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ABSTRACT. We construct a polynomial invariant of a virtual magnetic graph diagram
by defining an index of an enhanced state. For a virtual link diagram, it equals the
Miyazawa polynomial and then the maximal degree on ¢ of the polynomials not only
gives a lower bound of the real crossing number but also that of the virtual crossing
number. Moreover, by definition we can calculate the polynomial for a link in a
thickened surface or a Gauss chord diagram directly without transforming it into a
virtual link diagram.

1. Introduction

Virtual knot theory is introduced by Kauffman [9] which is a general-
ization of knot theory. A virtual link diagram is a link diagram in R? possibly
with some encircled crossings without over/under information, called virtual
crossings. A virtual link is the equivalence class of such a diagram by
generalized Reidemeister moves (Reidemeister moves of type I, of type II,
of type III and virtual Reidemeister moves of type I, of type II, of type III, and
of type IV depicted in Figure 1).

Virtual links are abstracted from link diagrams on a surface. They are
stable Reidemeister equivalence classes of link diagrams on closed oriented
surfaces [1, 6, 9, 10]. Invariants of virtual links are invariants of links in
thickened surfaces.

A lot of invariants of virtual links are defined with disregard to virtual
crossings. In [9], Kauffman defined a polynomial invariant f7(A4) € Z[A?, A~2]
for a virtual link L, which we call the Jones-Kauffman polynomial. It is
defined through Kauffman’s bracket in the same manner as that of a classical
link, namely considering states by smoothing real crossings of L. For a
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classical link L, it is the Jones polynomial V() after substituting /7 for
A2, Sawollek [12] applied an invariant of a link in a thickened surface
defined by Jaeger, Kauffman and Saleur [5] to a virtual link. It is the
determinant of a matrix derived from the information of real crossings. Silver
and Williams [13] defined an invariant of a virtual link without any reference to
virtual crossings and so do Bartholomew, Budden, Fenn, Jordan and Kauffman
[2, 3, 4]. On the other hand, the Miyazawa polynomial is defined by use of
virtual writhe obtained from virtual crossings. It is not calculated for a link
diagram on a surface unless it is described as a virtual link diagram. The
Miyazawa polynomial is introduced as an invariant of a virtual magnetic graph
diagram, which is a generalization of a virtual link.

In this paper we define a polynomial invariant, Xp(4,¢), of a virtual
magnetic graph diagram by introducing an index of an enhanced state, without
use of any information on virtual crossings. If the diagram is a virtual link
diagram, the index of a state is equal to the virtual writhe in the sense of
Miyazawa (Theorem 3). Hence for a virtual link, our invariant coincides with
the Miyazawa polynomial. It means that we give an alternative definition of
the Miyazawa polynomial of a virtual link. Since our definition does not use
virtual crossings, we can calculate the polynomial for a link in a thickened
surface or a Gauss chord diagram directly without transforming it into a virtual
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link diagram. Also we see that the maximal degree on ¢ of the polynomial
gives a lower bound of the real crossing number and the virtual crossing
number.

In Section 2, we introduce our invariant Xp(A4,?), after recalling the
Miyazawa polynomial Yp(A4,¢) for a virtual magnetic diagram. A relationship
between them is given. In Sections 3 and 4, we give proofs of Theorem 2 and
Lemma 4, respectively. In Sections 5, we show some features of the invari-
ants. We introduce the notion of a double flype and show that our invariant
and the Miyazawa polynomial are preserved under this move.

The author would like to thank Atsushi Ishii for his helpful comment to
improve the proof of Lemma 4.

2. The invariants Xp and Y)p

A magnetic graph is a 2-valent graph whose edges are oriented alternately
around vertices as in Figure 2. It may have some components consisting of
closed edges without vertices.

A virtual magnetic graph diagram, which is written as VMG diagram for
short, is a magnetic graph immersed in R? generically such that some crossings
have over/under information, called real crossings, and the other crossings are
encircled without over/under information, called virtual crossings. See Figure
3, for example.

