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ABSTRACT. In this paper, we study the Dempster trace criterion. When the number of
variables and the dimension of the null hypothesis are large relative to sample size, we
derive the asymptotic distribution and Cornish-Fisher expansion of the Dempster trace
criterion in the cases such that the covariance matrix is known and that the covariance
matrix is unknown. Finally, we study the accuracy of the asymptotic expansion by the
numerical simulation.

1. Introduction
We consider a multivariate linear model:
Y =XB+ &,

where Y is an N X p observation matrix, X is an N X k design matrix with
rank(X) =k, B is a k x p matrix of regression coefficients, and & is an N x p
error matrix distributed according to Ny,(0, Iy ® 2). We test the hypothesis

H()ICBZO,

where C is a ¢ x k known matrix of rank ¢. For the null hypothesis, the
Dempster trace criterion (See Dempster (1958, 1960)) is defined by tr(S;)/tr(S.),
where

S, =B'C'(c(x'x)"'c")'CB,
S.=(Y—-XB)(Y—-XB),
with B= (X'X)"'X'Y (See Muirhead (1982)). For testing the above hypoth-
esis, the likelihood ratio test statistic, Lawley-Hotelling’s generalized T2 sta-

tistic, and Bartlett-Nanda-Pillai’s test statistic are often used. However, when
p > N — k, these statistics can not be defined since S, is singular. In practice,
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the number of variables is sometimes larger than the sample size, such as
microarray data and economic data. So we study the Dempster trace
criterion. Under the null hypothesis, the statistic

n tr(Sh)
q tr(Se)

is approximated by F distribution with gp and np degrees of freedom, where
n=N—k and p={tr(2)}?*/tr(2?) (See Dempster (1958)). Usually p is
unknown, so it should be estimated by the data. In this case it is difficult
to assess how close is the estimated critical point to the true value. So we
approximate the critical point by using the asymptotic expansion. Using the
traditional asymptotic expansion, if the fixed parameters p and ¢ are large, then
the approximation is bad. We want to derive the useful approximation to a
variety of size of parameters. In Section 2, we derive the asymptotic expansion
under the framework:

mpg— e Lopew),  Tope(0w). M)

In Section 3, under the condition such that the parameter X' is unknown, we
derive the asymptotic expansion. Finally, in Section 4, we check the accuracy
of approximation by the numerical simulation.

2. The case such that the covariance matrix X is known

In this section, we derive an asymptotic expansion of the distribution of
the Dempster trace criterion under the framework (1).

2.1. The stochastic expansion. Under the null hypothesis, we know that S,
and S, are independently distributed according to the central Wishart distri-
butions W,(¢,2) and W,(n,x), respectively. For deriving the asymptotic
distribution, we assume that

tr(Z°) = O(p). (2)

In the following, we use the notation ¢; = tr(X%)/p. Let T be defined by

r=rfins )

and U, V be defined by
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U J%m(s,,) — q (X)),
V= \/Ln_p (tr(S,) — n tr(X)).

Then under the assumption (2), both U and V are asymptotically distributed
according to the same normal distribution N(0,2¢;) (See Appendix A.1). T is
expanded as

“r(sy 1)

1 U 1 VvV 1 V2 1 V3 ,
=py|—=—+1 - — L0, ((np)” 1
{(\/Pq €1 ) < \/np ¢ np c% (np)3/2 C]3 P(( ) )

| 112 1 Uv 1 Up? 1 V3
=—(VrnU—rRV)+-—— - - —+0,n?
cl( " 2 )Jrn ¢ Jng ¢t +n Pq ¢ nymp ¢ b)),

where r; = p/q and r, = p/n.

2.2. The characteristic function. The characteristic function C,(¢) of T is
given by
Ci (1) = Elexp(itT))

it ] ]
—E (AU = a4 e i
exp( (U - v >>{ e
it UV (i)? Up? it UV?
X3 1= 5t 1 1+ 3
NS nq  2cf n/pq ¢
X I—LL3 + 0,(n73)
nynp c; P

= E[exp(Z(\/ﬁU— \/EV))m(U, V)},

where

itV i uvo (in? vt (in)? Ur?
gl(U,V):1+——2———2+() —+()

nc g c n? 2¢t " ng 2}

i Uv: i Vi (i) uv? 0 (3
" 3 3 o p(n77).
Pq ¢ ny/np ¢;  nyng c
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Let Z; be a p x ¢ random matrix distributed according to N,.,(0,I,,) and Z,
be a p x n random matrix distributed according to N,x,(O,1,,). Then

