seen that

(6.3)

. 1
min g(¥) =nlog|— Sy,
Hos n

+ n(p —s) log{ (tr S23y(23) + tr Yy Y4)} + np

n(p —s)
and

(6.4)

) 1 1 ,
mﬁlln g(¥P) =nlog - Saz2yaz| + nlp —t)log { 5 (tr S33 +tr Yy Y4)} + np,

n(p
where

Sll SIZ S13 SIA
S21 S22 S23 S24
S31 S32 S33 S34
S41 S42 S43 S44

S=Y'(,—AAA,)" 1 A)Y =
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Si11 Si, S,, S
S22 = (S ' SI ) and  S3)23) = <82 523 .
21 922 32 933

Therefore, we can suggest a test statistic

1
p—t

p—t
[S12)(1 2 { (tr S33 +tr Yy Y4)}

(6.5) A, =

s,t
\ 1 p—
|81 {I)—__é(tr Seanesn +tir Yy Y4)}

for testing Hy, vs. H;,. In order to express the statistic (6.5) in terms of the
original observations, we denote S;; and Y, Y, in terms of

Dxx Dxc Dxa
(6.6) D=[X,C,A)[X,C, A]1=| D, D. D,
Dax Dac Daa

Noting that H,H; =1Iy— P;, P.=C(C'C)"'C’, it can be shown (see
Yokoyama and Fujikoshi [33]) that

(67) Y4{ Y4 = Q4Dxx-cQ:1.a Sij = Qlix-caQJ{’
where D,,..= D, — D, .D;'D,, and

DCC DCd -t Dcx
Dxx-ca = Dxx - [Dxc’ Dxa] ’
DHC Daa Dax

which is equal to D, — D,,.DilD,y...
The statistic (6.5) can be decomposed as
(6.8) Ay, = A, 4,,

where

ISual_ ISial
[S14] 18112 + 81255, 824

1

and

1 p-t
lszzl{ (trS3; +tr Y, Y4)}
p—t
A, =

1 p-s
{p — s(tr Sy, +tr S35 +tr Y;’Y4)}

Here, the statistics 4, and A, are the LR statistics for ¥{, =0 and
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vy, = o21,_,, respectively.
LEMMA 6.1. When the hypothesis H, is true, it holds that

(i) A, and A, are independent,

1 1
ﬂ(E(n—k—t+s)+ h)]"s<§(n—k))

Fs(%(n—k—t+s))1"s<%(n—k)+h>

1
oo g "o 300 +1)

(p— ) 0" 1",_s<%(n - k))

F(% {np— t)-k(q—t)}+(P—t)h>F<% {n(P—S)—k(q—S)}>

(i) E(A}) =

(i) E(43) =

F<% {n(p—t)—k(q—t)}>1"<% {n(P—S)—k(q—S)}HP—S)h)

Proor. It is easy to verify that under H,,,
Siia~Wmn—k—(t—5s), YY), 81,858, ~ Wt —s, PY),
Sy~ W_n—k,62l,_), Sy3~W,_,(n—k, oI, ) and
Y Yy~ W,_,(n, 021,_).
Further, these five statistics are independent. Therefore, 4, and A, are
independent. The h-th moment of A, is obtained from that A, is distributed

as a lambda distribution A,,_;,_;_,-y. The h-th moment of A4, can be
written as

1
F_s<—(2h+n—k)> _
E(At) = 20-m P A2 E[ 2 ]
2 (p— )P0k r (l(n B k)) (K, + Ky)e=o |
t—s 2

— s)(p—S)h

where K, and K, are independently distributed, K, ~ x2, K, ~ x2,, and
vi=2h+n—-k)(t—s), v,=n(p—1t)—k(g—1).

Here, letting U = K, + K, and V= K,/(K; + K,), it is well known that U
and V are independent with

1 1
U~X31+‘,2, V~B<Ev2,5vl>'
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The third result (iii) follows from the above fact.

Using Lemma 6.1, we can obtain an asymptotic expansion of the null
distribution of — np log A, by expanding its characteristic function.

THEOREM 6.1. When the hypothesis H,g is true, the distribution function
of —nplog A, can be expanded for large M = np as
P(— nplog /L,, <Xx)

Y _
=P(2<x)+ ﬁi {P(3+4a <x)— Pt} < %)} + O(M™3),

where [ = %(t—s)(t+s+ 1),
y2=21§(t—s){6(t+s+ 1)u2—2{6(t+ Ds+2(t—s?+3t—s)—1

2
f B —qPki—6(p — )k + 2
+(p_t)(p_s){ (P —q) (r— @k + }}u

+2{Bt —s+3)s+2(t— 5P +3¢t—9s)—1}s+(t—s—Dt—s+ Dt —s+2)
- m(ZP—t—S)(P_Q){(P‘Q)k” 1}{(1’—‘1)’(_2}"},
where u =n(l — p) — k, and p is defined by

fn(1 —p)=11—2(t—s){6(t+s+1)k+6(t+ Ds+2(t—sP+3(t—s)—1

2

— _{3(p— 9k — 6(p — Ok + 2} {.
vl (P — @k + }}

We now obtain the exact LR criterion A%? for H,, vs. Hy,, which may
be obtained by starting from the distribution of Y. Let

- 1 - 1
e = " Si1, 62= (tr Si23)(23) + tr Y, 1)),

n(p —s)

1

PO = - Sazaz, 6= " (tr S35 + tr Y; Yy).

