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A singular perturbation problem with integral curvature bound
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Abstract. We consider a singular perturbation problem of Modica-Mortola functional

as the thickness of di¤used interface approaches to zero. We assume that sequence of

functions have uniform energy and square-integral curvature bounds in two dimen-

sion. We show that the limit measure concentrates on one rectifiable set and has

square integrable curvature.

1. Introduction

The Modica-Mortola functional [12] has been used widely as an approx-

imation of hypersurface area of di¤used interface, both in static and time-

dependent models and the functional often being coupled with other interacting

fields. After a suitable normalization it is defined for scalar-valued function

u : U HRn ! R by

EeðuÞ ¼
ð
U

ej‘uj2

2
þWðuÞ

e
dx; ð1:1Þ

where W : R ! ½0;yÞ is a double-well potential with two equal minima atG1

and e > 0 is a small parameter. In mathematical literature some of the first

rigorous results are given by Modica [11], Sternberg [18] and others who proved

that Ee G-converges to the area functional as e ! 0. Namely, consider a

sequence of minimizers fueg of Eeð�Þ, e ! 0, among functions with
Ð
U
u dx ¼ m

fixed. Here �jU j < m < jU j and jU j is the n-dimensional volume of U . One

expects that ue is close toG1 for the most part of U and that it is advantageous

to have as little transition region as possible. It is also straightforward to see

that the transition region should have the thickness of order e for Ee to be of

constant order with respect to e. The aforementioned works show that there

exist a converging subsequence and the limit u0 such that u0 ¼G1 a.e. on U

and u0 minimizes the hypersurface area of U V qfu0 ¼ 1g among such functions

with equal integral value m. Such area-minimizing hypersurfaces are known to
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be smooth constant mean curvature hypersurfaces (CMC) if the dimension n of

domain U is less than 8 and CMC with possible small singularities for nb 8 [7,

17]. The functional Ee approximates the hypersurface area in the sense that

lim
e!0

EeðueÞ ¼ 2sHn�1ðU V qfu0 ¼ 1gÞ;

where

s ¼
ð 1
�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
WðsÞ=2

p
ds

and Hn�1 is the ðn� 1Þ-dimensional Hausdor¤ measure. It is also proved [10]

that the limit of Lagrange multipliers

le ¼ �eDue þ
W 0ðueÞ

e

has the geometric meaning in that

sH ¼ l0;

where l0 ¼ lime!0 le and H is the constant mean curvature of U V qfu0 ¼ 1g.
It is of interest to study the limiting behavior of Ee without the energy-

minimizing properties in view of applications to various dynamical problems.

In [8, 19, 20] motivated by the Cahn-Hilliard equation [4] they gave a

geometric characterization of limit interfaces without minimizing property

but with W 1;p Sobolev norm control of

fe ¼ �eDue þ
W 0ðueÞ

e
; ð1:2Þ

where p > n
2 , which corresponds to the chemical potential field in the frame-

work of van der Waals-Cahn-Hilliard theory of phase transitions. The control

of such quantity may be seen as an analogue of control of mean curvature field

in view of above result by Luckhaus and Modica [10] and also Schätzle [16].

Recently there have been much interest in studying limit interface when we

have a control of

1

e

ð
U

j fej2dx; ð1:3Þ

in dimensions na 3 as e ! 0 [3, 9, 14, 5]. If one makes the ansatz that the

internal layer profile is the usual hyperbolic tangent shape, it is reasonable to

relate this quantity to the L2 norm of the mean curvature of interface. In

general one expects as e ! 0 that the limit interface should have L2 mean

curvature and that appropriately defined limit of fe should correspond to the
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mean curvature. For this problem Moser [14] showed for dimension na 3

with some technical monotonicity assumption that the limit interface is a

rectifiable varifold [1] with L2 mean curvature. Bellettini and Mugnai [3]

considered the problem with radial symmetry assumption and showed that the

quantity (1.3) converges to the L2 norm of mean curvature for the limit

interface as e ! 0.

In this paper we extend the results of [3, 14] in that we make no

assumptions on the sequence of functions fueg except for the uniform bounds

on the energy (1.1) and L2 norm of the chemical potential in the form (1.3),

and conclude essentially the same results as in [3, 14] for the limit interface.

Unfortunately we can prove the result only for n ¼ 2. Here we state our main

theorem. A few minor assumptions are made on the function W (see Sect.

2.1).

Theorem 1.1. Suppose U HR2 is a bounded domain. Suppose a sequence

of functions fueig
y
i¼1 HW 2;2ðUÞ satisfies for feigyi¼1 with limi!y ei ¼ 0

lim inf
i!y

EeiðueiÞ < y; lim inf
i!y

1

ei

ð
U

j fei j
2
dx < y: ð1:4Þ

Define a sequence of Radon measures on U by

meiðfÞ ¼
ð
U

f
eij‘uei j

2

2
þWðueiÞ

ei

 !
dx

for f A CcðUÞ. By the weak star compactness of bounded measures there exist a

subsequence (denoted by the same indices) fmeig
y
i¼1 and the limit Radon measure

m on U. Then,

( i ) uei !G1 locally uniformly on Unsupp m.

( ii ) There exist a closed countably 1-rectifiable set S and H1 measurable

function y defined on S such that m ¼ yH1bS.
(iii) y=ð2sÞ is H1 a.e. integer-valued on S.

(iv) The generalized curvature f of m satisfiesð
U

j f j2dma lim inf
i!y

1

ei

ð
U

j fei j
2
dx:

For the definition of rectifiable set and generalized (mean) curvature see [1,

17]. The function f can be obtained as follows. Define any vector-valued

limit measure of f fei‘uei dxg
y
i¼1 as h. Note that the L1 norms are uniformly

bounded by ð
U

j fei‘uei jdxa
1

ei

ð
U

j fei j
2
dx

� �1=2
ei

ð
U

j‘uei j
2
dx

� �1=2
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and (1.4). Since h is absolutely continuous with respect to m we define f as the

Radon-Nikodym derivative
dh

dm
. We show f is indeed the generalized curvature

of m with property (iv).

Though it appears to us that it is not stated explicitly in the literature, any

1-dimensional integral varifold [1] with Lp ðp > 1Þ generalized curvature should

have support consisting of finite number of C1;1�1=p curves possibly meeting at

isolated junction points. The proof should follow more or less from stationary

case studied by Allard and Almgren [2], where they proved that stationary

integral varifold has support which is a fininte number of lines with possible

junction points.

The main point of the paper is to establish a properly scaled monotonicity

formula for the energy density, which was also essential in [8, 19, 20]. There

we assumed the Sobolev W 1;p norm for some p > n
2 is bounded:

lim inf
i!y

jj fei jjW 1; pðUÞ < y:

Though we do not have any control of derivatives of fei in this paper, we find

that we may still use many of the estimates in [8, 19, 20] if we regularize ue
appropriately. More specifically, we consider the convolution of ue, ue � ce1þb ,

where ce1þb is the usual mollifier scaled by e1þb, for a carefully chosen b > 0.

The function still satisfies a similar equation while nonlinear term produces

error terms. The regularization gives some control of derivatives of fe � ce1þb ,

to which we apply estimates for the so-called discrepancy measure

xeðueÞ ¼
ej‘uej2

2
�WðueÞ

e
ð1:5Þ

obtained in [19].

After the main part of the paper is completed we were informed that

Röger and Schätzle [15] obtained the similar results for na 3 using di¤erent

estimates for the discrepancy measure. Since our method is di¤erent from

theirs we believe that it should have an independent interest.

2. Assumptions and preliminaries

In the following we set up the assumptions, recall various definitions and

the rectifiablity theorem due to Moser [13] which we use later in Section 4.

2.1. Assumptions

We assume that the double-well potential W : R ! ½0;yÞ is a C3 function

satisfying the following assumptions:
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( i ) Wð1Þ ¼ Wð�1Þ ¼ 0,

( ii ) there exists g A ð�1; 1Þ such that W 0 < 0 on ðg; 1Þ and W 0 > 0 on ð�1; gÞ,
(iii) there exist a A ð0; 1Þ and k > 0 such that W 00ðsÞb k for all jsjb a.

Under the assumption (1.4) we may assume that there exist constants E0 and a1
such that

ðA:1Þ EeiðueiÞaE0,

ðA:2Þ 1
ei

Ð
U
j fei j

2
dxa a1

for all i ¼ 1; 2; . . . .

By defining ~uueiðxÞ ¼ ueiðeixÞ and ~ffeiðxÞ ¼ feiðeixÞ, (1.2), ðA:1Þ and ðA:2Þ are
equivalent to

ei ~ffei ¼ �D~uuei þW 0ð~uueiÞ ð2:1Þ

and

ð~AA:1Þ
Ð
U=ei

j‘~uuei j
2

2 þWð~uueiÞdxa e�1
i E0,

ð~AA:2Þ
Ð
U=ei

j ~ffei j
2
dxa e�1

i a1.

Throughout this paper, di¤erent positive constants will be denoted by the same

letter c. We write cðsÞ when it is helpful to write out the dependence of c on s.

2.2. The generalized L2 curvature functional

We find that it is convenient to work in the framework set out by Moser

[14]. In the following we only need results for n ¼ 2.