_ 1 / : _ N
U—\/p_q(tr(ZZlZl) pqcr) and V—\/@(tr(ZZgZz) npcy). (3)

By using (3), we rewrite the characteristic function as

exp{E <ﬂ tr(ZZ,Z)) ] tr(ZZzZ§)>

Ci(t)=E o \/p_q —\/—n_p

_it\/ﬁ\/p_ﬁit\/ﬁ\/@}gl(l}» V)

i 1 2it
. ”(2@ plnta)/2 etr{5 <1,, - az) le;}

1 2it
X etr{—z <Ip +’/ZZE)ZQZ£}Q1(U, V)led22
1

Besides, we consider the following transformations:

2t N\ 2\
Zi=(L-">) Zz and Z=(p+1s) Z. @
P LA

These transformations imply that

—4q/2 —n/2

2it
L+2x
ncy

1o~ 1. - .
x “(m)ﬂ“”*qV2 etr(—zle{ - EZzzg>gl (U, V)dZ,dZ,

(Zl ~ Nyx(0, 1) and Zy ~ Nysn(O; L))

—4q/2 —n/2

2it
E; 219:1(U, V)],

I, +—2X
p+l’lC]

where |A4| denotes the determinant of A4 for any square matrix 4. For the
Jacobian, it holds that

2it —a/2 rica ) (i[)3 4rics (it)4 2rics
log|l, - —% = pit +—-(it)” + 0(q7?),
L~ P 3 (it) ¢ 30 g d ()
2it —n/2 oY) ) (i[)3 4rycs (il)4 2ra¢4
log|l, + —X| = —pit+-—(it)’ — on™
8|7 F o) pit c (&) n 3¢  nr O
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So we obtain the following expansions:

2it —a/2 rica 2
I, ——2% =ex it +—~ (it
-2 p( i+ "2 )

(it)* driey  (i0)* 2rieq (i0)® 8r2c} 3
x 1+ + + +0(q™°) ¢,
{ q 3¢ > cf g 9ct

2ir _|™"? rac

L+ X =exp (—pit +-22 (it)z)
1 Cl

N .4 N6 9.2 2
x{l _ (in)” 4racs N (it)" 2rycq n (it)” 8r3c3 n O(n_3)}.

n 3¢ n? ¢ n?  9¢$

Next, in order to calculate the expectation Ej - [g1(U, V)], we use the
stochastic expansion of U and V' given by

1
U=——(tr(2Z,Z]) — pgcr)

\VPq
1 2it \'- -
= (u 2(1p—’2> 217! | - pgr
VPq qc
2it\/ric 1 (2it 4(it)? Jric
0 +@+_<_U2+%) L0,
C1 q \ C1 Cl
<U1 = L(tr(ZZZ’) — pgcy) and U, = L(tr(22ZIZ’) — pqcz)>
VP4 : VP4 : ’
1
V =——(tr(2Z,2Z5) — npcy
\/@( ( 2) )
1 2it N\~ -
=—|(u|Z|,+=—2X) Z,Z)| —
W(r (p+ncl > s npq)
2it\/rc 1 (2it 4(it)? /irc
_y, 2iyRe 1 (—w—%) Lo,
C1 n\ c &

1 S = 1 .~
(Vl = \/—n_p(tr(ZzzZé) —npey) and V, = \/—n_p(tr(ZzZzzé) - npcz)>.

Using Appendix A.2, we obtain the following expectation:
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2

1 (2(it)er  4(it)*(ry + )2
EZ“Z[Q](U,V)]:HE( (it) N (it)"( i )e3
1 ¢

+ —
n2

3 7 5
A € 1

1( 8(it)2cs  18(it)2c2  16(it)*racacs

6 8

n (it)*(24r, + 32m)c n (it)*(16r) + 8r2)rzc§>
€ ‘

1 [ 6(it)*3  8(it)*(r — ra)cacs
+nq 4 + 5

‘1 ‘i
4 -\ 6
n (it)*(4r +12r2)c3 n 8(it) r1r20§> Lo,

6 8
€ a

Consequently, we see that the characteristic expansion can be expanded as
Ci(1) = exp((ir)*a?/2) |1 +é(it)3a1 —&-%{(it)az + (it) a3}
—1—%{(11)4(14 + (ir)%as} +n—12{(iz)2a6 + (it)*a7 + (it) ag}
+n—lq{(it)2a9 + (it)*aro + (it)°an } | + O(n™3),
where

