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Abstract. We study reaction-di¤usion systems of propagator-controller type in the

one-dimensional unit interval. When propagator di¤uses slowly, we establish the

existence of transition layer equilibria by using singular perturbation expansions and a

Lyapunov-Schmidt reduction method. Our approach to the existence also enables us to

simultaneously obtain a stability criterion for the layer equilibria.

1. Introduction and main results

1.1. Reaction-di¤usion system. We study the following one-dimensional sys-

tem of reaction-di¤usion equations

ut ¼ e2uxx þ f ðu; vÞ
vt ¼ Dvxx þ gðu; vÞ

�
ðx A ð0; 1Þ; t > 0Þ;ð1:1Þ

under the homogeneous Neumann boundary conditions

uxð0; tÞ ¼ uxð1; tÞ ¼ 0 ¼ vxð0; tÞ ¼ vxð1; tÞ:ð1:2Þ

Systems like (1.1) have been employed in many fields [4, 5, 9, 12, 15, 21] to

study pattern formation phenomena from a mathematical viewpoint.

When e > 0 is small and the ODE ut ¼ f ðu; vÞ is bistable for each v fixed

in some interval, we expect that solutions of (1.1)–(1.2) will develop transition

layers. To see this, let us consider a specific example of reaction kinetics

ð f ; gÞ;
f ðu; vÞ ¼ ð1 � u2Þðu � h0ðvÞÞ with h0ðvÞ ¼ q tanhðv � gÞ;
gðu; vÞ ¼ 2u � v;

�
ð1:3Þ

with jqja 1. Formally setting e ¼ 0 in (1.1), we obtain

ut ¼ ð1 � u2Þðu � h0ðvÞÞ
vt ¼ Dvxx þ 2u � v

�
ðx A ð0; 1Þ; t > 0Þ:ð1:4Þ
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Notice that u ¼G1 (to be called hGðvÞ later) are asymptotically stable equilibria

for the ordinary di¤erential equation ut ¼ ð1 � u2Þðu � h0ðvÞÞ with each v be-

ing fixed. This suggests that solutions ðuðt; xÞ; vðt; xÞÞ of (1.4) will generically

behave as limt!y uðt; xÞ ¼G1 for most x A ½0; 1�. For large t, uðt; xÞ is

expected to exhibit a sharp transition behavior, from uðt; �ÞA�1 to

uðt; �ÞAþ1, in a neighborhood of some points x� A ½0; 1�.
Our objective in this paper is to show that, for a general class of func-

tions f , g, there are equilibria of (1.1), (1.2) which exhibit transition layers for

0 < ef 1. The equilibria of (1.1) and (1.2) satisfy the equations

0 ¼ e2uxx þ f ðu; vÞ; 0 ¼ Dvxx þ gðu; vÞ ðx A ð0; 1ÞÞ;
uxðxÞ ¼ 0 ¼ vxðxÞ at x ¼ 0; 1;

�
ð1:5Þ

for 0 < ef 1. Stability properties of these solutions also will be determined.

Our approach is based on a singular perturbation method, namely, we first

examine reduced solutions of (1.5) for ‘‘e ¼ 0’’, and then construct solutions for

small e > 0 by a perturbation argument.

Let us outline the construction of transition layer equilibria with a single

transition, by using the nonlinearity ð f ; gÞ of (1.3). We first consider a reduced

problem

0 ¼ ð1 � u2Þðu � h0ðvÞÞ
0 ¼ Dvxx þ 2u � v

uxðxÞ ¼ 0 ¼ vxðxÞ at x ¼ 0; 1:

8><
>:ð1:6Þ x A ð0; 1Þ

As a solution of the first equation in (1.6), we choose

u ¼ U �ðxÞ :¼ �1 x A ½0; x��
þ1 x A ðx�; 1�

�
;

where x� A ð0; 1Þ is the location of transition layer, which is to be determined.

This solution has a jump discontinuity at x ¼ x�. To obtain a smooth

solution for small e > 0, we will need to have a sharp transition layer near

x�. To accomplish this, we introduce a stretched variable z ¼ ðx � x�Þ=e near

the transition point, and rewrite the first equation of (1.5) in terms of z;

0 ¼ uzz þ ð1 � u2Þðu � q tanhðv � gÞÞ:

We now seek a solution satisfying limz!Gy uðzÞ ¼G1. Such a solution exists

only if v ¼ g when jqja 1, q0 0. Therefore, at the transition point, we should

require that vðx�Þ ¼ g.

Using the above definition of U � in the second equation of (1.6) and

using the boundary conditions for v, it is natural to consider the following

problem:
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0 ¼ Dvxx � 2 � v x A ð0; x�Þ;
0 ¼ Dvxx þ 2 � v x A ðx�; 1Þ;
vxð0Þ ¼ 0 ¼ vxð1Þ; vðx�Þ ¼ g:

8><
>:

For each x� A ð0; 1Þ, there is the following solution

v ¼ V �ðxÞ :¼
ðgþ 2Þ coshðx=

ffiffiffi
D

p
Þ

coshðx �=
ffiffiffi
D

p
Þ
� 2 0a xa x�

ðg� 2Þ coshððx�1Þ=
ffiffiffi
D

p
Þ

coshððx ��1Þ=
ffiffiffi
D

p
Þ
þ 2 x� a xa 1

8><
>: :ð1:7Þ

It is evident that V � A C 0ð½0; 1�Þ. If we impose the additional condition V � A
C1ð½0; 1�Þ (C1-matching condition), then x� A ð0; 1Þ is uniquely given by

x� :¼
ffiffiffiffi
D

p

2
log

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2

4
ðe2=

ffiffiffi
D

p
� 1Þ2 þ 4e2=

ffiffiffi
D

p
r

� g

4
ðe2=

ffiffiffi
D

p
� 1Þ

 !
;ð1:8Þ

which follows immediately from (1.7). For this choice of x�, V � also belongs

to C1ð½0; 1�ÞVCyð½0; 1�nfx�gÞ.
The main result in this paper, when applied to the specific example (1.3), is

the following one.

Main Result for (1.3). There exist an e� > 0 and a family of solutions

ðue; veÞ of (1.5) for e A ð0; e�� with the following properties.

( i ) lim
e!0

v eðxÞ ¼ V �ðxÞ uniformly on ½0; 1�, where V � is defined by (1.7).

( ii ) For each d > 0, d < minfx�; 1 � x�g

lim
e!0

u eðxÞ ¼ �1

þ1

�
uniformly on

0a xa x� � d

x� þ da xa 1

�
;

where x� is given in (1.8).

(iii) The solution ðue; veÞ is asymptotically stable if 0 < qa 1, and unstable

if �1a q < 0.

Results of this type have appeared in a series of articles [3, 11, 8, 14] between

1976 and 1987. One purpose of our article is to show that the method of

Lyapunov-Schmidt used in [6] (see also [22]) for a scalar equation can be

extended to apply to systems of equations. Furthermore, it will be shown

elsewhere (cf. [16, 17]) that this method can be adapted to deal with internal

layers for a multi-space-dimensional version of (1.1). Recently, Lin [10] devel-

oped a geometric-dynamical system appoach, combined with asymptotic ex-

pansions, to successfully discuss one-space-dimensional and multi-component

systems including (1.1).

The method presented in this article also can be extended to apply to the

evolution of internal layers for the parabolic system (1.1), (1.2). This problem
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was discussed in [2, 1] when f , g have some specific types of monotonicity.

With the extension of our method to parabolic systems, it is possible to have

more general f , g which include the specific example (1.3). A preliminary

version of such an extension is presented in [18, 19, 20].

1.2. Transition layer equilibria. We now state conditions and results in

general terms. Throughout the paper, we let the nonlinear functions f and

g satisfy the condtions listed below.

(A1) The function f is smooth on R2, and the ordinary di¤erential

equation _uu ¼ f ðu; vÞ is bistable in u for each fixed v A ðv; vÞ ¼: I0.

Namely, f ðu; vÞ ¼ 0 has exactly three zeros u ¼ hGðvÞ; h0ðvÞ for each

v A I0 safisfying

h�ðvÞ < h0ðvÞ < hþðvÞ; fuðhGðvÞ; vÞ < 0:

(A2) If, for v A I0, we define the function JðvÞ by

JðvÞ :¼
ð hþðvÞ

h�ðvÞ
f ðs; vÞds;

then there exists a v� A I0 such that

Jðv�Þ ¼ 0 and J 0ðv�Þ0 0:

(A3) The function g is smooth on R2. If we define gGðvÞ :¼ gðhGðvÞ; vÞ
for v A I0, then we have

g�ðvÞ < 0 < gþðvÞ; gGv ðvÞ :¼
d

dv
gGðvÞ < 0 for v A I0:

(A4) The inequalities

fuðu; vÞ þ gvðu; vÞ < 0 at u ¼ hGðvÞ

hold for v A I0.

Under these conditions, our main result is stated as follows.

Theorem 1.1. If the conditions (A1), (A2), (A3) and (A4) are satisfied,

then

( i ) there exist a constant D0 > 0, determined solely by ð f ; gÞ, a constant

x� ¼ x�ðDÞ A ð0; 1Þ and a family of C1-functions V �;D defined for

DbD0, satisfying

0 ¼ DV �;D
xx þ gðh�ðV �;DÞ;V�;DÞ

gðhþðV �;DÞ;V�;DÞ

�
for

0 < x < x�

x� < x < 1

�

and

V �;D
x ð0Þ ¼ 0 ¼ V�;D

x ð1Þ; V�;Dðx�Þ ¼ v�:
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( ii ) there exist e� > 0 and a family of solutions ðue;DðxÞ; ve;DðxÞÞ of (1.5),

defined for ðe;DÞ A ð0; e�� � ½D0;yÞ, satisfying

(a) lim
e!0

ve;DðxÞ ¼ V�;DðxÞ uniformly on ½0; 1�;
(b) for each d > 0,

lim
e!0

ue;DðxÞ ¼ h�ðV �;DðxÞÞ
hþðV �;DðxÞÞ

�
uniformly on

0a xa x� � d

x� þ da xa 1:

�

(iii) the solution ðue;DðxÞ; ve;DðxÞÞ is exponentially asymptotically stable if

J 0ðv�Þ < 0, and it is unstable if J 0ðv�Þ > 0.

In [11] the existence part of Theorem 1.1 was first proved by modifying a

method developed in [3]. This was later improved in [8]. In these articles, the

authors construct two boundary layer solutions and glue them smoothly across

the transition point x� (C1-matching). In our approach, we do this matching

while we construct approximate solutions. The stability result, Theorem 1.1

(iii), was proved much later in [14]. With our method, the stability result

comes simultaneously with the existence result.

Theorem 1.1 is slightly more general than those of [11, 8, 14]. In our

result, a situation gvðu; vÞb 0 at u ¼ hGðvÞ is allowed to the extent that (A4)

is satisfied, while gvðu; vÞa 0 at u ¼ hGðvÞ was required in [11, 8, 14]. For

example, our theory applies to the situation where f ðu; vÞ ¼ u � u3 � v and

gðu; vÞ ¼ u þ gv, as long as g < 1=2. This improvement comes from our deri-

vation and treatment of SLEP (cf. §§ 5.2, 5.3).

In Theorem 1.1 (i), the function V�;D is similar to the one given in (1.7).

Statement (ii)(b) clearly shows that our solutions exhibit a sharp transition

layer at x ¼ x�. It is of interest to observe from Theorem 1.1 (iii) that the

stability properties of the transition layer solutions are determined by a single

quantity J 0ðv�Þ, if J 0ðv�Þ0 0. When J 0ðv�Þ ¼ 0, Theorem 1.1 is no longer

valid. However, even if J 0ðv�Þ ¼ 0, our method of proof extends to establish a

result similar to Theorem 1.1, if we assume an additional condition J 00ðv�Þ0 0.

Such problems will be treated elsewhere.

The proof of Theorem 1.1 consists of three steps;
� construction of approximate solutions with high degree of accuracy

(§ 2.2, § 4);
� spectral analysis of linearization around the approximate solutions

(§ 2.3, § 5);
� a perturbation argument: Lyapunov-Schmidt Reduction (§ 2.4).

2. Proof of Theorem 1.1

In this section, we prove Theorem 1.1 by using several propositions. The

proofs of some of these propositions are postponed to §§ 4 and 5.
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2.1. Preliminaries. For each v0 A I0 ¼ ðv; vÞ, we consider the reduced problem,

0 ¼ DVxx þ g�ðVÞ 0 < x < x0; Vxð0Þ ¼ 0; Vðx0Þ ¼ v0

0 ¼ DVxx þ gþðVÞ x0 < x < 1; Vxð1Þ ¼ 0; Vðx0Þ ¼ v0

Vð�Þ A C1ð½0; 1�Þ;

8><
>:ð2:1Þ

where x0 A ð0; 1Þ is a quantity to be determined so that the last condition

Vð�Þ A C1ð½0; 1�Þ, called a C1-matching condition, is fulfilled.

In multi-dimensional spaces, the problem (2.1) corresponds to a free-

boundary problem (in which x0 is replaced by a hypersurface). It is not so

easy to find a solution of such problems. In the one-dimensional case, it has

an easy solution.

