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Abstract
The main objective of this paper is to study triple difference sequence spaces over n-normed

space via the sequence of modulus functions. Some algebraic and topological properties of the
newly constructed spaces are also established.
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1 Introduction
A triple sequence (real or complex) is a function z : N x N x N — R(C), where NR and C are

the set of natural numbers, real numbers, and complex numbers respectively. We denote by w'
the class of all complex triple sequence (xpqr), where p, ¢, € N. Then under the coordinate wise
addition and scalar multiplication w" is a linear space. A triple sequence can be represented by a
matrix, in case of double sequences we write in the form of a square. In case of triple sequence it

will be in the form of a box in three dimensions.

The different types of notions of triple sequences and their statistical convergence were intro-
duced and investigated initially by Sahiner et. al [28]. Later Debnath et.al [3, 4, 7, 8], Esi [10],
Esi and Catalbas [11], Esi and Savas [12], Tripathy [30] and many others authors have studied it
further and obtained various results.

Kizmaz [20] introduced the notion of difference sequence spaces and defined the difference se-
quence spaces {oo(A) , ¢(A) and co(A) as follows:

Z(A)={z = (zx) ew: (Axy) € Z}

for Z = ¢y, ¢ and £, where
Az = (Ary) = (v — 2p41) and A%z, = 23, for all k € N

The difference operator on triple sequence is defined as [2, 5]

AZmnk = Tink =T (m+1)nk — Tm(n+1)k — Tmn(k+1) T L(m+1)(n+1)k

+ Zen+1)nk+1) T Tm(n+1)(k+1) = L(m+1)(n+1)(k+1)

and AY = (Tpnk)-

Statistical convergence was introduced by Fast [13] and later on it was studied by Fridy [14, 15]
from the sequence space point of view and linked it with summability theory. The notion of
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statistical convergent in double sequence spaces was introduced by Mursaleen and Edely [24] which
was further studied by many authors like Debnath and Subramanian [9].

I-convergence is a generalization of the statistical convergence. Kostyrko et. al. [21] introduced
the notion of I-convergence of real sequence and studied its several properties. Later Jalal [17, 18,
19], Debnath and Saha [6], Salat et. al. [26] and many other researchers contributed in its study.
Sahiner and Tripathy [28] studied I-related properties in triple sequence spaces and showed some
interesting results. Tripathy [30] extended the concept of I-convergent to double sequence and later
Kumar [22] obtained some results on I-convergent double sequence.

In this paper we define the spaces c¢3[A, F, ||-,...,-|f, 3[A, F, |- ..., -5, A, F ..., -],
MPAF ..., [[]F and M3 [A, F,,...,-]]]' by using sequence of modulii function F = (f,qr)
and also studied some algebraic and topological properties of these new sequence spaces.

2 Definitions and preliminaries

Definition 2.1. Let X # . A class I C 2% (power set of X) is said to be an ideal in X if the
following conditions hold:

(i) I is additive that isif A,B € I then AUB € I;
(ii) I is hereditary that is if A € I, and B C A then B € I.
I is called non-trivial ideal if X & I

Definition 2.2. [27, 28] A triple sequence (x,q,) is said to be convergent to L in Pringsheim’s
sense if for every € > 0, there exists N € N such that

|$pqr—L\<5, whenever p>N,¢q>N,r >N
and write as limy, , 00 Tpgr = L.

Note: A triple sequence is convergent in Pringsheim’s sense may not be bounded [27, 28].
Example Consider the sequence (zpq,) defined by

_fp+q , forallp=qgandr=1
Tpar = p;qr , otherwise.
Then zp4- — 0 in Pringsheim’s sense but is unbounded.

Definition 2.3. A triple sequence (z,q,) is said to be I-convergent to a number L if for every
e>0,
{(p,q,7) e NXNXN:|zps —L| >} €1

In this case we write I —limx,q, = L .

Definition 2.4. A triple sequence (2pq-) is said to be I-null if L = 0. In this case we write
I —limzp, =0.

