
HIROSHIMA MATH. J.

27 (1997), 295-305

Asymptotic expansion of the joint distribution of sample

mean vector and sample covariance matrix from an

elliptical population

Hirofumi WAKAKI

(Received April 15, 1996)

ABSTRACT. We consider the joint distribution of the sample mean vector and the

sample covariance matrix based on the i.i.d. sample of size n. We give a basic lemma

which can be used for deriving asymptotic expansions up to terms of O(n-1) for the

joint distribution of the sample mean vector and the sample covariance matrix. Using

the lemma, we derive an asymptotic expansion for an elliptical population.

1. Introduction

Let X and S be the sample mean vector and the sample covariance
matrix based on the i.i.d. sample of size n from a p dimensional probability
distribution with mean vector μ and covariance matrix Ω. Let

(1.1) Z = n1/2Q-1/2(S - Ω)Ω~1/2 and Y = n1/2Ω~1/2(X - μ).

Then the limiting distribution of Z and Y is mutually independent normal.
Wakaki [7] derived an asymptotic expansion for the joint distribution of Z
and Y up to the order of n~1/2 when the underlying distribution is an elliptical
distribution. Unfortunately, the result included some miscalculations. The
purposes of this paper are to correct them and to extend the result to an
asymptotic expansion up to the order n"1.

2. A basic lemma

In this section, we do not need the assumption that the underlying
distribution is elliptical. For the validity of the following formal asymptotic
expansion, we assume that the underlying distribution has a density function
with respect to Lebesgue measure on Rp (see theorem 2 in Bhattacharya and
Ghosh [1]).
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Let Xl9 X2, . . , Xn be the i.i.d. sample, and let

(2.1) Uj = Ω-ί/2(Xj -μ\ j = 1, 2, ..., n.

Then

(2.2) Y = n~1/2 ΣU Uj and Z = n(n - I)" 1 {W - n-1/2(YY' - Ip)},

where Ip is the identity matrix of order p and

(2.3) W = T 1 / 2 Σ "

First we consider the joint distribution of W and Y.
For a p x p symmetric matrix A = (α )̂ and a p x 1 vector B = (bj), we

use the following notation.

(2.4) Vec (A\B) = ( α n , α 2 2 , . . . , αpp, α 1 2, α 1 3 , . . . , αp_Up, bu b2,...,bp)'.

Let

(2.5) Vj = Vec(t/jϋ,' - Ip\U}), j=\,2,...,n.

Then

(2.6) ξ = Vec (W| 7) = n"1'2 Σ^= 1 15.

Therefore our problem can be reduced to deriving an asymptotic expansion
for the distribution of the sample mean vector of Vu V2, ••-, Vn.

Let φ{t) be the characteristic function of ξ. If £[||VΊ||5] < 00, where ||*| |
is the Euclidean norm, then φ{t) can be expanded as

(2.7)

+ (l/24)n-2E[(F/t)4] + O(fΓ5/2)}"

= exp [n log {1 - (l/^n^EQF/t) 2] -

+ (l/24)n-2E[(F/ί)4] + O(/J- 5 / 2 )} ]

= exp {-(lβ)t'Cqή [1 - (i/βίπ-

V[tf-\ - 3(t'C,t)2}

] 2 + O(n"3/2)],

where Cβ is the q x q covariance matrix of Vt with q = p(p + 3)/2. For any
nonrandom vector α, Prob (α' Fx = 0) = 0 since X t has a density function.
This shows that Cq is nonsingular. Inverting φ(t), the density function of ξ
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can be expressed as

(2.8) fw(ξ) = (2πΓ«|CβΓ
1'2 Jexp {-Iξ't - {l/2)t'Cqή

where

(2.9) flfi(0 =

and

(2.10) g2(t) = E[(l/24)(F/ί)4 -

Since

(2.11) -iξ't - (l/2)t'Cqt = -(l/2)(ί + iC~^yCq(t + iC;^) - (l/2)ξ'C?ξ9

fw(ξ) can be expressed as follows.

(2.12) fw(ξ) = ( 2 π Γ ^ | C f | - ^ exp {-

•{1 + n " 1 / 2 E τ [ ^ ( T ) ]

where E τ means the expectation with respect to T when T is distributed as

q dimensional normal distribution with mean vector —ίC^ξ and covariance

matrix C" 1 . Calculating the expectation E τ , we obtain the following lemma.

