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Stationary solutions to boundary problem for the heat equations
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Asstract. The necessary and sufficient conditions for the existence of a stationary
solutions to the boundary value problem for an abstract heat equation with a stationary
disturbances and to the stochastic boundary value problem for such equation in the strip
are given. The existence of a bounded solutions to the deterministic boundary value
problem is also considered.

1. Introduction

In this paper we deal with an abstract stochastic heat equations, for which
one of the independent variables represents time. It is supposed that random
disturbances on the right-hand side are stationary with respect to the time
variable. We are interested in solutions which are stationary with respect to
the time variable of a boundary value problem in the strip. Periodic solutions
for the deterministic partial differential equations are intensively studied, see, for
example, well known book [15]. The problem of the existence of stationary
solutions to a stochastic ordinary differential equation is also well understood,
see books [8], [5] and a survey [6] for more references. During the past years it
has become apparent that it is natural and more adequate in many applications
to consider an input source as a random source or random disturbances. Thus
investigations of stochastic partial differential equations are important. We
consider the stationary solutions to some boundary value problem for a heat
equation and will present some approach to obtain the existence theorem of
stationary solutions. This approach is based on the results from [3] and [4].
We will demonstrate it in a simple situation relative to the random disturbances.

Let (B,]| - ||) be a complex separable Banach space, 0 the zero element in B,
and #(B) the Banach space of bounded linear operators on B with the operator
norm, denoted also by the symbol || -||. For a B-valued function the continuity
and differentiability means correspondingly the continuity and differentiability
in the B-norm. For an operator A4 the sets g(A4) and p(A) are its spectrum and
resolvent sets, respectively. Let I be the identity operator.
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In what follows, we shall consider all random elements on the same
complete probability space (2, #,P). The uniqueness of the random process,
satisfying some equation, means its uniqueness up to stochastic equivalence.
We consider only B-valued random functions which are continuous with prob-
ability one. All equalities with random elements in this article are always the
equalities which hold with probability one.

2. Stationary solutions to the boundary value problem with stationary
disturbances

Denote by S; the set of all B-valued stationary processes & = {&(¢)|z € R}
with continuous sample functions satisfying the following condition

E[ sup ||5<t)n] <t
0<t<d

for some ¢ > 0.
Define

Gy :={g:[0,7] = C|g(0) = g(x) =0}NC'([0,]);  Q:=Rx[0,7].
Given ge C}, Ae #(B) and &€ S let us consider the problem

(1)

u (t,x) —ug (1,x) = Au(t,x) + {(0g(x),  (1,x) € O
u(t,0) = u(t,n) =0, teR.

DEFINITION 1. A B-valued random function u defined on Q is a solution of
the problem (1) if u, u; and u, are continuous with probability one on Q and
equality (1) holds with probahility one.

DEFINITION 2. A B-valued random function u defined on Q is stationary
(with respect to t) if

VieR VneN V{(t1,x1),...,(tnsXn)} = Q Vv{D,...,D,} = #(B):

o

where B(B) is Borel g-algebra of B.

X

{60 : u(a); te + t,xk) € Dk}} = P{ ﬁ {w : u(a); tk,xk) € Dk}},
1

k=1

We come now to the main result of this section.

THEOREM 1. Let A€ L (B). Then the following two statements are
equivalent:
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(i) For any stationary process &€ Sy and function ge C} the boundary
value problem (1) has a unique stationary solution u such that

sup E||u(0,x)| < +oo0.

0<x<n
(i) {k?+io|keN,aeR} < p(A).
Proor. (ii) implies (i). Let &€ S; and g e C} be given. If the condition
(ii) holds then we have, for some ko e N
g(d)=0UoyU --- Uoay,,

where
o< {zeC|Rez < 1},

gy c{zeC|l <Rez < 4};

o, = {z€C| (ko — 1) <Rez < kZ}.

Now let P¥ (or Pf) be the Riesz projectors corresponding to the part of the
spectrum g1 U --- Uogy (or ox41U --- Uay,), k=1,...,kp — 1. Note that if, for
example, g; = g(A4), then P! =T and P! is the zero operator. It is known that

P*+PF=1,
|4 DIPk| < L™ 1> 0;
le 4= DPK| < Le,  t<0

for 1 <k <ko—1 and

“e(A—kgI)t” < Le™, £>0

with some numbers L > 0, a > 0, which are fixed below.
The sequence {sinkx, x € [0,7n] : k > 1} is complete in C}, which means
that for any g e C/,

o ) 5 (" .
g(x) = ng sinkx, xe€|[0,n]; gk = ;J g(x)sinkxdx, k=>1,
=1 0

where the series on the right-hand side is uniformly convergent.
Consider the random function

ko—1

u(t,x) = (J:OO Gi(t — s)P*E(s)ds — J

k=1

+00
Gi(t — s)Pff(s)ds) gk sinkx

t

+ i@ Jt Gi(t — 5)&(s)dsgy sin kx, (t,x) € Q,

k=ko Y —®
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where
Gi(t) := A * Dt feR.