2(7’1 + }’2)C2 o = 4rics 2¢y

I @ ==
c1 3c]3 ’ cl27

4(r + rg)cg 4rycsy
ay = —

4 3
c 3¢5
2r1c4 87’126‘% lch 8c3
a4 = —7—, as = G a6 = —73 — 3>
c 9¢cy c cj
2rcq 8(3ry +Try)caes 32(r + rz)cg
a7 ="~ 5 6 g
c 3¢3 ]
; 8;’%0% 16, (r1 + rz)cgq 8(2r + rz)rzcg
8 = -

6 7 8 )
9] 3c| ]
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6c§ 32ricoe3  4(r + rz)cg
ag = 4 ajp = 3 6 )
c 3¢3 c

16}’1}’20% 8r1r2c§ 16r1(71+r2)c§C3

ap =
9¢$ 8 3¢]

2.3. Asymptotic distribution and Cornish-Fisher expansion. Inverting the char-
acteristic function, we obtain the following density function of 7/g:

filx) = ¢<x>{1 L +1<

%hl(x) +%h3(x))

1 [as as 1 (ae as as
oz (500 + 52060 ) 53 (300 + S5 ar) + S ) )

+ ,qu <Z§/12(x) + () + ‘:61/,6@)) } +0m),
where ¢(x) is the density function of the standard normal distribution and
hj(x)’s are the Hermite polynomials given by
hy(x) = x, hy(x) = x% —1, hs(x) = x* - 3x, ha(x) = x* — 6x% + 3x,
hs(x) = x° — 10x° + 15x,  he(x) = x® — 15x* +-45x% — 15.
Integrating the density function, we obtain the following theorem.

THEOREM 1. Under the framework (1) and the condition (2), we obtain the
asymptotic expansion of the null distribution of T /o as

Pr(g < z) — o) - ¢(z){ é Lz) +% (“;2 + ghz(z))
+% (ij(z) +Z§h5(z)> *;le (Zghl(z) +5(2) +Z§h5(z)>

1 dg ayo ain -3
+E (Fhl(z) +F/’l3(2) +F/’l5(2)>} + O(H ),

where @(z) is the distribution function of the standard normal distribution.

Using this asymptotic expansion, we obtain the following Cornish-Fisher
expansion of the percentile (See Appendix A.3 for the proof).

COROLLARY 1. Let zy(a) be

1 1 1 1 1
zi(a) =u +§p1(u) +Ep2(u) +?p3(u) +ﬁp4(u) +;}p5(u),
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where
U=z,
(zy is the upper 100a % point of the standard normal distribution.)
al 2
=—W -1
) =262 1),

ar as
pa(u) = ;‘F;(“z - 1),

P3(u) = 507 0) + s )+ S5 hs ) + =5 pi () = S () pa ),

Then it holds that

Pr(g <z (oc)) =1—a+0(mn?).

3. The case such that the covariance matrix 2 is unknown

Usually the covariance matrix 2 is unknown. So we need to replace the
unknown parameter ¢ with the consistent estimator in the formulas obtained in
Section 2.

3.1. The stochastic expansion. In Section 2, we defined that

2(r1 + Vz)Cz

)

C1

which contains the unknown parameter ¢; and ¢;. So we use the unbiased
consistent estimators of ¢; and ¢, (See Srivastava (2005)).