Definition 2.5. [27, 28] A triple sequence (z,q,) is said to be Cauchy sequence if for every ¢ > 0,
there exists N € N such that

|Zpgr — Timn| <€, whenever p>I>N,g>m>N,r>n>N
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Definition 2.6. A triple sequence (z,q,) is said to be I—Cauchy sequence if for every € > 0, there
exists N € N such that

{(p,q,7) e NXNXN: |zpgr — Aprmn| >} €1
whenever p>1>N,g>m>N,r>n>N

Definition 2.7. [27, 28] A triple sequence (z,q) is said to be bounded if there exists M > 0, such
that |zper| < M for all p,q,r € N.

Definition 2.8. A triple sequence (2,4, ) is said to be I—bounded if there exists M > 0, such that
{(p,q,7) e Nx NxN:|zpg| > M} €I for all p,g,r € N.

Definition 2.9. A triple sequence space E is said to be solid if (apqrZpgr) € E whenever (zp4,) € E
and for all sequences (a,qr) of scalars with |apg.| < 1, for all p,¢,7 € N .

Definition 2.10. Let E be a triple sequence space and & = (zpq) € E. Define the set S(z) as
S(z) = {(Tr(pgr)) : 7 is a permutations of N}
If S(z) C E for all z € E, then FE is said to be symmetric.

Definition 2.11. A triple sequence space E is said to be convergence free if (y,q-) € E whenever
(qu']-) c E and qu’l' = O implies ypqr = O for all D, q,T c N.

Definition 2.12. A triple sequence space FE is said to be sequence algebra if x -y € E |, whenever
= (Tpgr) € E and y = (Ypqr) € E, that is product of any two sequences is also in the space.

Géhler [16] introduced the notation of 2-normed spaces which was further extended to n-normed
space by Misiak [23].

Definition 2.13. [23] (n-Normed Space) Let n € N and X be a linear space over the field R
of reals of dimension d, where 2 < d < n. A real valued function || ..., || on X™ satisfying the
following four conditions:

(1) |lx1,z2,...,xs|| = 0 if and only if x4, zo, ..., x, are linearly dependent in X;

(2) |lx1, 22, ..., xs|| is invariant under permutation;

(3) |laxy, 2, ..., xnll = |a|||z1, 22, ..., 2n]| for any a € R;

(4) |lz1 + 27, Ty ooy || < |21, 2y ooy T || + |27, T2, oy 2
is called an n-norm on X and (X, || -, ..., ||) is called an n—normed space over the field R.
For example (R™,|| -, ..., |g) where

lx1, z2, ..., x4 || g = the volume of the n-dimensional parallelopiped

spanned by the vectors z1, xs, ..., T,

which can also be written as
|‘$17x27 vy xn”E = | det(x”)|
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where z; = (41,22, ,Tin) € R™ for each i = 1,2,--- ,n. Let (X, ], ...,+]|) be an n—normed
space of dimension 2 < n < d and {a1,az, - ,a,} be linearly independent set in X. Then the
following function ||, ..., ||cc on X"~ ! defined by

||x17x27 "'7xn—1||00 = max{”Itha "'axn—laaiH A 1727 7”}

defines an (n — 1)-norm on X with respect to {a1,as,...,an}.
The standard n-norm on X, a real inner product space of dimension d < n is defined as follows:

[N

<171a IE1> o <5171a zn>
||1'1, T2, 7$7L||S =

(Tpyx1) -+ (Tp,Tn)

where (-,-) denotes the inner product on X. For n = 1 this n-norm is the usual norm ||z| =

(w1, 1) 7.
A sequence (x) in a n-normed space (X, ||, ..., -||) is said to converge to some L € X if
lim ||z — L,y21, ..., 2n—1]| =0  for every z1,..,2,-1 € X.
k—o0
A sequence (x1) in a n-normed space (X, ||, ...,||) is said to be Cauchy if
lim |zr —2p,21,..., 2n-1]| =0 for every =zi1,..,2z,-1 € X.
k,p—o0

If every Cauchy sequence in X converges to some L € X, then X is said to be complete with
respect to the n-norm. Any complete n-complete n-normed space is said to be n-Banach space.
The n-normed space has been studied in stretch [1, 12, 19, 25, 29].

Definition 2.14. (Modulus Function) A function f : [0,00) — [0,00) is called a modulus

function if it satisfies the following conditions
(i) f(z) =0 if and only if 2 = 0.
(ii) fzx+y) < f(z)+ f(y) for all z > 0 and y > 0.
(iii) f is increasing.
)

(iv) f is continuous from the right at 0.