Let F be the set of all symmetric, positive semidefinite real ðn� nÞ-
matrices. We write MðUÞ for the set of all pairs M ¼ ðm; nÞ such that

(1) m is a Radon measure on U ,

(2) n is a Radon measure on U with values in F and

(3) there exists a function F A Lyðm;FÞ such that n ¼ mbF.
In the following we set Mei ¼ ðmei ; neiÞ with

mei ¼
eij‘uei j

2

2
þWðueiÞ

ei

 !
dx; nabei ¼ ei

quei
qxa

quei
qxb

� �
dx ð2:2Þ

and

Fab
ei

¼
ei

quei
qx a

quei

qx b

ei j‘uei j
2

2 þ Wðuei Þ
ei

A Lyðmei ;FÞ ð2:3Þ

so that nei ¼ meibFei
. Continuing with general framework, for M ¼ ðm; nÞ A

MðUÞ define the linear functional

dMðfÞ ¼
ð
U

div f dm� qfa

qxb
dnab

� �
ð2:4Þ
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on C1
c ðU ;RnÞ. The usual summation convention is assumed. The functional

dM is an analogue of the usual first variation [1] and it was introduced by

Moser [13]. Using (1.2) and integration by parts, one verifies that

dMeiðfÞ ¼ �
ð
U

faH b
ei
dnabei ; ð2:5Þ

where

H b
ei
¼ fei

ei
quei

qx b

: ð2:6Þ

Now define the generalized L2 curvature functional C as the functional on

MðUÞ by

CðMÞ ¼ sup ðdMðfÞÞ2 j f A C1
c ðU ;RnÞ;

ð
U

fafb dnab a 1

� �
: ð2:7Þ

CðMÞ corresponds to the usual L2 norm square of mean curvature when

M ¼ ðm; nÞ is a pair of smooth objects, namely, m is an ðn� 1Þ-Hausdor¤

measure restricted to a smooth ðn� 1Þ-dimensional submanifold S and FðxÞ ¼
pðxÞn pðxÞ, where pðxÞ is the unit normal to the tangent space TxS at x. By

(2.5)

ðdMeiðfÞÞ
2
a

ð
U

H a
ei
H b

ei
dnabei

ð
U

fafb dnabei

so that (2.6), (2.7) and ðA:2Þ show

CðMeiÞa
ð
U

H a
ei
H b

ei
dnabei ¼ 1

ei

ð
U

j fei j
2
dxa a1: ð2:8Þ

Write

CðUÞ ¼ fM A MðUÞ jCðMÞ < yg:

Important subclass of CðUÞ we need is

C1ðUÞ ¼ fM A CðUÞ j trace na mg;

which has the following rectifiability property:

Proposition 2.1 ([14, Propostion 2.2]). If M ¼ ðm; nÞ A C1ðUÞ, then the set

S ¼ fx A U : yðxÞ > 0g

is 1-rectifiable. Moreover,
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m ¼ yH1bS:

If F is such that n ¼ mbF, then FðxÞ ¼ proj?TxS
ðxÞ for m-almost every x A S.

Here yðxÞ is the 1-dimensional density of m:

yðxÞ ¼ lim
r!0

mðBrðxÞÞ
2r

;

where BrðxÞ ¼ fy A R2; jy� xj < rg:
The main task in this paper is to show that trace na m holds for the limit

measure pair ðm; nÞ of fMeig
y
i¼1 and yðxÞb c > 0 uniformly on supp m, which

follows once we establish the monotonicity formula in Section 3.

3. Monotonicity formula

The main task of this section is to prove Theorem 3.10 which gives the

uniform lower bound of the scaled energy. It is the crucial ingredient for the

application of the rectifiability theorem, Proposition 2.1. In the following we

drop the index i for simplicity.

Lemma 3.1 ([14, Lemma 2.2]). Define me, ne and xeðueÞ as in (2.2) and

(1.5). For any d > 0 and for Bsðx0ÞHBrðx0ÞHU,

ð1þ dÞ 1
r
meðBrðx0ÞÞ � ð1� dÞ 1

s
meðBsðx0ÞÞ

b� 2

d
þ 1

� �
a1r�

ð r
s

1

r2

ð
Brðx0Þ

xeðueÞdxdr: ð3:1Þ

Proof. We may assume x0 ¼ 0 by a suitable translation. Write Br ¼
Brð0Þ. By (2.4) and (2.5), for any f A C1

c ðU ;R2Þ,
ð

div f dme �
qfa

qxb
dnabe

� �
þ
ð
faH b

e dnabe ¼ 0: ð3:2Þ

Suppose h A Cy
c ðRÞ satisfies hðsÞ ¼ 0 for s A ½1;yÞ. By substituting fðxÞ ¼

xh
jxj
r

� �
into (3.2), we obtain

2

ð
h dme �

ð
h trace dne þ

1

r

ð
jxjh0 dme �

ð
xaxb

rjxj h
0 � hxaH b

e

� �
dnabe ¼ 0: ð3:3Þ

By the definitions of me and nabe we obtain
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2

ð
h dme �

ð
h trace dne

¼
ð
h dme þ

ð
h

ej‘uej2

2
þWðueÞ

e

 !
dx�

ð
hej‘uej2dx

¼
ð
h dme �

ð
xeðueÞh dx: ð3:4Þ

Substituting (3.4) into (3.3) and multiplying both sides by � 1
r2 , we obtain

d

dr

1

r

ð
h dme þ

1

r

ð
hxaH b

e dnabe

� �

¼ � 1

r3

ð
h0
xaxb

jxj þ jxjh0xaH b
e

� �
dnabe � 1

r2

ð
hxeðueÞdx: ð3:5Þ

Integrating over ðs; rÞ, we obtain

1

r

ð
h dme þ

1

r

ð
hxaH b

e dnabe � 1

s

ð
h dme �

1

s

ð
hxaH b

e dnabe

¼
ð ð r

s

1

r

d

dr
h dr

� �
xaxb

jxj2
þ xaH b

e

 !
dnabe �

ð r
s

1

r2

ð
hxeðueÞdxdr: ð3:6Þ

Let fhkgyk¼1 HCy
c ðRÞ be a sequence of approximate functions for the char-

acteristic function of ð�y; 1Þ and use h ¼ hk in (3.6). Since
Ð r
s
1
r

d
dr
hk

jxj
r

� �
dr

converges to 1
jxj for jxj A ½s; rÞ and otherwise 0, we obtain

1

r
meðBrÞ þ

1

r

ð
Br

xaH b
e dnabe � 1

s
meðBsÞ �

1

s

ð
Bs

xaH b
e dnabe

¼
ð
BrnBs

xaxb

jxj3
þ xaH b

e

jxj

 !
dnabe �

ð r
s

1

r2

ð
Br

xeðueÞdxdr: ð3:7Þ

By Fab
e me ¼ nabe and (2.8), we obtain for any d > 0

1

r

ð
Br

xaH b
e dnabe

�����
�����a 1

r

ð
Br

xaxbFab dme

 !1=2 ð
Br

H a
e H

b
e dnabe

 !1=2

a
1

r

ð
Br

ejxj2j‘uej2dx
 !1=2

a
1=2
1

a
d

r
meðBrÞ þ

a1r

d
ð3:8Þ
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and ð
BrnBs

xaH b
e

jxj dnabe

�����
�����a

ð
BrnBs

xaxb

jxj3
dnabe þ r

ð
BrnBs

H a
e H

b
e dnabe : ð3:9Þ

Using (3.8) and (3.9) in (3.7), we proved (3.1). r

Later we use the following Ly estimates of ue away from 1.

Lemma 3.2. For each open set V HHU, there exist constants c1 depending

only on W, distðqU ;VÞ, k, E0 and a1 such that

sup
V

jueja 1þ c1e
1=2 ð3:10Þ

for ea 1.

Proof. Let x A V be arbitrary and set r ¼ 1
2 distðqU ; xÞ. Write Br ¼

BrðxÞ. First we show

kðue � 1ÞþkL2ðBr=2Þ a ce3=2; ð3:11Þ

where ðue � 1Þþ ¼ maxfðue � 1Þ; 0g. Let f A Cy
c ðBrÞ be a smooth function

with f ¼ 1 on Br=2. Multiplying (1.2) by ðue � 1Þþf
2 and by integration by

parts we obtainð
fue>1g

ej‘uej2f2 þ 2eðue � 1Þþf‘ue � ‘fþW 0ðueÞ
e

ðue � 1Þþf
2 dx

¼
ð
fue>1g

feðue � 1Þþf
2 dx: ð3:12Þ

By applying Cauchy’s inequality to (3.12), for any d > 0

ð
fue>1g

ej‘uej2f2 þW 0ðueÞ
e

ðue � 1Þþf
2 dx

a

ð
fue>1g

e

2
j‘uej2f2 þ 2e½ðue � 1Þþ�

2j‘fj2

þ e

4d
f 2
e f

2 þ d

e
½ðue � 1Þþ�

2f2 dx: ð3:13Þ

By the assumption on W ,

W 0ðueÞb kðue � 1Þþ ð3:14Þ

on fue > 1g and
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ð
fue>1g

2e½ðue � 1Þþ�
2j‘fj2dxa cðkÞðsupj‘fj2Þe

ð
BrVfue>1g

WðueÞdx

a cðk; rÞE0e
2: ð3:15Þ

By (3.13–15) and ðA:2Þ,

e

2

ð
fue>1g

f2j‘uej2dxþ k

e
� d

e

� �ð
fue>1g

f2½ðue � 1Þþ�
2
dxa cE0 þ

a1

4d

� �
e2:

Since d is arbitrary, we choose d ¼ k
2 . Thus we haveð

Br=2

½ðue � 1Þþ�
2
dxa cða1; k;E0; rÞe3: ð3:16Þ

With a suitable choice of constant, (3.16) shows (3.11). Next we consider

~uuðxÞ ¼ uðexÞ and ~ff ðxÞ ¼ f ðexÞ which satisfy (2.1). Set hðsÞ ¼ sþ and let

fhkgyk¼1 HC 3ðRÞ be a sequence of approximate functions for h with hkðsÞ ¼
0 for s A ð�y; 0� and h 0

k b 0, h 00
k b 0. Consider the functions hk � ð~uueðxÞ � 1Þ.

