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Abstract
In this paper, we introduce the operator approach for orthogonality in linear spaces. In partic-

ular, we represent the concept of orthogonal vectors using an operator associated with them,
in normed linear spaces.
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1 Introduction

Orthogonality, is one of the important concepts in mathematical and numerical analysis. Perhaps,

it is the main property in linear spaces, normed spaces and inner product spaces. There are some

various kinds of orthogonality. In fact, it has been defined different kinds in mathematical spaces.
In inner product spaces, it is easily said that two vectors x, y are orthogonal if

(z,y) =0.

But, in normed spaces, there is no simple tool for define orthogonal vectors. However, there are
some good suggestions. One of them, is the Birkhoff James orthogonality [1].
Let X be a real normed space, and z, y be in X. We say that x is Birkhoff orthogonal to y if
for every constant a,
]| < [l + ayl. (1.1)

It is not difficult to show that this definition is the same in inner product spaces [6].
In 1993, Milicic [9] introduced g-orthogonality in normed spaces via Gateaux derivatives. In
fact, one has the notion of g-angle related to g-orthogonality.

Definition 1.1. The functional g : X x X — R is defined by

1
9(z,y) = Sl (z,y) + 7 (2, 9))Il (1.2)
vhere o+ tyl = [e]
. T+ iyl — ||z
= lim ——————. 1.
Te(z,y) = lim " (1.3)
The g-angle between two vectors  and y, denoted by Ag4(x,y), is given by
9(z,y)
Ay(z,y) = arccos ———==. (1.4)
! [l [[{]y]
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Furthermore, x is said to be g-orthogonal to y, denoted by = L y, if

g(x,y) =0,
i.e.,
v
A ==I
g(zvy) 2

In an inner product space (X, (.,.)), the angle A(z,y) between two nonzero vectors  and y in
X is usually given by

(z,y)
Talllol” (15)

where ||z| = (x,2)'/? denotes the induced norm in X.
One may observe that the angle A(x,y) in X satisfies the following basic properties [4]:

A(z,y) = arccos

(1) Parallelism: A(x,y) = 0 if and only if # and y are of the same direction; A(z,y) = 7 if and
only if x and y are of opposite direction.

(2) Symmetry: A(z,y) = A(y,z) for every z,y € X.

(3) Homogeneity:
A .
Alaz, by) = (x,y) ab > 0;
7 —A(z,y) ab<O.

(4) Continuity: If z, — x and y, — y (in norm), then A(x,,y,) — A(z,y).

The g-angle is identical with the usual angle in an inner product space and has the following
properties:

(1) Part of parallelism property: If x and y are of the same direction, then
Ag (z,y) = 0;
if x and y are of opposite direction, then
Ay(z,y) =m.
(2) Part of homogeneity property:

Ag(ax,by) = Ag(x,y), z,y € X,a,b €N,

(3) Homogeneity property:
Ay(z,y) ab > 0;

A ,by) =
s(az;by) {W—Ag(x,y) ab < 0.

(4) Part of continuity property: If y,, — vy (in norm), then Ay(z,y,) — Ay(x,y).
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However, g-orthogonality is not equivalent to Birkhoff orthogonality.
In [2], projections are used to give a definition of the p-angle A,(z,y) between two vectors x
and y such that z is Birkhoff orthogonal to y if and only if

™
Ap(xv y) = 5
Since the angle between two vectors in a normed space is also the angle between these two
vectors in the subspace spanned by them, it suffices to consider the Minkowski plane, i.e., real two
dimensional normed linear space. More about the geometry of Minkowski plane could be found in
[7] and [8].
Let X be the Minkowski plane. Denote by ||.|| the norm of X. Fix a basis {e1,es} of X. Then
we can write each © € X as x = (z1, 23) under this basis, where x1, 25 € R. Moreover, {de,,de, } is
a basis of the dual space X*, where ., for ¢ = 1,2 is a bounded linear function on X with

0 i#7;
de,(e5) = {1 i

Denote by L(X) the set of all bounded linear operators from X to X. For T' € L(X), the
operator T* € L(X™*) is said to be the Banach conjugate operator of T if for any z € X and any
z* € X*, there must be (T*2*)(z) = 2*(T2). Note that if we use the following notation

f(x) = (. f)

then the property of conjugate can be rewritten as the following way

<$,T*f> = <TJ?, f>

as usual in inner product spaces.
Suppose that x = (x1,22)” and y = (y1,y2)? are two linearly independent vectors in X under
the basis {e1,e2}. Put
T N
D.. = 1.6
i {362 y2] (1.6)
notice
|Day| = 2192 — 22y1 # 0
since z and y are linearly independent. Define by P,, the projection parallel to y from X to the

subspace {Az;A € R}. Then P,, depends only on the vectors  and y, and has the following
presentation under the basis {e1, ez}