If two VMG diagrams are related by a finite sequence of generalized
Reidemeister moves (Figure 1), they are said to be equivalent. (We do not
allow the moves in Figure 4.) Note that virtual link diagrams are VMG
diagrams without vertices, and that two virtual link diagrams represent the
same virtual link if and only if they are equivalent as VMG diagrams.

Fig. 2

Fig. 3
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First we recall the Miyazawa polynomial. Let D be a VMG diagram,
and let p be a real crossing. By applying A-splice (or B-splice) at p, we mean
the local replacement about p depicted in Figure 5.

A state of D is a diagram obtained from D by applying A-splice or B-
splice at each real crossing, or an assignment of A-splice or B-splice to each
real crossing. It is a VMG diagram without real crossings such that some
vertices are connected by dashed arcs. (Our states correspond to oriented
states in [8].) Let S be a state of a VMG diagram of D. A weight map ¢ of
S is a map from the set of edges of S to {+1,—1} such that o(e) # a(e’) for
adjacent edges e and ¢’ of S. An enhanced state means a pair (S, o) of a state
S and a weight map o of S. The set of enhanced states of D is denoted by
s(D).

Let (S,0) be an enhanced state of a VMG diagram D. For a virtual
crossing v of S on edges ¢ and ¢’ as depicted in Figure 6 (1), the sign of v is
defined by

;}g{; +1%+1 -;Xil +l>gi1 -1’>X<+1
0 0 +1 -1

(1) 2

Fig. 6
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ale) —a(e)
2

See Figure 6 (2), where edges assigned +1 by the weight map ¢ are drawn
thickly. The virtual writhe, »'(S, o), of (S, o) is defined to be the sum of signs
of all virtual crossings.

For a VMG diagram D, we define (DY, € Q[4,47',¢,t7!] by

A2 AN
D — AtS s s 1 (S,0)
wn= 5 (=5) 7

where S is the number of A-splices minus that of B-splices used to obtain S
from D, and #S is the number of components of S (ignoring the dashed
arcs). The Miyazawa polynomial of D, which we denote by Yp(4,1), is
defined by

YD(Av t) = (_A3)7w(D)<<D>>Y7

where w(D), called the writhe, is the number of positive crossings minus that of
negative crossings of D.

THEOREM 1 (Y. Miyazawa [11]). The Miyazawa polynomial Yp(A,t) is an
invariant of the equivalence class of a VMG diagram.

REMARK. (1) The Miyazawa polynomial Yp(A4,?) is a generalization of
the invariant introduced in [7]. Refer to [11] for details. (2) Let <D} and
fp(A) be the bracket polynomial and the Jones-Kauffman polynomial defined
in [9] for a virtual link diagram D. Then by definition we have (D) =
(—A2— A2 YDYy|,_, and fp(A) = (=42 — 472) ' Yp(4,1).

Let D be a VMG diagram and (S,0) an enhanced state of D. If two
vertices of S originate from a real crossing of D, a pair of them is called a
c-pair of S. They are connected by a dashed arc in the state. Let ¢ be a
c-pair, and let ¢, (k=1,2,3,4) be the edges around ¢ as depicted in Figure 7
(1). The sign of ¢ of S with respect to a weight map o is defined as

evez +1v-1 -1 vﬂ +1v-1 -1v+1
| | | | |
e 00 - oo P> oa T
e, e, +1 N | +1 -1 +1  +1 -1
0 0 +1 -1

(€] (@)

Fig. 7
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aler) ;o(ez) (or a(es) ;o(e4)>'

See Figure 7 (2), where edges assigned +1 by the weight map o, are drawn
thickly.

The index, 1(S,0), of an enhanced state (S,0) is the sum of signs of all
c-pairs. For a VMG diagram D, we define DYy € Q[4,47',¢,t7!] by

<<D>>X _ Z AhS (_A2 2— A2>#Stz(S,G')’

(S,0)es(D)
and define Xp(4,17) by Xp(4,1) = (—43) “PI{DYy.