Since |f(z) — f(y)| < f(Jx — yl), it follows from condition (iv) that f is continuous on [0, c0).
Furthermore, from condition (2) we have f(nz) < nf(x), for all n € N, and so

£) = f(na(2) < nf (£).

Hence +f(z) < f(%) for all n € N.

Let I be an admissible ideal, F' = (fpqr) be a sequence of modulus functions and (X, ||-,...,-|)
be a m-normed space. By wm(n — X) we denote the space of all triple sequences defined over
(X, ]]+---5-]). In the present paper we define the following sequence spaces
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’

EIAE ] = {1’: (Zpgr) Ew (n—X):V¥e>0, the set {(p,qﬂ“) ENXxNxN:

foar (|AZpgr — L, 21, -+, 2n—1]|) > €, for some L € C and z1,...,2n—1 € X} € I}
GIAF ..., " = {a:: (Tpqr) Ewm(n—X) :V e >0, the set {(p,q,r) eENXNxN:
Trar (|AZpgr, 21, 2n—1l]) 2 €, 21,00, 201 € X} € I}

’

BoAF, ) = {x: (2par) € (n = X): 3 K > 0 such that {<p,q,7~> ENxNxN:

p,q,r>1

sup {foar (1D%pars 21, s 201D} = Ko 21,ees2mos € X} e r}

and
MJ[A7F7H77|HI :CS[A7F7 ”77“]1 mego[AvF7 H77||]I
M(?[Aszl"?"'7'|HI :CS[A7F> ”77“][ ﬁéio[A,F, H77|”I

For F(z) = = we have

’

AN . = {mz (Tpqr) cw’ (n—X):Ve>0, the set {(p,q,r) ENXNxN:

|Azpgr — Ly 21, , 2n—1]| > €, for some L € C and z1,...,2n—1 EX} GI}

/

AIA .oy = {x: (2par) €W (n—X):Ve >0, the set {<p,q,r> ENXNxN:

||Aqu7’7zl7"' ,Zn—lH Z &y Zlye ey Zn—1 EX} EI}

oA .. = {x = (Tpgr) € wm(n—X) :3 K > 0 such that {(p,q,r) ENxNxN:
sup (”Aqur,Zl,"‘ az’ﬂle) > Kv Z1y...52n—1 € X} (S I}
p,q,r>1
and
Mg[A7H'7”'7'|HI:CS[Avn'v"-v'H]Imego[Av”'v-"a'”]I
MS[A,H,,|HI:CS[A,||,,”]IOZZ;O[A,”,7”]I

3 Algebraic and Topological Properties of the new Sequence spaces
Theorem 3.1. Let F' = (fpqr) be a sequence of modulus functions then the triple sequence spaces
CS[AvFvu’v""'H]Iv 03[AaF’”'a"'a'”]I7 ggo[AvFvH'v""'H]Iv M?’[AvF,”'v"'v'”]I and
MZ[A,F,||-,..., ][] all linear over the field C of complex numbers.



98 T.Jalal, I. A. Malik

Proof. We prove the result for the sequence space ¢3[A, F, ||-,...,||]!.
Let @ = (Tpgr), ¥ = (Ypgr) € SIAF, ..., ] and a, 8 € C, then there exist positive integers m,,
and ng such that |a| < m, and |8] < ng, then for 21, z3,..., 21 € X

I—lim fpqr (||Azpgr — L1, 21, ..., 2n—1|]) =0, for some L; € C.
I —lim fper (||Azpgr — L2, 21, ..., 2n—1|]) = 0, for some Ly € C.