B 10 a1 iy
Py, = Dsy . {0 o} Dy, = o [wgyz ol (1.7)

It is clear for any two linearly independent vectors x and y in X,

1 < || Ppyl| < 4o00.
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Furthermore, denote

0 x and y are linearly dependent;
p(z,y) = { (1.8)

HP_TyH*1 x and y are linearly independent.
For any z,y € X, the p-angle between = and y is defined by
Ap(z,y) = arcsin(p(z, y)). (1.9)

In an inner product space (X, (.,.)), obviously

_ Az,y)
P9 = Tafllll (1.10)

and consequently, the p-angle is identical with the usual angle.
For more details, the interested reader is referred to [2].

2 Main results

Let X be a linear space with dimension n. Suppose that
T
g = (Tk1y. - Tpn) , k=1,...,n

are n linearly independent vectors in X. Put

L11 Tni
Dmh..‘ Tn — :
Tin -+ Tpn
since x1,...,x, are linearly independent, we have
|Dw17~~;$n # O
Moreover, suppose that
T T
x:(xlw"awn) ’ y:(ylavyn)

are two linearly independent vectors in X. Extend x, y to a basis for X by adding n — 2 vectors as
ZkZ(Zkl,...,an)T , k=1,...,n—2.

Denote by Py ., .. .. .y the projection parallel to y from X to the subspace generated by
x,%1,...,%n—2. Since the vectors z,z1,...,2,_2,y are the eigenvectors of P, ., . .. .., it turn
implies that P, ., . .. _, . is similar to the following

1 ... 00
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In fact, P, ... ., _,y has a representation as follows

1 ... 00
P =D Dot ] pot
TyZ15e-0Zn—2,Y = TXy215002n—2,Y 21,202,y
0O ... 10
0O ... 00

It is not difficult to see that for any two linearly independent vectors x and y in X,
1< ||Pw,21,--47z7»72,y|| < +0o0

in other words, Py ., .. .._,y i @ bounded operator.

Furthermore, denote
-1
|

Pzi,zn 2 (xvy) = HPJJ,217~-7Zn—2,y
and let
p(l',y) :Sup{pz1,...,zn_2(xay) LRy 2n—2 S X}

It is obvious that

‘71

p(:C,y) = maX{HPI,Zl,m,Zn—Q,y D21, 2n2 €X, H21|| =1,..., ||Zn*2H = 1}

Definition 2.1. For any linearly independent z, y in X , the p-angle between z, y is defined by
Ap(z,y) = arcsin(p(zx, y)).

Note that p-angle is not depending on selected vectors z1,...,2z,_2.
Moreover, we say that x, y are p-orthogonal if

T
Ay(z,y) = —.
Equivalently, x, y are p-orthogonal if there exist suitable vectors z1, ..., z,_2 such that

1Pe 21zl = 1.
Theorem 2.2. The p-angle has the following properties;

(a) Homogeneity property; i.e.
Ap(az,by) = Ay(z,y)

for every z, y in X and nonzero a, b in R;

(b) Continuity property; i.e. If 2,, = = and y,, — y (in norm), then

Ap(xnvyn) — Ap(xa y)
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Proof. (a) The homogeneity of A, is concluded easily from the definition. In fact,

PawyZI)“wanbey = P"E7zly~~~7zn72’y

for all scalars a, b. Therefore

”Pax,zh-u,znfz,byu = ||P‘T7211-~~7zn,727y||

and consequently
Ap(a'xv by) = Ap(xv y)

b) For continuity of A, , note that the entries of the matrix P, ., ... ., are of the following form
P yZ15e 320 —2,Y

1
Mf(x,zl,...,zn_g,y)

where f is a polynomial of x, z1,...,2p—2,y. S0 Py 2, ... .. . is continuous on z, y, i.e.

||Pwrn;Zly-H:Z'an;y?n - P337217'~~;Zn—27y|| 0

when m — oo.
On the other hand,

1P <P = Pzl 1Pzl

’ ’ ’ ’
myZy5e 2y _0sYm mZ1yeZy _0sYm

Therefore taking infimum over 2/, ..., 2/, _, we conclude

inf ||Pl 2] z! || <
’ ’ msZ sy _onYm Il —
2132 o

’ ’ —
, lnf, ||Pxnlazl7~~-72n,2;y7n PI7ZI7---7Z71—27Z/||
EZ-

Rl L RTIe—
again taking infimum over z1,...,z,_2 we conclude

inf  ||Py, 2 I <
, , myR 52y _osYm Il —
Z1raZn o

I- ! ’ et i
lnf/ ’ || Tm 215232 _2:Ym ryzly--wzn—z,y”
ZlseeyBn—2,%155%, _o

—+ inf QHPz,zl,...,Zn—’z,y”’