Using (2.1),

Dhk � ð~uue � 1Þ ¼ h 00
k � ð~uue � 1Þj‘~uuej2 þ h 0

k � ð~uue � 1ÞD~uue b h 0
k � ð~uue � 1ÞD~uue

b h 0
k � ð~uue � 1ÞðW 0ð~uueÞ � e ~ffeÞb�h 0

k � ð~uue � 1Þe ~ffe: ð3:17Þ

By the standard elliptic estimate (cf. [6, Theorem 8.17]) applied to (3.17), we

obtain for any B1 HU=e

sup
B1=2

hk � ð~uue � 1Þa cðkhk � ð~uue � 1ÞkL2ðB1Þ þ kh 0
k � ð~uue � 1Þe ~ffekL2ðB1ÞÞ:

By taking the limit k ! y we obtain

sup
B1=2

ð~uue � 1Þþ a cðkð~uue � 1ÞþkL2ðB1Þ þ ke ~ffekL2ðB1ÞÞ:

We have kð~uue � 1ÞþkL2ðB1Þ a ce1=2 from (3.11) and ke ~ffekL2ðB1Þ a a
1=2
1 e1=2 by

ð~AA:2Þ. Thus

sup
B1=2

ð~uue � 1Þþ a ce1=2:

With a suitable choice of c1 we have

sup
V

ðue � 1Þþ a c1e
1=2:

Repeating the same argument, we obtain supV jðuþ 1Þ�ja c1e
1=2, which proves

(3.10). r
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Remark 3.3. In the following we often use the fact that the scaled function

~uue has uniform C0; g estimate for any 0 < g < 1. This follows from (2.1) and the

standard W 2;2 estimate for Br HV=e

k~uuekW 2; 2ðBrÞ a cðrÞðk~uuekL2ðBrÞ þ kW 0ð~uueÞkL2ðBrÞ þ ke ~ffekL2ðBrÞÞ

as well as the Sobolev inequality (recalling n ¼ 2)

k~uuekC 0; gðBrÞ a cðr; gÞk~uuekW 2; 2ðBrÞ:

Remark 3.4. In the remaining part of the paper we fix constants as

follows. First fix

0 < b2 <
1

2
; 0 < g < 1:

Choose b1 > 0 to be small so that

0 <
1

2
� b2 � b1; 0 < gb2 � 2b1

hold. Fix b0 so that

0 < b0 a b1

and define

i ¼ max b1 þ b2 þ
1

2
; 1� gb2 þ 2b1; 1� b0

� �
:

We note that 0 < i < 1 by above choice. Finally fix b3 so that

i < b3 < 1:

We next quote the following from [19], which holds for W with the

properties stated in Sec. 2.1.

Lemma 3.5 ([19, Lemma 3.5]). There exist constants e1 > 0 and c2 > 0

depending only on b0, b1, c3 and W with the following properties. Suppose

ðAÞ ~vve A C3ðBe�b1 Þ, g A C1ðBe�b1 Þ and ea e1 satisfy

�D~vve þW 0ð~vveÞ ¼ eg

on Be�b1 and

ðBÞ supB
e�b1

j~vveja 1þ eb0 , supB
e�b1

j‘~vvej2

2
�Wð~vveÞ

� �
a c3:

Then

sup
Bð1=2Þe�b1

j‘~vvej2

2
�Wð~vveÞ

 !
a c2ðe1�b1kgkW 1; 2ðB

e�b1
Þ þ eb0Þ:
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The above estimate is derived via the Alexandro¤-Bakelman-Pucci estimate

and it is essential that W is a double-well potential.

Let us consider the estimate of the discrepancy measure xeðueÞ ¼
ej‘uej2

2
� WðueÞ

e

� �
. Since we have no control of the derivative of fe, we cannnot

apply Lemma 3.5 to ue directly. Thus we consider the regularization of ue.

Let c A Cy
0 ðR2Þ be a positive radial symmetric function with supp cHB1ð0Þ

and
Ð
R2 cðxÞdx ¼ 1. For e > 0, set ce1þb2 ðxÞ ¼ 1

e2ð1þb2Þ
c x

e1þb2

� �
where b2 is

chosen in Remark 3.4. Next proposition follows from applying Lemma 3.5 to

ue � ce1þb2 .

Proposition 3.6. Define

ve ¼ ue � ce1þb2 : ð3:18Þ

For V HHU there exist a constant 0 < e2 < e1 and c4 depending only on W,

distðV ; qUÞ, E0 and a1 satisfying that

sup
V

xeðveÞa c4e
�i ð3:19Þ

if e < e2. Here xeðveÞ ¼ e
j‘vej2

2
� W ðveÞ

e

� �
.

Proof. By scaling ~vveðxÞ ¼ veðexÞ and ~uueðxÞ ¼ ueðexÞ, (3.18) is

~vve ¼ ~uue � ceb2 :

Since ~uue satisfies (2.1), ~vve satisfies

�D~vve þW 0ð~vveÞ ¼ eg ð3:20Þ

with

g ¼ ~ffe � ceb2 þ
W 0ð~vveÞ

e
�W 0ð~uueÞ

e
� ceb2 :

In the following we apply Lemma 3.5 thus we need to estimate W 1;2-norm of

g on Be�b1 H V
e
. First we consider the estimate of kgkL2ðB

e�b1
Þ. By inserting

the term G
W 0ð~uueÞ

e
we obtain

kgkL2ðB
e�b1

Þ a k ~ffe � ceb2kL2ðB
e�b1

Þ þ
W 0ð~vveÞ

e
�W 0ð~uueÞ

e

				
				
L2ðB

e�b1
Þ

þ W 0ð~uueÞ
e

�W 0ð~uueÞ
e

� ceb2

				
				
L2ðB

e�b1
Þ

:¼ ðI1Þ þ ðII1Þ þ ðIII1Þ: ð3:21Þ
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By ð~AA:2Þ,

ðI1Þa k ~ffekL2ðB
2e�b1

Þkceb2kL1ðB
e b2

Þ a a
1=2
1 e�1=2: ð3:22Þ

By C0; g estimate for ~uue we have

sup
B
e�b1

j~vve � ~uueja cegb2 :

Thus with this sup bound

ðII1Þa
1

e

ð
B
e�b1

ðsupjW 00jÞ2j~vve � ~uuej2dx
( )1=2

a cegb2�b1�1: ð3:23Þ

Similarly with

jW 0ð~uueÞ �W 0ð~uueÞ � ceb2 ja cegb2 ;

ðIII1Þa
1

e

ð
B
e�b1

jW 0ð~uueÞ �W 0ð~uueÞ � ceb2 j
2
dx

( )1=2
a cegb2�b1�1: ð3:24Þ

Next, we estimate k‘gkL2ðB
e�b1

Þ. By inserting the terms G‘
W 0ð~uueÞ

e
,

k‘gkL2ðB
e�b1

Þ a k‘ð ~ffe � ceb2 ÞkL2ðB
e�b1

Þ þ ‘
W 0ð~vveÞ

e
�W 0ð~uueÞ

e

� �				
				
L2ðB

e�b1
Þ

þ ‘
W 0ð~uueÞ

e
�W 0ð~uueÞ

e
� ceb2

� �				
				
L2ðB

e�b1
Þ

:¼ ðI2Þ þ ðII2Þ þ ðIII2Þ: ð3:25Þ

By ð~AA:2Þ,

ðI2Þa ce�b2�1=2: ð3:26Þ

For ðII2Þ we have

j‘ðW 0ð~vveÞ �W 0ð~uueÞÞja supjW 00j j‘~vve � ‘~uuej þ cðsupjW 000jÞegb2 j‘~uuej: ð3:27Þ

Since

j‘~uueðx� yÞ � ‘~uueðxÞja
ð1
0

j‘2~uueðx� tyÞj jyjdt;

we estimate the L2-norm of the first term of (3.27) as
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ð
B
e�b1

j‘~vve � ‘~uuej2dxa
ð
B
e�b1

ð
B
e b2

j‘~uueðx� yÞ � ‘~uueðxÞj2ceb2 ðyÞdydx

a

ð
B
e�b1

ð
B
e b2

ceb2 ðyÞjyj
2

ð1
0

j‘2~uueðx� tyÞj2dtdydx

a e2b2
ð
B
2e�b1

j‘2~uuej2dx: ð3:28Þ

By the W 2;2 estimate of ~uue in Remark 3.3 we haveð
B
2e�b1

j‘~uuej2 þ j‘2~uuej2dxa ce�2b1 : ð3:29Þ

Substituting (3.29) into (3.28), we obtainð
B
e�b1

j‘~vve � ‘~uuej2dxa ce2b2�2b1 : ð3:30Þ

As the L2-norm of the second term of (3.27) can be estimated by (3.29), we

obtain

ðII2Þa cðeb2�b1�1 þ egb2�b1�1Þa cegb2�b1�1: ð3:31Þ

For ðIII2Þ,

j‘ðW 0ð~uueðxÞÞÞ � ‘ðW 0ð~uueðxÞÞ � ceb2 Þj
2

a

ð
B
e b2

j‘ðW 0ð~uueðxÞÞÞ � ‘ðW 0ð~uueðx� yÞÞÞj2ceb2 ðyÞdy

a 2

ð
B
e b2

ðsupjW 00jÞ2j‘~uueðxÞ � ‘~uueðx� yÞj2ceb2 ðyÞdy

þ 2

ð
B
e b2

ðc supjW 000jÞ2e2b2gj‘~uueðxÞj2ceb2 ðyÞdy: ð3:32Þ

In the same way as we obtained (3.31) we have from (3.32)