& = tr(S,) ,

np
L n? tr(S2)  (tr(S.))’
cz_p(n+2)(n—1) n2 o '
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By using these consistent estimators, we obtain the consistent estimator of a:

\J2m2(n ) {ue(82) /2 — ((S.))% 3}/ (pln + 2)(n — 1))
7 te(S.)/(np) '

Then it holds that
- tr(Sp)/q — tr(S.) /n |
V22 + ) {tr(S2)/n2 — (11(S0)>/m3}/ (p(n + 2)(n — 1))

SH

Let W be defined by

A (tr(sz> (tr<se>>2>_tr(22)
p

(n+2)(n—1) a

n? n3

Then W = O,(1) (See Srivastava (2005)), and 7'/¢ is expanded as

T u(s)/g—u(s)/n
G \/2(7’1 +nr)(c2+ W/n)

_((Sh)  tr(Se) 1 w _
_( ) 2 (1 + Ol 2))

q n 1 +r)e - 2ne

3.2. The expansion of the characteristic function. The characteristic function

of T,/6 is calculated as

G (1) =E [exp (i;Tﬂ

:E[exp{ . it (tr(jh)_tr(:e))}gz(sh, sa],

r + 7’2)02

where

inw tr(S, tr(S, _
g2(S/17Se) =1- ( ( h) - ( )> + Op(n 2).
2ncyn/2(r1 + r2)e2 q n

Let Z3 be a p x ¢ random matrix distributed according to N,.,(0,I,,) and Z,
be a p x n random matrix distributed according to N,.,(O, I,,). Then we can

represent the characteristic function as
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B « it r(22:2;) tw(XZ4Z;)
G = E[e p{ 2(r +12)e2 ( q n )}gZ(Sh’Se)]

”(2n) P42 o) L Ip—ﬂz 7257}
2 g/ (r1 +r2)e

1 (1,, n %2) Z.7Z) } 92(Sn, So)dZ3dZs.
n

2 r+r)c

Next, we transform Zs and Z; as

respectively. Then the characteristic function is expressed as

—4q/2 —n/2

V2it
g/ (rn+mr)e

2it
Cz([) — Ipf IP+L
n (l’l +r2)cz

1o -, 1. - -
”(2n) plnta)/2 etr{223zgZz4zg}g2(sh,se)dz3dz4

—q/2 —n/2

3
PR CL
g/ (r +r)e

x Bz 5.192(Sh, Se)-

on
IP + LZ‘
(}’1 + 7’2)62

For the Jacobian, it holds that

Ip—iﬁ” >
g/ (r1 +r)e

—4/2
pitc) (it)*ry
= exp
\2(r +r)e 2V1+V2

\/E(it)3r1C3
3q (V1 + 72)3C§

1+ +0(qg %)y,
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-n/2 .
— exp pitc n (it)°ry
TV F e | 204 )
\/5(1.2‘)37'203

3n/(r1 + V2)3C23

1- +0(n™?)

To calculate the E; [92(Sh, S.)], we expand g»(Sy,S.) as

itw tr(S tr(S, _
gZ(Sh,Se): 17 < ( /’1)7 ( ))+0p(n 2)
2ncx/2(r1 +12)ca q n
L it

ZpCQ 2(7’1 + Vz)Cz

x{ (tr(ZZ4ZAZZ4Zf;) 3 (tT(ZZ‘*ZD)Z) - tr(Zz)}

n? n3

+ 0, (n?)

" tr(XZ3Z}) tw(ZZ4Z))
q n
it
2pca\/2(r1 +12)ca

-1

1 2it -

x{ztr 2(1,,+f’2> 7.7,
n n
V2it

V(r+n)e
-1

x|\, +————— 3| ZZ

<p ny/(r1 +r)c ) !

1 2

—i} tr| X IP+L2 ZZ,| | (2
n n (}’1—1—}’2)62

1 V2it B
otz - —XEE x| 27}

q g/ (r +r)ec

1 V2it o 5
_;tr|:2<1p—|—m2> Z4Z4]}+0p(n )

it
2pca/2(r1 +12)ca

:1—

:1—
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2V/2it

n/(r +r)e
2V/2it

n*\/(r+r)e

~ o~ 2
—tr(2?) | ltr(zz3zg)+L
q q*/(r+n)e

tr(2242!‘2224z‘/‘)

X (,1—12 tr(XZsZ})?) —

! (tr(2Z42}))* +

3 tr(ZZ42Z}) t(2°Z4Z})

tr(2223zg)

V2it

1 .-
——tr(XZ4Z)) + ————
L w(EZizy) PO

tr(Z2Z4Z")> + 0,(n7?).
By using the above expansion, we obtain the following expression:

it
EZg,Z4 [gZ(Sh, Se)] =1

- 2pear/2(r1 +r2)c2

x{(tr(f) +q TR tr(X ))