THEOREM 2. The polynomial Xp(A,t) is an invariant of the equivalence
class of a VMG diagram.

For VMG diagrams, our invariants are not equal to the Miyazawa
polynomials in general. For example, let D be the diagram in Figure 8
(1). Then Xp(A4,t)=-A4>—A4"2 and Yp(4,t)= (4> —-A42)(' +¢71)/2.
Let D be the diagram in Figure 8 (2). Then Xp(A4,f) = —A73(—A4% - 472)-
2A4—-A473)—(A+AH(t+11}/4 and Yp(A,f) = A 6(—A4> - A72).

THEOREM 3. If D is a virtual link diagram, then Xp(A,t) coincides with
Yp (A, l).

This theorem shows that the definition of our invariant Xp(4,f) is an
alternate definition of the Miyazawa polynomial Yp(A4,¢) for a virtual link
diagram D. It comes from the following lemma, which is our key lemma.

LemMmA 4. Let D be a virtual link diagram, and let (S,0) be an enhanced
state of D. Then

0’(S,0) =1(S,0).

We prove Theorem 2 and Lemma 4 in Sections 3 and 4, respectively.
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For a virtual link L, the real crossing number and the virtual crossing
number of L mean the minimal number of real crossings and that of virtual
crossings, respectively, among all diagrams representing L. By the definition
of Yp(A4,t) we have the following.

ProposITION 5 (Y. Miyazawa [11]). Let L be a virtual link, represented by
a diagram D. The virtual crossing number of L is equal to or greater than the
maximal degree on t of Yp(A,t) (= Xp(A4,1)).

By the definition of Xp(4,t), we have the following.

PROPOSITION 6. Let L be a virtual link, represented by a diagram D. The
real crossing number of L is equal to or greater than the maximal degree on t of
XD(Aa t) (= YD(Avt))-

For the virtual link diagram D in Figure 9 (1), Xp(4,1) is
(A% —A72)(—A2+ At +17")/2). Thus we see that the real crossing
number and the virtual crossing number of the virtual link represented by
D are one. For the virtual link diagram D in Figure 9 (2), Xp(4,?) is
(=A% — A2)*(t+r")?/4. Thus the real crossing number and the virtual
crossing number of the virtual link represented by D are two.

For a VMG diagram D, we denote by D# the VMG diagram obtained
from D by replacing all positive (or negative) crossings of D with negative (or
positive) ones, and by D* the VMG diagram which is symmetric to D with
respect to a line in R

LemMA 7. For a VMG diagram D, we have
Xp(A, 1) = Xps(A71 ) = Xp- (A7 1) and
Yp(A,t) = Yps(A7 1) = Yp (471, 0).

Proor. This is obvious from the definition. O



416 Naoko KamaDpA

3. Proof of Theorem 2

Let B? be a 2-disk in R? and let E be R*\B?>. Let D and D' be VMG
diagrams such that DNE = D'NE. For enhanced states (S,0) and (S’,0") of
D and D’ respectively, we denote by (S,0)|p = (S',0')|z if SNE=S"NE and
the restriction of ¢ to SNE is equal to that of ¢’ to S'NE.

ProOF OF THEOREM 2. Let D and D’ be VMG diagrams such that they
are related by a Reidemeister move of type I in a 2-disk B, as depicted in
Figure 10. (The other cases of a Reidemeister move of type I follow from this
case by Lemma 7.)

There is a three-to-one correspondence, {(Si,o1),(S2,02),(S3,03)} <
(S’,0"), between s(D) and s(D’) such that (S;,0:)|p = (S',0')|p for i=1,2,3.
We assume that S| = S, and they are 4-splices at the real crossing of DN B? as
depicted in Figure 11.