Proposition 2.1. If conditions (A1) and (A3) are satisfied, then for each

v0 A I0, there exists a D0 > 0, which depends only on ð f ; gÞ and v0, so that the

problem (2.1) has a unique solution pair ðV v0;DðxÞ; x0ðD; v0ÞÞ for DbD0,

satisfying

0 < x0ðD; v0Þ < 1; V v0;D
x ðxÞ > 0; x A ð0; 1Þ:

Proof. In (2.1), rescaling x A ½0; 1� by x � x0 ¼
ffiffiffiffi
D

p
y and defining vðyÞ :¼

VðxÞ, we obtain the equivalent problem,

0 ¼ vyy þ g�ðvÞ; � x0ffiffiffiffi
D

p < y < 0; vy � x0ffiffiffiffi
D

p
� �

¼ 0; vð0Þ ¼ v0;

0 ¼ vyy þ gþðvÞ; 0 < y <
1 � x0ffiffiffiffi

D
p ; vy

1 � x0ffiffiffiffi
D

p
� �

¼ 0; vð0Þ ¼ v0:

We use the shooting method to find the desired C1-matched solution. For

a A ½v; v0�, b A ½v0; v�, there are solutions of the problems

0 ¼ v�yy þ g�ðv�Þ; �l� < y < 0;

v�ð�l�Þ ¼ a; v�y ð�l�Þ ¼ 0; v�ð0Þ ¼ v0;

(

0 ¼ vþyy þ gþðvþÞ; 0 < y < lþ;

vþðlþÞ ¼ b; vþy ðlþÞ ¼ 0; vþð0Þ ¼ v0;

(

where l� > 0 and lþ > 0 are given by

l�ðaÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
v0 � a

2

r ð 1

0

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiÐ 0

t
g�ððv0 � aÞs þ aÞds

q ;

lþðbÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b � v0

2

r ð1

0

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiÐ 1

t
gþððb � v0Þs þ v0Þds

q :
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It is easy to verify

dl�ðaÞ
da

< 0;
dlþðbÞ

db
> 0;ð2:2Þ

by using gGv < 0 (cf. (A3)). Rescaling back to the original x-variable will yield

a solution of (2.1) if a and b are chosen so that

l�ðaÞ þ lþðbÞ ¼ 1ffiffiffiffi
D

p :

Moreover, the third condition in (2.1) (C 1-matching condition) requires that

v�y ð0Þ ¼ vþy ð0Þ, in addition to the condition v�ð0Þ ¼ v0 ¼ vþð0Þ. Let us define

p�ðaÞ > 0 and pþðbÞ > 0 by

p�ðaÞ :¼ v�y ð0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ð a
v0

g�ðsÞds

s
;

pþðbÞ :¼ vþy ð0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ð b
v0

gþðsÞds

s
;

and p by

p :¼ min max
vaaav0

p�ðaÞ; max
v0abav

pþðbÞ
� �

:

In order to fulfill v�y ð0Þ ¼ vþy ð0Þ, it is necessary to have

0a p�ðaÞa p; 0a pþðbÞa p

satisfied. We immediately find that

dp�ðaÞ
da

< 0;
dpþðbÞ

db
> 0;ð2:3Þ

by using g�ðvÞ < 0 < gþðvÞ for v A ½v; v� (cf. (A3)). Therefore, we can express a

and b as a function of p A ½0; p�; a ¼ aðpÞ, b ¼ bðpÞ. By using (2.2) and (2.3),

we find that

lðpÞ :¼ l�ðaðpÞÞ þ lþðbðpÞÞ

is monotone increasing in p A ½0; p� and satisfies lð0Þ ¼ 0. Therefore, if

D0 :¼ lðpÞ�2, then, for each D A ½D0;yÞ, there exists a unique pðDÞ A ½0; p�
so that

lðpÞ ¼ 1ffiffiffiffi
D

p :
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As remarked earlier, scaling back to the original x A ½0; 1�, we obtain the

desired solution of (2.1) as follows:

x0ðD; v0Þ :¼
ffiffiffiffi
D

p
l�ðaðpðDÞÞÞð2:4Þ

V v0;DðxÞ :¼
v� xffiffiffi

D
p � l�ðaðpðDÞÞÞ
� �

0a xa x0ðD; v0Þ;

vþ xffiffiffi
D

p � l�ðaðpðDÞÞÞ
� �

x0ðD; v0Þa xa 1:

8><
>:ð2:5Þ

r

We now linearize (2.1) at ðV ; v0Þ ¼ ðV v0;D; v0Þ.

Proposition 2.2. Assume that conditions (A1) and (A3) are satisfied.

( i ) The boundary value problems

ð�Þ 0 ¼ DC�
xx þ g�

v ðV v0;DðxÞÞC�; 0 < x < x0;

C�
x ð0Þ ¼ 0; C�ðx0Þ ¼ 1;

(

ðþÞ 0 ¼ DCþ
xx þ gþ

v ðV v0;DðxÞÞCþ; x0 < x < 1;

Cþ
x ð1Þ ¼ 0; Cþðx0Þ ¼ 1;

(ð2:6Þ

have unique solutions satisfying

C�ðxÞ > 0 ð0a xa x0Þ; CþðxÞ > 0 ðx0
a xa 1Þ;

C�
x ðxÞ > 0 ð0 < xa x0Þ; Cþ

x ðxÞ < 0 ðx0
a x < 1Þ:

( ii ) If we define a constant p0ðv0Þ by

p0ðv0Þ :¼ C�
x ðx0Þ �Cþ

x ðx0Þ > 0;ð2:7Þ

then we have

0 < V v0;D
x ðx0Þ < ½g�þ�ðv0Þ

Dp0ðv0Þ ðwhere ½g�þ�ðv0Þ :¼ gþðv0Þ � g�ðv0Þ > 0Þ:ð2:8Þ

Proof. Since gGv ðvÞ < 0 from (A3), the problems ð2:6ÞðGÞ have unique

solutions.

The solution C� satisfies C�
x ðx0Þ > 0. If not, C�

x ðx0Þa 0, then

DC�
xxðx0Þ ¼ �g�

v ðV v0;Dðx0ÞÞC�ðx0Þ ¼ �g�
v ðV v0;Dðx0ÞÞ > 0

implies C�
x ðxÞ < 0 for x near x0 (x < x0), and hence this is true for all x A

½0; x0�. This makes it impossible to fufill the boundary condition C�
x ð0Þ ¼ 0.

Hence C�
x ðx0Þ > 0. The same reasoning shows that for any x A ð0; x0�,

C�ðxÞ > 0 implies C�
x ðxÞ > 0.

Now, we will show that C�ðxÞ > 0 for all x A ½0; x0�. If not, there

exists x1 A ½0; x0Þ such that C�ðx1Þ ¼ 0, C�ðxÞ > 0 for all x A ðx1; x0� and
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C�
x ðx1Þb 0. If C�

x ðx1Þ ¼ 0, then C�ðxÞ1 0 follows from the uniqueness of

solutions for the initial value problem. Therefore, we have C�
x ðx1Þ > 0, and

hence

C�ðxÞ < 0 and DC�
xxðxÞ ¼ �g�

v ðV v0;DðxÞÞC�ðxÞ < 0

for x near x1 with x < x1. This yields C�
x ðxÞ > 0 for x near x1 ðxa x1Þ, and

hence for all x A ½0; x1�. This contradicts the boundary condition C�
x ð0Þ ¼ 0.

We have thus established the statements in (i) for C�.

Similar arguments apply to Cþ. This completes the proof of Proposition

2.2 (i).

To prove the statement (ii), let us define v̂vðxÞ by

v̂vðxÞ :¼ V v0;D
x ðxÞ

V
v0;D

x ðx0Þ
:

This function satisfies the di¤erential equations in (2.6) on 0 < x < x0 and

x0 < x < 1, together with the boundary conditions

v̂vðx0Þ ¼ 1; v̂vð0Þ ¼ 0 ¼ v̂vð1Þ:

If wðxÞ :¼ C�ðxÞ � v̂vðxÞ for x A ½0; x0�, then w satisfies ð2:6Þð�Þ and wð0Þ > 0,

wðx0Þ ¼ 0. Since g�
v < 0, the maximum principle implies wðxÞ > 0 for x A

½0; x0Þ, and hence wxðx0Þ < 0. Therefore, we have

0 < C�
x ðx0Þ < v̂vxðx0 � 0Þ:ð2:9Þ

Similar arguments apply to Cþ, giving rise to

0 > Cþ
x ðx0Þ > v̂vxðx0 þ 0Þ:ð2:10Þ

From (2.9) and (2.10), we obtain

0 < C�
x ðx0Þ �Cþ

x ðx0Þ < v̂vxðx0 � 0Þ � v̂vxðx0 þ 0Þð2:11Þ

¼ 1

V v0;D
x ðx0Þ

½V v0;D
xx ðx0 � 0Þ � V v0;D

xx ðx0 þ 0Þ�

¼ 1

V
v0;D

x ðx0Þ
1

D
½gþðv0Þ � g�ðv0Þ�;

which is equivalent to (2.8). r

For our discussion below, the solution of (2.1) with v0 ¼ v�, where v� A I0

is as in (A2), is of particular importance. We denote this solution by

x� :¼ x0ðD; v�Þ

V�;DðxÞ :¼ V v �;DðxÞ
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We also introduce simplified expressions p0 :¼ p0ðv�Þ and ½g�þ� :¼ ½g�þ�ðv�Þ. The

relations (2.7) and (2.8) are expressed as

p0 ¼ C�
x ðx�Þ �Cþ

x ðx�Þ > 0;ð2:12Þ

0 < V �;D
x ðx�Þ < ½g�þ�

Dp0
:ð2:13Þ

The pair of functions ðV �;DðxÞ;U�;DðxÞÞ, where U�;D is defined by

U�;DðxÞ :¼ h�ðV�;DðxÞÞ 0a xa x�

hþðV�;DðxÞÞ x� < xa 1

�
;

is a building block to construct transition layer solutions of (1.5).

For each v A I0 :¼ ðv; vÞ, let us consider the determination of eigenpair

ðQðz; vÞ; cðvÞÞ of the problem

Qzz þ cðvÞQz þ f ðQ; vÞ ¼ 0 z A R;

QðGy; vÞ ¼ hGðvÞ; Qð0; vÞ ¼ h0ðvÞ:

�
ð2:14Þ

Proposition 2.3. Under the condition (A1), the problem (2.14) has a

unique solution pair ðQðz; vÞ; cðvÞÞ for each v A I0 with the following properties.

( i ) The function Qðz; vÞ (respectively, Qzðz; vÞ) approaches the limit hGðvÞ
(respectively, zero) at an exponential rate as z !Gy, and Qzðz; vÞ
> 0 for z A R.

( ii ) If we define mðvÞ :¼
Ð
R

Qzðz; vÞ2
dz > 0 for v A I0, then the function

cðvÞ is explicitly given by

cðvÞ ¼ � JðvÞ
mðvÞ :

(iii) If, in addition, (A2) is satisfied, then we have

c 0ðv�Þ ¼ � J 0ðv�Þ
mðv�Þ :

Proof. For each fixed v A I0, we write the di¤erential equation in (2.14)

as a first order system;

Qz ¼ P

Pz ¼ �f ðQ; vÞ � cP

�
;ð2:15Þ

where c A R is a free parameter. In the Q-P phase plane for (2.15), one

recognizes immediately that ðQ;PÞ ¼ ðhGðvÞ; vÞ are hyperbolic equilibria for all

c A R. Let us consider the unstable manifold of ðh�ðvÞ; vÞ, expressed as the

graph of a function P ¼ P�ðQ; c; vÞb 0. We also consider the stable manifold

of ðhþðvÞ; 0Þ, expressed as P ¼ PþðQ; c; vÞb 0. We need to find c A R so that
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P�ðh0ðvÞ; c; vÞ ¼ Pþðh0ðvÞ; c; vÞ:ð2:16Þ

One can then verify that P�ðh0ðvÞ; c; vÞ is monotone decreasing in c and that

Pþðh0ðvÞ; c; vÞ is monotone increasing in c;

limc!þy P�ðh0ðvÞ; c; vÞ ¼ 0; limc!�y P�ðh0ðvÞ; c; vÞ ¼ þy;

limc!þy Pþðh0ðvÞ; c; vÞ ¼ þy; limc!�y Pþðh0ðvÞ; c; vÞ ¼ 0:

�

This ensures that there exists a unique value c ¼ cðvÞ so that (2.16) holds.

Now, for this value of c, our solution Qðz; vÞ is the function representing the

heteroclinic orbit connecting ðh�ðvÞ; 0Þ at z ¼ �y to ðhþðvÞ; 0Þ at z ¼ þy.

We have thus completed the proof of statement (i).

To prove statement (ii), multiply the di¤erential equation in (2.14) by Qz

and integrate over R. It then follows that

mðvÞcðvÞ ¼ �
ðy
�y

f ðQðzÞ; vÞQzðzÞdz ¼ �JðvÞ:

To prove (iii), we simply di¤erentiate the relation in (ii) with respect to v at

v ¼ v� and use the fact Jðv�Þ ¼ 0 if (A2) is satisfied. r

2.2. Approximate solutions. We state the existence of approximate solutions

which solve (1.5) with an arbitrarily high degree of accuracy. The degree of

the accurarcy is measured by ea for a > 0.

Proposition 2.4. Assume that the conditions (A1), (A2) and (A3) are

satisfied. For each integer k b 0, there exists a family of smooth (Cy) functions

ðue;D
k ðxÞ; ve;D

k ðxÞÞ, defined for e > 0, DbD0, that satisfies;

( i ) lim
e!0

v
e;D
k ðxÞ ¼ V�;DðxÞ uniformly on ½0; 1�;

( ii ) for each d > 0, d < minfx�; 1 � x�g,

lim
e!0

u e;D
k ðxÞ ¼ h�ðV �;DðxÞÞ

hþðV �;DðxÞÞ

�
uniformly on

0a xa x� � d

x� þ da xa 1

�
;

(iii) for each b A ð0; 1� there exists a constant Ck;b > 0, independent of

small e > 0, such that

kRe
i kLyð0;1Þ aCk;be

kþ1�b as e ! 0 ði ¼ 1; 2Þ;

where

Re
1 :¼ e2ðue;D

k Þxx þ f ðue;D
k ; ve;D

k Þ;

Re
2 :¼ Dðv e;D

k Þxx þ gðu e;D
k ; v

e;D
k Þ:

This will be proved in § 4.
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Remark 2.1. In the statement of Proposition 2.4 (iii), we could choose

b ¼ 0, if we were only content with the approximation being C 0-matched at

x ¼ x�. By making the approximate solutions smooth across x ¼ x�, we slightly

lose the degree of approximation. Compare Remark 4.1 at the end of § 4.

In order to prove Theorem 1.1, we will need Proposition 2.4 only for

k ¼ 2. The reason why we present the proposition for general k A N is that

we do not know in advance how accurate our approximations should be for

successfully establishing the existence of true solutions nearby. The degree of

accuracy of approximation has to be determined accroding to the magnitude

of linear part. In fact, the reason why it su‰ces to use Proposition 2.4 with

k ¼ 2 for the proof of Theorem 1.1 comes from the fact that small eigenvalues

of the linearization of (1.5) around our approximation behaves like OðeÞ as

e ! 0. The latter fact will be established in the next subsection.

2.3. Spectral analysis. The proof of Theorem 1.1 (iii) will follow from a

spectral analysis of the linearization of (1.1) around the transition layer solu-

tions ðue;D; ve;DÞ. This involves an analysis of the eigenvalue problem

lF ¼ L eF; F ¼ j

c

� �
; L e :¼

Le f e
v

g e
u M e

� �
ð2:17Þ

where f e
v :¼ f e

v ðue;D; ve;DÞ, ge
u :¼ ge

uðu e;D; v e;DÞ,

L e :¼ e2 d 2

dx2
þ f e

u ðue;D; ve;DÞ; M e :¼ D
d 2

dx2
þ ge

vðue;D; ve;DÞ

and the Neumann boundary conditions are imposed.