X <%E[tr((22422)2)] - %E[(“(ZZ‘Z‘/‘M

T X X )
n3\/(r +r)e

2V/2it

2R g(sz,2)) tr(zzz42f>]>
n*\/(r1 + r)e ox( 4 4

V2it

7E R et
n? (Vl + r2)C2

(1 w(EZ7)) - tr<zzz424)>
n

X (,ll_z tr((2Z424)%) —%(tr(ZZ;Z"))z

2it o
o o tr(2Z42,2°Z47})
n3\/(r+r)e
L W
n*\/(r +r)e

(mfiii;)cz (1 +1> (tr(Zz))z} + o).

tr(2Z42Z;) tr(ZZZ‘Z‘"))

q n
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By Appendix A.4, we obtain the following expectation
E; 5 [02(Sh 5] = 1 - i
22, 2412350 2 2pean/2(r1 + 12)e
L CL
}’1 + }’2)
24/2i 1 1
tr(22) — _ 2 (—+—2) tr(23)
(}’1 + 7'2)62 n n
( {4n* tr(Z3) + n(n® +n—2) tr(2) tr(2?))}

2V/2it .
Ao e T A e ) (&) (> ))

+Lx(i

n2\/(r +nr)e n?

P(n -+ 1)(tr(22)?

2V2it
mn(m2 +n—2) tr(Z?) tr(23)>

N
1

1 V2ites  (i)® | V(i) e } .
_1+n{c2 R +- TR +0(n).

Hence, we obtain the expansion of the characteristic function

cz<z>=exp<<n>2/z>x{ PREIL) rl—rz><:s Vaitey

.N\2 23
J;’i PRZI0) 03) }+0(n2).

nea/(r1 4+ )

3.3. The asymptotic expansion and the Cornish-Fisher expansion. By using the
inversion formula, we obtain the density function of 7/&

443
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- l 203
Sax) = ¢(x){l i (cz 2(r +12)en ()

1 V2 <2+rrl>h3(x)> + 0(”2)}

— Ehz(x) +
(r1 +r2)c3

By integrating the density function and using the consistent estimator, we

obtain the following theorem.

THEOREM 2.  We assume the framework (1) and the condition (2). Then we
obtain the asymptotic expansion of the null distribution of T /G as
Pr(z < z> S D) ) x| 2B
g n (&) 2(7’1 + 7’2)6‘2
1 2¢ 2
—5Mm(x) + _ V2 <§ + ;—1) hz(x)> +0,(n?),
(rn + r2)623 "2

where

V20 4 ) {tr(S2)/n2 — ((S0))2/n}/p

o= w(5,)/ ()
L n? tr(S?) (tr(Se))2
ST\ e T )

= o (1(59) =2 w(s2) w(S.) + 3 (x(5)° )

By using the above theorem, we obtain the Cornish-Fisher expansion
of the upper percent point of the null distribution as in the following

corollary.
COROLLARY 2. Let z, be the upper 10002 point of the standard normal

distribution and let
1 2¢ 1 2¢ 2
£ iy A [
n\ é/2(r1 + r)é2 2 (Vl +r2)é§
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Then

S

u

4. Numerical simulation

< zz(oc)> =1-—oa+4+0m?).

In this section, we examine the accuracy of the asymptotic expansion by
the numerical simulation.

We study the accuracy of the approximated upper 5 percent points given
by Corollary 1 and Corollary 2. The values of p, n, ¢ and X were chosen as
follows:

Ly O

q:5,10,20, n:40,80, p:40,80, X =I,(=: X)), (0 21/2>(;22).
14

Table 1 shows the actual error probabilities of the first kind by using the
approximated percent points given by Corollary 1. Here the actual error

2 g n p | limit first second

21 5 40 40 | 0.058 0.050 0.050
21 5 40 80 | 0.055 0.049 0.049
21 5 80 40 | 0.057 0.050 0.050
21 5 80 80 | 0.055 0.050 0.050