Then

1S =58 =08+ 1, 1S3 =48" — 1, #S) = #S, =#S' +1,
#8S3 = #S', and  (S;,01) = 1(S",0") for i=1,2,3.
Thus we have

3 2 N 2 NG

ZA:S,(—A —4 ) p0800) (L 4%) x A5 (__A —4 > (870",
2 2

i=1

Hence we have Xp(A,1) = Xpi(A4,1), since w(D) = w(D’')+ 1.

D D’
Fig. 10
PN PRI 2 PR 2
, . B2 ) . B ) B
4 A N ’ N / \
/ \\ ! \\ ! \\
! ) ' B | ! .
1 / /
\ \ \
\ // \ // \ //
N < ~L -7 pES -7
’
Sl (Sz) S’% S
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Let D and D’ be VMG diagrams such that they are related by a
Reidemeister move of type II in a 2-disk B? depicted in Figure 12 (1) (or
(2)). (The other cases of a Reidemeister move of type II follow from these
cases by Lemma 7.)

For 1,22 € {4,B}, let s;,,(D) be the subset of s(D) consisting of
enhanced states such that the assignment of the splices at the real crossings
of D in B? are /; and A, as depicted in Figure 13 or Figure 14, when D and D’
are as in Figure 12 (1) or in Figure 12 (2), respectively.

Note that s(D) = s4p(D) I s44(D) U spp(D) U sp4(D). First we show

A2 A #S
W > (A e
(8,0) €544 (D)spp(D)sp4 (D)

2 — 2 - - =
_--_B _---. B - g T e
, N , N ’ \ // \
’ \ 4 \ 4 \ / \
/ \ / \ ! \ , \
| | ! ) ! | \ ]
\ / ! / \ / N /
\ ’ \ 7 \ / \ ’
\/ ’ N / s N < > 4 ~ 4
~__- - - __ -
D D’ D

(D 2

(D) s,(D) (D) s (D) S(D)
Fig. 13
g }CC @ Voo
SAB(D) SAA(D) Sy(D) SBA(D) s(D")

Fig. 14
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There is a one-to-one-to-two correspondence, (S},01) < (S;,07) <
{(S3,03),(S4,04)}, among s44(D), spg(D), and sp4(D) such that (S; o)l =
(Sj,0))|p for i,j=1,2,3,4, where (Si,01)€s544(D), (S2,02) €spp(D), and
(83,03), (S4,04) € sp4(D).

Then

1S =681 — 4, 1S3 =884 = (S1 - 2, #S) = #8),
#S3 = #S4 = #Sl + 1, and Z(S,‘,O',') = Z(S/,G/) for i,j = 1,2,3,4.

So we have

4 2 N
Z AtS,- <_A 2— A ) Zl(S,',G’f) — 07
i=1

which implies the equality (1).

On the other hand, it is easily seen that there is a one-to-one correspon-
dence between s,45(D) and s(D’), and this correspondence preserves f, #, and
1. Thus we have Xp(4,1) = Xp/(4,1).

Let D and D’ be VMG diagrams such that they are related by a
Reidemeister move type of III in a 2-disk B> as depicted in Figure 15.
(The other cases of a Reidemeister move of type III follow from this case by
Lemma 7 and by Reidemeister moves of type II.)

For A1,%2,43 € {4, B}, let s;,,,,,(D) (or s;,,,,,(D’)) be the subset of s(D)
(or s(D')) consisting of enhanced states such that the assignment of the splices
at the real crossings of D (or D') in B2, are Aj, 4, and /3 as depicted in Figure
16.

First we show

s

2 —2\#
@ > as(FEA) s o
(8,0) €5445(D)Usapp(D)sppp(D)

There is a one-to-two-to-one correspondence, (Sy,a1) < {(S2,02),(S3,03)}
— (S4,04), among s44p(D), sapp(D), and sppp(D) such that (S;,0;)|p =

-r-. B -~-. B
! ‘: I N \
N !

D D'

Fig. 15

2

-

~
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(Sj,0))| fori, j=1,2,3,4, where (Si,01) € s448(D), (S2,02),(S3,03) € s4ps(D),
and (S4,0'4) € SBBB(D)-
Then

18 =883 =451 - 2, 1S4 = 451 — 4, #S) = #83 = #51 + 1,
#S4 = #S1, and 1(Si, o) = 1(S;, 67) for i,j=1,2,3,4.