ðIII2Þa ce�1

�ð
B
e�b1

ð
B
e b2

j‘~uueðxÞ � ‘~uueðx� yÞj2ceb2 ðyÞdydx

þ
ð
B
e�b1

e2b2gj‘~uueðxÞj2dx
�1=2

a cðeb2�b1�1 þ egb2�b1�1Þa cegb2�b1�1: ð3:33Þ
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Estimates (3.21), (3.22), (3.23), (3.24), (3.25), (3.26), (3.31), (3.33) show

kgkW 1; 2ðB
e�b1

Þ a cðe�b2�1=2 þ egb2�b1�1Þ: ð3:34Þ

Before we apply Lemma 3.5 we need to have a uniform estimate for k~vvekC 1 .

By the choice of b1, b2 and g we have

�b2 þ
1

2
> 0 and gb2 � b1 > 0:

so in particular we have kegkW 1; 2ðB
e�b1

Þ a c. Since ~vve satisfies (3.20), by W 3;2-

estimate of the elliptic PDE and Sobolev’s inequality, we obtain a uniform C1

estimate for ~vve and thus we have e-independent c3 such that

sup
B
e�b1

j‘~vvej2

2
�Wð~vveÞ

 !
a c3:

Now we are ready to use Lemma 3.5 to conclude with (3.34) that

sup
Bð1=2Þe�b1

j‘~vvej2

2
�Wð~vveÞ

 !
a cðe1=2�b1�b2 þ egb2�2b1 þ eb0Þ:

By scaling,

sup
V

ej‘vej2

2
�WðveÞ

e

 !
a cðe�1=2�b1�b2 þ egb2�2b1�1 þ eb0�1Þ:

We defined i so that the right-hand side is bounded by ce�i thus we proved

(3.19) with an appropriate choice of constant c4. r

Proposition 3.7. There exist constants c5 > 0 and e2 > 0 depending only

on W, distðV ; qUÞ, E0 and a1 such that for ea e2 and Br HVð
Br

fxeðueÞgþdxa
ð
Br

fxeðveÞgþdxþ c5e
b2=2frþ meðBrÞg:

Proof. Since j‘ueja j‘ue � ‘vej þ j‘vej, by considering the square of

both sides and Cauchy’s inequality,

j‘uej2 a j‘vej2 þ j‘ue � ‘vej2 þ 2j‘ue � ‘vej j‘vej

a j‘vej2 þ ð1þ e�b2Þj‘ue � ‘vej2 þ eb2 j‘vej2: ð3:35Þ

Similarly

j‘vej2 a j‘uej2 þ ð1þ e�b2Þj‘ue � ‘vej2 þ eb2 j‘uej2: ð3:36Þ

By substituting (3.36) to (3.35) we obtain
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j‘uej2 a j‘vej2 þ ce�b2 j‘ue � ‘vej2 þ ceb2 j‘uej2: ð3:37Þ

Using (3.37) we obtain

fxeðueÞgþ a fxeðveÞgþ þ c

2
e1�b2 j‘ue � ‘vej2

þ jWðveÞ �WðueÞj
e

þ ceb2
ej‘uej2

2
þWðueÞ

e

 !
: ð3:38Þ

Integrating (3.38) on Br for ea r,

ð
Br

fxeðueÞgþdxa
ð
Br

fxeðveÞgþdxþ ce�b2

ð
Br

ej‘ue � ‘vej2dx

þ
ð
Br

jWðveÞ �WðueÞj
e

dx

þ ceb2
ð
Br

ej‘uej2

2
þWðueÞ

e

 !
dx: ð3:39Þ

We estimate each term of (3.39). As we proved in (3.28),

ce�b2

ð
Br

ej‘ue � ‘vej2dxa ce3þb2

ð
B
rþe1þb2

j‘2uej2dx: ð3:40Þ

We estimate L2-norm of ‘2ue in Brþe1þb2 . Write ~rr ¼ rþ e1þb2 . By scaling B~rr

to B1 by ~xx ¼ x=~rr and applying W 2;2 estimate to Due ¼
~rr2W 0ðueÞ

e2
� ~rr2 fe

e
, we obtain

after scaling back

ð
B~rr

j‘2uej2dxa
1

~rr4

ð
B~rr

juej2dxþ 1

e4

ð
B~rr

ðW 0ðueÞÞ2dxþ 1

e2

ð
B~rr

f 2
e dx: ð3:41Þ

For the second term of (3.41), we split the integral to Br and B~rrnBr: Since

jW 0ðueÞj2 a cW ðueÞ and jB~rrnBrja ce1þb2r, we obtain

ð
B~rr

jW 0ðueÞj2dxa e

ð
Br

WðueÞ
e

dxþ c

ð
B~rrnBr

dxa eðmeðBrÞ þ reb2Þ: ð3:42Þ

By Lemma 3.2 for the first term and by (3.42) and ðA:2Þ, (3.41) is estimated as

ð
B~rr

j‘2uej2dxa
c

r2
þ c

e3
ðmeðBrÞ þ reb2Þ þ a1

e
: ð3:43Þ

By (3.40) and (3.43),
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ce�b2

ð
Br

ej‘ue � ‘vej2dxa c
eb2þ3

r2
þ re2b2 þ eb2þ2 þ eb2meðBrÞ

� �

a cfreb2 þ eb2meðBrÞg ð3:44Þ

since rb e. For the estimate of the third term of (3.39),

jWðveÞ �WðueÞja jve � uej jW 0ðueÞj þ
supjW 00j

2
jve � uej2

a ce�b2=2jve � uej2 þ ceb2=2jW 0ðueÞj2: ð3:45Þ

Since jW 0ðueÞj2 a cW ðueÞ,ð
Br

jWðveÞ �WðueÞj
e

dxa ce�1�b2=2

ð
Br

jve � uej2dxþ ceb2=2
ð
Br

WðueÞ
e

dx

a ce�1�b2=2

ð
Br

jve � uej2dxþ ceb2=2meðBrÞ: ð3:46Þ

For the right-hand side of (3.46)ð
Br

jue � vej2dxa
ð
BrnB

r�e1þb2

jue � vej2dxþ
ð
B
r�e1þb2

jue � vej2dx

a c re1þb2 þ e2þ2b2

ð
Br

j‘uej2dx
� �

a c re1þb2 þ e1þ2b2meðBrÞ

 �

: ð3:47Þ

By substituting (3.47) to (3.46) we obtain

ð
Br

jWðveÞ �WðueÞj
e

dxa reb2=2 þ ce3b2=2meðBrÞ þ ceb2=2meðBrÞ

a reb2=2 þ ceb2=2meðBrÞ: ð3:48Þ

The claim of the proposition follows from (3.39), (3.44), (3.48). r

Next we estimate the lower bound of the energy density ratio for ‘small’

scale, namely, for ea ra t1e
i with small t1 independent of e.

Theorem 3.8. There exist constants c6 > 0, t1 > 0 and e3 > 0 such that if

ea ra t1e
i, Brðx0ÞHV, jueðx0Þj < a and 0 < ea e3, then

c6 a
1

r
meðBrðx0ÞÞ:
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Proof. We may assume x0 ¼ 0. For ~uueðxÞ ¼ ueðexÞ,

1

e
meðBeÞ ¼

1

e

ð
Be

ej‘uej2

2
þWðueÞ

e
dx ¼

ð
B1

j‘~uuej2

2
þWð~uueÞdx:

Since j~uueð0Þj < a and ~uue A C0; g there exists a constant c7 > 0 satisfying Wð~uueÞ >
c7 on Bc7 and thus

1

e
meðBeÞb

ð
Bc7

Wð~uueÞdxb c7L
2ðBc7Þ ¼ c8: ð3:49Þ

Let t1 > 0 be a constant to be determined shortly. We claim that meðBrÞ=rb
c8=2 for ea ra t1e

i. To derive a contradiction assume that there exists a

constant r1 with ea r1 a t1e
i satisfying

1

r1
meðBr1Þ ¼

c8

2
:

By continuity of 1
r
meðBrÞ with respect to r, there exists r0 with ea r0 < r1

satisfying 1
r0
meðBr0Þ ¼ c8 and

c8
2 a 1

r
meðBrÞa c8 for r0 a ra r1. By Lemma 3.1,

Proposition 3.6 and 3.7, for ea sa ra t1e
i,

ð1þ dÞ 1
r
meðBrÞ � ð1� dÞ 1

s
meðBsÞ

b� 2

d
þ 1

� �
a1r� p

ð r
s

c4e
�i dr�

ð r
s

c5e
b2=2

r
1þ 1

r
meðBrÞ

� �
dr: ð3:50Þ

Using (3.50) with s ¼ r0 and r ¼ r1 as well as r1 a t1e
i we obtain

c8

2
ð3d� 1Þb� 2

d
þ 1

� �
a1t1e

i � pc4t1 � c5e
b2=2ð1þ c8Þ log

t1e
i

e

� �
: ð3:51Þ

Set d ¼ 1
6 so the left-hand side of (3.51) is equal to � c8

4 . Choose t1 small so the

right-hand side of (3.51) is greater than � c8
4 for su‰ciently small e. This leads

to a contradiction. We set c6 ¼ c8=2. r

Next we estimate the discrepancy xeðveÞ for ‘large’ r, namely, for

t1e
i a r. The proof is a suitable modification of [19, Prop. 3.5].