21 10 40 40 | 0.057 0.050 0.049
2 10 40 80 | 0.055 0.050 0.050
2 10 80 40 | 0.055 0.050 0.050
21 10 80 80 | 0.055 0.051 0.051
21 20 40 40 | 0.057 0.051 0.050
X1 20 40 80 | 0.056 0.051 0.050
21 20 80 40 | 0.056 0.051 0.051
2 20 80 80 | 0.054 0.051 0.051
X, 5 40 40 | 0.058 0.050 0.050
2> 5 40 80 | 0.055 0.049 0.049
2> 5 80 40 | 0.058 0.051 0.051
X, 5 80 80 | 0.054 0.049 0.049
2, 10 40 40 | 0.057 0.050 0.050
2> 10 40 80 | 0.055 0.050 0.049
X, 10 80 40 | 0.058 0.051 0.051
X, 10 80 80 | 0.053 0.049 0.049
25 20 40 40 | 0.057 0.049 0.048
X, 20 40 80 | 0.054 0.049 0.049
X, 20 80 40 | 0.056 0.050 0.050
X, 20 80 80 | 0.054 0.050 0.050

Table 1. The case such that X is known
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probabilities of the first kind are estimated by using the 100,000 samples
generated by Monte Carlo simulation. We compare the limiting percent point
with the expansion up to the first order using the terms of n~' and ¢~!. Since
the difference of the expansions up to the first order and up to the second order
using the terms of n2, g2 and n~'¢~' is a range of an error, it is enough
even if we do not use the second order. From the Table 1, we see that the
approximation is good even if ¢ is small. Table 2 shows the actual error
probabilities of the first kind by using the approximated percent point given by
Corollary 2. The actual error probabilities of the first kind are estimated by
using the 100,000 samples generated by Monte Carlo simulation. This result is
good, too. But compared to the Table 1, the approximation is a little worse.
We think that the gap is caused by the estimations of the unknown parameters
¢1, ¢ and ¢3. For the improvement of the approximation, we need to derive
the estimation that is better. Since it is difficult to estimate the degrees of
freedom of F approximation, the comparison with F approximation is a future
problem.

X g n p limit  first
X1 5 40 40 | 0.057 0.051
21 540 80 | 0.056 0.052
X 5 80 40 | 0.056 0.050
2 5 80 80 | 0.055 0.051
X 10 40 40 | 0.058 0.053

2 10 40 80 | 0.056 0.052
X 10 80 40 | 0.056 0.051
27 10 80 80 | 0.054 0.051
27 20 40 40 | 0.053 0.053
X7 20 40 80 | 0.056 0.053
2 20 80 40 | 0.055 0.050
27 20 80 80 | 0.054 0.052
Xy 5 40 40 | 0.060 0.053
2> 540 80 | 0.056 0.052
Xy 5 80 40 | 0.059 0.052
2> 5 80 80 [ 0.055 0.051
2, 10 40 40 | 0.059 0.053
2> 10 40 80 | 0.056 0.052
X, 10 80 40 | 0.056 0.051
2, 10 80 80 | 0.055 0.051
X, 20 40 40 | 0.059 0.053
X, 20 40 80 | 0.056 0.052
2, 20 80 40 | 0.056 0.051
X, 20 80 80 | 0.055 0.052

Table 2. The case such that X is unknown
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Appendix A

A.1. The limiting distribution of U and V.

LemMA 1. Let S; ~Wy,(q,2) and S, ~Wy,(n,2). Let U and V be
defined by

1

U = \/7_6] (tI‘(Sh) —q tI‘(Z)),
_ %Tp (tr(S,) — 1 tr(2)).

Then under the assumption tr(X*) = O(p), both U and V are asymptotically
distributed according to the same normal distribution N(0,2¢3).

PrOOF. If X ~ x%(q), then the characteristic function of X is

oy (1) = (1 = 2it) ">,

Let 41,...,4, be the eigenvalues of 2" and let X7,..., X, ~ iid.y*(q). Then U
is expressed as

(-]

So the characteristic function of U is given by

¢y (1) = Elexp(itU)]

—E [exp (J—;_q _:1 X — n\/g tr(E))
(ﬁ E [exp( lt;qX)] ) exp(—it\/g tr(Z))

j=1

(-50) o)

The logarithm of the characteristic function is expressed as

A5 )

Generally, for any complex number x, it holds that

NlQ

log ¢y (1
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1
—log(l —x) = x+ §x2 +0(x*)  (for |x|] < 1).

