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ABSTRACT. We define deformed self-similar sets which are generated by a sequence of
similar contraction mappings {4, : ¢ € S*} on RY, ¢, having its contraction ratio r,, and
calculate thier Hausdorff dimension.

1. Introduction

Hutchinson [4] proved that there exists a unique compact set F = R
such that F =], ¢;(F) for any given finite set {¢,};, of similarities in R?
with ratio r;, 1 <i <n. He also showed that dimy F' = dimg F =dim, F =
and Y7, rf = 1if {¢;};_, satisfies the open set condition, that is, there exists a
bounded non-empty open set O such that | ), ¢;(0) = O and ¢,(0) N $;(0) =0
if i#j.

Recently, S. Ikeda [5] defined the loosely self-similar set F' which is gen-
erated by a sequence of mappings {¢;,, ; } (ij€{1,2,...,n}), ¢, ; having its
contraction ratio r;,, and showed that dimy F =s and > rf =1if {¢;; ;}
satisfies the disjoint condition.

In this paper, we will generalize loosely self-similar sets [5] and perturbed
Cantor sets [1]. The construction is as follows.

Fix m > 2, write S; = {1,2,...,m}* and $* = Ui, Sk. Consider a se-
quence of similar contraction mappings {¢, : o € S*} on R%. Suppose that each
¢, has a contraction ratio r,, that is, |¢,(x) — ¢,(»)| = r4|x — y| for any x, y € RY,
where | - | is the Euclidean norm. We further assume there exists 0 < o, f < 1
such that o < r, < f§ for any o € S* and there exists a bounded open set ¥ < RY
such that

(1) ¢,(V)<=V for any o€ S*

(2) ¢i1i2...ik,1ik(V) N ¢i1ig...ik,1ik;(V) = 0’ I # "1;-

It is obvious that there exists a non-empty compact set X < J such that
the properties (1) and (2) are satisfied when V is replaced by X.
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For brevity, we write

Dy =y 0Py, 0 0 Piiy iy
R(T = rilrilfg .. 'rilig...i/c

for any o = ijiy ... iy € Sx. Then using a compact set X given above we obtain
a unique compact set K,

We call this K a deformed self-similar set. 1If we take r, =r; for any o=
i1iy ... i, the obtained set K becomes a loosely self-similar set in S. Ikeda’s
sense. Moreover, if we take ¢;;, ; = ¢, for all k, the obtained set K is a self-
similar set in Hutchinson’s sense.

2. Preliminaries and main theorem

We begin to recall the well-known s-dimensional Hausdorff measure and
dimension: Let E be a bounded subset of R and s > 0. For every d > 0 we
define

0

H(E) = inf{z U’ E < |, Uy, |U| < 5},

i=1

where |A| denotes the diameter of A. Then we obtain the s-dimensional
Hausdorff measure of E by

H*(E) :}Sin(q) Hj(E).
The Hausdorff dimension of E is defined by

dimy E =sup{s > 0: H'(E) = w}.
Then we see that
dimy E =inf{s > 0: H¥(E) = 0}.

To calculate the Hausdorff dimension of K we recall a measure on subsets
of K due to Rogers [7]. For any s >0, neN and E c K, let

M;(E) = inf{z |D(X)|" E =), Ps(X), 0 | Sk}.
k>n
Then we get a measure of Hausdorff type on subsets of K by letting
M*(E) = lim M;(E).
n— o0
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We note that if M'(E) >0 then M*(E) = oo for all s < ¢. Therefore we
see that
sup{s > 0: M*(E) = o0} =inf{s > 0: M*(E) = 0}.

Now we are ready to show a method to get the Hausdorff dimension of a
deformed self-similar set.

THEOREM 2.1. Let K be a deformed self-similar set as defined in the intro-
duction.  Put o =sup{s > 0| M*(K) = co}. Thenwe have0 < H*(K) < o0 and

dimH K=ua.
Proor. By the definition of o, M*(K) < oo for any s > o. Thus, for such

an s, Hj(K) < M (K) < M*(K) if 0 > ", where f is an upper bound of con-
traction ratios r,. Letting 6 — 0, we have

H*(K) < M*(K) < w for s > o,

which implies dimy K < a.