Proposition 3.9. Set b4 ¼ minf2� 2b3; 2gb2; b3 � ig > 0. There exist

constants c9 > 0 and e4 > 0 such that, if Br HV and 0 < ea e4, then for

t1e
i a ra 1, ð

Br

fxeðveÞgþdxa c9ðreb3�i þ eþ eb4meðBrÞÞ: ð3:52Þ
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Proof. We estimate the integral on three domains,

A ¼ fx A BrnBr�eb3g; B ¼ fx A Br�eb3 j distðfjueja ag; xÞ < eb3g;

C ¼ fx A Br�eb3 j distðfjueja ag; xÞb eb3g:

Case 1. (estimate on A)

By Proposition 3.6, and L2ðAÞa creb3 ,

ð
A

fxeðveÞgþdxa c4e
�iL2ðAÞa creb3�i: ð3:53Þ

Case 2. (estimate on B)

We first estimate L2ðBÞ: We apply Vitali’s covering lemma to the family

of balls fBeb3 ðxÞgx A fjuejaagVB (which covers B), so that fBeb3 ðxiÞg
N
i¼1 is a

pairwise disjoint subset of the family and so that BH6N

i¼1
B5e b3 ðxiÞ. Then

we have

L2ðBÞa cð5eb3Þ2N ¼ cNe2b3 : ð3:54Þ

Since i < b3 (Remark 3.4), eb3 < t1e
i for all su‰ciently small e. Thus by

Theorem 3.8

c6e
b3 a meðBeb3 ðxiÞÞ

holds for each i ¼ 1; . . . ;N. Since they are pairwise disjoint, summing over i

we have

Nc6e
b3 a meðBrÞ ð3:55Þ

and (3.54) and (3.55) show that

L2ðBÞa ceb3meðBrÞ: ð3:56Þ

Finally, with Proposition 3.6 and (3.56)

ð
B

fxeðveÞgþdxa c4e
�iL2ðBÞa ceb3�imeðBrÞ: ð3:57Þ

Case 3. (estimate on C)

We define a Lipschitz function r as follows;

rðxÞ ¼ minf1; 2e�b3 distðfjxjb r� eb3=2gU fjueja ag; xÞg:

r is 0 on the set fjxjb r� eb3=2gU fjueja ag, 1 on C and j‘rja 2e�b3 :

Using this r, we estimate 1
2 ej‘vej

2: By (3.18) and (3.20), ve (without

scaling) satisfies �eDve þ
W 0ðveÞ

e
¼ g where g ¼ fe � ce1þb2 þ

W 0ðveÞ
e

� W 0ðueÞ
e

� ce1þb2 .
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Di¤erentiating this equation with respect to the k-th variable, multiplying it by

Dkver
2 and integrating on Br, we haveð

ðeDDkveÞDkver
2 dx ¼

ð
W 00ðveÞ

e
Dkve �Dkg

� �
Dkver

2 dx: ð3:58Þ

By integrating by parts, the left-hand side of (3.58) isð
ðeDDkveÞDkver

2 dx ¼ �e

ð
j‘2vej2r2 dx� 2e

ð
DikveDkverDir dx: ð3:59Þ

Since W 00 b k on fjuejb ag and k
2 b supjW 000jegb2 for su‰ciently small e, by

Cauchy’s inequality, the right-hand side of (3.58) isð
W 00ðveÞ

e
Dkve �Dkg

� �
Dkver

2 dx

b

ð
W 00ðueÞ

e
j‘vej2r2 �

jW 00ðveÞ �W 00ðueÞj
e

j‘vej2r2 � j‘gj j‘vejr2 dx

b

ð
kj‘vej2

e
r2 � supjW 000jegb2 j‘vej

2

e
r2 dx�

ð
j‘gj j‘vejr2 dx

b

ð
kj‘vej2

2e
r2 dx�

ð
e

k
j‘gj2r2 þ k

4e
j‘vej2r2

� �
dx: ð3:60Þ

By (3.58), (3.59) and (3.60), we obtainð
kj‘vej2

4e
r2 dxþ e

2

ð
j‘2vej2r2 dx

a 2e

ð
j‘vej2j‘rj2dxþ e

k

ð
j‘gj2r2 dx: ð3:61Þ

We estimate the L2-norm of ‘g in a similar manner as in the proof of

Proposition 3.6 and 3.7. Now the scale is di¤erent from Proposition 3.6 and

3.7. By inserting the term G
‘W 0ðueÞ

e
like (3.25),ð

B
r�e b3 =2

j‘gj2dxa
ð
B
r�e b3 =2

j‘ð fe � c1þeb2 Þj
2
dx

þ
ð
B
r�e b3 =2

����‘ W 0ðveÞ
e

�W 0ðueÞ
e

� �����
2

dx

þ
ð
B
r�e b3 =2

����‘ W 0ðueÞ
e

�W 0ðueÞ
e

� c1þe b2

� �����
2

dx

:¼ ðI3Þ þ ðII3Þ þ ðIII3Þ: ð3:62Þ
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By ðA:2Þ like (3.26),

ðI3Þa ce�2b2�1: ð3:63Þ

For ðII3Þ we have

j‘ðW 0ðveÞ �W 0ðueÞÞja supjW 00j j‘ve � ‘uej þ cðsupjW 000jÞegb2 j‘uej: ð3:64Þ

By the similar calculation to (3.28),

ð
B
r�e b3 =2

j‘ve � ‘uej2dxa e2b2þ2

ð
B
r�e b3 =2þe1þb2

j‘2uej2dx: ð3:65Þ

Write ~rr ¼ r� eb3
2 þ e1þb2 : We estimate

Ð
B~rr
j‘2uej2dx by the same way as the

proof of Proposition 3.7. By scaling B~rr to B1 by ~xx ¼ x
~rr and apply the W 2;2

estimate to Due ¼
~rr2W 0ðueÞ

e2
� ~rr2fe

e
, we obtain after scaling back,

ð
B~rr

j‘2uej2dxa
1

~rr4

ð
B~rr

juej2dxþ 1

e4

ð
B~rr

ðW 0ðueÞÞ2dxþ 1

e2

ð
B~rr

f 2
e dx: ð3:66Þ

Since jW 0ðueÞj2 a cW ðueÞ and B~rr HBr,

1

e4

ð
B~rr

jW 0ðueÞj2dxa
1

e3

ð
B~rr

cW ðueÞ
e

dxa
c

e3
meðBrÞ: ð3:67Þ

Since 1
~rr 4

Ð
B~rr
juej2dx can be bounded by ce�2, by (3.66), (3.67) and ðA:2Þ, we

obtain ð
B~rr

j‘2uej2dxa cða1Þðe�2 þ e�3meðBrÞÞ: ð3:68Þ

By (3.65) and (3.68),

ð
B
r�e b3 =2

j‘ue � ‘vej2dxa cðe2b2 þ e2b2�1meðBrÞÞ: ð3:69Þ

As the L2 norm of the second term of (3.64) can be estimated by meðBrÞ, we
obtain

ðII3Þ ¼
ð
B
r�e b3 =2

����‘ W 0ðueÞ
e

�W 0ðveÞ
e

� �����
2

dxa cðe2b2�2 þ e2gb2�3meðBrÞÞ: ð3:70Þ

For ðIII3Þ,
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j‘ðW 0ðueðxÞÞÞ � ‘ðW 0ðueðxÞÞ � ce1þb2 Þj2

a

ð
B
e1þb2

j‘ðW 0ðueðxÞÞÞ � ‘ðW 0ðueðx� yÞÞÞj2ce1þb2 ðyÞdy

a 2

ð
B
e1þb2

ðsupjW 00jÞ2j‘ueðxÞ � ‘ueðx� yÞj2ce1þb2 ðyÞdy

þ 2

ð
B
e1þb2

ðc supjW 000jÞ2e2b2gj‘ueðxÞj2ce1þb2 ðyÞdy: ð3:71Þ

In the same way as we obtained (3.69) we have

ðIII3Þa cðe2b2�2 þ e2b2�3meðBrÞ þ e2gb2�3meðBrÞÞ

a cðe2b2�2 þ e2gb2�3meðBrÞÞ: ð3:72Þ

Estimates (3.62), (3.63), (3.70) and (3.72) showð
B
r�e b3 =2

j‘gj2dxa cðe�2b2�1 þ e2b2�2 þ e2b2�3meðBrÞÞ: ð3:73Þ

With j‘rja 2e�b3 , (3.61) and (3.73), we obtain

ð
C

kj‘vej2

4e
dxa ce1�2b3

ð
B
r�e b3 =2

j‘vej2dxþ c

k
ðe�2b2 þ e2b2�1 þ e2gb2�2meðBrÞÞ:

Since
Ð
B
r�e b3 =2

ej‘vej2

2 dxa
Ð
Br

ej‘uej2

2 dxa meðBrÞ, multiplying above by 2e2k�1, we

have

ð
C

fxeðveÞgþdxa
ð
C

ej‘vej2

2
dx

a cðe2�2b3meðBrÞ þ e2gb2meðBrÞ þ e2�2b2 þ e2b2þ1Þ: ð3:74Þ

Combining (3.53), (3.57) and (3.74), and recalling the definition of b2 and b4,

we obtain the desired estimate. r

Next, we obtain the lower bound of the energy density ratio for

t1e
i a ra t2.

