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Abstract

In this paper, we give some approximation properties by Stancu-Kantorovich operators based
on inverse Podlya-Eggenberger distribution in the polynomial weighted space introduced in the
literature and obtain convergence properties of these operators by using Korovkin’s theorem.
We discuss the direct result and Voronovskaja type asymptotic formula.
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1 Introduction and preliminaries

The Pélya-Eggenberger (P-E) distribution was introduced by Eggenberger and Pdlya [5] in the year
1923. The P-E distribution with parameters (n, A, B, S) is defined as:

k—1 . n—k—1 .
(A . B
" ) HioUtis) iy (BEis) oy (1.1)
[[.=y (A+ B +is)

This gives the probability of getting k£ white balls out of n drawings from an urn contains A white

and B black balls, if each time one ball is drawn at random and then replaced together with S balls
of the same color. In literatures, the inverse Pélya-Eggenberger(I-P-E) distribution is defined as:

PIX k) = ( nt k-1 ) [Tis0 (A +is) [T12g (B + is)

g [T (A+ B +is)
gives the probability that k£ white balls are drawn preceding the n -th black ball. The details have
been given about these two distributions (1.1) and (1.2) in [7].

Using (1.1), Stancu [15] constructed a new class of linear positive operators associated to a
real-valued function f : [0,1] — R as follows.

oy = S lal (B s (0 Y iso @ i) [T (1w +ja) (k
Ff) kzzop"”“( )f(n> ,;)(k) (14 )1 +20)...(1+ (n—1)a) f(n) (13)

k=0,1,...n. (1.2)

For p > 0 and f € [0,1], Kajla and Araci [8] introduced Stancu-Kantorovich type operators
arising from Poélya-Eggenberger distribution as follows:
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. K+t
Kl (s ank / <n+1>dt, (1.4)

1
nomials and t["’h] =t{t—h)..(t—(n—=1)h).
Based on I-P-E (1.2), Stancu [16] studied a generalization of the Baskakov operators for a
real-valued function bounded on [0, c0), defined as:

2 e k > +k—1Y\ 1melglk—al /g
->otes(3) -5 (" e (B) oo

k=0 k=0

zlF=ad(1 — z)["=*—2l are the known Stancu’s fundamental poly-

The operators (1.5) include as a special case (o = 0), the Baskakov operators [1]

vmm—i( kol )ufjwf(ﬁ) (1.6)

k=0

In 1989, Razi [12] introduced the Bernstein-Kantorovich operatos based on Pélya-Eggenberger
distribution. In [11] was introduced the Bézier variant of genuine-Durrmeyer type operators having
Pélya basis functions. Deo et al. [2] considered a Stancu-Kantorovich operators based on inverse
Pdélya-Eggenberger distribution of the operators (1.5) and established some direct results. Very
recently, Dhamija et al. [4] considered the Stancu-Jain type hybrid operator based on inverse
Pélya- Eggenberger distribution and studied approximation properties of these operators which
include uniform convergence and degree of approximation. In this direction, significant contribution
are given in [9, 10, 13, 14].

For p > 0 and f € [0, 00), we introduce Stancu-Baskakov-Kantorovich operators based on inverse
Pélya-Eggenberger distribution (1.2), given by

o] Sl k+tP
Bl Z?)L;C / (n+1>dt (1.7)

=0

n+k—1 [n,—al gk, —a]
where vT[LaL(x) = ( i > W

2 Auxiliary results

Let N be the set of positive integers and Ng = N U {0}. We recall that the monomials e (z) = =¥,
for k € Ny called also test functions, play an important role in uniform approximation by linear
positive operators.The computation of the images of test functions by Stancu-Baskakov operators
(1.5) was done in [16], in order to prove a theorem concerning the uniform approximation.

In order to calculate the moments of the operators BLL we give a new representation of these
operators.
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Lemma 2.1. For p >0, @ > 0 and x € RT, we get

1o gE
BLQ] fix) = / oz B, p(f51)dt,
AR = GE T g e

where

[e’e] +k__1 tk 1 k+ L
Knp(fit) = Z(n k )(1+t)n+k/o f<n+81>ds’

k=0
and B(p,q), p,q > 0 is the Beta function.