However, the desired family of solutions ðue;DðxÞ; ve;DðxÞÞ is not yet

available. Therefore, we linearize (1.1) around the approximate solutions

ðue;D
k ðxÞ; ve;D

k ðxÞÞ given in Proposition 2.4, and consider an eigenvalue problem

lF ¼ Le
k Fð2:18Þ

with Neumann boundary conditions, where Le
k has the same form as L e,

except that ðue;DðxÞ; ve;DðxÞÞ is replaced by the approximation ðue;D
k ðxÞ; v

e;D
k ðxÞÞ

of order k b 0. We then show that the information obtained for (2.18) can be

used to prove Theorem 1.1 (iii), as well as Theorem 1.1 (ii).

Proposition 2.5. Assume that the conditions (A1), (A2), (A3) and (A4) are

satisfied. Let k, the order of approximation in Proposition 2.4, satisfy k b 1.

( i ) There exists l� > 0 so that there is only one eigenvalue (called a

critical eigenvalue) of (2.18) in Cl� :¼ fl A C;Re l > �l�g.

( ii ) The critical eigenvalue le
0 A Cl� of (2.18) is real, simple and has the

following behavior as e ! 0:
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le
0 ¼ el̂l0 þ oðeÞ; l̂l0 :¼ c 0ðv�Þ V �;D

x ðx�Þ � ½g�þ�
Dp0

� 	
:

(iii) An L2-normalized eigenfunction Fe
0 of Le

k associated with le
0 enjoys

the following property:

kFe
0kL1ð0;1Þ ¼ Oð

ffiffi
e

p
Þ; kFe

0kLyð0;1Þ ¼ O
1ffiffi
e

p
� �

:

(iv) Let L̂Le
k be the L2-adjoint of L e

k . An L2-normalized eigenfunction F̂Fe
0

of L̂Le
k associated with le

0 can be chosen so that the following conditions

are fulfilled.

hF̂Fe
0;F

e
0i ¼ 1; kF̂Fe

0kL1ð0;1Þ ¼ Oð
ffiffi
e

p
Þ; kF̂Fe

0kLyð0;1Þ ¼ O
1ffiffi
e

p
� �

;

where h� ; �i stands for the L2-inner product.

The proof of Proposition 2.5 is given in § 5.

We now introduce function spaces.

X :¼ ½H 2
Nð0; 1Þ�2; Y :¼ ½L2ð0; 1Þ�2;

where

H 2
Nð0; 1Þ :¼ fu A H 2ð0; 1Þ j uxð0Þ ¼ 0 ¼ uxð1Þg:

By using Proposition 2.5, we decompose Y as

Y ¼ ½Fe
0�lN; N :¼ ½F̂Fe

0�
? ¼ rangeðLe

k � le
0Þ;ð2:19Þ

and X as

X ¼ ½Fe
0�

2 lM; M :¼ XVN:ð2:20Þ

Then Le
k : M ! N is not only an isomorphism, but also satisfies the following

property.

Proposition 2.6. Let k b 1. There exists a C > 0, independent of 0 <

ef 1, such that

kpkLyð0;1Þ aCkLe
k pkLyð0;1Þ Ep A M; 0 < Eef 1:

This will be proved in § 5.

2.4. Lyapunov-Schmidt Reduction. In this subsection, we choose the order of

approximation k b 2 and look for solutions of (1.5) in the following form.

u

v

� �
¼ We;D

k þ p with We;D
k :¼

u
e;D
k

v
e;D
k

 !
and p ¼ p1

p2

� �
:
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In terms of p, (1.5) is equivalent to

Le
k pþFeðpÞ ¼ Re;ð2:21Þ

where

FeðpÞ :¼
f ðWe;D

k þ pÞ � f ðWe;D
k Þ � fuðWe;D

k Þp1 � fvðWe;D
k Þp2

gðWe;D
k þ pÞ � gðWe;D

k Þ � guðWe;D
k Þp1 � gvðWe;D

k Þp2

" #
¼ Oðjpj2Þ

and

Re :¼
Re

1

Re
2

� �

with Re
j , j ¼ 1; 2, being defined in Proposition 2.4 (iii).

According to the decompositions in (2.19) and (2.20), we further look for

solutions of (2.21) in the form p ¼ pFe
0 þ w, where p A R and w A M. Equation

(2.21) becomes

le
0 p þ hF̂Fe

0;F
eðpFe

0 þ wÞi ¼ hF̂Fe
0;R

ei;

Le
k wþ ðI � EÞF eðpFe

0 þ wÞ ¼ ðI � EÞRe;

(
ð2:22Þ

where E : Y ! ½Fe
0� is the projection defined by

Ep :¼ hF̂Fe
0; piF

e
0:

By using Proposition 2.4 (iii) with b ¼ 1=2 and the estimates on F̂Fe
0 from

Proposition 2.5 (iv), we have

kER ekLy ¼ jhF̂Fe
0;R

eij � kFe
0kLy a kRekLy jhF̂Fe

0; 1ijOð1=
ffiffi
e

p
Þ

¼ Oðekþ1=2ÞOð
ffiffi
e

p
ÞOð1=

ffiffi
e

p
Þ ¼ Oðekþ1=2Þ;

kðI � EÞRekLy ¼ Oðekþ1=2Þ; jhF̂Fe
0;R

eij ¼ Oðekþ1Þ:

It also follows, from kFe
0kLy ¼ Oð1=

ffiffi
e

p
Þ, that

kF eðpFe
0 þ wÞkLy ¼ O

jpjffiffi
e

p þ kwkLy

� �2
 !

;

which suggests us to introduce p̂p via p ¼
ffiffi
e

p
p̂p. From (2.22), ð p̂p;wÞ satisfy

le
0 p̂p þ e�1=2hF̂Fe

0;F
eð
ffiffi
e

p
p̂pFe

0 þ wÞi ¼ e�1=2hF̂Fe
0;R

ei;

Le
k wþ ðI � EÞF eð

ffiffi
e

p
p̂pFe

0 þ wÞ ¼ ðI � EÞRe:

(
ð2:23Þ

We then have

kðI � EÞFeð
ffiffi
e

p
p̂pFe

0 þ wÞkLy ¼ Oððj p̂pj þ kwkLyÞ2Þ:
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Applying the implicit function theorem to the second equation in (2.23), and

using Proposition 2.6, we obtain

w ¼ wð p̂p; eÞ where kwð p̂p; eÞkLy ¼ Oðj p̂pj2 þ ekþ1=2Þ:ð2:24Þ

Substituting this into the first equation in (2.23), we finally arrive at:

le
0 p̂p þ B2ð p̂p; eÞ ¼ B0ðeÞð2:25Þ

where

B2ð p̂p; eÞ :¼ 1ffiffi
e

p hF̂Fe
0;F

eð
ffiffi
e

p
p̂pFe

0 þ wÞi

B0ðeÞ :¼
1ffiffi
e

p hF̂Fe
0;R

ei:

It is now evident that

jB2ð p̂p; eÞj ¼ Oðj p̂pj2 þ e2kþ1Þ; jB0ðeÞj ¼ Oðekþ1=2Þ:

From Proposition 2.5 (ii), le
0 ¼ el̂l0 þ oðeÞ with l̂l0 0 0. By scaling p̂p ¼ er,

(2.25) reduces to

ðl̂l0 þ oð1ÞÞrþ 1

e2
B2ðer; eÞ ¼

1

e2
B0ðeÞ:ð2:26Þ

If we choose k b 2, then we have

1

e2
B2ðer; eÞ ¼ Oðjrj2 þ e2ðk�1Þþ1Þ; 1

e2
B0ðeÞ ¼ Oðek�3=2Þ as e ! 0:

For k b 2, applying the Implicit Function Theorem to (2.26), we obtain a

constant e� > 0 and a unique family of solutions r ¼ re defined for 0a ea e�.

This immediately gives rise to a family of solutions of (2.25)

p̂pe ¼ ere ¼ eOðek�3=2Þ ¼ Oðek�1=2Þ:

By using (2.24), we have the estimate

kwð p̂p; eÞkLy ¼ Oðekþ1=2Þ:

Therefore, we obtain a unique family of solutions pe to (2.21) with

kpekLy ¼ Oðek�1=2Þ:ð2:27Þ

This, together with Proposition 2.4, completes the proof of Theorem 1.1 (i) and

(ii).

The estimate (2.27) also implies that the critical eigenvalue of L e
k and
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that of Le are Oðek�1=2Þ away from each other. Since we have chosen k b 2,

by making e� > 0 smaller if necessary, Oðek�1=2Þf le
0 holds for e A ð0; e��.

Therefore the statements (i), (ii), (ii) and (iv) of Proposition 2.5 are valid

for Le. Because of (2.13) and Proposition 2.3 (iii), the sign of l̂l0 in Proposi-

tion 2.5 (ii) is the same as that of J 0ðv�Þ. This implies Theorem 1.1 (iii).

We emphasize again that to prove Theorem 1.1 we need Proposition 2.4

only for k ¼ 2. However, as a merit of Proposition 2.4 for general k A N, the

proof of Theorem 1.1 above gives the following.

Theorem 2.1. For each k b 2 there exists a constant Ck > 0, independent

of small e > 0, so that the solution ðue;D; ve;DÞ in Theorem 1.1 is approximated by

the pair of functions ðue;D
k ; v

e;D
k Þ in Proposition 2.4 as follows.

ue;D

ve;D

� �
�

u
e;D
k

v e;D
k

 !












Lyð0;1Þ

aCke
k�1=2:

3. Solvability theory

In this section, we establish some technical results to be used in § 4.

Let us denote by L0 the linear operator defined by

L0uðzÞ :¼ uzz þ fuðQðz; v�Þ; v�ÞuðzÞ:ð3:1Þ

In the sequel, we simply write Qðz; v�Þ as u0ðzÞ :¼ Qðz; v�Þ. We also employ

a constant d0 > 0, d0 <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fuðhGðv�Þ; v�Þ

p
, which measures the exponential decay

rate of u0ðzÞ � hGðv�Þ and u0
z ðzÞ as z !Gy:

ju0ðzÞ � hGðv�Þj ¼ Oðe�d0jzjÞ; u0
z ðzÞ ¼ Oðe�d0jzjÞ as jzj ! y:

Lemma 3.1. Consider the linear inhomogeneous equations

0 ¼ L0u þ pðzÞ; z A R;ð3:2Þ

0 ¼ L0uGþ pGðzÞ; Gz A ð0;yÞ:ð3:2GÞ

If p and pG are of polynomial order in z; that is,

pðzÞ ¼ OðjzjkÞ; pzðzÞ ¼ Oðjzjk�1Þ; pzzðzÞ ¼ Oðjzjk�2Þ as jzj ! y;

pGðzÞ ¼ OðjzjkÞ; pGz ðzÞ ¼ Oðjzjk�1Þ; pGzzðzÞ ¼ Oðjzjk�2Þ as z !Gy;

and satisfy

jpðzÞ � pGðzÞj ¼ Oðe�d0jzjÞ as z !Gy;

then, the following statements hold:
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( i ) The problem (3.2) has a solution satisfying

juðzÞ � uGðzÞj ¼ Oðe�d0jzjÞ as z !Gyð3:3Þ

if and only if ð
R

u0
z ðzÞpðzÞdz ¼ 0:ð3:4Þ

( ii ) When (3.4) holds, solutions of (3.2), satisfying (3.3), are expressed for

an arbitrary constant a A R as

uðzÞ ¼ au0
z ðzÞ þ uðzÞ;ð3:5Þ

where u is given by

uðzÞ :¼ �u0
z ðzÞ

ð z

0

dz 0

ðu0
z ðz 0ÞÞ2

ð z 0

Gy
u0

z ðz 00Þpðz 00Þdz 00:ð3:6Þ

(iii) When the condition (3.4) is satisfied, the solution uðzÞ of (3.2) satisfiesð
R

u0
z ðzÞuzðzÞdz ¼ 1

2

ð
R

zu0
z ðzÞpðzÞdz;ð3:7Þ

and

uðzÞ
pðzÞ � � 1

fuðhGðv�Þ; v�Þ

� �����
����; uzðzÞ

pzðzÞ
� � 1

fuðhGðv�Þ; v�Þ

� �����
����;ð3:8Þ

uzzðzÞ
pzzðzÞ

� � 1

fuðhGðv�Þ; v�Þ

� �����
���� ¼ Oðe�d0jzjÞ as z !Gy:

Proof. (i)–(ii) The di¤erence fGðzÞ :¼ uðzÞ � uGðzÞ satisfies

0 ¼ L0fGðzÞ þ pGðzÞ; Gz A ð0;yÞ;

where pGðzÞ :¼ pðzÞ � pGðzÞ. The variation of constants formula gives

fGðzÞ ¼ fGð0Þ u0
z ðzÞ

u0
z ð0Þ

� u0
z ðzÞ

ð z

0

dz 0

ðu0
z ðz 0ÞÞ2

ð z 0

Gy
u0

z ðz 00ÞpGðz 00Þdz 00; Gz A ð0;yÞ:

Since pGðzÞ ¼ Oðe�d0jzjÞ as z !Gy, we can readily verify fGðzÞ ¼ Oðe�d0jzjÞ.
On the other hand, representations similar to (3.5)–(3.6) hold for uGðzÞ. Upon

subtraction, we obtain

uðzÞ ¼ uð0Þ u0
z ðzÞ

u0
z ð0Þ

� u0
z ðzÞ

ð z

0

dz 0

ðu0
z ðz 0ÞÞ2

ð z 0

Gy
u0

z ðz 00Þpðz 00Þdz 00; Gz A ð0;yÞ:

To ensure the smoothness of this u across z ¼ 0, we impose the matching

condition
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lim
z%0

uzðzÞ ¼ lim
z&0

uzðzÞ;

which immediately gives rise to (3.4).

(iii) Since pðzÞ is of polynomial growth in z satisfying (3.4) and u0
z ðzÞ ¼

Oðe�d0jzjÞ, we have, by l’Hospital’s rule,

lim
Z!y

Z

ðZ

�Z

u0
z ðzÞpðzÞdz ¼ � lim

Z!y
Z2½u0

z ðZÞpðZÞ þ u0
z ð�ZÞpð�ZÞ� ¼ 0:

By using the representation (3.5)–(3.6), integrating by parts and exchanging

orders of integration, we haveð
R

u0
z ðzÞuzðzÞdz ¼ � 1

2

ð
R

dz

ð z

�y
u0

z ðz 0Þpðz 0Þdz 0

¼ � 1

2
lim

Z!y

ðZ

�Z

dz

ð z

�Z

u0
z ðz 0Þpðz 0Þdz 0

¼ � 1

2
lim

Z!y

ðZ

�Z

ðZ � z 0Þu0
z ðz 0Þpðz 0Þdz 0

¼ � 1

2
lim

Z!y
Z

ðZ

�Z

u0
z ðz 0Þpðz 0Þdz 0 þ 1

2

ð
R

z 0u0
z ðz 0Þpðz 0Þdz 0

¼ 1

2

ð
R

zu0
z ðzÞpðzÞdz;

which proves (3.7). To prove the first of (3.8), we apply l’Hospital’s rule

repeatedly. To prove the second and third of (3.8), we apply the same rule

to the equation for uz and uzz, respectively. r

Lemma 3.2. Consider the linear inhomogeneous equations

0 ¼ vzz þ qðzÞ; z A R;ð3:9Þ

0 ¼ vGzz þ qGðzÞ; Gz A ð0;yÞ:ð3:9GÞ

If q and qG are of polynomial order in z; that is,

qðzÞ ¼ OðjzjkÞ as jzj ! y; qGðzÞ ¼ OðjzjkÞ as z !Gy;

and satisfy

jqðzÞ � qGðzÞj ¼ Oðe�d0jzjÞ as z !Gy;

then the following statements hold true.