So we have

4 2 —2\#Si
S <—A 2—A ) 1(Sne) = 0,

i=1

which implies the equality (2).
Similarly we have

ALS’ <M)#S #0859 — 0.
(8',0") €s4ap(D")sapp(D")sppp(D’) 2

On the other hand, it is easily seen that, for each (4,4s,43) =
(A,4,A4),(B,A4,A4),(A,B,A),(B,B,A) and (B,A4,B), there is a one-to-one
correspondence between s;,,,,,(D) and s;,5,,,(D’), and this correspondence
preserves fj, #, and 1. Thus we have Xp(4,1) = Xp/(4,1).

If D and D' are VMG diagrams such that they are related by one of
virtual Reidemeister moves of type I, of type II and of type III, it is obvious
that Xp(4,1) = Xp/(4,1).

Let D and D’ be VMG diagrams such that they are related by a virtual
Reidemeister move of type IV in a 2-disk B? as depicted in Figure 17. (The
other cases of a virtual Reidemeister move of type IV follow from this case by
Lemma 7 and by virtual Reidemeister moves of type II.)

For 2e{A4,B}, let s,(D) (or s;(D’)) be the subset of s(D) (or s(D’))
consisting of enhanced states such that the assignment of the splice at the real
crossing of D (or D') in B* is . (see Figure 18).

Fig. 17
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Fig. 18

For 1€ {4, B}, there is a one-to-one correspondence between s;(D) and
s;(D’) which preserves f, # and i Thus we have D)y =<«D'»y, and
Xp(A4,t) = Xp(A,t) since w(D) = w(D’). O

4. Proof of Lemma 4

Let D be a virtual link diagram and let (S,0) be an enhanced state.
Remove all c-pairs of S by replacing them as in Figure 19, where edges
assigned +1 by the weight map o, are drawn thickly. Let D’ be the result.

The diagram D’ consists of immersed circles in R? with each circle
assigned +1 or —1. Let D/ and D’ be the union of circles of D’ whose signs
are +1 and —1, respectively.

Let ay, as, a3 and a4 be the numbers of crossings of D’ as in Figure 20 (1),
(2), (3) and (4), respectively. Since the algebraic intersection number of D’

+1 1

v-l -Ivﬂ +Iv-1 -]v+

+1 -1 - 1
+1 -1 -1 +1
DI I ¢
Fig. 19
(1) 2 3) “4)

Fig. 20
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and D’ is zero, we see that a; — ay + a3 — aqs = 0. Noting that the crossings as
in Figure 20 (1) and (2) come from c-pairs as in Figure 19, by definition of
1(S,0), we have

ay —ay = —1(S,0).
On the other hand, by definition of w’(S,s), we have
as —ay = 0'(S,0).
Therefore we have

1(S,0) = w'(S,0).

5. Some features of the invariants

The operation on virtual link diagrams depicted in Figure 21 (1) is called
Kauffman’s flype. Jones-Kauffman polynomials are preserved under Kauft-
man’s flype. Our invariants and Miyazawa polynomials are not preserved
under Kauffman’s flype. (For example, Kishino’s knot has a non-trivial
Miyazawa polynomial [11], although it turns into a trivial diagram by
Kauffman’s flype.)

We introduce an operation which preserves our invariant and the Miya-
zawa polynomial.

Let us call the operations depicted in Figure 22 (1) and (2) double fiypes.

In terms of Gauss chord diagrams, Kauffman’s flype is expressed as in
Figure 21 (2), and the double flypes are as in Figure 22 (3) and (4). This is the
reason why we call them double flypes.

THEOREM 8. For VMG diagrams, double flypes preserve Xp(A,t) and
Yp(A4,1).