Proof. Using the relationship between Euler’s functions

I'(p)I'(q)

Bp,q) = ma

where (p,q) and T'(r) are beta function of second kind and gamma function, respectively defined
by

oo up—l oo L
Bp,q) = /0 mdua F(T):/O u' e du,

with T'(r 4+ n) = 7(r + 1)AA...AA(r + n — 1)['(r), for natural number n, then we get

r(Z+k)T l+n
(Grea) <<)<)>
2<2+1>...<2+k—1)1“<2>-;(;—1—1)...(;—#11—1)1“(;)
<x21)<le+1>...<le+n+k1>F(x;_1>
- (! )lvi‘iww(j,;).

N k— 1\ ! 1
e = (M)A Hen

Hence

and it follows
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Blel(fi2) = ( >§:<n+k >B<a+k,;+n>/01f<lj;8;>ds

Bl & 1
- - n+k—1 | etk ! (k—s—y’) )
B 6<$ 1) (kz( )/O (1—|—t)lzw+n+kdt/0 f n+1 ds
1 0 4a—l
- ﬂ(ﬁ,;)/o (14¢)=" Ko p(F31)dt

Q.E.D.

Lemma 2.2. Let e,(t) =t", r € NU{0}. For p > 0, a > 0, we have

(OBl (eo;z) = 1
ii) Bl e;xr) = i T !
EBL ) = =’ T mrna+,)
(i) B (g 0) = n 22 n((3+p)+a(n—8+p(2a+n—2)))
n.p 62 (n+1)(1—a)(1—2a) (n+1)2(1+p)(1 —a)(1—2a)
1

LS IR

Lemma 2.3. Taking Lemma 2.2 into the account, we get the following central moments:

DBl " )\ B S
5ns (e )+ wrmars
a(2a(n+2)+n—3)+lx2 (n—2)(14+p)(na+1)+2a(3—2a+na(p—2))
(n+1)(1—a)(1—2a) (n+1)2(1+p)(1 —a)(l - 2a)
1

Itz

(e1 — x;2)

(i) B ((er —2)%2) =

Lemma 2.4. If « — 0 as n — oo and lim,_,, na = a € R, then

()nlin;OnB[ }(81 —zx) = ﬁ
(i7) lim nBl* ]((el —2)%2) = (a4 1z(l +x).

n—oo

3 Approximation in weighted spaces

We now give the Gadzhiev’s results in weighted spaces. Therefore we need to introduce the notations
of [6]. Let p(z) =1+ 2% —o0 < & < oo and B, be the set of all functions f defined on the real
axis satisfying the condition | f(z) |< Myp(x) Where Mf is a constant depending only on f. B,

is a normed space with the norm || f ||,= sup$>0 f € B,. C, denotes the subspace of all

a:)’
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continuous functions belonging to B, and C’; denotes the subspace of all functions f € C, with
lim 4|00 pEx) = k where k is a constant depending on f.

Theorem 3.1. Let (B,) be the sequence of positive linear operators which act from C, to B,
such that ‘ .

lim ||B,(t";z)—2a',=0, ¢€{0,1,2}.

n—oo

Then for any function f € C :f
Tim | Buf — /], =0.

and there exists a function f* € C,\C}

lim || B, f* = f*||, > 1.

n—oo
Theorem 3.2. Let BLQL be the sequence of positive linear operators defined by (1.7) and p(z) =
1+ 2%, o € Ny depending on n € N, with o — 0, as n — co. Then for each f € C’g

lim [[BI,(f:2) = f(@)], = 0.