( i ) The problem (3.9) has a solution satisfying

jvðzÞ � vGðzÞj ¼ Oðe�d0jzjÞ as z !Gyð3:10Þ
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if and only if

vð0Þ ¼ v�ð0Þ �
ð 0

�y
dz

ð z

�y
ðqðz 0Þ � q�ðz 0ÞÞdz 0ð3:11Þ

¼ vþð0Þ �
ð 0

þy
dz

ð z

þy
ðqðz 0Þ � qþðz 0ÞÞdz 0;

v�z ð0Þ � vþz ð0Þ ¼
ð0

�y
ðqðzÞ � q�ðzÞÞdz �

ð0

þy
ðqðzÞ � qþðzÞÞdz:ð3:12Þ

(ii) The di¤erence vðzÞ � vGðzÞ depends only on qðzÞ � qGðzÞ.

Proof. The di¤erence v � vG is given by

vðzÞ � vGðzÞ ¼ BGþ zAG�
ð z

Gy
dz 0
ð z 0

Gy
ðqðz 00Þ � qGðz 00ÞÞdz 00;

for some constants AG and BG. In this expression, the third term on the

right hand side behaves like Oðe�d0jzjÞ as z !Gy. As a consequence, if AG ¼
0 ¼ BG, the conditions in (3.10) are fulfilled. This proves the first part of the

lemma. The second part immediately follows. r

4. Approximate solutions

In this section, we will prove Proposition 2.4 by using asymptotic expan-

sions. Let us denote by WG the subintervals W� :¼ ð0; x�Þ, Wþ :¼ ðx�; 1Þ.
Here and in the sequel, we use x� in place of x�ðDÞ to simplify notation.

4.1. Outer Expansion. We will determine ðVG; j;UG; jÞ ð j ¼ 0; 1; . . .Þ in formal

e-power series

uG; eðxÞ@
X
jb0

e jUG; jðxÞ; vG; eðxÞ@
X
jb0

e jVG; jðxÞ; x A W
Gð4:1Þ

in such a way that they asymptotically satisfy (1.5) on the respective domain

WG. By substituting (4.1) into (1.5) and equating coe‰cients of like powers of e

in the equation, one obtains two sets of equations, one coming from u-

component and the other from v-component.

The equations coming from the u-component are given by

ð i Þ 0 ¼ f ðUG;0;VG;0Þ;
ð ii Þ 0 ¼ f G;0

u UG;1 þ f G;0
v VG;1;

ðiiiÞ 0 ¼ f G;0
u UG; j þ f G;0

v VG; j þ fG; j ð j b 2Þ;

8><
>:ð4:2Þ

where f G;0
u :¼ fuðUG;0;VG;0Þ, f G;0

v :¼ fvðUG;0;VG;0Þ and fG; j ð j b 2Þ are

given by
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fG; j :¼ UG; j�2
xx � ½ f G;0

u UG; j þ f G;0
v VG; j�

þ 1

j!

d j

de j
f
X
kb0

ekUG;k;
X
kb0

ekVG;k

 !" #�����
e¼0

:

Note that fG; j depends only on ðUG;k;VG;kÞ with 0a k a j � 1.

In accordance with the condition (A1), as a solution of (4.2)-(i), we choose

UG;0 ¼ hGðVG;0Þ. For j b 1, UG; j is given by

UG;1 ¼ hGv ðVG;0ÞVG;1;

UG; j ¼ hGv ðVG;0ÞVG; j � ð f G;0
u Þ�1

fG; j ð j b 2Þ:

Therefore UG; j ð j b 0Þ is determined by VG;k ð0a k a jÞ.
The equations coming from the v-component give rise to a series of

boundary value problems:

0 ¼ VG;0
xx þ 1

D
gGðVG;0Þ; x A WG;

V�;0
x ð0Þ ¼ 0 ¼ Vþ;0

x ð1Þ; V�;0ðx�Þ ¼ v� ¼ Vþ;0ðx�Þ;

�
ð4:3Þ

0 ¼ VG;1
xx þ 1

D
gGv ðVG;0ðxÞÞVG;1; x A WG;

V�;1
x ð0Þ ¼ 0 ¼ Vþ;1

x ð1Þ; V�;1ðx�Þ ¼ b�;1; Vþ;1ðx�Þ ¼ bþ;1;

�
ð4:4Þ

and for j b 2,

0 ¼ VG; j
xx þ 1

D
gGv ðVG;0ðxÞÞVG; j þ 1

D
gG; j ; r A ð0;RÞ;

V�; j
x ð0Þ ¼ 0 ¼ Vþ; j

x ð1Þ; V�; jðx�Þ ¼ b�; j; Vþ; jðx�Þ ¼ bþ; j :

�
ð4:5Þ

In the above,

gGðvÞ :¼ gðhGðvÞ; vÞ; gGv ðvÞ :¼
d

dv
gGðvÞ

and

gG; j :¼
1

j!

d j

de j
g
X
kb0

ekUG;k;
X
kb0

ekVG;k

 !" #�����
e¼0

� gGv ðVG;0ÞVG; j:

Note that gG; j depends only on VG;k ð0a k a j � 1Þ and hence one can

determine VG; j successively, starting from j ¼ 0. The boundary values bG; j at

x ¼ x� are to be determined later, when we impose C1-matching conditions at

x ¼ x� (cf. § 4.3).

As a solution of (4.3), we choose the function V�;D given in Proposition

2.1, namely,

V�;0ðxÞ :¼ V�;DðxÞ for x A ½0; x��; Vþ;0ðxÞ :¼ V �;DðxÞ for x A ½x�; 1�:
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Throughout the remainder of this paper, we denote this function simply by

V 0ðxÞ (note that V 0 A C 1½0; 1�, but its second derivative has a jump at x ¼ x�).

We also understand that V�; jðxÞ is defined for x A ½0; x�� and Vþ; jðxÞ for

x A ½x�; 1�.
Since we have from (A3) that gGv ðV 0ðxÞÞ < 0 for x A ½0; 1�, (4.4) and (4.5)

have a unique solution for arbitrarily given boundary data bG; j . From now

on, we denote these unique solutions by VG; jðxÞ, keeping in mind that they

depend upon bG;k ð0a k a jÞ. In this way, UG; j and VG; j in (4.1) have been

determined. We refer to this as the outer expansion of the desired solution.

It is now easy to see that the outer expansion satisfies the following

estimates.

Proposition 4.1. For each k b 0, the outer approximation satisfies

e2
Xk

j¼0

e jUG; jðxÞ
 !

xx

þ f
Xk

j¼0

e jUG; jðxÞ;
Xk

j¼0

e jVG; jðxÞ
 !������

������aCke
kþ1;

D
Xk

j¼0

e jVG; jðxÞ
 !

xx

þ g
Xk

j¼0

e jUG; jðxÞ;
Xk

j¼0

e jVG; jðxÞ
 !������

������aCke
kþ1

uniformly on WG, where Ck > 0 is a constant independent of e A ð0; e0� for some

e0 > 0.

4.2. Inner Expansion. In order to discuss the sharp transition behavior in u

near x�, let us introduce a stretched variable z ¼ ðx � x�Þ=e. In terms of the

new variable z, the di¤erential equations in (1.5) are recast as follows:

0 ¼ ue
zz þ f ðue; veÞ;

0 ¼ ve
zz þ e2 1

D
gðue; v eÞ;

�
z A R:ð4:6Þ

Note that we consider the equations in (4.6) for z A R and impose the boundary

conditions

jueðzÞ � ~UUG; eðzÞj ¼ Oðe�d0jzjÞ as z !Gy;ð4:7Þ

jveðzÞ � ~VVG; eðzÞj ¼ Oðe�d0jzjÞ as z !Gyð4:8Þ

for some constant d0 > 0, d0 <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fuðhGðv�Þ; v�Þ

p
, where

~UUG; eðzÞ :¼
X
jb0

e j ~UUG; jðzÞ :¼
X
jb0

e jUG; jðx� þ ezÞ;

~VVG; eðzÞ :¼
X
jb0

e j ~VVG; jðzÞ :¼
X
jb0

e jVG; jðx� þ ezÞ
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are an expression of the outer expansion (4.1) in terms of the stretched z-

coordinate system. Let us define our inner expansion by

ueðzÞ :¼
X
jb0

e ju jðzÞ; v eðzÞ :¼
X
jb0

e jv jðzÞ:ð4:9Þ

Notice that our outer expansion is constructed so that it satisfies (1.5) and

that (4.6) is an expression of (1.5) in the z-coordinate system. Therefore, we

immediately obtain the following.

Proposition 4.2. (i) The pairs of functions ð ~UU�; e; ~VV�; eÞ and ð ~UUþ; e; ~VVþ; eÞ
satisfy the equations in (4.6), respectively, on ð�y; 0Þ and ð0;yÞ.

(ii) For j ¼ 0; 1; . . . , the boundary conditions (4.7) and (4.8) are equivalent

to

ju jðzÞ � ~UUG; jðzÞj ¼ Oðe�d0jzjÞ as z !Gy;ð4:10Þ

jv jðzÞ � ~VVG; jðzÞj ¼ Oðe�d0jzjÞ as z !Gy:ð4:11Þ

Substituting (4.9) into (4.6) and equatin coe‰cients of powers of e, we

obtain equations for ðu j; v jÞ, which are valid on R. They are given for

j ¼ 0; 1; 2 and j b 3 by

0 ¼ v0
zz;

0 ¼ u0
zz þ f ðu0; v0Þ;

�
ð4:12Þ

0 ¼ v1
zz;

0 ¼ u1
zz þ fuðu0; v0Þu1 þ fvðu0; v0Þv1;

�
ð4:13Þ

0 ¼ v2
zz þ 1

D
gðu0; v0Þ;

0 ¼ u2
zz þ fuðu0; v0Þu2 þ f2ðzÞ;

�
ð4:14Þ

0 ¼ v j
zz þ 1

D
gjðzÞ;

0 ¼ u j
zz þ fuðu0; v0Þu j þ fjðzÞ:

�
ð4:15Þ

In these equations, gj ð j b 2Þ and fj ð j b 1Þ are lower order terms defined by

gjðzÞ :¼
1

ð j � 2Þ!
d j�2

de j�2
g
X
kb0

ekukðzÞ;
X
kb0

ekvkðzÞ
 !�����

e¼0

;ð4:16Þ

fjðzÞ :¼
1

j!

d j

de j
f
X
kb0

ekukðzÞ;
X
kb0

ekvkðzÞ
 !�����

e¼0

� fuðu0; v0Þu jðzÞ:ð4:17Þ

We also define ~ggG; jðzÞ ð j b 0Þ and ~ffG; jðzÞ ð j b 1Þ, respectively, by the same

formulae as (4.16) and (4.17) with ð ~UUG; j; ~VVG; jÞ replacing ðu j; v jÞ. We then

find from Proposition 4.2 (i) that
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Proposition 4.3. ð ~UUG; j; ~VVG; jÞ ð j b 1Þ satisfies (4.13), (4.14) and (4.15)

with ð~ggG; jðzÞ; ~ffG; jðzÞÞ replacing ðgjðzÞ; fjðzÞÞ on ð�y; 0Þ and ð0;yÞ, respectively.

Let us find the solutions of (4.12)–(4.15) satisfying the conditions (4.10)–

(4.11).

From the definition, ~VVG;0ðzÞ1 v�. Therefore, the equation v0
zz ¼ 0 in

(4.12) and the condition (4.11) with j ¼ 0 imply that v0ðzÞ1 v�. Then, the

second equation in (4.12) and (2.14) give rise to

u0ðzÞ ¼ Qðz þ a0; v�Þ; where a0 A R is an arbitrary constant:ð4:18Þ

The parameter a0 is to be determined so that the second equation in (4.13) has

a solution satisfying (4.10) with j ¼ 1.

Proposition 4.4. (i) The problem (4.13) has a solution pair ðu1; v1Þ sat-

isfying (4.10)–(4.11) with j ¼ 1, if and only if b�;1 ¼ b1 ¼ bþ;1 for

some b1 A R and

v1ð0Þ ¼ b1;ð4:19Þ

V 0
x ðx�ÞJ 0ðv�Þa0 � J 0ðv�Þb1 ¼

ð
R

zfvðQðzÞ; v�ÞQzðzÞdz ¼: C0:ð4:20Þ

Moreover, v1ðzÞ and u1ðzÞ are explicitly expressed as

v1ðzÞ ¼ b1 þ V �
x ðx�Þz; u1ðzÞ ¼ a1u0

z ðzÞ þ u1ðzÞ;

where u1 is a solution of (4.13) satisfying (4.10), as well as u1ð0Þ ¼ 0.

(ii) The problem (4.14) and (4.15) have a solution pair ðu j; v jÞ ð j b 2Þ
satisfying (4.10)–(4.11), if and only if the following conditions are

satisfied for some b j; aj A R:

v jð0Þ ¼ b j ¼ bG; j þ AG
j�2ða0; . . . ; aj�2; b1; . . . ; b j�2Þ;ð4:21Þ

� ½g�þ�
D

aj�2 þ p0b j�1 ¼ Bj�2ða0; . . . ; aj�3; b1; . . . ; b j�2Þ;ð4:22Þ

V �
x ðx�ÞJ 0ðv�Þaj�1 � J 0ðv�Þb j ¼ Cj�1ða0; . . . ; aj�2; b1; . . . ; b j�1Þ;ð4:23Þ

where AG
j�2, Bj�2, Cj�1 are smooth functions of the variables indi-

cated, and p0 is given in (2.12). We also used expressions a�1 ¼ 0

and b0 ¼ v�.