LEMMA. Let ξ be given by (2.6). Assume that E[m\\X11|10] < oo and that

Xx has a density function with respect to Lebesgue measure on Rp then the

density function of ξ can be expanded as

(2.13) fw(ξ) = (2πΓ«'2\Cq\-v2 exp {-

where

(2.14) qi(ξ)

and

(2.15) q2(ξ) = (l/2){qi(ξ)}2 - (lβ){q(q + 2) - 2(q

+ (i/24)E v[ -
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Here Vγ and V2 are given by (2.5) and E v means the expectation with respect
to the distribution of Vί and V2.

The above lemma may be useful for deriving asymptotic expansions of
the distributions or the moments of some functions of the sample mean vector
and the sample covariance matrix. Here we note that some works have been
done for these distribution problems. Fujikoshi [3] derived asymptotic expan-
sions of the distribution of a multivariate Student's t statistic defined by
u = nίl2S~1/2(X — μ) as well as Hotelling's T2-statistic under nonnormality.
Kano [4] also derived an asymptotic expansion for the distribution of Ho-
telling's Γ2-statistic under a general distribution, independently with Fujikoshi.
He derived a formula of Edgeworth expansion of the distribution of a multi-
variate statistic corresponding to ξ, with using multivariate Hermite polyno-
mials (cf. Appendix of Takemura and Takeuchi [6]).

3. Asymptotic expansion for the distribution of Z and Y in elliptical case

If the underlying distributon is elliptical we can evaluate the expectations
involved in the lemma in Section 2. Suppose that the underlying distribution
is elliptical with characteristic function exp (iμ't)ψ(t'Γt), then the covariance
matrix is —2ψ'(0)Γ. Hence the characteristic function of Uί = Ω~1(X1 — μ) is

(3.1) c(t) = ψί-

Let U = (uuu2,...9 up)
f and t = (tl9 ί2,..., tp)\ then

(3.2) Έ[utuj... i i j = {d/dtiW/dtj)... (d/dtk)c(t)\t=0.

Calculating the derivatives to the 8-th order, we obtain

i i j k ι ]
(3.3)

E [ j = κ3<ijklmn}9

nUoUp] = κ4(ijklmnop},

where

(3.4) Kj = iA°W{f (0)H j = l, 2, ...

and the notation <*> means
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<y> = <50 (the Kroneker's delta),

<i/fc/> = <(/><«> + «*><//> + <//><;fc>,

<i/7c/mnop> = (ij}ζklmnop} + <ifc><;7mnop> + ••• + <ip><;7c/mno>.

(3.5)

Let Cq be partitioned to 3 x 3 blocks as [Cjk] where the size of C1U C22

and C 3 3 are p x p, ρ{p — l)/2 and p x p, respectively. Then, using the for-
mulas (3.3) we obtain C1 2 = 0, C 1 3 = 0, C23 = 0,

(3.6) C1 1 = 2/c2/p + ( κ 2 - l ) G p , C 2 2 = κ2/p(p_1)/2 and C 3 3 = lp,

where Gp is a p x p matrix whose all elements are equal to 1. Let Jp =
Ip — p^G,,, then Jp and p~ιGp are idempotent, JPGP = O and

(3.7) C n = 2κ2Jp + (pκ2 + 2κ2 - p)p~1Gp.

Therefore

(3.8) Cϊ{ = uJp + vp-ιGp and C2\ = 2u/(Kp_1)/2,

where

(3.9) u = (2κ2)~
x and υ = (pκ2 + 2κ2 - p)"1.

Since

(3.10) Vec (Alβyc;1 Vec (C|D) = u tr (ΛC) + p" 1 ^ - «) tr (A) tr (Q + FD,

- υWVt + U2U2) + U[U2 + pv = a(Uu U2) (say).