Now for a given € > 0 we set

13
Cy = {(p,q,r) ENXNXN: foor(|AZpgr — L1, 21, - 2na|]) > 5} el (3.1

3
C2 = {(pv%r) ENXNxN: qur(”Aypqr —L2721,...,Zn71||) > 5} el (32)

Since F' = (fpqr) is a modulus function, so it is non-decreasing and convex, hence we get

foar ([(@AZpgr + BAYpgr) — (aLy + BL2), 21, .. -, 2n—1])
= fpar((@Azpgr — L) + (BAypgr — BL2), 215 - -, 2n—1l|)
< fpor(|l[[AZpgr — L1, 215 -+ oy 2n1ll) + Fpar (1B AYpgr — L2y 215+, 2n—1l])
= || fpgr (|1A2pgr — L1) + Bl fogr (| AYpgr — L2l)
< Mafpgr([|AZpgr — L1, 215 - Zn—1ll) + 18 fpgr (|1AYpgr — L2, 21, - -, 2n—1])-

From (3.1) and (3.2) we can write

{(p,q,7) e NXNXN: foor(|(@Azpgr + BAYpgr) — (@Lr + BL2), 21, .-, 2n—1]]) > e} € C1 U Ch.

Thus ax + By € S[AF,||-,...,- ]

Therefore c3[A, F, ||-,...,-||]' is a linear space.

In the same way we can show that other spaces are linear as well. Q.E.D.
Theorem 3.2. Let F' = (fyqr) be a sequence of modulus functions then the inclusions
AIAE .. ) CBAF |-, |])f €A F,]-,...,-]]]! holds .

Proof. The inclusion cj[A, F, [|-,...,-|]F € A, F,|-,..., ]! is obvious.

We prove Cg[AvF7 ||a ) ||]I C KZO[A,F, ||a ) ||]I

Let = (zpgr) € SA[AF, ..., ]]]! then there exists L € C such that I — lim foq (|| Azpgr —

L,Zl,...,Zn_ln) =0, 21,...,2p-1 € X.
Since F' = (fpqr) is a sequence of modulus functions so

foar (1AZpgrs 215 -+ -y 2n—1l) < fpor([|AZpgr — Ly 215+ - oy 2n—1ll) + fpgr(I1Ly 21, -+ 5 2n—1])-

On taking supremum over p, g and r on both sides gives

L= (qur) € éio[AaFa ||a BERE) ||]I

Hence the inclusion c3[A, F, [|-,...,[|]f € S[A, F,||-..., ]!

C A F,-,...,]]]! holds. Q.E.D.
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Theorem 3.3. The triple difference sequence c3[A, F, ||-,...,-[|]]f and MZ[A, F, ||, ...,||]! are solid.
Proof. We prove the result for ¢3[A, F, |-, ...,-[|].
Consider x = (Tpgr) € (A, F, ||+ ...+, then I —limy 40 fogr (| AZpgrs 215 - -, 2n—1]|) = 0.

Consider a sequence of scalar (cq,) such that o] <1 for all p,¢,r € N.
Then we have

I— ;iénr foar (|A0pqr (Tpgr), 21, - s 2n—1]) < T — |oggr] ;i?}n Spar (1A%pgrs 215 -y 201
<I- gig}, quT(HAquTv Blseees Zn—IH)
=0
Hence I —limy, ¢, fpqr (| A0pgrZpgrs 215 - - - 2n—1]) = 0 for all p,q,r € N.
Which gives (qpgrapgr) € [, |- .-, -[]F
Hence the sequence space c3[A, F, |-, ..., [|]! is solid.
The result for MZ[A, F, ||, ...,-|]]! can be similarly proved. Q.E.D.
Theorem 3.4. The triple difference sequence spaces cg[A, F,||-,...,-[[]F , SA F ..., ]F ,
A -], MP[AE ..., -|]]f and MS[A, F,||-,...,-||]' are sequence algebras.
Proof. We prove the result for c3[A, F, |-, ..., [|]f.
Let @ = (Zpgr), Y = (Ypgr) € BIA F |-, .
Then we have I —lim fpq (| AZpgr, 21, .-+, 2n—1]]) =0
and
I — hm qur(”Aypqmzh ey anlH) = 0
Now I —lim fper (|A(@pgr - Ypgr)s 215 - - - 2n—1]]) =0 as
A(Zpgr * Ypar) =Tpgr * Ypar — T(p+1)gr * Yp+1)ar — Tp(g+1)r " Yp(a+1)r — Tpg(r+1)°
Ypa(r+1) T Tp+1)(a+0)r Y+ (@+D)r T Te+1)a(r+1) * Yp+Da(r+) T
Lp(g+1)(r+1) *Yp(a+1)(r+1) ~ T(p+1)(g+1)(r+1) * Y(p+1)(g+1)(r+1)-
It implies that (Zpgr - Ypgr) € B[A, F ..o, ][]
Hence the proof.
The result can be proved for the spaces ¢3[A, F, [|-,...,-|[]7, €2 [A, F |- ..., )5, M3[AE, |- ..l
and MZ[A, F,||-,...,]|]! in the same way. Q.E.D.
Theorem 3.5. In general the sequence spaces cg[A,F, |- ...,-]f, S[AF-...,-|]} and
B AF,||,...,-|]]] are not convergence free.
Proof. We prove the result for the sequence space c®*[A, F,||-,...,-|]]’ using an example.