Proof. (i) From the definition, we have ~VVG;1ðzÞ ¼ bG;1 þ V �
x ðx�Þz, while

(4.13) implies that v1ðzÞ ¼ v1ð0Þ þ v1
z ð0Þz. Then the condition (4.11) with j ¼ 1

immediately yields bG;1 ¼ vð0Þ ¼ b1 for some b1 A R and v1ðzÞ ¼ b1 þ V �
x ðx�Þz.

Since bG;1 ¼ b1, Proposition 2.2 implies
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VG;1ðxÞ ¼ b1CGðxÞ:ð4:24Þ

In order to deal with the second equation of (4.13), let us apply Lemma

3.1 to ðu; uGÞ ¼ ðu1; ~UUG;1Þ with

pðzÞ ¼ fvðu0ðzÞ; v�Þv1ðzÞ; pGðzÞ ¼ fvðhGðv�Þ; v�Þ ~VVG;1ðzÞ:

The solvability condition (3.4) now reads as:

0 ¼
ð
R

fvðQðz þ a0Þ; v�Þðb1 þ V �
x ðx�ÞzÞQzðz þ a0Þdz

¼
ð
R

fvðQðzÞ; v�Þðb1 þ V �
x ðx�Þðz � a0ÞÞQzðzÞdz

¼ J 0ðv�Þb1 � V �
x ðx�ÞJ 0ðv�Þa0 þ

ð
R

zfvðQðzÞ; v�ÞQzðzÞdz;

which is the same as (4.20). Now (3.5) gives the expression of u1.

(ii) Let us first exhibit the proof for j ¼ 2.

We apply Lemma 3.2 to ðv; vGÞ ¼ ðv2; ~VVG;2Þ with

qðzÞ ¼ 1

D
gðu0ðzÞ; v�Þ; qGðzÞ ¼ 1

D
gðhGðv�Þ; v�Þ:

From the definition, ~VVG;2ðzÞ ¼ bG;2 þ VG;1
x ðx�Þz þ Oðz2Þ. If we introduce

v2ð0Þ ¼ b2, then (3.11) gives (4.21) ( j ¼ 2) with

AG
0 ða0Þ ¼ � 1

D

ð a0

Gy
dz

ð z

Gy
½gðQðz 0Þ; v�Þ � gðhGðv�Þv�Þ�dz 0:

Since (4.24) implies V�;1
x ðx�Þ � Vþ;1

x ðx�Þ ¼ p0b1, (3.12) gives rise to (4.22)

( j ¼ 2) with

B0 ¼ 1

D

ð0

�y
½gðQðzÞ; v�Þ � gðh�ðv�Þ; v�Þ�dz

� 1

D

ð0

y
½gðQðzÞ; v�Þ � gðhþðv�Þ; v�Þ�dz:

We now apply Lemma 3.1 to ðu; uGÞ ¼ ðu2; ~UUG;2Þ. The solvability con-

dition (3.4) now reads 0 ¼
Ð
R

f2ðzÞu0
z ðzÞdz, where f2, by definition, is as follows.

f2ðzÞ ¼ fvðaÞv2 þ 1

2
fuuðaÞðu1Þ2 þ fuvðaÞu1v1 þ 1

2
fvvðaÞðv1Þ2;

in which a short hand expression ðaÞ ¼ ðu0ðzÞ; v�Þ is used. Note that

v2ðzÞ ¼ b2 þ terms depending only on a0;
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and that u1ðzÞ ¼ a1u0
z ðzÞ þ u1ðzÞ with u1 depending only on a0 and b1.

Therefore, the solvalibity condition now reads

0 ¼
ð
R

f2ðzÞu0
z ðzÞdz

¼ b2

ð
R

fvðaÞu0
z ðzÞdz þ ða1Þ2

2

ð
R

fuuðaÞðu0
z ðzÞÞ

2
u0

z ðzÞdz

þ a1

ð
R

ð fuuðaÞu1u0
z þ fuvðaÞv1u0

z Þu0
z dz � C1ða0; b1Þ:

We easily find that the coe‰cient of b2 is equal to J 0ðv�Þ. Integrating by

parts, we also find that the coe‰cient of ða1Þ2 is 0 and that of a1 is equal to

�V �
x ðx�ÞJ 0ðv�Þ. We do not give an explicit formula for C1. We therefore

established (4.23) with j ¼ 2.

The proof is similar for j b 3. r

Corollary 4.1. For each k b 0, there exists a constant Ck > 0 such that

the following estimates hold for z A R.

jvkðzÞjaCkð1 þ jzjkÞ; jukðzÞjaCkð1 þ jzjkÞ;ðiÞ

and

Xk

j¼0

e ju jðzÞ
 !

zz

þ f
Xk

j¼0

e ju jðzÞ;
Xk

j¼0

e jv jðzÞ
 !������

������a ekþ1Ckð1 þ jzjkþ1Þ;ðiiÞ

D
Xkþ2

j¼0

e jv jðzÞ
 !

zz

þ e2g
Xk

j¼0

e ju jðzÞ;
Xk

j¼0

e jv jðzÞ
 !������

������ðiiiÞ

a ekþ3Ckð1 þ jzjkþ1 þ ejzjkþ2 þ e2jzjkþ3Þ:

Moreover, the conditions (4.10) and (4.11) are valid for derivatives;

ju j
zðzÞ � ~UUG; j

z ðzÞj ¼ Oðe�d0jzjÞ ¼ ju j
zzðzÞ � ~UUG; j

zz ðzÞj as z !Gy;ðivÞ

jv j
zðzÞ � ~VVG; j

z ðzÞj ¼ Oðe�d0jzjÞ ¼ jv j
zzðzÞ � ~VVG; j

zz ðzÞj as z !GyðvÞ

for j b 0.

Proof. From the definition, ~VVG; jðzÞ and ~UUG; j are polynomials in z of

order j for each j b 0. Note that u jðzÞ and v jðzÞ satisfy (4.10) and (4.11),

respectively. Therefore, the estimates (i) on vk and uk immediately follow.

To prove the second part, notice that u j and v j are chosen, via (4.12)–

(4.15), so that
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q i

qe i

Xk

j¼0

e ju jðzÞ
 !

zz

þ f
Xk

j¼0

e ju jðzÞ;
Xk

j¼0

e jv jðzÞ
 !2

4
3
5
e¼0

1 0

for i ¼ 0; . . . ; k. Therefore, for some 0a ta 1, we have

Xk

j¼0

e ju jðzÞ
 !

zz

þ f
Xk

j¼0

e ju jðzÞ;
Xk

j¼0

e jv jðzÞ
 !

¼ ekþ1

ðk þ 1Þ!
qkþ1

qekþ1
f
Xk

j¼0

e ju jðzÞ;
Xk

j¼0

e jv jðzÞ
 !" #

e¼te

¼ ekþ1
Xk

ði; jÞ
cijðz; eÞuiðzÞv jðzÞ;

where
Pk

ði; jÞ stands for summation over integers 1a i; j a k satisfying i þ j ¼
k þ 1, and cijðz; eÞ are bounded functions. Therefore, using the estimates (i) on

v j and u j, the estimate in (ii) follows.

Similar arguments apply to establish (iii).

The estimates (iv) and (v) easily follow from the proof of Lemmas 3.1

and 3.2. r

4.3. C 1-matching conditions. The equations (4.20), (4.22) and (4.23) are

called C 1-matching conditions. We will show now that these conditions are

satisfied by adequately choosing the parameters aj ð j b 0Þ and b j ð j b 1Þ. In

this process, the following non-degeneracy condition

det
V�;D

x ðx�Þ �1

�½g�þ�=D p0

� �
¼ p0 V�;D

x ðx�Þ � ½g�þ�
Dp0

� �
0 0ð4:25Þ

plays an important role. The inequality in (4.25) follows from (2.12) and

(2.13).

Let us first couple (4.20) and (4.22) with j ¼ 2, which is equivalent to

(note: V 0 ¼ V�;D)

V �;D
x ðx�Þ �1

�½g�þ�=D p0

� �
a0

b1

� �
¼ C0=J 0ðv�Þ

B0

� �
:

Thanks to (4.25), this has a unique solution.

For j b 2, we couple (4.23) and (4.22) (with j being replaced by j þ 1).

This gives rise to

V �;D
x ðx�Þ �1

�½g�þ�=D p0

� �
aj�1

b j

� �
¼ Cj�1ða0; . . . ; aj�2; b1; . . . ; b j�1Þ=J 0ðv�Þ

Bj�1ða0; . . . ; aj�2; b1; . . . ; b j�1Þ

� �
:
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Note that the right hand side of the last equation involves only ðai; biÞ with

lower indices i. Thanks to (4.25), we obtain a unique solution ðaj�1; b jÞ.
Therefore, one can inductively determine ðaj; b jþ1Þ for all j b 0. Then, from

(4.21) one can also determine bG; j for all j b 1.

We are now ready to define the approximate solutions ðue;D
k ; v

e;D
k Þ stated

in Proposition 2.4. Let us introduce short hand expressions:

U
G; e
k ðxÞ :¼

Pk
j¼0 e

jUG; jðxÞ; V
G; e
k ðxÞ :¼

Pk
j¼0 e

jVG; jðxÞ;
~UUG; e

k ðzÞ :¼
Pk

j¼0 e
j ~UUG; jðzÞ; ~VVG; e

k ðzÞ :¼
Pk

j¼0 e
j ~VVG; jðzÞ;

~uu e
kðzÞ :¼

Pk
j¼0 e

ju jðzÞ; ~vve
kðzÞ :¼

Pk
j¼0 e

jv jðzÞ:

8>><
>>:ð4:26Þ

We choose a smooth cut-o¤ fucntion yðzÞ satisfying

0a yðzÞa 1; z A R; yðzÞ1 1; jzja 1; yðzÞ1 0; jzjb 2:

For x A WG, the desired approximate solutions are given by

u
e;D
k ðxÞ ¼ U

G; e
k ðxÞ þ y

�d0ðx�x �Þ
ðkþ1Þe log e

� �
~uu e

k
x�x �

e

� 

� U

G; e
k ðxÞ

� �
;

ve;D
k ðxÞ ¼ VG; e

kþ2ðxÞ þ y
�d0ðx�x �Þ
ðkþ1Þe log e

� �
~vve

kþ2
x�x �

e

� 

� VG; e

kþ2ðxÞ
� �

:

8><
>:ð4:27Þ

It remains to verify that these apporximate solutions satisfy the statements

in Proposition 2.4.

4.4. Proof of Proposition 2.4. One can easily verify that the following

estimates are valid for �x�=ea za 0 (with superscript ‘‘�’’) and for 0a za

ð1 � x�Þ=e (with superscript ‘‘þ’’).�� d i

dz i ðUG; e
k ðx� þ ezÞ � ~UUG; e

k ðzÞÞ
��aCke

kþ1ð1 þ jzjkþ1Þ;�� d i

dz i ðVG; e
k ðx� þ ezÞ � ~VVG; e

k ðzÞÞ
��aCke

kþ1ð1 þ jzjkþ1Þ;

(
i ¼ 0; 1; 2:ð4:28Þ

The smoothness of the functions defined in (4.27) is obvious.

We now introduce a short hand expression

rðx; eÞ :¼ �d0

ðk þ 1Þe log e
ðx � x�Þ:ð4:29Þ

From the definition, it immediately follows that

lim
e!0

jVG; e
kþ2ðxÞ � V �;DðxÞj ¼ 0 uniformly on W

G
:

Therefore, to prove Proposition 2.4 (i), it su‰ces to show that

lim
e!0

jve;D
k ðxÞ � V

G; e
kþ2ðxÞj ¼ 0 uniformly on W

G
:ð4:30Þ

For jrðx; eÞjb 2, the left hand side of (4.30) is identically zero. Hence, we deal
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with the case jrðx; eÞja 2 which is the same thing as jzja�2ðk þ 1Þ log e=d0.

In the sequel, we use the fact that viðzÞ1 ~VVG; iðzÞ for i ¼ 0; 1.

jve;D
k ðxÞ � V

G; e
kþ2ðxÞj ¼ yðrÞ ~vve

kþ2

x � x�

e

� �
� V

G; e
kþ2ðxÞ

����
����

a
Xkþ2

j¼2

e jfv jðzÞ � ~VVG; jðzÞg
�����

�����þ j ~VVG; e
kþ2ðzÞ � V

G; e
kþ2ðx

� þ ezÞj

¼: I e
1 ðzÞ þ I e

2 ðzÞ:

By using (4.11), Corollary 4.1 (i), (4.28) and v jðzÞ � ~VVG; jðzÞ is bounded

uniformly in Gz A ½0;yÞ, we obtain

I e
1 ðzÞa

e2Ce�d0jzj aCekþ3 ðjzjb�ðk þ 1Þ log e=d0Þ;
Ce2 ðjzja�ðk þ 1Þ log e=d0Þ;

�

I e
2 ðzÞaCekþ3ð�log eÞkþ3

aCekþ2;

which establishes the validity of (4.30).

We now prove the statement (ii) of Proposition 2.4. For each d > 0 with

d < minfx�; 1 � x�g, the condition jx � x�j > d implies jrðx; eÞjb 2, if e > 0 is

small. Therefore, we obtain

lim
e!0

jue;D
k ðxÞ � hGðV�;DðxÞÞj ¼ lim

e!0

Xk

j¼1

e jUG; jðxÞ
�����

����� ¼ 0

uniformly for x with jx � x�j > d. This proves Proposition 2.4 (ii).

Before we proceed, let us establish the following estimates.

jue;D
k ðxÞ � UG; e

k ðxÞjaCekþ1ð�log eÞkþ1

jve;D
k ðxÞ � VG; e

kþ2ðxÞjaCekþ3ð�log eÞkþ3

(
; 1a jrðx; eÞja 2:ð4:31Þ

The second line has been established in the above. Similarly, the first line is

obtained as follows. We have

ju e;D
k ðxÞ � U

G; e
k ðxÞj ¼ yðrÞ ~uue

k

x � x�

e

� �
� U

G; e
k ðxÞ

����
����

a
Xk

j¼0

e jfu jðzÞ � ~UUG; jðzÞg
�����

�����þ j ~UUG; e
k ðzÞ � U

G; e
k ðx� þ ezÞj:

By using (4.10), Corollary 4.1 (i) and (4.28), this yields the first line of (4.31).

To prove Proposition 2.4 (iii), we only need to deal with the case

jrðx; eÞja 2, thanks to Proposition 4.1.
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When jrðx; eÞja 1, we have ue;D
k ðxÞ ¼ ~uue

kððx � x�Þ=eÞ and ve;D
k ðxÞ ¼

~vve
kþ2ððx � x�Þ=eÞ. Therefore, applying Corollary 4.1, we obtain for each

b A ð0; 1�

je2ðu e;D
k ðxÞÞxx þ f ðu e;D

k ðxÞ; v
e;D
k ðxÞÞj

a
Xk

j¼0

e ju jðzÞ
 !

zz

þ f
Xk

j¼0

e ju jðzÞ;
Xk

j¼0

e jv jðzÞ
 !������

������
þ f

Xk

j¼0

e ju jðzÞ;
Xkþ2

j¼0

e jv jðzÞ
 !