From (2.2),

(3.12) W = (1 - n-^Z + n-1/2(YY' - /p),

(3.13) {'Cf-^ = u tr (W2) + p-^p - u) tr2(VF) + 7 7

= rQ(Z, Y) + tr^b^Z, Y) + n-%(Z, Y) + O(n"3/2),

and

(3.14) V C 'ξ = c(Uu Z, Y) + n-^d(Uu Y) + OίrΓ1),

where

ro(Z, Y) = u tr (Z2) + p - > - u) tr2 (Z) + Γ 7,

(3.15) b,{Z, Y) = 2{u(Y'ZY) - v tr (Z) + p"1^ - «) tr (Z)(YΎ)},
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b2(Z, Y)=-2u tr (Z2) - 2p~1(v - u) tr2(Z)

+ {u + p-'(v - u)}(YΎ)2 - 2v(YΎ) + pv,

and

c(Ult Z, Y) = wίl/ίZl/J + p~\v - u) tr (Z)(l/ίυx) - v tr (Z) + l/JF,
(3.16)

d(Uu Y) = u(U[Y)2 - υiUlUJ + p-\v - uKY'TOMUJ

-v(YΎ) + pv.

The Jacobian of a transformation {W, Y)^(Z, Y) is (1 - n-^p+X)l2. There-
fore, from lemma, the joint density function of Z and Y can be expanded as

(3.17) f(Z, Y) = (2π)-"'2 |C4Γ
1 / 2 exp [-(l/2)ro(Z, 7)]

• [1 + n-ll2

ri(Z, Y) + n-^iZ, Y) + O(«-3/2)],

where

(3.18) MZ, Y) = ££(1/6)0(1/!, Z, F)3 - (l/2)c(l/1; Z, 7 ) ^ , ί/J]

- (1/2)̂  (Z, n

(3.19) r2(Z, Y) = (l/2)r!(Z, Y)2 - p(p + l)/2 - (l/2)b2(Z, Y)

- (lβ){q(q + 2) - 2(q + 2)ro(Z, 7) + ro(Z, 7)2}

+ £[(1/2)0(1/!, Z, Yfd(υu Y) - (1/2)^(1/!, y)α(t/1; VJ

- (l/8){c(£/l9 Z, F)2 - β ί ^ , l/JJαίC/i, l/2){c(£/2, Z, Y)2

- a(U3, U2)} - (\l\2)a(Uit U2)
3

+ (1/4)0(1/!, l/2)
2c(L/1, Z, y)c(l/2, Z, 7) + (l/24)c(Ult Z, Y)4

- (1/4)0(1/!, Z, y)2α(C/x, l/i) + (l/8)α(t/!, 1/χ)2]

Taking these expectations, the joint density function of Z and Y can be
expanded as the following theorem.

THEOREM. Let Z and Y be given by (1.1). When the underlying distribu-
tion is elliptical with characteristic function exp (Wμ)ψ(t'Γt) and finite 10-th
moments, the joint density function of Z and Y can be expanded as

(3.20) f(Z, Y) = (2π)-^p+3)l42p(p-1)l4uip+2)(p-1)l4v1/2 exp {-ro(Z, Y)β)

• [1 + n-ll2

ri(Z, Y) + n'h^Z, 7)] + O(n-3/2),

where u and υ are given by (3.9), ro(Z, Y) is given by (3.14) and
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(3.21) r^Z, Y) = «! tr (Z) + α2 tr 3 (Z) + α3 tr (Z3) + α 4 tr (Z) tr (Z 2)

+ a5{Y'Y)tr(Z) + a6

(3.22) r2(Z, Y) = (1/2K(Z, Yf + βι + β2 tr 2 (Z) + ft tr 4 (Z) + ft tr (Z 2)

+ ft tr 2 (Z) tr (Z2) + β6 tr 2 (Z2) + ft tr (Z) tr (Z 3)

+ βs tr (z 4 ) + ft(y Y) + ft 0 ( y y) tr 2 (Z) + ft ^ y r ) tr (z 2 )

+ β12(YΎ)2 + β13Y'ZYtτ(Z) + β14Y'Z2Y.

Coefficients cc/s and βfs are as follows:

(3.23) α t = (p/4)(2 + 3p + p 2 - 4pv) + (κ2/2)(2 + p)»(-1 + 3D)