By using this expansion, log ¢ () is calculated as

P 4 )4 3
q Lt q 1/, th q thj g
logoy(t) ==Y 2i—L+= (21 _,_, ol |—=| | —ity/=1tr(2)
v 2; Nz 2;2 Nz 2; iz p
2.2 3 3
_ it #(Z2) + 0 [t tr(Z7)
PvPYq

(e 4 oS
2 ? Nk

Therefore, ¢, (f) converges to the characteristic function of N(0,2c;).
Similarly, ¢, (f) converges to the characteristic function of N(0,2¢,). O
A.2. The calculation of the expectation when X is known.

LemMmA 2. Let Zy and Z, be a p x q random matrix distributed according
to Npuy(O,1,y) and be a pxn random matrix distributed according to
Ny (0, Ly,), respectively and let

2it 2it 4(ir)?
U—U + ’*Fcz q(le %)wp(pz)
1

1 1
(Ul pq(tr(ZZlZ) qu) and U, :7( ( 2212) QC2)>
2it 1 (2it 4(ir)*
y oy, 2inme 1 <1V2<l> W) Lo,
C1 n\ c (&

1 ~ 1 .
(V] = ﬁ (tr(ZZzZé) — npcl) and V2 = ﬁ(tl‘(ZZZQZé) — I’lpCz)) .

Then

E[1?) = 26 + 4(11) 3 g{4ltC3 n 8(it) }’26203} + o),

2 3
c1 n| g cj

E[UV] = _4(1'[)2; /zrlrgcg +% 8(i1)* /i (r2 — r1)cacs Lo,
i

3
91
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48(it)*ryc3 N 16(it)*r3c

E[VY] =12c; + —~=+0n),
(’l Cl
. N2 3 .\ 4 4
B0V = 4 4 S 4 )6 160 nnG g,y
Cl Cl
A I B
1 Cl
12it\/rac?  8(it)*ry\/rac
E[V3] — C\'/w 2 _ \/_v 2 ( ),
1 C]
24(it) 2 Jrime 16(ir)* 72\/V1V2€
E[UV?] = — - G o),
i 1

Proor. By the definition of U and V, and by the property of normal
distribution, we obtain

2it 2

( zn\/ﬁcz) (21’1 4(it)2\/EC3>
e | R
1

- 2
1

E[V?]

- %E +0(n?)
n C1 C

4(it)"ryc 2 2zt 8(it)*rrcrc
B R LA PR LI B
c? n\ ¢ a

— 26> + Wi°re3 2 { 2 B (525 28) — nper) (22 2022) — npes)]

2
c1 npcy

8(il)3VQCQC3 _
+ S R2OG L o 2)

S

4(it 2| 2it
=2c+ % —{ ! 2n tr(Z3) 4+ n® tr(2) tr(2?) — n’p’eicy)
Cl npcy

N3
n 8(ir) C73'26263 } n O(n’z)
1

=2 +
(,12 n C1 C%

4(ir)*ryc? 2 {41'103 N 8(it)3r202C3} o)

Similarly, we obtain the following expansion.
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N2 .\ 3
E[UV] = _4(11‘) ,/Zrlrzcg +l 8(ir) ,/rlrz(srz —r1)cacs N O(nfz).

I D &
Further, by the property such that U; and V| are asymptotically distributed
according to N(0,2¢,;), we obtain the other expansions. W

A.3. The Cornish-Fisher expansion.

LemMmA 3. When the asymptotic distribution of T /o is expressed as

Pr<Z < z> — o(z) - ¢(z){ La, o+t (%2 + ghz(z))

% q o3 n

let zi(a) be
() +1 ( )+1 ( )+1 ()+l ( )+1 (z4)
= - ~p(z — p3(z — palz — ps(z
Z1(« Zg qu Zy an o qz P32y n2P4 o nqu a)s

where z, is the upper 1000%% point of the standard normal distribution and

i) = S50 = 1),
palu) =2+ 5w - 1),

u a a 2ua ua
p3(u) = 507 () + —ghs(u) + g hs(u) + =51 () = —5ha(w)pi (),

2a3

u
?Pz(”),

u a a a
Palu) = =3 p3 () 3 hn(u) + g hy(u) + —ghs() +

a a a 2ua
ps(u) = S () + g hs(u) + g hs(u) + = pa(u)

2uas ua
+ ?Pl(“) - th(”)m(“)