-1
For the case

(6.9) PO _G2I,>0 and P9 — G2, >0,
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the LR statistic A, is equal to Zs’,. However, if (6.9) is not satisfied, we
need to solve the problem of minimizing

(6.10)

1 - ~2
~g(4,, 62) =log |4, + 621 + tr (4, + 621) * ¥ + (p — s)(log o + 6—;)
n o

s

or

(6.11)

1 - ~2

—g(4,, c}) =log|d, + o?1,| + tr (4, + o?1) ' PO + (p — t)<log o’ + 0_,2>

n 0y
under H,, or H,,, respectively. Let I, > .-- > I (>0) be the eigenvalues of
P9 and W=[w,,...,w,] be an orthogonal matrix such that W' POW =
diag (I4,...,1;), and let

1
ms=max{j; l,-z _.{lj+1 44 ls+@—s)5f}}.

Then the values of o2 and 4, which minimize (6.10) are

1 - ms
{lpgs1+ -+, +(@—2962} and 4,= Y (I;,— 6H)w;wj,

s Jj=1

(6.12) 6=

respectively (see, Schott [23], Khatri and Rao [13], Fujikoshi [7]). Similarly
we obtain the values 62 and 4, of ¢? and 4, which minimize (6.11) under
H,,. Therefore, the exact LR criterion can be expressed as

(6.13) AV = exp [— % {9(4,, %) — g(4,, 33)}]

Since the LR statistic 4,, is complicated and impractical, we propose to use
the following simple bounds for A, ,:

{}is,,, if 1,> 62,
R, if 62>1,

A, if d,>62,

6.14 A, =
(.19 ! R,, if 62>d,

and A¥ = {
where d, > --- > d,(> 0) denote the eigenvalues of ¥®, and

_ | P&y wd R = PO exp @/d,— 1)}
TP (I exp (62/1,— 1)} ' TRIAR '

The statistics A"? and A*Y? in (6.14) are approximate LR criteria for
Hy, vs. H,, and H, vs. H,,, respectively, and we have
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(6.15) A, < A, < A%,
Then, from (6.14) and (6.15) it is easily seen that
(6.16) |45, — Ag ] < 2,
where 1= A%, — A,,.

7. The MLE’s

In this section we obtain the MLE’s of unknown mean parameters under
the mixed MANOVA-GMANOVA model (5.1) with & = B4,B, + 61 ,(= %))
and consider the efficiency of the MLE of £. This model is reduced to the
same canonical form as in (5.4), but the covariance matrix ¥ is given by

(As +oll, © )
Y= .
o a2l

sip-s
It is easily seen that the MLE’s of 4 and & are given by
(7.1) A=Z and £ =(AA) 1A Yy,
respectively. Therefore, from (5.5) the MLE of @ is given by
(7.2) 6 =(H{C)'ZQ — (H,C)"'H{A(A' A)"* A’ Y,y 15,B.
We now express the MLE’s given in (7.1) and (7.2) in terms of the original
observations or the matrix D in (6.6). Noting that

(A'A) "' A'Yy,3 = (A'H,HyA) ' A'H,H,XB, (H,C)"'H;=(C'C)"'C/,
we have the following theorem.

THEOREM 7.1. The MLE’s of E and O under the mixed MANOVA-
GMANOVA model (5.1) with X = X are given as follows:
E=[A(y—P)A] *A'(Iy— P)XB
=DggeDor.c B,
O=(C'C)"'C'X —(C'C)"1C’'A[A'(Iy — P)A] ' A'(Iy — P)XB'B
=Dbp_'(D., — D,D, LD, B B).

We now consider the MLE of & under (5.1) where X' is an arbitrary
positive definite matrix. The MLE can be obtained as the MLE of = under
(6.1) where ¥ is an arbitrary positive definite matrix. Since the latter model
is a GMANOVA model, it is well known (see, e.g., Siotani, Hayakawa and
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Fujikoshi [24, p. 312]) that the MLE of & can be expressed as
(7.3) §=(F112+F12Y4)Y2123)

=(AA) " 'AH,XS* 'B(BS* 'B)"1,
where S* = X'H5(I, — A(A'A)~'A)H,X and

<Z'Z Z'Y4>—1 <F11 F12>

YA VY, Fyi Fp)

Chinchilli and Elswick [6] obtained an expression similar to (7.3). In terms
of the submatrices of the matrix D in (6.6), we can write

ZlZ:Daa_Dach;IDcazDaa-cﬁ Z,112)(’=l)ax_Dach:‘lD(:x=l)ax-c9
S*=D_.—D,. D} =D

xXXx-c xascaac— ax-c xx-ac*

Therefore, we can write = as

(7.4) E=p2'D, DL .B(BD.' B) !