- (κ3/2)v(2u + 5pu + p2u + 2v + pv + Suv),

α 2 = (»2/12)(3 - 6M - 2i>) + (κ3/6)uv2(ί - 10M + 16M2 - 2v + 8MI>),

α 3 = (4K 3/3)M 3,

α 4 = —uv/2 + κ3u
2(— 1 + 4M)I;,

α 5 = (p/2)(l - 2M),

α 6 = (1 - 2M)/2,

ft = {p(-84 - 87p - 18p2 - 3p3 - 12t; - 36pv - 39p2v - 18p3t>

- 3p4v + I2pv2 + Ί2p2v2 + 24p3v2 - 80pV)}/96

+ {(2 + p)(2 - p + 2pv + 3p2v + p3v - 1 3 p V - 3p 3 r 2

+ 20p2r3)κ:2}/8

+ {(2 + p) 2 i ;(-2 -p + 6pv - 15pr2)κ|}/8

+ {(2 + p)(4 + P ) ( - 6 M + 6pM + 12υ - 3pt; - 3p2ϋ - 6uv - 3pMi;

+ 6p2uv + 3p3uv — 24v2 + 18pr2 + 12p2t>2 + 12pMi;2

- 12p2Mt;2 - 20pt)3)κ3}/24

+ {(2 + p)2(4 + p)v2(-ί + 5v)κ2κ3}/4

+ {(192M3 + 128pM3 - 48p2M3 - 16p3M3 - 32M2I; - 36pM2r

- 120p2M2r - 99p3M2i; - 30p4M2t; - 3p5u2v + 256u3v

+ 160MI;2 - 264pMϋ2 - 240p2uv2 - 66p3tιv2 - 6p*uv2 + 64u2v2

- 260pt;3 - 60p2t;3 - 5 p V - 320MU3)ΪC|}/24
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+ {(-52u 2 - 28pu2 + 2lp2u2 + 10p3M2 + p V + 32uv + 64puv

+ 22p2uv + 2p3uv - 48u2v + 2<ύv2 + I2pv2 + p2v2

+ 48uv2)κA}/8,

β2 = { — 3M — pu + v + 2pv + 8ut> — 3puv — p2uv — 6v2

- 3pv2 + 4puv2 + 2pv3 - 6p2v3 - 2p3v3 + 16p2t>4}/8

+ {v(-2 + 4v- \2v2 + 20pv2 + I9p2v2

+ 3 p V - 96pv3 - 4$p2v3)κ2}β

+ {(2 + p)v2{ί -6v- 3pv + 36t>2 + \ipv2)κ\}/4

+ {(2u2 - 2uυ - puv + I2u2v + I2pu2v + 2p2u2ϋ - 6v2 - pv2

+ 32uv2 + 4put;2 - 32u2r2 - 4pu2ι;2 + 44r3 - 28pr3 - 1 5 p V

- 2p3u3 - 64uv3 + 4puv3 + ίθp2uv3 + 2p3uv3 - 32υ4

+ 48pι;4 + 8pV)κ 3 }/4

+ {(2 + p)(6 + p)(l - 12r)t)3ίc2κ:3}/4

+ { ( - 1 6 u 4 - 68u3v - 18pM3t> - 2p2M3t; + 32M4ι> + 8M2U2

+ 16pM2ϋ2 + 2 P 2 M V - 32M 3D 2 + 1 2 8 M V + 12MU3 + 40puv3

+ Πp2Mt>3 + p3uv3 - 3 2 M V + 192M3V3 + 40t>4 + 24pv4

+ 2p2v4 + 64uvΛ + 128M 2 Γ 4 )K | }/4

+ {(18M 3 + 2pu3 + 16M2v - 28M3V - 20uv2 - lίpuv2 - p2uv2

- 48M 3 v 2 - 2v3 - pv3 + 4uv3 - 4 8 M V ) K 4 } / 4 ,

β3 = { Γ

2 ( - 1 + 2M + 14t> - 2θHt; - 32t»2 - 16pυ3)}/32

+ {3ι;4(3 + 2v + 4pv)κ2}β - {9(2 + p)v5κj}β

+ {v2(3u2 - 6M3 + 7uv - 70u2v + 88M3D - 9v2

- 26uv2 + 80M 2 D 2 + 6v3 - 6pv3 + 24αt;3)κ;3}/12

+ {3(2 + p)v5κ2κ3}/4

+ {v2(-2u3 + 4M4 + 2u2υ - 44u3v + 224M4D - 256M5I> + 2uv2

- 4u2v2 + 96M 3 v 2 - 1 9 2 M V - 2t>3 - pv3 - 4uυ3

- 64M3t;3)κ|}/8
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+ {uv2(3u - 12M2 + 12M3 - 2v + 32uv - I2&u2v