Example: Let I = Iy define the triple sequence = (zpq,) as
_JOo , ifp=qg=r
Trar =1 ,  otherwise.
Then if fpgr () = (Tpgr) ¥V pyq,7 € N, we have @ = (zpq,) € S[AF, |-, ..., |]]%.

Now define the sequence y = ypqr as

0 , ifrisodd,and p,geN
Ypar Ilmn otherwise.
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Then for fogr(z) = (pgr) ¥ p,q,7 €N, it is clear that y = (ypgr) € A ..., ]

Hence the sequence spaces c3[A, F, ||-,...,||]’ is not convergence free.

The space c3[A, F, |- ..., |]! and €3 [A, F,]|-,...,-|]]] are not convergence free in general can be
proved in the same fashion. Q.E.D.
Theorem 3.6. In general the triple difference sequences c3[A, F, ||, ..., [|]f and S[A, F, |-, ..., |

are not symmetric if I is neither maximal nor I = I.

Proof. We prove the result for the sequence space c3[A, F, ||, ...,-||]! using an example.
Example: Define the triple sequence x = (zpq) as

- 0 , ifr=1, forall p,geN
par A1, otherwise.

Then if fpgr (@) = (Tpgr) ¥V p,q,7 € N, we have x = (zp4) € 3[A, F, |-, ..., |[]%.
Now if x(pqr) be a rearrangement of x = (x,4,) defined as

. _J1 , for p,q,r even € K
mpar) =0 otherwise.

Then {xﬂ'(p,q,r)} ¢ Cg[Aa F7 Ha ceey ||]I as A'Tﬂ'(pq'r‘) =1.
Hence the sequence spaces cg[A, F, ||-,...,-||]! is not symmetric in general.
The space ¢3[A, F, ||, ..., || is not symmetric in general can be proved in the same fashion. q.e.p.

Theorem 3.7. Let F' = (fpqr) and G = (gpqr) be two sequences of modulus functions. Then
Z3AFE ..., 1N Z3A, G -] € Z2AF+G .

where Z = ¢y, ¢ and l.

Proof. We prove the result for Z = (. Let = (2pgr) € L3 [AF, ||, [T NEA, G, || ..., [1]E

Then for zq,...,2z,_1 € X we have

{(p,q,r) ENXNXN: sup {fpgr (1A%pgr, 21,7+ s 2n-1l])} > Kl} €1 for some K; >0

p,q,r>1

and

{(p,q,r) ENXNXN: sup {gpgr (|1 A%pgr, 21, 2n-1l])} > Kg} €I for some Ko > 0.

p,q;r>1
Now since
p;:‘:’zl{(qur +apqr) (|Aepar =10+ 1)) } TRy {fPW (lazparsz1s -+ zna]) + opar ([Azpar =1 zna) }
< p,;,urpzl {f:nqr (HAIP(ZTv 21 zn—lH) } + p,;.HTPZI {gpqr (HAquTv 21 zn—lH) }

Hence for K = max{K1, K2} we have

{(pqur) €ENXNxXN: sup {(qur+gpqr) (HA(qur,Zl,"' ,Zn1||)} 2 K} el

p,q,r>1
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Therefore & = (zpqr) € L3 [A F + G, ||+ ..., -] .
Hence
fio[A,F, ”’ ) ”]I ﬂ(ZO[A,G, ”7 RN ”]I - fgo[A,F + G’ ”7 RN ”]I
In the same way the inclusion for Z = ¢g, ¢ can be proved. Q.E.D.
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