� f
Xk

j¼0

e ju jðzÞ;
Xk

j¼0

e jv jðzÞ
 !�����

�����
aCekþ1ð1 þ jlog ejkþ1ÞaCbe

kþ1�b:

We also obtain

jDðve;D
k ðxÞÞxx þ gðue;D

k ðxÞ; v
e;D
k ðxÞÞj

a
D

e2

Xk

j¼0

e jv jðzÞ
 !

zz

þ g
Xk

j¼0

e ju jðzÞ;
Xk

j¼0

e jv jðzÞ
 !������

������
þ g

Xk

j¼0

e ju jðzÞ;
Xkþ2

j¼0

e jv jðzÞ
 !

� g
Xk

j¼0

e ju jðzÞ;
Xk

j¼0

e jv jðzÞ
 !�����

�����
a

C

e2
ekþ3ð1 þ jlog ejkþ1ÞaCbe

kþ1�b:

Next, we treat the case 1a jrðx; eÞja 2. We introduce a short hand

expression

l e :¼ �d0

ðk þ 1Þ log e
:

Note that 0 < l e a 1 for small e > 0. By using Proposition 4.1, we have

je2ðue;D
k ðxÞÞxx þ f ðu e;D

k ðxÞ; v
e;D
k ðxÞÞj

a je2ðUG; e
k ðxÞÞxx þ f ðUG; e

k ðxÞ;V
G; e
k ðxÞÞj

þ j f ðUG; e
k ðxÞ;V

G; e
k ðxÞÞ � f ðUG; e

k ðxÞ;V
G; e
kþ2ðxÞÞj

þ jfyðl ezÞ½~uukðzÞ � U
G; e
k ðx� þ ezÞ�gzzj ð¼: K e

1 ðzÞÞ

þ j f ðue;D
k ðxÞ; ve;D

k ðxÞÞ � f ðUG; e
k ðxÞ;VG; e

kþ2ðxÞÞj ð¼: K e
2 ðxÞÞ

aCekþ1 þ K e
1 ðzÞ þ K e

2 ðxÞ:
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By using Corollary 4.1 (iv) and (4.28), it follows that

K e
1 ðzÞa jy 00ðl ezÞjfj~uue

kðzÞ � ~UUG; e
k ðzÞj þ j ~UUG; e

k ðzÞ � UG; e
k ðx� þ ezÞjg

þ 2jy 0ðl ezÞjfj½~uue
kðzÞ � ~UUG; e

k ðzÞ�zj þ j½ ~UUG; e
k ðzÞ � U

G; e
k ðx� þ ezÞ�zjg

þ fj½~uue
kðzÞ � ~UUG; e

k ðzÞ�zzj þ j½ ~UUG; e
k ðzÞ � U

G; e
k ðx� þ ezÞ�zzjg

aCekþ1 þ Cekþ1jlog ejkþ1
aCbe

kþ1�b:

By using (4.31), we also obtain K e
2 ðxÞaCbe

kþ1�b. Similar arguments apply to

ve;D
k ðxÞ. This completes the proof of Proposition 2.4.

Remark 4.1. If we were only to deal with boundary layers either on W� or

on Wþ, we could choose

u
e;D
k ðxÞ ¼ U

G; e
k ðxÞ þ y x�x �

r0

� �
~uue

k
x�x �

e

� 

� ~UUG; e

k
x�x �

e

� 
� �
;

v
e;D
k ðxÞ ¼ V

G; e
kþ2ðxÞ þ y x�x �

r0

� �
~vve

kþ2
x�x �

e

� 

� ~VVG; e

kþ2
x�x �

e

� 
� �
;

8><
>:ð4:32Þ

as our approximation, where r0 > 0 is a constant given by

r0 :¼ 1

4
minfx�ðDÞ; 1 � x�ðDÞg:

Indeed, the functions in (4.32) are better approximations to the solution of

(1.5) on W� and Wþ, in the sense that Proposition 2.4 (iii) holds with b ¼ 0.

Moreover, the entire proof of Proposition 2.4 for (4.32) is easier than that for

(4.27). However, the functions in (4.32) have a fatal defect for our purpose

here. Namely, they are not smooth across the interface x ¼ x�. They are C0-

matched at x ¼ x�, but not C1-matched. The di¤erence in the derivatives at

x ¼ x� is Oðekþ1Þ.
On the other hand, when we deal with boundary layers, it is better to employ

the approximations in (4.32), as clearly described in [7].

5. Eigenvalue problems

In this section, we will prove Propositions 2.5 and 2.6. We stress that the

proof below works for any k b 1, where k A N is the order of approximation

in Proposition 2.4.

5.1. Linearized operator of Allen-Cahn type. Let us define a linear operator

Le
k by

L e
kjðxÞ :¼ e2jxx þ f e

u ðxÞjðxÞ; jxð0Þ ¼ 0 ¼ jxð1Þ;
where f e

u ðxÞ :¼ fuðue;D
k ðxÞ; v

e;D
k ðxÞÞ:

(
ð5:1Þ
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We denote by me
j ð j ¼ 0; 1; . . .Þ the eigenvalues of Le

k;

sðL e
kÞ :¼ fme

j g
y
j¼0; me

0 > me
1 > � � � > me

j ! �y ð j ! yÞ:

Proposition 5.1. There exists an e0 > 0 so that the following items are

valid for e A ð0; e0�.
( i ) If fe

0ðxÞ is the L2-normalized, positive, principal eigenfunction of L e
k

corresponding to me
0, then

0 < me
0 for e A ð0; e0�; me

0 ! 0 as e ! 0;ð5:2Þ

lim
e!0

ffiffi
e

p
fe

0ðx� þ ezÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
mðv�Þ

p u0
z ðzÞ in C2

locðRÞ;ð5:3Þ

where mðvÞ is defined in Proposition 2.3 (ii).

( ii ) Let ½fe
0�
?

be the orthogonal complement of fe
0 in L2ð0; 1Þ. There exist

constants m� > 0 and CR > 0 for each R > 0 such that

kðLe
k � mÞwkLy bCRkwkLyð5:4Þ

holds for w A H 2ð0; 1ÞV ½fe
0�
?

and m A C, Re m > �m�, jmjaR.

(iii) There exists a m̂m > m� such that

me
1 a�m̂m and me

0 ¼ ec 0ðv�ÞV �;D
x ðx�Þ þ oðeÞ as e ! 0ð5:5Þ

where c 0ðv�Þ is defined in Proposition 2.3 (iii).

(iv) Let P e : L2ð0; 1Þ ! L2ð0; 1Þ be the orthogonal projection operator onto

½fe
0�
?. The following estimate holds true for m A C, Re mb�m�.

kðL e
k � mÞ�1

PeqkL2 a
1

jm� mj kqkL2 for q A L2ð0; 1Þ;

where m is a constant satisfying m� < m < m̂m, say, m ¼ ðm� þ m̂mÞ=2.

( v ) For q A Lyð0; 1Þ and m A C, Re mb�m�,

lim
e!0

½ðLe
k � mÞ��1

Peq ¼ qðxÞ
f 0
u ðxÞ � m

strongly in L2ð0; 1Þ;ð5:6Þ

where f 0
u ðxÞ :¼ fuðhGðV�;DðxÞÞ;V�;DðxÞÞ for x A WG. Moreover, the

convergence in (5.6) is uniform with respect to m A fm A C jRe m >

�m�g and q on H 1-bounded sets.

Statement (ii) was also proved in [22] for m ¼ 0. Our proof for (ii) below

is very similar to that of [22].

Proof. (i) By the variational characterization of the principal eigenvalue

for L e
k, we readily find that me

0 > 0. It is also obvious that me
0 is bounded

above.
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Let us express Le
k in terms of the stretched variable z ¼ ðx � x�Þ=e.

~LLe
k pðzÞ :¼ pzzðzÞ þ ~ff e

u ðzÞpðzÞ;
where ~ff e

u ðzÞ :¼ f e
u ðx� þ ezÞ:

(

There exists b > 0, independent of e A ð0; e0�, so that

~ff e
u ðzÞa�ðd0Þ2 for jzjb b;ð5:7Þ

where d0 > 0 is the constant appearing in (4.7) and (4.8). We choose a positive

eigenfunction peðzÞ of ~LLe
k associated with me

0, normalized as maxz pðzÞ ¼ 1. By

using comparison arguments and (5.7), we find that there exists a constant

C > 0 so that

p eðzÞaCed0ðb�jzjÞ; jpe
zðzÞjaCed0ðb�jzjÞ; jpe

zzðzÞjaCed0ðb�jzjÞ; jzjb b:ð5:8Þ

The equation for pe is

pe
zz þ ~ff e

u ðzÞpe ¼ me
0 pe:ð5:9Þ

For any sequence feng with limn!y en ¼ 0, there exists a subsequence (which

we still denote by en) such that limn!y men

0 ¼ m�
0 b 0. Since jpeðzÞja 1, by

using (5.9), we find jpen
zzj is bounded uniformly in en A ð0; e0�. Therefore, there

exists a subsequence (still denoted by en) such that p en is convergent in C1
locðRÞ

as n ! y. Di¤erentiating (5.9), we obtain

p e
zzz þ ~ff e

u ðzÞp e
z þ ð ~ff e

u ðzÞÞz p e ¼ me
0 pe

z :ð5:10Þ

Since ð ~ff e
u ðzÞÞz is of polynomial order in z and peðzÞ decays at an exponen-

tial order (cf. (5.8)), (5.10) says that jpen
zzzj is bounded uniformly in e > 0.

Therefore, there exists a subsequence (still denoted by en) so that pen converges

in C2
locðRÞ as n ! y. We consider (5.9) with e ¼ en. Passing to the limit

n ! y, we obtain

p�
zzðzÞ þ fuðu0ðzÞ; v�Þp�ðzÞ ¼ m�

0 p�ðzÞ; z A R;ð5:11Þ

where p� A C 2ðRÞ is bounded (since maxjp eðzÞj ¼ 1 ¼ maxjp�ðzÞj) and p�ðzÞb0.

On the other hand, (5.11) has a bounded solution if and only if

m�
0

ð
R

p�ðzÞu0
z ðzÞdz ¼ 0:

However, the integral
Ð

p�u0
z dz > 0, because peðzÞ attains its positive max-

imum for some z with jzja b and hence so does p�ðzÞ. This implies m�
0 ¼ 0.

Therefore p�ðzÞ ¼ k�1
� u0

z ðzÞ where k� ¼ max u0
z ðzÞ. Since the original sequence

en could be chosen arbitrarily, we conclude that

lim
e!0

me
0 ¼ 0; lim

e!0
peðzÞ ¼ k�1

� u0
z ðzÞ in C2

locðRÞ:ð5:12Þ
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Now expressing fe
0ðx� þ ezÞ ¼ ae peðzÞ, where ae > 0 is a constant which L2-

normalizes fe
0ðxÞ, (5.2) and (5.3) follow from (5.12).

(ii) We prove this statement by means of contradiction

Let us recall the definition f 0
u ðxÞ :¼ fuðhGðV �;DðxÞÞ;V �;DðxÞÞ for x A WG.

If (5.4) were to fail for any constant CR > 0, we could find sequences

wn A H 2 V ½fe
0�
?, mn A C with Re mn > maxx A ½0;1�f f 0

u ðxÞg, jmnjaR and en such

that maxjwnj ¼ 1, limn!y en ¼ 0 and kqnkLy ! 0 as n ! y, where qn ¼
ðLen

k � mnÞwn. We express the last relation in terms of a stretched variable

z ¼ ðx � xnÞ=e, where xn is such that jwnðxnÞj ¼ 1. We may assume, without

loss of generality, that xn and mn converge to xy A ½0; 1� and m0 with Re m0 >

maxx A ½0;1�f f 0
u ðxÞg, jm0jaR.

We assume, for the moment, that xy A ð0; 1Þ. (The cases xy ¼ 0; 1 will

be treated similarly.) The equation for ~wwnðzÞ :¼ ~wwnðxn þ enzÞ, with ~qqnðzÞ :¼
~qqnðxn þ enzÞ, is

~qqnðzÞ ¼ ~wwn
zzðzÞ þ ð f en

u ðxn þ enzÞ � mnÞ~wwnðzÞ:ð5:13Þ

Applying to (5.13) arguments similar to the proof of (i), we find that ~wwn

(possibly, a subsequence) is convergent in C1
locðRÞ to ~ww�ðzÞ as n ! y. Passing

to the limit n ! y in the weak version (H 1-formulation) of (5.13), and

using regularity arguments, we obtain ~ww� A C2ðRÞ which is bounded, satisfies

~ww�ð0Þ ¼ 1, ~ww�
z ð0Þ ¼ 0 and

ðaÞ m0 ~ww� ¼ ~ww�
zz þ f 0

u ðxyÞ~ww�; if xy 0 x�;

ðbÞ m0 ~ww� ¼ L0
z�
~ww� :¼ ~ww�

zz þ fuðu0ðz þ z�Þ; v�Þ~ww�; if xy ¼ x�:

(
ð5:14Þ

In (5.14)(b), z� :¼ limn!yðxn � x�Þ=en A R (if z� ¼Gy, then xy 0 x�).

Recall from (A1) that f 0
u ðxÞ < 0 for x A ½0; 1�. In case (5.14)(a), if Re m0 >

maxx A ½0;1�f f 0
u ðxÞg, then the only bounded solution to the di¤erential equation is

identically equal to 0, and hence contradicting j~ww�ð0Þj ¼ 1. In case (5.14)(b),

we recall that the principal eigenvalue of L0
z�

is 0 which is isolated in the

specturm sðL0
z�
Þ of L0

z�
. Therefore, there exists a constant m > 0 so that

sðL0
z�
ÞV fm A C jRe m > �mg ¼ f0g:ð5:15Þ

Then (5.14)(b) implies that ~ww� 1 0, if 00 m0, Re m0 > �m. This is a contra-

diction, since maxj~ww�j ¼ 1. If m0 ¼ 0, then ~ww� must be a multiple of the

principal eigenfunction u0
z ðz þ z�Þ of L0

z�
, namely, ~ww�ðzÞ ¼ au0

z ðz þ z�Þ for some

a. However, since we have chosen ~wwn A ½fe
0�
?, (5.3) implies

0 ¼
ð
R

~ww�ðzÞu0
z ðz þ z�Þdz ¼ a

ð
ðu0

z ðzÞÞ
2
dz:

Therefore, a ¼ 0 and ~ww�ðzÞ1 0, which is a contradiction.
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When xy ¼ 0 or xy ¼ 1, we obtain (5.14)(a) with the di¤erential equation

being posed on half intervals fz > 0g or fz < 0g. However, for m0 with

Re m0 > maxx A ½0;1�f f 0
u ðxÞg, jm0jaR, these problems have no bounded solution

satisfying j~ww�ð0Þj ¼ 1 and ~ww�
z ð0Þ ¼ 0, arriving at a contradiction.