Theorem 3.10. There exist constants c10 > 0, t2 > 0 and e5 > 0 such that if

Brðx0ÞHV, jueðx0Þj < a and ea e5, then for t1e
i a ra t2,

c10 a
1

r
meðBrðx0ÞÞ:
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Proof. By Theorem 3.8, c6 a
1
r
meðBrÞ with r ¼ t1e

i: The proof of the

claim is similar to that of Theorem 3.8. Let t2 > 0 be a constant to be

determined shortly. We claim that meðBrÞ=rb c6=2 for t1e
i a ra t2. To

derive a contradiction assume that there exists a constant r3 with t1e
i a r3 a

t2 satisfying

1

r3
meðBr3Þ ¼

c6

2
:

By continuity of 1
r
meðBrÞ with respect to r, there exists r2 with t1e

i a r2 < r3
satisfying 1

r2
meðBr2Þ ¼ c6 and

c6
2 a 1

r
meðBrÞa c6 for r2 a ra r3. By Lemma 3.1,

Proposition 3.7 and 3.9, for t1e
i a sa ra t2,

ð1þ dÞ 1
r
meðBrÞ � ð1� dÞ 1

s
meðBsÞ

b� 2

d
þ 1

� �
a1r�

ð r
s

r�2fc9ðreb3�i þ eþ eb4meðBrÞÞ

þ c5e
b2=2ðrþ meðBrÞÞgdr: ð3:75Þ

Using (3.75) with s ¼ r2 and r ¼ r3 as well as r3 a t2 we obtain

c6

2
ð3d� 1Þb� 2

d
þ 1

� �
a1t2 � c9

(
eb3�i log

r3

r2

� �
þ e1�i

t1

þ c6e
b4 log

r3

r2

� �)
� c5e

b2=2 log
r3

r2

� �
ð1þ c6Þ: ð3:76Þ

Set d ¼ 1
6 so the left-hand side of (3.76) is equal to � c6

4 : Choose t2 small so the

right-hand side of (3.76) is greater than � c6
4 for su‰ciently small e. This leads

to a contradiction. We set c10 ¼ c6=2. r

Similarly, we can also show the upper bound of the energy density ratio.

Proposition 3.11. There exist constants c11 > 0 and e6 > 0 such that if

Brðx0ÞHV, jueðx0Þj < a and ea e6, then for ea ra t2,

1

r
meðBrðx0ÞÞa c11:

Proof. By ðA:1Þ, we obtain 1
t2
meðBt2Þa

E0

t2
where t2 is the same constant

as Theorem 3.10. By using Proposition 3.7 and 3.9 for discrepancy term in

(3.1), and by the similar proof to Theorem 3.8 and 3.10, we obtain the upper

bound. r
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Similarly, as the consequence of Proposition 3.7 and 3.9, by Proposition

3.11, we can establish the following monotonicity estimates.

Theorem 3.12. For Bsðx0ÞHBrðx0ÞHV, e < s < r < t2,

ð1þ dÞ 1
r
meðBrðx0ÞÞ � ð1� dÞ 1

s
meðBsðx0ÞÞ

b� 2

d
þ 1

� �
a1rþ

ð r
s

1

r2

ð
Brðx0Þ

WðueÞ
e

� ej‘uej2

2

 !
þ

dxdr� KðeÞ: ð3:77Þ

Here, KðeÞ satisfies lime!0 KðeÞ ¼ 0:

4. Rectifiability of limit interface

In this section we show that the support of the limit measure m is a

1-rectifiable set and that it has generalized L2 curvature expressed as the

Radon-Nikodym derivative as we described after Theorem 1.1. Define the

(signed) vector-valued measure nab on U

nabðfÞ ¼ lim
i!y

ð
ei
quei
qxa

quei
qxb

� �
f dx

for f A CcðUÞ.

Theorem 4.1. There exist constants 0 < D1 aD2 < y and t2 > 0 which

depend only on E0, a1, distðV ; qUÞ and W such that

D1ra mðBrðxÞÞaD2r

for all 0 < r < t2 and x A supp m with BrðxÞHV.

Proof. The existence of D2 follows immediately from Proposition 3.11.

We show the existence of D1. Let x0 A supp m. We claim that on passing to a

subsequence, there exist fxigyi¼1 HV such that ueiðxiÞ A ½�a; a� and xi ! x0 as

i ! y. We show the claim by contradiction. Suppose there exists s > 0

satisfying Bsðx0ÞHV and Bsðx0ÞV fjuei ja ag ¼ q for all su‰ciently large i.

Suppose uei > a without loss of generality. Let f A C1
c ðBsðx0ÞÞ be a function

satisfying f ¼ 1 on Bs=2ðx0Þ. Multiplying f2ðuei � 1Þ to (1.2) and using

Cauchy’s inequality and ðA:2Þ, we obtainð
Bs=2ðx0Þ

W 0ðueiÞ
ei

ðuei � 1Þ þ ceij‘uei j
2
dx

a a
1=2
1

ð
eif

2ðuei � 1Þ2dx
� �1=2

þ cei supj‘fj2
ð
Bsðx0Þ

ðuei � 1Þ2dx: ð4:1Þ
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Since ðu� 1ÞW 0ðuÞb cW ðuÞ for 2 > u > a for some c > 0, (4.1) shows

limi!y meiðBs=2ðx0ÞÞ ¼ 0, which is a contradiction to x0 A supp m. Thus for

ra t2 Theorem 3.10 shows

1

r
mðBrðx0ÞÞb lim

i!y

1

r
meiðB2r=3ðx0ÞÞb lim

i!y

1

r
meiðBr=2ðxiÞÞb c10=2:

We set D1 ¼ c10=2. r

From the proof of Theorem 4.1, next proposition follows.

Proposition 4.2. uei ! þ1 or uei ! �1 uniformly on each compact subset

of Unsupp m and suppkqfu0 ¼ 1gkH supp m, where u0 ¼ limi!y uei and

kqfu0 ¼ 1gk is a measure on U defined by kqfu0 ¼ 1gkðUÞ ¼
Ð
U
jDu0j.

(For the details of the measure
Ð
U
jDu0j, see [7].)

Proof. For x0 A Unsupp m take a neighborhood Brðx0Þ of x0 satisfying

supp mVBrðx0Þ ¼ q: We first claim that juei j > a for all large i: For a

contradiction assume that there exists fxigyi¼1 HBrðx0Þ satisfying ueiðxiÞ A
½�a; a�. Since fxigyi¼1 is bounded, there contains a subsequence converging to

a point y A Brðx0Þ: By the similar argument to the proof of Theorem 4.1, for

all su‰ciently small s > 0 satisfying BsðyÞV supp m ¼ q,

1

s
mðBsðyÞÞb lim

i!y

1

s
meiðB2s=3ðyÞÞb lim

i!y

1

s
meiðBs=2ðxiÞÞb

c10

2
:

Thus y A supp m and this leads to contradiction. If necessary by taking a

subsequence, we may assume uei > a: Since W 00ðueiÞ is positive for uei > a, we

may repeat the same argument for the proof of Lemma 3.2 and show the

estimate supjuei � 1ja ce
1=2
i : Thus uei uniformly converges to þ1 or �1:

To show the claim about the support, assume for a contradiction that

there exists x A suppkqfu0 ¼ 1gk satisfying x B supp m: Then by the definition

of BV function, there exists a neighborhood BrðxÞ satisfying BrðxÞV supp m ¼
q, BrðxÞV fu0 ¼ 1g0q and BrðxÞV fu0 ¼ �1g0q: This contradicts to the

uniform convergence of uei : r

The proof of next proposition is similar to [19, Proposition 4.3] but we

include it for the convenience of the reader.