ProorF. Let D and D’ be VMG diagrams which differ as in Figure 22
(1). For 41,4, € {4, B}, let s;,,,(D) (or s;,,,(D’)) be the subset of s(D) (or
s(D")) consisting of enhanced states such that the assignment of the splices at
two real crossings in B> are A; and 1, as in Figure 23.

/
/

0 @

Fig. 21
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LA } LA |
\ Ez ! \ Ez /
\ / \ /
N // N //
s,4(DY) s,5(D") sga(D') SBB(D')

Fig. 23
For each 4 and 4, (A1, 4, € {4, B}), there is a one-to-one correspondence,
(S,0) < (S’,d"), between s,,,,(D) and s,,,,(D’) such that (S,0)|; = (S",0")|¢
and
0SS =1S",  #S=#S', 1(S,0) =1(S';6') and  ©'(S,0) = 0"(S’,d).
Hence we have Xp(4,1) = Xp/(A4,t) and Yp(A,t) = Yp/(4,1).
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If D and D’ differ as in Figure 22 (2), we have the conclusion by Lemma
7. O

The two virtual link diagrams in Figure 24 are related by a
double flype. Their Miyazawa polynomials are ((47¢ — A710 4 4714 — 4~1%).
(t+t 24+ A4*— A48+ 4712)(—4%> - A472). They are not equivalent
since the invariant defined in Sawollek [12] of the virtual link diagram
on the left is y~!'(x—1)(x+1)(y+1)(x+y) and that on the right is
2y (x = D(y+D(x+ ).

We do not call the operations in Figure 25 (1) and (2) double flypes.
These operations do not preserve Xp(4,t) and Yp(4,1).

The two virtual link diagrams in Figure 26 are related by the operation of
Figure 25 (1). The polynomial Xp(A4,7) (= Yp(4,t)) of the virtual link

Fig. 25
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diagram on the left is (472 — A7) (2 + 224+ (A0 -~ AWM+ /2 +
A78)(—=A?> — A7%) and that on the right is (47" — A" ") (t+r")/2+478+
4712 _ A_lﬁ)(—Az _ A_2).

THEOREM 9. Let D', D>, D3 D", D and D® be VMG diagrams such that
they differ as in Figure 27 in B> and they are identical outside B>. Then we
have

245(Xp1 + Xps — (A% — A7) A2 X 2)
=0((A* = A HA 1+ ) (AXp + A7 X ) — 2Xpo),
where 6 = —A> — A7%, and the same equality holds for Yp's.

In what follows, let 6 denote —4%> — A~2. For a VMG diagram D and a
set of enhanced states of D, say s’, we define Xp|, by

Fig. 26

T~ B < A~ B ST 3. B

s’ N 4 N\ 7’ T\ N
/7 \ /7 \ ’ \
/ \ / \ / \
1 1 1 1 | \
\ | 1 | \ i
\ / \ / \ /
\ / \ // \ /

7
N _\/ \\\—\/ A //
2
D’ D D’
- - - 2

-7 ~L B L ~_ B - ~_ B
’ \ / \ 4 \
/ \ '/ \ ‘/ \
I \ | |
\ I \ ! \ !
\ / \ / \ !
\ / \ / \ /

N S
~ _- S~ -7 ~So_ -7
D~ D’ DY
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- ) #S
Xply = (—4%)™P " Ats<§> 1105,

(S,0)es’

It is obvious that Xp|, = Xp(4,1) if s' = s(D), the set of all enhanced states of
D.

PrOOF. For 41,2 € {4, B} and [ € {1,2,3}, let s;,;,(D') be the subset of
s(D') consisting of enhanced states such that the assignment of the splices at
the real crossings of D’ in B* are A; and /; as in Figure 28. For i€ {4, B},
let 5;,(D") be the subset of s(D") consisting of enhanced states such that the
assignment of the splice at the real crossing of D" in B? is A as in Figure 28.