Proof. Tt is enough to prove that the conditions of the weighted Korovkin type theorem given by
Theorem 3.1 are satisfied. From Lemma 2.2 (i), it is immediate that

i |1BY (eoi2) — 1], = 0. (3.1)

Using Lemma 2.2 (ii), we have

||B (e x) — | _<n_1> su T4 ! su 1
BT e =\ D) ) e 1ta? DA +p) eemy 1+ a2

Hence we obtain
lim | B} (e1; ) — all, = 0. (3:2)

By means of Lemma 2.2 (iii), we get

o 9 a2an+2 )+n—3)+1 x?
HB[ ](62, z)—z°, ( (1 —a)(1 - 2a) >xeR01+$2
n72)(1+p)(na+1)+2a(372a+na(pf2)) x
+< (n+1)2(1+p)(1 — a)(1 — 2a) >$ﬁ1+$

1 1
+ su
(n+ 1)2(1+ 20) aety 1 + a2
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Tim B (e3;2) — 22, = 0. (33)

From (3.1), (3.2) and (3.3), for 7 € {0, 1,2}, we have
Jim [|By (¢ 2) — '], = 0.
Applying Theorem 3.1, we obtain the desired result. Q.E.D.

4 Direct results

In this section we discuss the direct result and Voronovskaja type asymptotic formula for the

operators B,[La]p By Cgl0, 00), we denote the space of real-valued continuous and bounded functions

f defined on the interval [0, 00). The norm || - || on the space Cg[0,c0) is given by
I fll= sup [f(x)].
0<z <00

Further let us consider the following K-functional:

Ka(f,0) = mf {Ilf =gl +01lg" I}

Where § > 0 and W2 = {g € C5[0,00) : ¢, ¢ € Cp[0,00)}. By Theorem 2.4 of [3], there exists an
absolute constant C' > 0 such that

Ks(f,0) < Cuws(f,V6) (4.1)
where

wo(f, Vo) = sup sup | f(z+2h) —2f(x+h)+ f(z) |
0<h<+/5 2€[0,00)

is the second order modulus of smoothness of f € Cp[0,00). The usual modulus of continuity of
f € Cgl0,00) is defined by

w(f,0)= sup sup | f(z+h)—f(z)].

0<h<d z€[0,00)

Theorem 4.1. For f € Cp[0,00), we have

| Bl i)~ 1(0) < Cnl18) +en (1. | (e )=+ WD

where

5= \/BL?‘L«el —a)%a) + ((Mﬁl_a) - 1)93* <n+1>1<1+p>>
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Proof. Introduce auxiliary operators as follows:
n 1

T+ + f(x).
=t ) H©

These operators are linear and preserve the linear functions in view of Lemma 2.2. Let g € W2
and z,t € [0,00). Then from the Taylor’s expansion, we get

s

BEL(Fa) = B - (g

t

o) =g(a) + g (@)t~ )+ [ (¢ w)g" (w)d

x

Applying Bl ]( x), we get

B (g:2) — gla) = ¢/ () B2 (¢ — a ) + BLY ( / <t—u>g"<u>du;x),

Bt ( ')

i ')
mFDa=a *t (n+1)l(l+p) n 1

+ + _ 2 d

/ (<n+1><1a>”” CESNED) “)g (u)du

(-0l ||+((m+1)”(1_®—1)x+m)2lg"||

and hence

Bll(g:z) - g(x)

IN

t—ul [g"(u)|dul;

IA

t—x |l g"(w) | dul:

IA

ol
B
!

8

o (4 _ 2. _n o Ny
< B’W((t x)’x%(((nﬂ)a—a) 1>“<n+1><1+p>””g |
=6 g"|| -
Since
on, o] ’Ht)
| BEL) | < ;)vn,k«c)/of(n+ a<) £,
it follows,

| Bl (fi2) = fx) | < | BEL(f —gix) = (f — 9)() | + | B (g;2) — g(z) |
n 1
’f<n+1(1—a)x+(n+1)(1+p))_f(x)

< N fogl 48 g" || 4w (f,

()= G )

Taking infimum over all g € W2, we get

s

| BIL(fi2) — f(2) |< CRa(f.6%) + (f,

(Gmo=s )"+ e
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In view of (4.1),

e L 1)}

This completes the proof. Q.E.D.

| Bl (i) — 1(0) < Cnl18) +en (1. |(

)

Let B,2[0,00)= {f : for every z € [0,00), | f(z) | < Ms(1+ x?), M; being a constant
depending on f}.