By choosing m� > 0 so that

m� < m̂m :¼ min m;�max
x A ½0;1�

f f 0
u ðxÞg

� �
;

we complete the proof of (ii).

(iii) The first statement me
1 a�m̂m follows from part (ii), since eigen-

functions associated to me
1 belong to ½fe

0�
?. To prove the second statement, we

use the following elementary result whose proof is omitted.

Lemma 5.1. Let L be a self-adjoint operator on a Hilbert space H.

Assume that L has an isolated eigenvalue ~mm of multiplicity one which is bounded

away from the other part of the spectrum by a constant d > 0.

If we can find pe A H, jpejH ¼ 1 and le A R such that

jLpe � lepejH ¼ Oðe iÞ
for some i b 1, and

distðle; sðLÞ � f~mmgÞb d;

then the eigenpair ð~mm; ~ffÞ of L, with j ~ffjH ¼ 1 and hpe; ~ffiH > 0, is approximated

as

j~mm� lej ¼ Oðe iÞ; j ~ff� pejH ¼ Oðe iÞ:

We now apply Lemma 5.1 to L ¼ L e
k and H ¼ L2ð0; 1Þ with ~mm ¼ me

0 and

d ¼ m̂m. We will find an expansion

le ¼ el1 þ oðeÞ and p eðxÞ ¼ p0ðxÞ þ ep1ðxÞ þ oðeÞ
so that

kL e
k pe � lepekL2 ¼ oðeÞ

is valid. The normalization kpekL2 ¼ 1 will be done afterwards. To find the

coe‰cients l1, p0 and p1, we follow the same line of arguments as in § 4 (and

if fact, procedures here are less complicated). Let us write down the equation

to deal with.

el1ðp0 þ ep1Þ ¼ e2ðp0 þ ep1Þxx þ f e
u ðxÞðp0 þ ep1Þ þ oðeÞ:

We immediately find that outer solutions for this equation are identically equal

to 0, reflecting the fact that fe
0 ¼ Oðe�d0jx�x �j=eÞ. To find inner solutions, let us

rewrite the last equation in terms of the stretched variable z;

el1ð~pp0ðzÞ þ e~pp1ðzÞÞ ¼ ð~pp0ðzÞ þ e~pp1ðzÞÞzz þ ~ff e
u ðzÞð~pp0ðzÞ þ e~pp1ðzÞÞ þ oðeÞ:
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The equation for ~pp0 reads: 0 ¼ L0 ~pp0. This has a unique solution ~pp0 ¼ c0u0
z

for some constant c0 0 0. The equation for ~pp1 reads

l1c0u0
z ¼ ~pp1

zz þ fuðaÞ~pp1 þ ½ fuuðaÞu1 þ fuvðaÞv1�c0u0
z ;

where ðaÞ ¼ ðu0ðzÞ; v�Þ. Applying the solvability condition (3.4) and using

c0 0 0, we find l1 ¼ c 0ðv�ÞV�;D
x ðx�Þ and ~pp1ðzÞ ¼ Oðe�d0jzjÞ. Therefore our ap-

proximate solution p e is now defined, with ce being a normalizing constant, by

peðxÞ :¼ ceyðrðx; eÞÞ ~pp0 x � x�

e

� �
þ e~pp1 x � x�

e

� �� 	
;

where r is as in (4.29) and y is the cut-o¤ function introduced at the end of

§ 4.3. We can now verify that pe and le ¼ ec 0ðv�ÞV �;D
x ðx�Þ satisfy the con-

ditions in Lemma 5.1, establishing the second statement in (5.5).

(iv) This follows immediately from Proposition 5.1 (iii) and the eigen-

function expansion of ðLe
k � mÞ�1.

We refer the proof of (v) to the proof of Lemma 2.2 in [14].

This completes the proof of Proposition 5.1. r

Corollary 5.1. For each p A H 1ð0; 1Þ, we have

ðiÞ lim
e!0

p;
fe

0ffiffi
e

p
� �

ge
u

� �
¼ pðx�Þ

½g�þ�ffiffiffiffiffiffiffiffiffiffiffiffi
mðv�Þ

p ;

ðiiÞ lim
e!0

p;
fe

0ffiffi
e

p
� �

f e
v

� �
¼ pðx�Þ

J 0ðv�Þffiffiffiffiffiffiffiffiffiffiffiffi
mðv�Þ

p ;

where mðvÞ is as defined in Proposition 2.3 (ii).

Proof. It su‰ces to prove (i) and (ii) for p A C1½0; 1�. For p A C1½0; 1�,
by using (5.3), we have

p;
fe

0ffiffi
e

p
� �

g e
u

� �
¼
ð1

0

pðxÞfe
0ðxÞge

u

dxffiffi
e

p

¼
ðð1�x �Þ=e

�x �=e

pðx� þ ezÞð
ffiffi
e

p
fe

0ðx� þ ezÞÞge
uðx� þ ezÞdz

ðas e ! 0Þ ! pðx�Þffiffiffiffiffiffiffiffiffiffiffiffi
mðv�Þ

p ðy
�y

u0
z ðzÞguðu0ðzÞ; v�Þdz

¼ pðx�Þ gðhþðv�Þ; v�Þ � gðh�ðv�Þ; v�Þffiffiffiffiffiffiffiffiffiffiffiffi
mðv�Þ

p ¼ pðx�Þ ½g�þ�ffiffiffiffiffiffiffiffiffiffiffiffi
mðv�Þ

p ;

establishing (i). The proof of (ii) is similar. r
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5.2. Proof of Proposition 2.5. Let us now deal with the eigenvalue of Le
k

with the largest real part. We call this the principal eigenvalue of Le
k and

denote its principal eigenfunction2 by

Fe
0 :¼

je
0

ce
0

� �

Let l� > 0 be defined by

l� :¼ min m̂m;� 1

2
max

x A ½0;1�
ð f 0

u ðxÞ þ g0
v ðxÞÞ

� �
> 0;

where g0
v ðxÞ :¼ gvðhGðV 0ðxÞ;V 0ðxÞÞÞ for x A WG and m̂m is the same as in Prop-

osition 5.1 (ii). The positivity of l� follows from m̂m > 0 and the condition in

(A4). Let us define

Cl� :¼ fl A C jRe lb�l�g:

We characterize the eigenvalues of Le
k contained in Cl� to establish Proposition

2.5. In the sequel, we always consider l A Cl� .

By decomposing the first component of the eigenfunction of Le
k as je ¼

afe
0 þ w e, the eigenvalue problem (2.18) is recast as

aðme
0 � lÞ ¼ �h f e

v c; f
e
0i ¼ �hc; f e

v f
e
0i

ðL e
k � lÞw e ¼ �Peð f e

v cÞ

�ðM e
k � lÞc� ge

uw e ¼ age
uf

e
0

ð5:16Þ

where ðme
0; f

e
0ðxÞÞ is the principal eigenpair of Le

k, a A C, w e satisfies hw e; fe
0i ¼ 0

and Pe is the orthogonal projection onto the orthogonal complement of fe
0.

Thanks to Proposition 5.1 (iv) and the fact that l A Cl� , the second equation in

(5.16) is solved in we as

we ¼ �ðL e
k � lÞ�1

Peð f e
v cÞ:

By using this relation, the third equation in (5.16) becomes

NeðlÞc ¼ age
uf

e
0;ð5:17Þ

where

NeðlÞc :¼ �ðM e
k � lÞcþ g e

uðLe
k � lÞ�1

P eð f e
v cÞ:ð5:18Þ

The following summarizes the properties of NeðlÞ.

2 In the sequel we use the symbol j only for this first component of F, and distinguish it from

another similar symbol f.
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Proposition 5.2. There exists an e0 > 0 such that the following statements

hold.

( i ) For l A Cl� , the operator NeðlÞ is invertible and

½NeðlÞ��1 : L2ð0; 1Þ ! H 2ð0; 1Þ

is bounded uniformly in ðe; lÞ A ð0; e0� � Cl� .

(ii) Denoting by ½H 1ð0; 1Þ�0 the dual space of H 1ð0; 1Þ, the inverse operator

½NeðlÞ��1
extends to ½H 1ð0; 1Þ� 0 and

½NeðlÞ��1 : ½H 1ð0; 1Þ�0 ! H 1ð0; 1Þ

is bounded uniformly in ðe; lÞ A ð0; e0� � Cl� .

We prove this result later in § 5.3.

We now resume the proof of Proposition 2.5.

If a ¼ 0, then Proposition 5.2 (i) and (5.17) imply c ¼ 0, which in turn

implies w e ¼ 0 and hence j ¼ 0 ¼ c. Therefore, in order for l A Cl� to be an

eigenvalue of L e
k , a0 0 must be satisfied. Therefore, an eigenvalue l A Cl�

has to satisfy

me
0 � l ¼ �hc; f e

v f
e
0i

NeðlÞc ¼ ge
uf

e
0:

�
ð5:19Þ

Lemma 5.2. Eigenvalues of L e
k in Cl� are bounded uniformly in e A ð0; e0�

for some e0 > 0.

Proof. From (5.19) and Proposition 5.2 (i), the c-component of the

eigenfunction is non-zero. We normalize it as kckL2 ¼ 1. Multiply the

second equation in (5.19) by c, the complex conjugate of c, and integrate over

½0; 1�. We separate the Re- and Im-parts and use kckL2 ¼ 1 to obtain

Re l ¼ �Dkcxk
2
L2 þ hge

vc;ci� Refhge
uðLe

k � lÞ�1
Peð f e

v cÞ;cig þ Rehge
uf

e
0;ci

< hge
vc;ci� Refhg e

uðLe
k � lÞ�1

Peð f e
v cÞ;cig þ Rehg e

uf
e
0;ci;

Im l ¼ �Imfhge
uðL e

k � lÞ�1
P eð f e

v cÞ;cig þ Imhge
uf

e
0;ci:

Since f e
v , ge

u and ge
v are Ly-bounded, by using kckL2 ¼ 1, Re lb�l�

and Proposition 5.1 (iv), we immediately find that jRe lj and jIm lj are

bounded. r

Thanks to Corollary 5.1 (i) and Proposition 5.2 (ii), we deduce from the

second equation in (5.19) that

c ¼
ffiffi
e

p
ĉce with ĉce ¼ ½NeðlÞ��1ðge

uf
e
0=

ffiffi
e

p
Þ A H 1ð0; 1Þ;
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where ĉce is bounded in H 1 uniformly with respect to ðe; lÞ A ð0; e0� � Cl� . On

the other hand, it also follows from Corollary 5.1 (ii) that

hc; f e
v f

e
0i ¼ ehĉc; f e

v f̂f
e
0i ¼ OðeÞ; where f̂fe

0ðxÞ :¼
1ffiffi
e

p fe
0ðxÞ:

Putting these facts together and using the fact that me
0 ¼ OðeÞ (cf. (5.5)), we find

from (5.19) that l ¼ OðeÞ, and hence we may set

l ¼ el̂l and me
0 ¼ em̂me

0 with m̂me
0 ¼ c 0ðv�ÞV �;D

x ðx�Þ þ oð1Þ:

It is now easy to see that (5.19) is equivalent to

m̂me
0 � l̂l ¼ �h½Neðel̂lÞ��1ðge

uf̂f
e
0Þ; f e

v f̂f
e
0i:ð5:20Þ

This equation, called a SLEP-equation in [14] (SLEP ¼ singular limit eigen-

value problem), determines the eigenvalues of Le
k in Cl� . Let us now examine

the right hand side of (5.20).

Proposition 5.3. If l̂l is a solution of the SLEP-equation (5.20), then it is

real and the right hand side of (5.20) is characterized as follows.

�h½Neðel̂lÞ��1ðge
uf̂f

e
0Þ; f e

v f̂f
e
0i ¼ c 0ðv�Þ½g�þ�

Dp0
þ oð1Þ A R as e ! 0;ð5:21Þ

where

p0 :¼ C�
x ðx�Þ �Cþ

x ðx�Þ ðcf : ð2:12Þ in x 2Þ:

We will prove this result in § 5.3.

Recall from (5.5) that m̂me
0 ¼ c 0ðv�ÞV�;D

x ðx�Þ þ oð1Þ. By using this and

(5.21), we find that (5.20) is equivalent to

l̂le ¼ c 0ðv�Þ V �;D
x ðx�Þ � ½g�þ�

Dp0

� 	
þ oð1Þ A R as e ! 0:

This completes the proof of Proposition 2.5 (i)(ii). The simplicity of the

eigenvalue le
0 is an implication of Proposition 2.5 (iii), which will be proved

below.

In order to prove Proposition 2.5 (iii), we recall from the line of arguments

above that the principal eigenfunction Fe
0 ¼ je

0

ce
0

� �
of L e

k is of the following

form:

je
0ðxÞ ¼ fe

0ðxÞ þ weðxÞ;
ce

0ðxÞ ¼
ffiffi
e

p
ĉceðxÞ :¼

ffiffi
e

p
½Neðel̂leÞ��1ðge

uf
e
0=

ffiffi
e

p
ÞðxÞ;

weðxÞ ¼ �
ffiffi
e

p
ðL e

k � el̂leÞ�1
Peð f e

v ĉc
eÞðxÞ:

8><
>:ð5:22Þ
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From Corollary 5.1 (i), we find that ge
uf

e
0=

ffiffi
e

p
A ½H 1ð0; 1Þ� 0 is bounded uniformly

in e A ð0; e��. Therefore Proposition 5.2 (ii) implies ĉce A H 1ð0; 1Þ is bounded

uniformly in e > 0. By using the Sobolev embedding H 1ð0; 1ÞHLyð0; 1Þ, we

find that kĉcekH 1 and kĉcekLy are bounded uniformly in e > 0. This imme-

diately implies

kce
0kH 1 ¼ Oð

ffiffi
e

p
Þ; kce

0kLy ¼ Oð
ffiffi
e

p
Þ; kce

0kL1 ¼ Oð
ffiffi
e

p
Þ:ð5:23Þ

On the other hand, (5.3) implies kfe
0kLy ¼ Oð1=

ffiffi
e

p
Þ. Hence, (5.4) and Cor-

ollary 5.1 (ii) give rise to

kðLe
k � el̂leÞ�1

P eð f e
v ĉc

eÞkLy aCkPeð f e
v ĉc

eÞkLy

aCk f e
v ĉc

ekLy þ C
ffiffi
e

p
ĉce; f e

v

fe
0ffiffi
e

p
� �����

���� kfe
0kLy ¼ Oð1Þ as e ! 0;

where we used the definition of Pe; Pec :¼ c� hc; fe
0if

e
0. From this estimate

and the third line of (5.22), we obtain

kw ekLy ¼ Oð
ffiffi
e

p
Þ; kwekL2 ¼ Oð

ffiffi
e

p
Þ; kw ekL1 ¼ Oð

ffiffi
e

p
Þ:ð5:24Þ

Using kfe
0kL2 ¼ 1, (5.23) and (5.24), we find from (5.22) that

je
0

ce
0

� �










L2

¼ 1 þ Oð
ffiffi
e

p
Þ:

Therefore, multiplying (5.22) by a normalization constant 1 þ Oð
ffiffi
e

p
Þ (and still

denoting the resulting function by Fe
0), we find

kFe
0kL1 ¼ Oð

ffiffi
e

p
Þ; kFe

0kLy ¼ O
1ffiffi
e

p
� �

;

establishing Proposition 2.5 (iii).