All enhanced states for D!, D> D3 D', D° and D' belong to the
following families;

SAA(D ), SAA(D2>, SAA(D3) and S(DU)
SAB(D ), SBA(D]), SAB(Dz) and SBB(DI)
SAB(D ), SBA(DS), SBA(DZ) and SBB(D3)
SBB(Dz) and SB(D+

s(D°) and s4(D7)

There is a one-to-one-to-one-to-one correspondence, (S,a1) < (Sz,02) <«
(S3,03) < (S, 0°), among s44(D'), s44(D?), s44(D?) and s(D) such that
(Si,00)|g = (S¥,6")|p for i=1,2,3. Then

hSi = th + 27 #S, = #Sv, and l(Sj,O'l') = l(Sv70'v),

for i=1,2,3. Hence we have

S (5)#51 (S0 s (5)#& (S5.09)
A Z fSuon) 4 485 § 1(53,03
2

#S: #Sy
—(A* = A7) AP A @) 8m) = s <é> 1500,
2 2

This implies that
24°(Xpily, o1y + Xpily 00y — (47 = A7) A X2l p2) = —20Xpr.

There is a one-to-one-to-two-to-one correspondence, (Si,04) < (Ss,05) <
{(56,06),(S7,0'7)} — (Sg,O'g), among SAB(DI), SBA(DI), SBB(DI) and SAB(DZ)
such that (S;,0:)|; = (S;,0;)|g for i,j=4,5,6,7,8. Then

8Ss = 4Sa, 1S = 0S7 =S4 — 2, 0Ss = 54,
#Ss = #S4, #S6 = #S7=#S4+ 1, #Sg = #S4, and
1(Si, 0i) = 1(S;, 07), for i,j=4,5,6,7,8.
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7 A B 7
’ \ /
/ \ /
I | I
\ I \
\ A / \
\ 4 \
N e N
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- BZ Bz
L XA N e ~.
/ \ 4 \
/ A \ / B \
I | I |
\ ! \ !
\ / \ !
\ / \ /
7
\\ // \\§ P

s5,4(D%) s5,5(D%)

/ . -—~_ B2
/
4 \ /W\ , \\ // \
/ A \ ] ! \ \
l ' B 1
\ : I
NS
7/
N 7
-~_ _ -

s, (DY) 55 (DY) s(D9) s(D")

Fig. 28

Hence we obtain

ZAtSi <§> F(Sior) _ (A2 _ A72)A72Ath (z) £1(Ss,08) _ ().
i—4

This implies that
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2A%(Xpi |,y (01 11spa (D) 11spp(01) — (A7 — A7)V A> X2l p2) = 0.
Similarly we have
24°(X D3y, D)1y (0¥ 1155 (0) — (A7 = AT A2 X 2| () = 0.

There is a two-to-one correspondence, {(Sy,a9),(S10,010)} < (St,07),
between spp(D?) and sp(D*) such that (Si,0:)|; = (S*,67)|p for i=9,10.
Then

1S; =18t —1,  #S,=#ST+1 and S, a) =1(ST,0") + (-1),
for i =9,10. Thus we have
10 S — St
e N sy _ 14 5 1 gus (OV jismon)
- 2 2 2
This implies that
244A% = A7) X2y 02y = —(t+ 1) (AP = A)0Xpe |, o)

There is a one-to-one correspondence, (S°, %) < (S*,a"), between s(D°) and
s4(D*) such that (S°6°)|; = (S*,6%)|;. Then we have

+ [0 #57 ot 0 (0 #5° 0 ;0
AhS v l,l(S ot) AAhS v tl(S N )
2 2
This implies that
XD*'SA(DJr) = —AizXDo.

So we have Xp:|,p = Xp+ — Xp+|s,(p+) = Xp+ + A2 Xpo. Therefore we
have the desired equality for Xp’s. Similarly we have the conclusion for Yp’s.
O

By Lemma 7, we have
247 (Xpis + Xpss — (A2 — A%) A X p2s)
=0((A2 = ADA(t+ YA Xpes + AXpos) — 2Xpes).

Similarly we have the same equality for Yp’s.
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