All integrals for u are convergent as a Bochner integral with respect to Lebesgue
measure (or improper Riemann integrals for continuous B-valued function) with
probability one. To see this, observe that for 0 < k < ko — 1

J' E||Gk(t—s)P_ké(s)||dssjt Le™ =9 E||£(0)||ds < 4 o0;

— 00

+00 +o
J E||Gi(t — s)P¥E(s) ds < J Let=9 E||£(0)||ds < +o0
t t

and

t

(2) Jioo E||Gi(1 = 5)¢(s)llds < J Lexp(—(a+k* — k3)(t — 5))E||(0) | ds

—00

L
< r g Ol K=k

The series for u converges uniformly on [u,v] x [0,7] for any u < v, v—u <9
with probability one. Indeed, we have

[ et - P |

0

Ji Gy (t — 5)&(s)ds

| = £| sup

u<t<v

E[ sup

ut<v

+00
< E[ sup [ petor -t - p)ndp}

ut<v

+00
[ reew-samns sup e pi] o
0 ut<v

IA

L
L ————=E Hli, k > k.
a+k?—ki [o?f‘;s It )”] ’

Hence the random function u is continuous with probability one. The random
function u is stationary with respect to ¢, see [5].
By a similar reasoning, it is verified that

ko—1

(3) u(t,x) =Y (4- k21)( Jioon(t — 5)P*&(s)ds

k=1

_ J " Gt - s)Pfg(s)ds) ge sinkx

t
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+ i(A - KI) r G (t — 5)&(s)dsgy sinkx

k=ko

-3 K ( j' Gi(t — s)P¥E(s)ds
— J+OO Gy (t — s)Pfé(s)ds) g sinkx

- Z k2 J x (8 — 8)E(s)dsgy sin kx, (t,x) € Q;

k=ko

and
k=1 / ot

4)  ul(t,x)= Z (J Gi(t — 5)P*E(s)ds
=1 \J-o0

- roo Gi(t — s)Pfé(s)ds) gi(—k?) sin kx

+ZJ Gi(t — 8)E(s)dsgi(—k?) sinkx,  (t,x) € Q
k=ko

with probability one. The series appearing on the right hand sides of (3) and
(4) converge unifofmly on [u,v] x [0, 7] for any u < v, v — u < & with probability
one. Indeed, by conditions ¢ €Sy and ge C} we have

XOO: E( sup
[, Gutoretc - pip] -t

k=ko ust<v,0<x<nm
0

(A —KI) Jt Gy (t — 5)&(s)dsgy sin kx

Mg

<

(4] + k) E ( sup

ust<v

k

1
=~

0

NgE

LAl o]

AL ((sup 12001) < e

- 0<1<é

1
=~

0

+00
E E sup
k=ko ust<v,0<x<m

- KPlg]
a—+k2——kgE( sup [|&(z )”> < +o0.

0<t1<d

t
k? J Gy (t — 5)&(s)dsgx sin kx

A
™
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The convergence of the series
i k2|gi|
2

0
can be justified by showing " |gi| < oo for any g e C}. Applying the formula
k=1

for integration by parts, we have

Zlg |—ZM hk:ijo g'(x)cosxdx, k=>1.
By the Cauchy-Schwarz inequality and the Parseval’s identity the last series
converges. Now (1) follows from (3) and (4).
Let us establish the uniqueness of stationary solution for the problem (1)
by contradiction. Given a solution u of (1), let

(1) := ;ZI—J u(t, x) sin kx dx, teR, k=1

be its Fourier coefficients. Then they satisfy the following equation
v(t) = (A — K Do () + E(r),  teR.

By the uniqueness of the Fourier expansion, the non-uniqueness of (1) implies
the non-uniqueness of the solution of (5) for some £ > 1. But under condition
(i) every equation (5) has a unique stationary solution by Theorem 1 in [3].

(i) implies (ii). Let ke N and « e R be given. Let u be a unique sta-
tionary solution of (1) for

g(x) =sinkx, x-€0,7]; £esS).
Define
U (2) ::J u(t, x) sin kx dx, teR,
0

the last integral is a Riemann integral for B-valued continuous function with
probability one. It can be easily checked, that o € S;, see [5] for more
details. From (1) we have

(6) 0(1) = (4 - kDo) +5&(0,  teR

with probability one. The stationary process 7 is a unique solution of (6),
because if the equation (6) had two different stationary solutions, then one could
construct, following the method described in part (ii) = (i) of the proof, two
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different stationary solutions of the problem (1). By Theorem 1 in [3] we have
(A -k NiR = .