Then it holds that

Pr(g <z (a)) =l—a+0n?).
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Proor. Let zj(«) be the upper 1000% point of T/6. We assume that
z1(a) is expanded as

21(0) = 0 2 p1(0) o pa() 3 o)+ pa) + 2 ps(a) + O™

By the asymptotic distribution of 7'/o and the definition of z;(a), we derive the
following expansion:

+ iz (Zghl(zl(o{)) —|—%h3(21(0ﬁ)) +Z_zh5(zl(a))>

+— (%hl (z1()) + %/%(21 (o)) + %hS(zl (“))) } +0(n™)

—{6() + ¢'(W)(21(2) - u)}{ é % {ha(u) + hy () (21 () — )}

o (24 B + (a1 0) — ) )
12< S ha(u) + Zhs(u)>+nlz(zghl(u)+ 4h3<u)+:§h5(u))
+n—1q(a—3h1< )+ g >+%hs<u>>}+0<n-3>
— o) + ¢<u>{ (2100 = ) + 1 (i - 2~ St
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ag 2uas

ag ag
— phl(u) - th,(u) - ghs(u) - ?PZ(“)

1 a a

L <ps(u) — upr () () — % () — 2 () — L s
ng o
2uay 2uas u uay

By comparing the coefficients as a polynomial of 1/¢ and 1/n, we obtain p;’s.
O

A.4. The expectation about the Wishart distribution.

Lemma 4. Let S ~ W,(I,,n). Then the following expectations are calcu-
lated as

E[tr((£8)*)] = (0 + n) tr(Z%) + n(t(2))?,
E[tr(ZSX2S)] = (n* + n) tr(Z3) + n tr(2) tr(2?),
E[(tr(XS))?] = 21 t(Z) + n*(tr(2))?,
] =

E[tr(ZS) tr(Z2S)] = 2n tr(Z3) + n* tr(2) tr(Z?),
E[tr(ZS) tr((£S)?)] = 4n(n + 1) tr(Z) + n(n® + n + 4) tr(2) tr(2?)

+n?(t(2))’,

Eftr(2S) tr(XSX2S)] = dn(n+ 1) tr(Z*) + n(n® +n +2) tr(2) tr(2?)
+2n(tr(27))* 4+ n*(tr(2))? t(£7),

E[(tr(ZS))’] = 8n tr(23) + 6n® tr(Z) tr(2?) + n?(tr(2))°,

E[(tr(2S))* tr(Z2S)] = 8n tr(Z*) 4 2n2(tr(Z?))* + 40 tr(2) tr(2?)
+ 13 (tr(2))? tr(2?),

E[tr(22S) tr((ZS)%)] = dn(n + 1) tr(Z*) + n’(n + 1)(tr(2?))?

+dn tr(Z3) tr(Z) + n?(tr(2)) w(2?),
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E[tr(22S) tr(XSX2S)] = dn(n + 1) tr(Z°) + n(n® +n + 2) tr(Z?) tr(2?)
+ 20 tr(2) tr(Z4) 4 n?(tr(22))? (),
E[tr(Z2S)(tr(2S))?] = 8n tr(Z*) 4 2n2(tr(22))* + 4n® tr(Z) tr(27?)
+ 13 (tr(2))? tr(2?),
E[(tr(22S))? tr(2S)] = 8n tr(Z7) 4 20 tr(Z) tr(Z*)
+4n? tr(22) tr(23) + n3(tr(22))? tr(2).
Proor. Let Z ~ N,y,(0,1,,). By the definition of Wishart distribution,
we express as S = ZZ’. X is diagonalized as X' = P(diag(4,...,4,))P’ where

P is an orthogonal matrix. Then by the property of the normal distribution,
we see Z'P = (z1,...,zy) ~ Nyup(0,1,,). Hence,

- ) 5
=E|tr (Z)ﬁZ,ZZ) >:|
i=1

=E|tr <Z )viz (Zizl{)2 + Z /li)gziZ;Z/Z;)]

i=1 i#j

[ »
=E|> i)+ ;u,-/lj(z;z,-)zl

i=1 i)

= (n* + 2n) Zpy? +nY ik
i=1

i#j

= (n* +n) tr(2?) + n(tr(2))*.

Similarly, expressing by the eigenvalues, we obtain the above formulas. []
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