Proposition 4.3.

lim
i!y

ð
V

jxeiðueiÞjdx ¼ 0: ð4:2Þ
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Proof. Let jxj be a Radon measure defined as the limit of jxeiðueiÞj. We

need to prove that jxj ¼ 0. First we show

lim inf
r!0

1

r
jxjðBrðxÞÞ ¼ 0 ð4:3Þ

for all x A suppjxj by contradiction. Thus we assume that there exist x0 A
suppjxj, R > 0 and b > 0 with jxjðBrðx0ÞÞb br for 0 < r < R: Fix d (e.g.

d ¼ 1=2) and fix r1 ¼ minfR; t2g and

r2 ¼ r1 exp � 4

b

2

d
þ 1

� �
a1r1 þ 4D2

� �� 

: ð4:4Þ

By Theorem 4.1 and the definition of jxj, we may choose large enough i such

that t1e
i
i a r2 and

1

t

ð
Btðx0Þ

eij‘uei j
2

2
þWðueiÞ

ei
dxa 2D2;

1

t

ð
Btðx0Þ

jxeiðueiÞj dxb
b

2

for all r2 a ta r1: By Propositon 3.7 and 3.9 we have for r2 a ta r1

1

t

ð
Btðx0Þ

fxeiðueiÞgþdxa oð1Þ

as i ! y. Thus for all large i and r2 a ta r1 we have

1

t

ð
Btðx0Þ

WðueiÞ
ei

� eij‘uei j
2

2

 !
þ

dx

b
1

t

ð
Btðx0Þ

jxeiðueiÞjdx� 1

t

ð
Btðx0Þ

fxeiðueiÞgþdxb
b

4
: ð4:5Þ

By Theorem 3.12 with s ¼ r2 and r ¼ r1 and using (4.5) we obtain

ð1þ dÞ2D2 b� 2

d
þ 1

� �
a1r1 þ

b

4
log

r1

r2
: ð4:6Þ

By (4.4), the right-hand side of (4.6) is estimated from below by 4D2. This is a

contradiction. The claim with Theorem 4.1 shows

lim inf
r!0

jxjðBrðxÞÞ
mðBrðxÞÞ

a lim inf
r!0

jxjðBrðxÞÞ
D1r

¼ 0

for all x A suppjxj. A standard result in measure theory then shows that

jxj ¼ 0. r

Next we show that the limit measure m has a well-defined curvature.
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Theorem 4.4. The support of m is a 1-rectifiable set. Moreover, h defined

as the vector-valued limit measure of f fei‘ueig
y
i in Sect. 1 is absolutely

continuous with respect to m. f ¼ dh

dm
A L2ðmÞ is the generalized curvature of

m and satisfies ð
j f j2dma lim inf

i!y

1

ei

ð
j fei j

2
dx: ð4:7Þ

Proof. We consider the rectifiability of supp m first. By Proposition 4.3

and by recalling the definitions (2.2), we have jme � trace nabe j ¼ jxeðueÞj ! 0 in

L1
locðUÞ. This shows

trace n ¼ m ð4:8Þ

in the limit. The lower density bound (Theorem 4.1), (4.8) and the rectifi-

ability theorem (Propostion 2.1) show that supp m is a 1-rectifiable set and

FðxÞ ¼ proj?Txðsupp mÞðxÞ; ð4:9Þ

where F ¼ dn
dm

A Lyðm;FÞ. The fact that h is absolutely continuous with

respect to m follows fromð
f djhj

� �2
a lim inf

i!y

1

ei

ð
j fei j

2
dx lim

i!y

ð
f2eij‘uei j

2
dxa a1

ð
f2 dm ð4:10Þ

for f A CcðUÞ, where we used ðA:2Þ and (4.2). Moreover, by taking supremum

of the left-hand side over f with
Ð
f2 dma 1, (4.10) shows (4.7). To show that

f is the curvature of m, (2.4) and (2.5) givesð
div f dmei �

ð
qfa

qxb
dnabei ¼ �

ð
f � ‘uei fei dx ð4:11Þ

for f A C1
c ðU ;R2Þ. The limit of (4.11) givesð

div f dm�
ð
qfa

qxb
dnab ¼ �

ð
f � f dm: ð4:12Þ

By (4.9), the left-hand side is
Ð
divTxðsupp mÞf dm, where the integrand is the

divergence restricted to the tangent line which exists a.e. on supp m. The

relation (4.12) shows that f is the generalized (mean) curvature in the sense of

varifold [1]. r

5. Integrality of the limit interface

The remaining part of the paper concerns (iii) of Theorem 1.1, namely, we

need to prove that the densities of the measure m are integer multiple of 2s for
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a.e. on supp m. The proof is very similar to [8, Section 5] though one needs to

modify the argument as in [15, Section 5]. Thus we write the outline and often

omit the details.

Lemma 5.1. Suppose B2 HV. Given s > 0 there exist constants b > 0 and

e9 > 0 depending only on a1, E0, W and s such thatð
B1Vfjuejb1�bg

ej‘uej2

2
þWðueÞ

e

 !
dxa s ð5:1Þ

if ea e9:

Proof. The estimate for
Ð
B1Vfjuejb1�bg

W ðueÞ
e

dx can be obtained by the

same argument as in [20, Prop. 4.5]. To estimate the gradient term, one shows

that replacing ue by ve causes a small error, which can be estimated as in

Section 3. One then uses (3.19) to show that the gradient term is also small.

r

We define T : R2 ! R by Tðx1; x2Þ ¼ x1 and T? : R2 ! R by T?ðxÞ ¼ x2.

Also we define n ¼ ðn1; n2Þ ¼ ‘ue

j‘uej
where j‘uej0 0 and n ¼ ð0; 0Þ where

j‘uej ¼ 0.

Lemma 5.2. Suppose

(1) Nb 1 is an integer, Y is a subset of R2, 0 < R < y, 1 < M < y,

0 < a < y, 0 < e < 1, 0 < h < 1, 0 < E0 < y and �ya t1 < t2 ay:

(2) Y has no more than N þ 1 elements, TðxÞ ¼ 0 and t1 þ a < T?ðxÞ < t2 þ a

for all x A Y and jx� ~xxj > 3a for any distinct x; ~xx A Y.

(3) ðM þ 1Þ diam Y < R, and denote ~RR ¼ M diam Y.

(4) On fy A R2 j distðy;YÞ < Rg, ue and fe satisfy (1.2),
Ð
BRðxÞ j fej

2
dxa he andÐ R

a
1
r2

Ð
BrðxÞfxeðueÞgþdxdra h for each x A Y.

(5) For each x A Y,ðR
0

dt

t2

ð
BtðxÞVfy2¼tjg

jeeðueÞðy2 � x2Þ � eðy� xÞ � ‘ueD2uejdH1ðyÞa h ð5:2Þ

for j ¼ 1; 2. Here eeðueÞ ¼ e
2 j‘uej

2 þ W ðueÞ
e

.

(6) For each x A Y and aa raR,ð
BrðxÞ

jxeðueÞj þ ð1� ðn2Þ2Þej‘uej2dya hr ð5:3Þ

and ð
BtðxÞ

ej‘uej2dyaE0r: ð5:4Þ

Then the following hold:
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ðAÞ There exists t3 A ðt1; t2Þ such that jT?ðxÞ � t3jb a and

ð ~RR

0

dt

t2

ð
BtðxÞVf y2¼t3g

jeeðueÞðy2 � x2Þ � eðy� xÞ � ‘ueD2uejdH1ðyÞ

a 3ðN þ 1ÞNMðhþ E
1=2
0 h1=2Þ ð5:5Þ

holds for each x A Y.

ðBÞ Define Y1 ¼ Y V fx j t1 < T?ðxÞ < t3g, Y2 ¼ Y V fx j t3 < T?ðxÞ < t2g,
S0 ¼ fx j t1 < T?ðxÞ < t2 and distðY ; xÞ < Rg,
S1 ¼ fx j t1 < T?ðxÞ < t3 and distðY1; xÞ < ~RRg,
S2 ¼ fx j t3 < T?ðxÞ < t2 and distðY2; xÞ < ~RRg,
Then Y1 and Y2 are non-empty and for all 0 < d < 1

1

~RR
fmeðS1Þ þ meðS2Þg

a 1þ 1

M

� �
1

1� d

� �
ð1þ dÞ 1

R
meðS0Þ þ

2

d
þ 1

� �
hRþ 3h

� �
: ð5:6Þ

Proof. Set S ¼ ft1 < T?ðxÞ < t2g. We establish the monotonicity for-

mula restricted on S. Let rðyÞ : R2 ! R be a smooth approximation to the

characteristic function of S: For x A Y we may assume x ¼ 0 by a suitable

translation. Let z be a smooth approximation to the characteristic function of

ð�y; 1Þ. We substitute f ¼ yz
jyj
r

� �
rðyÞ into (3.2) and multiply the result by

� 1
r2
. After letting z ! wð�y;1Þ and r ! wS and by similarly proceeding as in

Lemma 3.1, we obtain for 0 < d < 1

ð1� dÞ 1
s
meðBs VSÞ

a ð1þ dÞ 1
R
meðBR VSÞ þ 2

d
þ 1

� �
hRþ

ðR
s

1

r2

ð
BrVS

fxeðueÞgþdxdr

þ
ðR
s

1

r2

ð
BrVqS

jy2eeðueÞ � eD2ueðy �DueÞjdH1ðyÞdr: ð5:7Þ

By (4) and (5) applied to (5.7) we obtain

ð1� dÞ 1
s
meðBs VSÞa ð1þ dÞ 1

R
meðBR VSÞ þ 2

d
þ 1

� �
hRþ 3h: ð5:8Þ

By the definition of ~RR, S1 US2 HBð ~RRþdiamYÞ VSHS0. Thus by (5.8) we obtain
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1
~RR
fmeðS1Þ þ meðS2Þga

1
~RR
meðBð ~RRþdiamY Þ VSÞ

a
1

~RR

~RRþ diam Y

1� d

� �
ð1þ dÞ 1

R
meðS0Þ þ

2

d
þ 1

� �
hRþ 3h

� �
: ð5:9Þ

Since ~RR ¼ M diam Y we obtain ðBÞ. The proof of ðAÞ is similar to [8,

Lemma 5.4]. r

Next lemma can be proved by using Lemma 5.2 inductively.

Lemma 5.3. Corresponding to each R, E0, s and N such that 0 < R < y,

0 < E < y, 0 < s < 1 and N is a positive integer, there exists h > 0 with the

following property.

Assume the following.

(1) Y HR2 has no more than N þ 1 elements, TðyÞ ¼ 0 for any distinct y A Y,

a > 0, jy� zj > 3a for all y; z A Y and diam Y a hR.