+ I44u3v + 4v2 - 2Suv2 + 4 8 M V ) K 4 } / 2 4 ,

β4 = {2 + 12M + 3pu + p2u - 2pv - p2v + 4puv + 3p2uv + p3uv + 6pv2

+ 3p2v2 - 4p2uv2}β

+ {(4 + p)u(—2u + 2v + pv — 4uv — 4puv

- 2p2uv - 8t>2 - 4pv2 + 4puv2)κ3}/4

+ {M2(16M2 + 8pM2 + 26puv + 9p2uv + p3uv

+ 64u2v + 16t;2 + ίOpv2 + p2v2 + 32MD2)K1}/2

+ { « 2 ( - 14M - 9pu - p2u + 2v-pv- 24uv)κA}/2,

β5 = {t;(M - 2ut; - 6v2 - 3pv2 + 4puv2)}β

+ uv(—u2 — 5uv + I2u2v + 2v2 + pv2 + 4uv2 — puv2)κ3

+ {u2v(2u2 - 4uv + 64M2I; - 128H3I; - 2v2 - pv2 - 3 2 M V ) K | } / 2

+ {u2v(-u + 2u2 + 2v- I4uv + 24M2U)K4}/2,

β6 = - { M 2 ( 1 + pv)}β + {(4 + p)M3t;κ3}/2

- {M4(p + I O M ) ^ 2 } ^ + {M 4K 4}/2,

βΊ = {8M 3 W 3 }/3 + 8(1 - 4u)uAvκ\ + { 8 M 3 ( - 1 + 3u)ι;κ:4}/3,

β8= - 8 H 5 K 2 + 2M 4K 4 )

βg = {4 + 3p + p2 + 4V + lOpv + 5p2v + p3v - 8pυ2 - 4p2v2}/8

+ {(2p - 12u - 20pv - 7p2v - p3v + 24t>2 + 32pp2 + ίθp2v2)κ2}β

+ {(2 + p)v(4 + p-6v- 3pv)κ2

2}/4

+ { ( - 4 M - 10pM - 2p2H - 8v + lOpv + Ίp2v + p3v — 8«t> - 24puv

- I4p2uv - 2p3uv - Sv2 - I6pv2 - 2p2v2 - 32MD2)K3}/8

+ {(2 + p)(6 + p)v2κ2κ3}/4,

β10 = {v2(5 -6u-2v + 2pv)}/4 - {v2{3 + 4v + 5pv)κ2}/4

+ {3(2 + p)ι>3κf}/4 + {v2(ί + 2M - 20M2 + 32M3 + pv - 4uv

+ 16u2v)κ3}/4

-{(2 + p)v3κ2κ3}/4,
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βu = { — 2u + 2v + pv — 4uv — 2puv}β

+ {u(2u - 2v - pv - 4uv + 2puv + 16u2v)κ3}/4,

βί2 = (3-4u + 2υ-pυ- 4uv)β + {(-1 + 2v + 2pv)κ2}β

- {(2 + p)wcf}/8,

2w2(-l + 4φfc3,

The coefficients α/s are corresponding with a/s in the theorem 2.1 of
Wakaki [7]. If we substitute K = κ2 — 1 and t/f3 = fc3 — 1 and make some
reduction using (v — u)/p = uv — v/2 and uκ2 = 1/2, then we obtain aj = <xj9

for 7 = 2, 3, ..., 6. But flx ^ αx. The coefficient aί should be corrected as

(3.24) ax = -φ3{uv(p2 + 5p + 2 - βp" 1 )^ + i?2(p + 6 +

+ ιc{ιιι?(p2 + p - 2)/2 + v2(3p + 6)/2 - v(p +

1 - 2/Γ1) - 4i;2p"1.

If the underlying distribution is normal, κ2 = κ3 = κ4 = 1 and u = v = 1/2.
Γi(Z, 7) and r2(Z, 7) are reduced to

(3.25) ri(Z9 Y) = -(1 + p)/2 tr (Z) + (1/6) tr (Z3),

(3.26) r2(Z, Y) = (1/2){Γl(Z, Y)}2 - p(5 + 9p + 2p2)/24

+ (2 + p)/4tr(Z 2)-(l/8)tr(Z 4).

If we make a transformation Z to {(n — l)/n}1/2Z, we obtain the same result
given by Fujikoshi [2] (see also Siotani, Hayakawa and Fujikoshi [5]).
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