aa-c ax-c xx-ac xx-ac

THEOREM 7.2. Under the mixed MANOVA-GMANOVA model (5.1) it

holds that both the estimators & and E are unbiased, and
(i) if 2=2,, V(vec(&))= ¥,®@ M,
P—4q
N—(k+rn—-(p-—9-1
where M = [A'(Iy — Po)A]™! and

(As+afls o )
P, = .
(0] o2l

stq-s

(i) V(vec(E)) = {1 + }(BZ“B’)“ @M,

PrROOE. Since & = (A" A)" 1A' Y,,3), we have
E(Z)=5 and V(vec(&) =¥, ® A 4!,

which imply the result on Z. The results on = are essentially obtained from
a general result in a GMANOVA model (see, e.g., Grizzle and Allen
[10]). Here we give a direct proof. Since A’H,X and S* are independent,
the unbiasedness of 5 is easily obtained, and the covariance matrix of vec (&)
given S* can be written as

V(vec (5)|S*) = (BS~'B) 'BS 2B (BS 'B) '@ [A'(Iy— P)A] ™!,

where B=BX !/? and S=X"1/28*3-1/2 Let G=[G,, G,] be an orthogonal
matrix such that G, = B'(BB)~'/2, and let



470 Takahisa YOKOYAMA
~ Wi W
W=GSG =< t ”), W, q % q.
Way W,
Then W is distributed as W,(N — (k + ), I,), and it holds that
(BS-1B)"'BS-2B(BS-1B)"' = (BB) V2(1, + Wy, Wy, W,))(BB) /2,

Noting that W,,W,;'? and W,, are independent and the elements of
W,, W,,/? are independently distributed as N(0, 1), we have

~ o~ o~

E[(BS-'*B)"'BS-*B(BS-'B)~']

— p—q -1 pn-1
{1+N—<k+r)—(p—q)—1}(32 B

which implies the desired result.

It is easily checked that (BZ, 'B’)"! = ¥,. Therefore, from Theorem 7.2,
under the assumption of 2 = 2 we obtain

= & P—q
V(vec (Z)) — V(vec (&) = Y®M>O0.
N—-k+rn—-(p—q-—1
This shows that a more efficient estimator for £ can be obtained by assuming
a random-effects covariance structure.

We note that the MLE’s of unknown variance parameters o2 and A4,
under the mixed MANOVA-GMANOVA model (5.1) with 2= X are given
by (6.12). The MLE’s are not unbiased. On the other hand, the usual
unbiased estimators of ¢? and 4, may be defined by

(7.5)
1

R
N—tk+r '

~2

U T
N=np-y

respectively. However, there is the possibility that the use of 4, can lead to
a nonpositive semi-definite estimate of 4,. The estimators in (7.5) can be
expressed in terms of the original observations, using (6.7). Relating to these
unbiased estimators, we may propose the estimators obtained from the MLE’s
by taking

(tr Si23)23) + tr Y, Y,) and 4, = _ &,

1

0
N—(k+r)

11

in stead of ¥® = n~1S,,. The modified MLE’s of 62 and 4, when m, = q are
equal to (7.5). Such estimators are called restricted maximum likelihood
estimators (= REMLE’s).
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8. Numerical example

We now examine the data (see, e.g., Srivastava and Carter [26, Table
7.14]) of the price indices of hand soaps packaged in 4 ways, estimated by
12 consumers. For 6 of the consumers, the packages have been labeled with
a well-known brand name. For the remaining 6 consumers, no label is
used. From the data, we obtain

xV = (31667, .45833, .47500, .64167),
x? = (.60000, .66667, .85000, .96667),
x = (.45833, .56250, .66250, .80417),

45917 32875 .52375 .35958
38563 .39813 .41688

S, = ,
72563 .54438
61229
21833 15167 .20500 .08333
S = 25542 16375 21375

30375 17875
29542

For the observation matrix X: 12 x 4, we assume the model (5.1) with

1
(8.1) E(X)=<0">€lz+ 1,,(6,, 65, 65, 0,)
and the random-effects covariance structure
8.2) V(vec (X)) = (621,14 + 021,)® I,,.

The adequacy of the structures (8.1) and (8.2) to the data has been examined
in Yokoyama [32]. Now we consider testing the hypothesis

8.3) Hoo: Z =021, vs. H,;: X =08%1,1, +o%l,

under this model. Since s=0, t =g =1, and
1 1
S, =—1,8,1,=.76635, tr Y, Y, = tr §, — —1,5,1, = .35130,
p p

it follows from (6.5) and Theorem 6.1 that



472 Takahisa YOKOYAMA

1 -1
su<—1 tr Y, Y4>
A, =P = 20189,

0.1= 7
{—(522 +trY, Y4)}
14

and
—nplog Ay, = 15223 > ¥2(.01) = 6.635.

Therefore, the hypothesis H,, should be rejected. This shows that random
effects on each individual are not absent in this example.
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