(2) On fx A R2 j distðx;Y Þ < Rg, ue and fe satisfies (1.2),
Ð
j fej2dxa he and

ðR
a

dr

r2

ð
BrðxÞ

fxeðueÞgþdy a hR for each x A Y :

(3) For each x A Y and aa raR,

ð
BrðxÞ

jxeðueÞj þ ð1� ðn2Þ2Þej‘uej2dya hr;

ð
BrðxÞ

ej‘uej2dyaE0r:

Then we have

X
y AY

1

a
meðBaðyÞÞa sþ 1þ s

R
meðfx j distðY ; xÞ < RgÞ: ð5:10Þ

The next Lemma 5.4 is identical to [15, Lemma 5.5].

Lemma 5.4. Given 0 < s < 1 and 0 < b < 1, there exist 0 < h < 1 and

1 < L < y, depending on W, with the following property. Let 0 < e < 1. Sup-

pose ue and fe satisfy (1.2) on B4eLð0Þ, with
Ð
j fej2dxa eh, jueð0Þja 1� b and

ð
B4eLð0Þ

ðjxeðueÞj þ ð1� ðn2Þ2Þej‘uej2Þdya hð4eLÞ:

Then we have
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jueð0; x2Þjb 1� b

2
for Lea jx2ja 3Le; ð5:11Þ

1

2Le
meðBLeð0ÞÞ � 2s

����
����a s ð5:12Þ

and ðLe
�Le

Wðuð0; x2ÞÞ
e

dx2 � s

����
����a s: ð5:13Þ

Proof. We rescale the domain by e for convenience. Let q : R2 !
ð�1; 1Þ be the unique solution of the ODE

q 0ðtÞ ¼ f2WðqðtÞÞg1=2 for t A R;

qð0Þ ¼ uð0Þ:

(
ð5:14Þ

We note that

ðy
�y

jq 0ðtÞj2

2
dt ¼

ðy
�y

WðqðtÞÞ
2

� �1=2

q 0ðtÞdt ¼
ð1
�1

WðsÞ
2

� �1=2

ds ¼ s: ð5:15Þ

We also identify q on R2 by qðx1; x2Þ ¼ qðx2Þ. Let b and s be given. For

large L, we have

1

2L

ð
BL

j‘qj2

2
þWðqÞdx� 2s

�����
�����a s

8
;

ðL
�L

WðqðtÞÞdt� s

����
����a s

8
; ð5:16Þ

and

jqðtÞjb 1� b

4
for La ta 3L: ð5:17Þ

We show the claim of the theorem by contradiction. Assume that there exist a

sequence fhig
y
i¼1 HR and f~uuig with hi ! 0 as i ! y satisfying for 0 < L < y,

j~uuið0Þja 1� b;

ð
BL

jei ~ffij
2
dxa hiei; ð5:18Þ

ð
BL

jxð~uuiÞj þ ð1� ðn2Þ2Þj‘~uuij2dxa 4hiL ð5:19Þ

but one of the following fails,

1

2L

ð
BL

j‘~uuij2

2
þWð~uuiÞdx� 2s

�����
�����b s;

ðL
�L

Wð~uuið0; x2ÞÞdx2 � s

����
����b s ð5:20Þ
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or there exist x2 with La jx2ja 3L satisfying

j~uuið0; x2Þja 1� b

2
: ð5:21Þ

By W 2;2 bound there exists a subsequence of f~uuig (denoted by the same

notation) converging weakly to ~uuy A W 2:2. By (5.18) ~uuy satisfies

�D~uuy þW 0ð~uuyÞ ¼ 0: ð5:22Þ

By (5.19) we also have
Ð
BL

jD1~uuyj2

2 dx ¼ 0 and jD2~uuyj2 ¼ 2Wð~uuyÞ: As we may

assume D2~uuy > 0, we obtain D2~uuy ¼ f2Wð~uuyÞg1=2. Thus, ~uuy ¼ q. Since ~uuy
satisfies (5.15), (5.16) and (5.17), and the convergence is strong in W 1;p for any

1a p < y, we obtain a contradiction to (5.20) and (5.21). r

The proof of Theorem 5.5 proceeds just like [15, Prop. 5.2].

Theorem 5.5. The density of the limit measure m is an integer multiple of

2s for H1 a.e. on supp m.

Proof. By the rectifiability of supp m and the lower density bound m has

an approximate tangent line for H1 a.e. on supp m. Fix such a point and

choose coordinates so that the point is the origin and the approximate tangent

line is P ¼ fx ¼ ðx1; x2Þ j x2 ¼ 0g. We consider the scaling ~uueiðxÞ ¼ ueiðrixÞ and
~ffeiðxÞ ¼ feiðrixÞ with ri ! 0. Let ~eei ¼ ei

ri
. ~uuei satisfies

�~eeiD~uuei þ
W 0ð~uueiÞ

~eei
¼ ri ~ffei :

Define a sequence of measures mri
~eei
by

~eei j‘~uui j2

2 þ W ð~uuiÞ
~eei

dx: By the rectifiability of

supp m we may choose a suitable subsequence (by choosing smaller ei if

necessary)

lim
i!y

m ri
~eei
ðB1ð0ÞÞ ¼ y

ð
PVB1

dH1 ¼ 2y: ð5:23Þ

Here, y is density of m, that is,

y ¼ lim
r!0

1

2r
mðBrð0ÞÞ: ð5:24Þ

Write ~uuei ¼ uei and m ri
~eei
¼ mei : Since n11 ¼ 0, we obtain

lim
i!y

ð
B3ð0Þ

ð1� ðn2Þ2Þ
eij‘uei j

2

2
dx

¼ lim
i!y

ð
B3ð0Þ

eiðD1ueiÞ
2

2
dx ¼

ð
B3ð0Þ

dn11 ¼ 0: ð5:25Þ

486 Yuko Nagase and Yoshihiro Tonegawa



Suppose N is the smallest positive integer greater than y
2s . Fix an arbitrary

small s > 0. By Lemma 5.1 we may choose b > 0 so thatð
B3ð0ÞVfjuei jb1�bg

eij‘uei j
2

2
þWðueiÞ

ei

 !
dxa s ð5:26Þ

for su‰ciently large i. With those s, b and R ¼ 1, we choose h and L via

Lemma 5.3 and 5.4. For large i we define

Gi ¼ B2ð0ÞV fjuei ja 1� bg

V

(
x

����
ð
BrðxÞ

jxeiðueiÞj þ ð1� ðn2Þ2Þeij‘uei j
2
dya hr

for all 4eiLa ra 1

)
: ð5:27Þ

By Besicovich’s covering theorem and monotonicity formula,

meiðB2ð0ÞV fjuei ja 1� bgnGiÞ þL1ðTðB2ð0ÞV fjuei ja 1� bgnGiÞÞ

a
c

h

ð
B3ð0Þ

jxeiðueiÞj þ ð1� ðn2Þ2Þeij‘uei j
2
dx ð5:28Þ

which goes to 0 as i ! y by (4.2) and (5.25). For any x ¼ ðx1; 0Þ A B1ð0ÞVP

define Y ¼ fx1g �6m

k¼1
fskgHT�1ðxÞVGi with s1 < s2 < � � � < sm where m is

the largest integer so the each element of Y is separated by at least 3Lei. We

prove that Y does not contain more than N � 1 elements. First note that all

the assumptions for applying Lemma 5.3 and 5.4 are satisfied. Since

sup
x AB1ð0ÞVP

1

2

ð
B1ðxÞ

eij‘uei j
2

2
þWðueiÞ

ei

 !
dya yþ s ð5:29Þ

for large i, Y having more than N � 1 elements would imply that

2sNa sðN þ 1Þ þ ð1þ sÞðyþ sÞ ð5:30Þ

by Lemma 5.4. This would be a contradiction to y
2s < N for su‰ciently small

s depending only on N. Finally

2y ¼ lim
i!y

meiðB1ð0ÞÞ ¼ lim
i!y

meiðB1ð0ÞV fjuei ja 1� bgVGiÞ

þ lim
i!y

meiðB1ð0ÞV fjuei ja 1� bgnGiÞ

þ lim
i!y

meiðB1ð0ÞV fjuei jb 1� bgÞ: ð5:31Þ
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Note that maN � 1: As T�1ðxÞVGi H fx1g �6m

k¼1
ðsk � Lei; sk þ LeiÞ, by

Lemma 5.4, we obtain

lim
i!y

meiðB1ð0ÞV fjuei ja 1� bgVGiÞ

a lim
i!y

ð
B1ð0ÞVGi

jxeiðueiÞjdyþ 2

ð
B1ð0ÞVP

ð
T�1ðxÞVGi

WðueiÞ
ei

dH1dy

( )

a lim
i!y

ð
B1ð0ÞVGi

jxeiðueiÞjdyþ 2
XN�1

k¼1

ð
B1ð0ÞVTðGiÞVP

ð skþLei

sk�Lei

WðueiÞ
ei

dx2dx1

( )

a sþ 4ðsþ sÞðN � 1Þ; ð5:32Þ

where we note that H1ðB1Þ ¼ 2. By (5.26) and (5.28), we obtain

lim
i!y

meiðB1ð0ÞV fjuei ja 1� bgnGiÞ þ lim
i!y

meiðB1ð0ÞV fjuei jb 1� bgÞa s: ð5:33Þ

Since s > 0 is arbitrary, 2ya 4sðN � 1Þ. By the assumption of N we obtain

y ¼ 2sðN � 1Þ. This shows that the density at this point is integer multiple of

2s. r
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