To prove that dimy K > o, we claim that s < dimy K, for all s < «. For
0<s<oa, M°(K)= oo by the definition of «. Then there exists a compact subset
F c K and a constant b > 0 such that 0 < M*(F) < oo and M*(FN&,(X)) <
bR for all 0 € S*. (See Proposition 3.1 [3].) Define a Borel measure x4 by

w(A) = M*(FN4) fordcKk.

Then 0 < u(K) < oo and u(@,(X)) < bR: for all o€ S*.
Let ¥ be the open set given in the introduction and let U <= RY satisfy 0 <
|U| < |V]. Set

0= {oeS": |@,(V)] < |U| and |y (V)] = |U]},

where o|l =ijiy... 0 for o =1ijiy...ip and [ <k. We see that o|U| < |@,(V)| <
|U| for e Q. Then Q,={ce Q: UN®,(V) # 0} has at most some finite
m, elements which is independent of U since {®,(V)|o € Q,} is disjoint. (See
Lemma 9.2 [2].)

Hence

uU) < Y pu(@s(X))

7€,

<b> R

ceQ,
< bm,|V||UJ*

which, by Mass distribution principle 4.2 [2], implies that H*(K) > 0. That is,
dimy K > s for any s < o. Therefore dimy K > o. O
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ReMARK (cf. [3]). Let K be a non-empty compact set generated by relaxing
equality (3) to inclusion, that is,

Then it can be proved that
dimy K =sup{s > 0: M*(K) = 0}

by the same proof as in Theorem 2.1.

CoroLLARY 2.2 (I. S. Baek [1]). Put X =[0,1]. Define a sequence of con-
traction maps {¢;,;, ; } on X for iiiy... i€ {1,205, k=1,2,..., such that

rgk)x, if ip =1
¢i1i2..4i1\» (x) = (k) (k)

x4+ (1—r), ifix=2

and there exist 0 < o, <1 such that

2
oc<rl(.k)<ﬁ, and a<l—Zr§k)<[)’
i=1
for all k. Put

K= U @)

k=1 (7'€S/c
Then K is a perturbed Cantor set and

dimy K =sup{s > 0: M*(K) = w0}

=supq s > 0 : lim inf Z V2 Y = o

n— oo Py . n
iiy...ine{1,2}

ProOOF. Let

— lim i M2 ys _
b =sup sZO.llﬁg}f Z (r;'r o) =

i1i2--~i:ze{1a2}n

=sup{ s> 0 lim inf > (X)) = o

ge{l,2}"

To show that dimy K < b, suppose that 0 < s < dimy K. Then lim M) (K) =

n— oo

oo, that is, for given L, there exists n, such that M} (K) > L for n > n,. Hence
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> |@s(X)|* > L for n > n,. Therefore liminf}> . 5 [@6(X)|" = o0, s0
sel{l,2)" n— oo ’
s<b. Now suppose s<b. Thenliminf > |®,(X)|*=00. Define a finite
n— o0 n
Borel measure x on X such that oe{l.2}

Do (X)|°
> (X))

ge{l,2}"

wWPs(X)) =

2

Then u(P;(X)) => u(Ps(X)) and this measure yx is supported on K, thus,
i=1

w(K)=1. Since s < b, it is easy to see that from the definition of 5 that

Dy, (O ;
lim inf —2""—>_ = lim inf |&,(X)|" = o0
=% ﬂ(¢i1iz...in(X)) = JE{Z,Z}"

for all x € K, where ijiy...i,... is the uniquely obtained sequence such that
x = lim @;;, ;(X). Hence there exists ¢ > 0 such that
n— o0

\ . o Dy, (X
H'(K) 2 ¢ - u(K) inf lim inf WD (X))

(See Theorem 2.1 [8] and Lemma 2.2 [6].)
Therefore M*(K) > H*(K) = c0. So, M*(K)= oo, which implies b <

CorOLLARY 2.3 (S. Ikeda [5]). Let K be a deformed self-similar set such
that vy, i, =1, forallo =iy ...ix € S*. Then K is a loosely self-similar set and

dimy K =sup{s >0: M*(K) = oo}
m
= d with Zrld =1.
i=1
Proor. The proof is similar to that of Corollary 2.2. O
Open question: Let K be a deformed self-similar set.  We wonder if the packing

dimension (8] of K is equal to

sup{s >0: lim M)(K)= oo}

n—oo

where M} (K) :sup{ZcDg(X)P: Dy(X)N Dy (X)=0, c#0' and 5,c'e | ) Sk}.

k>n
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