This completes the proof of Theorem 1.

3. Deterministic problem

In this section we shall formulate conditions for the existence of a bounded
solution u to the deterministic boundary problem of the form

u)(t,x) —uy (t,x) = Au(t, x) + v(t, x), (t,x) e Q,
u(t,x) = u(t,m) =0, teR,

()

where v is a bounded function on Q.
Set

Cp = {U:Q—>B

{v,0;} = C(Q,B);sgpllvll < +00, }

v(t,0) =v(t,n) =0, teR

Cp12 = {u:Q—>B

{u,u,u} = C(Q, B)isupull < +oo,
u(t,0) = u(t,n) =0, teR }
THEOREM 2. Let Ae #(B). Then
Yve Cp 3lue Cpa, u is a solution of (7)
& {k*+ialkeN, aeR} cp(d).

The proof of Theorem 2 is similar to that of Theorem 1 except for one
difference. Instead of Theorem 1 from [3] we must use the M. G. Krein
Theorem [11], p. 54

For D e #(B) the equation

x'(t) = Dx(8) + f(2), teR
has a unique bounded solution x in B for every bounded function f if and
only if
a(D)NiR = .
4. Stationary solutions to the stochastic boundary value problem

We now consider the boundary problem (1), where & is a process of the
“white noise” type. More precisely, such a problem can be formulated in the
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following way. Suppose that B= H is a complex separable Hilbert space and
consider an H-valued Wiener process {w(¢) : t € R}, see, for example, [1] or [5].
In particular, we have

Ew(t)=0, E|w@)—-w@)|*=|t—str W, {1,s} <R,

where W is a nuclear operator. Define & :=oa(w(s):s<1), teR.

We would remind the reader that a ¥ (H)-valued random function # on R
is a nonanticipating function if for every ¢t € R the random element A(¢) is ;-
measurable. For such a function 4 the stochastic integral

JI h(r)dw(r)

s

is defined in the usual way, see, for example, (1], [7], [5]. The definition of a
nonanticipating H-valued function is given in a similar manner.

DEFINITION 3. An H-valued random function u is a solution to the boundary
value problem

u, (1, %) — uyg, (1, %) = Au(t,x) + g(x)w'(2),  (1,x) € Q,

®) _
u(¢,0) = u(t,n) =0, teR

with g € C} if the function u is nonanticipating, the functions u, ul, are continuous
with probability one and, for every s <t, x €[0,7] we have
t t

u(t, %) = u(s,) — [ (0 = [ utr,x)dr + 90 00(0) = wGs),

9) 5 s
u(t,0) =u(t,n) =0
with probability one.
Let us define now the class
Cy ={g:[0,n] = C|g¥(0) = ¢¥(n) = 0, k = 0,1,2} N C*([0,7]).

Now we can formulate the main result of this section.

THEOREM 3. Let Ae ¥L(H). Then the following two statements are
equivalent:
(i) For any Wiener process w and a function g € C; the boundary problem
(8) has a unique stationary, nonanticipating solution u such that
sup E||u(0,x)|* < +oo.

0<x<nm

(i) o(4—1)<={zeC: Rez<0}.
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Proor. (ii) implies (i). First note that
1G] =l <Le™,  1>0

for some L >0 and a > 0.
Let a Wiener process w and a function g € CS be ginen. Then

g(x) = Z gk sin kx, x € [0, 7]
k=1

with {gx: k > 1} =« C. The last series converges uniformly on [0,7].
Now define the random function

0

t

(10) u(t, x) = ZJ Gilt — s)dw(s)gesinkx,  (1,x) € Q.
k=1J-o

The integrals on the right-hand side are to be understood in the sence of

stochastic integrals with respect to the Wiener process w. These integrals exist,

since, for any e R and k€N, we have

t 5 L2
J_Oo |Gk (r — )| "ds < 2Natk2=0)

Moreover, these integrals as functions of ¢ are continuous on R in H-norm with
probability one, the proof of this assertion being derived analogously to [1], see
also [5] and [2], [8], [10], [14] for general results. It can be verified, that these
integrals are stationary connected H-valued processes, defined as follows [5].
The processes &y,&,,...,&, are called the stationary connected processes if a
vector process (&1,&,,...,&,) is a stationary process. [Each of these integrals is
nonanticipating with respect to w. Let —oc0o <b<c¢ < +oo be given. To
establish the uniform convergence of the series (10) on Q(b,c) := [b, ] x [0, 7]
with probability one, we prove that the series