Z1geesBn—
therefore
ZL-%-I,lzf;,,zHPmm’ZiW’Z;’_Q’ym | Zh“i_r,lzfn72HPx,zl,wznfz,yH
< inf , ||sz,ZQ,m,z;,_2’ym - PE,Zl,m,ana,yH'

’
zl,...,zn_g,zl,...,zn72
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On the other hand

/ ’ —_—
inf , ||Pa:m,z1,...,zn_2,ym PI’leu,Zn—z,y”

/
Zlyee3Bn—23215--%, _o

< inf H‘Pwm7zl7~~az'n.72’ym - PI,Zl,m,anz,y
Z1lyeesBn—2

It turn implies that the function

f(l‘, y) = inf Hanzlanwznfl’vy”

2150380 —2

is continuous. So the inverse of it is also continuous, i.e. the function

—1 —1
p(z,y) = (f(z,y)) " = sup ||Pz,21,~..,znfz,yH .

Z1lyeeesBn—2

Finally, the function
A(z,y) = arcsin(p(z, y))

is also continuous and it completes the proof. Q.E.D.

Lemma 2.3. Let z, y be two linearly independent vectors in X. Extending z, y to a basis as
{z,z1,...,2n-2,y} , every z in X can be written as

z=ar+c1z1+ -+ Cn2zn_o+ by.

Moreover
PLZl’-u,znfz’y(Z) =ar+c1z1+ -+ cp_22p—2.

Proof. It is easy to obtain by definition of linearly independence and Py ., .. 2. ;.- Q.E.D.

Theorem 2.4. The concept of p-orthogonality is compatible with the usual orthogonality in the
inner product spaces.

Proof. Let X be an inner product space. First, assume that x, y are orthogonal. We shall show
that

[ —

for suitable choice of z1,...,z,_2 . To this end, extending z, y to a basis as {z, 21,...,2,—2,y} to
an orthogonal basis for X, we show that

1Pl =1
where P = P, ., . .., is the orthogonal projection associated with the subspace generated by
{z,z1,...,2n—2}.
Since
1L
y € [span{z,z1,..., 2n—2}]

and for any z in X, we have
Pz € span{x,z1,...,2n_2}
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we conclude that
y 1l Pz

and we have
I21* = |z = Pz + Pz|* = ||z — Pz|* + | P2||* > ||P2|

therefore

Ipl <1,
now, taking z = x, we have

Pr=x
SO

[Pz = |||

hence

1P|l = 1.

Next, assume that x, y are not orthogonal. We shall show that

1Pz, m 2l > 1

for all choices of z1,...,2,—2 . To this end, assume that z1,...,2,_9 are arbitrary in X. We show
that
1Pl >1

where P = P, .. .. .,y is the parallel projection associated with the subspace generated by
{z,21,. .. 202} .

Since

1
{y}™ # span{z,z1,..., 202}

there exists a nonzero vector z in {y}= that does not belong to span{z,z1,...,zn_s}. For this z
we have

Pz—2z1 z.
We conclude that

1Pz|* = ||Pz =z + 2|* = [Pz — 2| + |z > |2

therefore
Pl >1

as claimed. Q.E.D.

Theorem 2.5. Let x, y be two linearly independent vectors in X. If
0
A = —
P(xa y) 2

then z is Birkhoff orthogonal to y.
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Proof. Suppose that

HPI7217“'7Z77/—27y | =1,

then we have
[/l = 11Pr. 2.z (T Y| S NPz ozl (2 + BY) | = (2 + DY)
Thus, = is Birkhoff orthogonal to y. This completes the proof. Q.E.D.

Example 2.6. To find the angle between = (1,0,0) and y = (0,1,0) in I§ ,where 1 < p < oo, we
consider the following matrix

1 a 0|1 0 O] [1 a O
P=10 b 1|10 1 0f |0 1
0 ¢ 0|0 0 0] |0 ¢ O
then we have ;
1 0 O
P=|0 0 b/c
0 0 1|
and
z—1 0 0 b 2
p(PTPy=| 0 = 0 =(z - Dz - (=) +D)]

0 0 z—[(2)° +1] ¢

Therefor maximum of eigenvalue of PT P is (%)2 + 1 and then by definition
p(z,y) =1
i.e.,
Ap(z,y) = 9
Similarly, if = (1,0,0) and y = (0,0,1) then A,(x,y) = 5.
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