(iv) The proof of this part is accomplished by applying the same line of

reasoning as in the proof of statements (i), (ii) and (iii) to L̂Le
k . The only

change one needs to make is to exchange the roles of f e
v and ge

u. We then

obtain an expression for the principal eigenfunction F̂Fe
0 :¼ j�e

0

c�e
0

� �
, similar to

(5.22), as follows.

j�e0 ðxÞ :¼ fe
0ðxÞ þ w�eðxÞ;

c�e
0 ðxÞ :¼

ffiffi
e

p
ĉc�eðxÞ :¼

ffiffi
e

p
½N�eðel̂leÞ��1ð f e

v f
e
0=

ffiffi
e

p
ÞðxÞ;

w�eðxÞ :¼ �
ffiffi
e

p
ðL e

k � el̂leÞ�1
Peðge

uĉc
eÞðxÞ;

8><
>:ð5:25Þ

where N�e is the operator defined by (5.18) with ge
u and f e

v being interchanged.

We also note that c�e
0 and w�e satisfy estimates in (5.23) and (5.24).

This completes the proof of Proposition 2.5.
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5.3. Proof of Propositions 5.2 and 5.3. We first deal with Proposition 5.2.

We only need to prove (ii) since (i) follows immediately from (ii) and the

elliptic regularity theory. The proof of (ii) depends on an application of the

Lax-Milgram Theorem ([13], Theorem 5.21.2).

Let us consider a sesquilinear form Be
l associated with NeðlÞ:

Be
l : H 1ð0; 1Þ � H 1ð0; 1Þ ! C

defined by

Be
lðc; fÞ :¼ Dhcx; fxi� hðge

v � lÞc; fiþ hge
uðLe

k � lÞ�1
Peð f e

v cÞ; fi;

where f stands for the complex conjugate of f. Our aim is to show that Be
l

is bounded and coercive for ðe; lÞ A ½0; e0� � Cl� , where e0 > 0 is an appropriate

constant. It is easy to see that Be
l is bounded. Moreover, it depends con-

tinuously on e A ½0; e0�. Therefore, to show the coercivity of Be
l for l A Cl� , we

only need to do so for the limit B0
l :¼ lime!0 Be

l.

By using Proposition 5.1 (v) (5.6), the operator B0
l is given by

B0
lðc; fÞ :¼ Dhcx; fxiþ f 0

v g0
u � ð f 0

u � lÞðg0
v � lÞ

f 0
u � l

c; f

� �
:ð5:26Þ

It follows from this that

jB0
lðc;cÞjbDkcxk

2
L2 þ

ð1

0

Re
l2 � tr0 lþ det0

l� f 0
u

 !
jcj2dx;

where

tr0 :¼ f 0
u þ g0

v < 0 ðcf : ðA4ÞÞ and det0 :¼ f 0
u g0

v � f 0
v g0

u > 0 ðcf : ðA3ÞÞ:

By the choice of l� > 0 at the beginning of § 5.2, there exists a constant C0 > 0

such that for x A ½0; 1� and l A Cl� , the inequality

Re
l2 � tr0 lþ det0

l� f 0
u

 !
bC0

holds true. Therefore, we have

jB0
lðc;cÞjbminfD;C0gkck2

H 1 :

This establishes, on account of the continuity of B e
l in e, the coercivity of Be

l

for l A Cl� . Now the Lax-Milgram Theorem ([13], Theorem 5.21.2) proves

Proposition 5.2 (ii) with

kðNeðlÞÞ�1k½H 1� 0!H 1 a
1

2 minfD;C0g
for ðe; lÞ A ½0; e0� � Cl� ;
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where e0 > 0 is an adequate constant. This concludes the proof of Proposition

5.2.

Next, we prove Proposition 5.3.

We first split Neðel̂lÞ and ĉce ¼ ½Neðel̂lÞ��1
ge

uf̂f
e
0 into real and imaginary

parts.

Neðel̂lÞ ¼ Ne
R þ ieðIm l̂lÞNe

I ; ĉce ¼ ĉce
R þ iĉce

I ;

where

Ne
Rc :¼ �ðM e

k � e Re l̂lÞcþ g e
u½e2jIm l̂lj2 þ ðLe

k � e Re l̂lÞ2��1
P eð f e

v cÞ

Ne
I c :¼ cþ ½e2jIm l̂lj2 þ ðLe

k � e Re l̂lÞ2��1
P eð f e

v cÞ

are real operators and ĉce
R, ĉce

I are real valued functions. Then, the relation

Neðel̂lÞĉce ¼ ge
uf̂f

e
0 translates into

Ne
R ĉc

e
R � eðIm l̂lÞNe

I ĉc
e
I ¼ ge

uf̂f
e
0; Ne

R ĉc
e
I þ eðIm l̂lÞNe

I ĉc
e
R ¼ 0:

From the proof of Proposition 5.2 above, the conclusions of Proposition 5.2

are valid for Ne
R . Therefore, the relations above yield

Ne
R ĉc

e
R þ e2ðIm l̂lÞ2Ne

I ðNe
R Þ

�1Ne
I ĉc

e
R ¼ ge

uf̂f
e
0:

Evidently, Ne
I : L2ð0; 1Þ ! L2ð0; 1Þ is a bounded operator uniformly in small

e > 0. From Proposition 5.1 (ii), the same is true for Ne
I : Lyð0; 1Þ !

Lyð0; 1Þ. Therefore, we have

ĉce
R ¼ ðNe

R Þ
�1

g e
uf̂f

e
0 þ Oðe2Þ; ĉce

I ¼ �eðIm l̂lÞðNe
R Þ

�1Ne
I ĉcR

with ĉce
R, ðNe

R Þ
�1
Ne

I ĉcR A H 1ð0; 1Þ uniformlay bounded for small e > 0. Sub-

stituting these into (5.20), we have

m̂me
0 � Re l̂l ¼ �hĉce; f e

v f̂f
e
0i

�Im l̂l ¼ eðIm l̂lÞhðNe
R Þ

�1Ne
I ĉcR; f e

v f̂f
e
0i:

The last equation is equivalent to

ð1 þ ehðNe
R Þ

�1Ne
I ĉcR; f e

v f̂f
e
0iÞ Im l̂l ¼ 0;

which implies Im l̂l ¼ 0 when e > 0 is small. This establishes the first part of

Proposition 5.3.

Let us now prove (5.21). If ĉce ¼ ½Neðel̂lÞ��1ðge
uf̂f

e
0Þ, then ĉc� :¼ lime!0 ĉce

satisfies

B0
0ðĉc

�; pÞ ¼ lim
e!0

ð1

0

g e
uðxÞ

fe
0ðxÞffiffi
e

p pðxÞdx ¼ ½g�þ�ffiffiffiffiffiffiffiffiffiffiffiffi
mðv�Þ

p pðx�Þ for all p A H 1ð0; 1Þ:
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This is equivalent, via (5.26) with l ¼ 0, to

D

ð1

0

ĉc�
xðxÞpxðxÞdx �

ð1

0

g�
v ðxÞĉc

�ðxÞpðxÞdx ¼ ½g�þ�ffiffiffiffiffiffiffiffiffiffiffiffi
mðv�Þ

p pðx�Þð5:27Þ

for all p A H 1ð0; 1Þ, where g�
v ðxÞ :¼ gGv ðV �;DðxÞÞ for x A WG, and we used the

fact det0ðxÞ= f 0
u ðxÞ ¼ g�

v ðxÞ (cf. (A3)). Taking as a test function

pðxÞ ¼ CGðxÞ x A WG;

in (5.27), where CG is the solution of (2.6) with v0 ¼ v�, and integrating by

parts, we find

ĉc�ðx�Þ ¼ ½g�þ�
Dp0

1ffiffiffiffiffiffiffiffiffiffiffiffi
mðv�Þ

p ; ĉc�ðxÞ ¼ ĉc�ðx�ÞCGðxÞ for x A WG:ð5:28Þ

Therefore, using Corollary 5.1 (ii), the left hand side of (5.21) is

�lim
e!0

h½Neðel̂lÞ��1ðge
uf̂f

e
0Þ; f e

v f̂f
e
0i ¼ �ĉc�ðx�Þ J 0ðv�Þffiffiffiffiffiffiffiffiffiffiffiffi

mðv�Þ
p ¼ c 0ðv�Þ½g�þ�

Dp0
;

establishing Proposition 5.3.

Let us also find an expression of lime!0 w eðxÞ=
ffiffi
e

p
. From (5.22) and (5.6),

ŵw�ðxÞ :¼ lim
e!0

weðxÞffiffi
e

p ¼ � f 0
v ðxÞ

f 0
u ðxÞ

ĉc�ðxÞ ¼ hGv ðV�;DðxÞÞĉc�ðxÞ for x A WGð5:29Þ

although we do not use it in this paper.

5.4. Proof of Proposition 2.6. This is proved by means of contradiction.

If the statement of the proposition were to fail, there would exist sequences

fejg with limj!y ej ¼ 0 and fp j ¼ ðp
j
1; p

j
2ÞgHM such that

jp j jLy ¼ max
x A ½0;1�

ðjp j
1ðxÞj þ jp j

2ðxÞjÞ ¼ 1; lim
j!y

jLej

k p jjLy ¼ 0:

Let us consider the equation

q j ¼ L
ej

k p j; lim
j!y

kq jkLy ¼ 0:ð5:30Þ

We denote as q j ¼ ðq j
1; q

j
2Þ.

We will apply to (5.30) the same procedures as appeared in the proof of

Proposition 2.5 with l ¼ 0. In the sequel, we use e for ej and treat the limits

j ! y and e ! 0 interchangeably.

Decomposing p
j
1 as p

j
1 ¼ aef

e
0 þ p

j
1?, and inserting it into (5.30), we obtain

an inhomogeneous version of (5.16). Following the same line of arguments as

above, we find
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me
0ae þ hNeð0Þ�1

p
j
2; f e

v f
e
0i ¼ hq

j
1; f

e
0i;

p
j
2 ¼ aeN

eð0Þ�1ðge
uf

e
0Þ þNeð0Þ�1½g e

uðLe
kÞ

�1
P eq

j
1 � q

j
2�;

p
j
1? ¼ �ðL e

kÞ
�1

P eð f e
v p

j
2 � q

j
1Þ:

Substituting the second equation into the first equation, we have

aefme
0 þ hNeð0Þ�1ðg e

uf
e
0Þ; f e

v ig

¼ hNeð0Þ�1
q

j
2; f e

v f
e
0i� hNeð0Þ�1

g e
uðLe

kÞ
�1

P eq
j
1; f e

v f
e
0iþ hq

j
1; f

e
0i;

in which the coe‰cient of ae is equal to le
0 þ oðeÞ. Therefore, we obtain

ae ¼
hNeð0Þ�1

q
j
2; f e

v f
e
0i� hNeð0Þ�1

g e
uðLe

kÞ
�1

P eq
j
1; f e

v f
e
0iþ hq

j
1; f

e
0i

le
0 þ oðeÞ ;ð5:31Þ

p
j
2 ¼ aeN

eð0Þ�1ðge
uf

e
0Þ �Neð0Þ�1

q
j
2 þNeð0Þ�1

ge
uðL e

kÞ
�1

P eq
j
1ð5:32Þ

p
j
1? ¼ �ðL e

kÞ
�1

P eð f e
v p

j
2 � q

j
1Þ:ð5:33Þ

Since kfe
0kL1 ¼ Oð

ffiffi
e

p
Þ and le

0 þ oðeÞ ¼ eðl̂l0 þ oð1ÞÞ as e ! 0 with l̂l0 0 0 (cf.

Proposition 2.5 (ii)), (5.31) implies

ae ¼
Oðkq

j
1kLy þ kq

j
2kLyÞffiffi

e
p :

Using this, kq
j
i kLy ¼ oð1Þ as e ! 0 for i ¼ 1; 2 and that fe

0=
ffiffi
e

p
A ½H 1ð0; 1Þ� 0 is

bounded, we immediately find from (5.32) and Proposition 5.2 that

kp
j
2kH 1 ¼ oð1Þ as e ! 0;

and hence

kp
j
2kLy ¼ oð1Þ; as e ! 0:ð5:34Þ

Thanks to this and Proposition 5.1 (ii), (5.33) implies that

kp
j
1?kLy ¼ oð1Þ as e ! 0:ð5:35Þ

Therefore, the normalization

1 ¼ max
x A ½0;1�

ðjp j
1ðxÞj þ jp j

2ðxÞjÞ ¼ jaej kfe
0kLy þ oð1Þ;

kfe
0kLy ¼ Oð1=

ffiffi
e

p
Þ and (5.3) imply that

ae :¼
ffiffi
e

p
âae with lim

e!0
âae ¼ âa� :¼

ffiffiffiffiffiffiffiffiffiffiffiffi
mðv�Þ

p
maxz AR u0

z ðzÞ
> 0:
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Let us now show that this is a contradiction. Note that p j A MH ½F̂Fe
0�
?.

Therefore, by using (5.25), estimates similar to (5.23)–(5.24) for c�e
0 and w�e and

(5.34)–(5.35), we have

0 ¼ hF̂F
ej

0 ; p
ji ¼ ffiffiffiffi

ej
p ðâa�hf

ej

0 ; f
ej

0 iþ oð1ÞÞ ¼ ffiffiffiffi
ej

p ðâa� þ oð1ÞÞ > 0

for j su‰ciently large, arriving at a contradiction. This concludes the proof

of Proposition 2.6.
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