(11) ZE < sup
is convergent. Using the properties of stochastic integral, we find

t
J Gy (t — s)dw(s)gx sinkx
—00

)
k=1 te Q(b,c)

E( sup r Gi(t — s)dw(s)gk sin kx )
te Q(b,c)ild—o0
b
< s (1= 0)1-[ [ G -samio)] ) 1o

Jt G (t — s)dw(s)

b

i

+ E( sup
b<t<c
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b
< L|gk|E J_ G (b — 5)dw(s)
+ |gk|E( sup [lw(0) = Ge(t = Bw(b) + J;(A — KD G — s)w(s)ds )

This relation implies

(12) E( sup
1€Q(b,c)

< Lgl (L} 1Ge(b — 8| tr st>

t
J Gy (t — s)dw(s)gx sin kx
—0o0

)

t
+lgk|<1+L+ sup J ||A—kZI“Le_(”*kz")("‘)ds>E( sup ||w(t)||)
b b

<t<c b<t<c

1/2

L2 tr W L A k2
o Vi W Llgel (141 + )E( sup !Iw(t)ll)-
2(a+k2—1) athki-1 perse

Consider the random process {w(¢):te[b,c]} as a random element in
C(lb,c], H). This element is Gaussian. As a consequence, we have

E( sup ||w(t)||) < 400,
b<t<c
see, for example, [13] or [12].

The uniform convergence of the series (10) on Q(b,c) now follows from
the estimate (12) and the convergence of the series (11). Hence, the random
function {u(z,x) : (¢t,x) € Q} is continuous with probability one.

The continuity of the random functions

{ue(t,x): (t,x) e @}, {up(6,x): (1,x) € 0}

and the equalities

0

ul(t,x) = Z Jl Gy (t — s)dw(s)kgy cos kx, (t,x)e Q
k=1J-

0 t
ug(t,x) = — ZJ Gy (t — s)dw(s)k? gy sin kx, (t,x) e Q
k=1/-

can be established by use of a similar argument, except for the following. For
a proof of convergence of a series for u}, it is enough to check that
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s
Zk2|gk| < +o0.

k=1

We use the assumption ge C3. Let ax(f), bi(f), k=1 are the Fourier
coefficients of f e C3. Then

)|+ et = HLOEBUTL sy

and the series

0

> (a1 + 1B (S "))

k=1

converges by the Parseval’s identity. By the Cauchy-Schwarz inequality the
series

zw: lax (f")] -]: b (f")

k=1

is convergent.
The random functions u and u, are stationary random functions.
With the aid of the above express1ons for u and u},, we obtain for the
right-hand side integral of (9) the following representation

Jl Au(r, x)dr

s

(J AG <p))drgk sin kx

(j (A— DG~ p)dw(p))drgk sinkx — J P
([ G2 ar)awtopgesinke
( P)

j'de
P

Il

I
s I 10

(S
J—00
=1 Js

t

= ult,x) = u(s,x) = g w(o) = wis)) = [ wla(ri 0

s

t

a’r) dw(p)g sinkx — j uy (r,x)dr

s

n
MS

;r.

with probability 1. Therefore u is a solution of the problem (8).
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To show the uniqueness, assume that # is also a solution of the problem
(8). Then p:=u— i satisfies the following conditions

pi(t,x) = pi, = Ap(t,x), (LX) e Q;
p(t,0)=p(t,7t)=(_), teR
with probability 1 and for

Pe() = J p(t, x) sinkx dx, teR,
0

we have the equation
P(t) = (A = K*1)p(1)

which has under condition (ii) only one and hence trivial stationary solution by
Theorem 4.1 from [4], K > 1. The rest of the proof of the uniqueness is the
same as in the proof Theorem 1.

(i) implies (ii). Let a Wiener process w and a function g € C; be given.
Suppose that u is a unique stationary nonanticipating solution of (6) corre-
sponding to w, g and define, for k € N,

n
vk (2) :=J u(t, x) sinkx dx, teR.
0
The function v, is a stationary nonanticipating H-valued process such that
E||v(0)]|* < +00. From (9) we have

t

o ()dr = j’Avkmdr T g (w(t) — w(s))

N

(13) wm—w@+HJ

s

for s <t with probability one. Note that the equation (13) has unique non-
anticipating stationary solution, the proof is similar to the one of Theorem 1.
Now by Theorem 4.1 in [4] we have

o(4 —k*I) c {ze C:Rez < 0}.
Since this inclusion holds for all kK € N, we obtain
o(A—1I)c{zeC:Rez < 0}.
The proof Theorem 3 is complete.

REMARK. We note, that second statements of Theorem 1 and 3 are
different. Theorem 3 suggests that the existence of the nonanticipating sta-
tionary solution is a stronger condition than the existence of a stationary
solution.
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