We denote by C,2[0, 00), the space of all continuous functions on [0, 00) belonging to B,:2[0, c0).
Our next result in this section is the Voronovskaja type asymptotic formula:

Theorem 4.2.  For any function f € C,2[0,00) such that f’, f” € Cp2[0,00), @« — 0 as n — o0
and lim,, ... na = a € R, we have

nli_}rr;Qn[kaL(f;x)—f(m)} = m

for every x > 0.

Proof. Let f, f', f"" € C3]0,00) and x € [0,00) be fixed. By Taylor expansion we can write

(t —x)?

@)+ it a)(t - )

fO) = fl@)+-2)f(x)+

where r (¢, z) is the Peano form of the remainder, r(¢,z) € Cg[0,00) and lim;_,, r(¢,2) = 0. Apply-

al

ing By[hp, we get

nBE ()~ J@) = f Bl aa) + LB (- )% 0) 4B, 0) ¢ - )% ).
Therefore,
ti nlBIEL(32) ~ S@)] = ) Jim nBlh - aia) + L0t Bl - %)

. a 2.
—|—nh_)r{.1<> nBL’L(T(t,x)(t —xz)%x)

_ 1 / (a + 1)33(1 + J}) 17 . a) 2
= mf () + ff () + 7}1_{1010 an,p(r(t’w)(t — )% )
(I (a+ 1Dzl +2) .,
- RSk Sl 4 E
)+ ) +
By Cauchy-Schwarz inequality, we have
| E|< lim nBl)(r2(t,2);2)2 B ((t — 2)t o). (4.2)

n—roo
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Observe that r2(x,z) = 0 and r%(-,z) € C3[0,00). Then, it follows that

lim nB[O‘]( 2(t,x);2) = (r¥(z,z);2) =0 (4.3)

n—oo

uniformly with respect to 2 € [0, A]. Now from (4.2) and (4.3) it follows

; a 2. _
nhHH;O an})(r(t,:c)(t —z)5z) = 0.
Hence, £ = 0. Thus, we have
) 1 (a+1)z(l+2)
[o] . _ — = "
Jim nlBE(fia) — f@)] = o f @)+ S )
which completes the proof. Q.E.D.

Theorem 4.3. If f € Cg[0,0), then B,[ff;, operators verify the following inequality:

[Bieb(f:2) = F(@)] < 20(f,0n(a))

5% = 62(a) — a(2a(n+2)+n—3)+1a2+(n—2)(1+p)(na+l)+2a(3—2a+na(p—2))a
= 1)1 —a)(1=2a) i+ D21+ p)(1—a)(1 - 2a)
1

T2

Proof. Knowing that Stancu-Kantorovich operators (1.7) preserve constants and using the well-
known property of modulus of continuity

5@ -1 < w(ile-yh < (1 Fle-y] Ju(ro),

it follows

BRG] < 3l / 1 ’f(i 1 v ) ~ @l

IN

INA
—N
—_
oﬂ»—‘
e
:_
\

>~
+
~
A
&
—
N

Using the Cauchy-Schwartz inequality, we obtain

B - i@l < fre3( Skl /Ol(ijtf—x)gdt)é}mjf,@

k=0

_ {1+1\/B[ (ex — )2:2) ol £.6). (4.4)
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By means of Lemma 2.3 (ii), for 0 < z < a, one gets

a2a(n+2)+n-3)+1 5, (n—=2)(14p)(na+1)+2a(3—2a+na(p—2))

Bl 2. <
(=% < G e (+ 120+ )1 —a)d—2a)
+ : (4.5)
(n+1)2(1+2p) '
Using (4.5) and taking 6% := §2(a) in (4.4), we obtain the desired result. Q.E.D.

Theorem 4.4. If f is a differentiable function on [0, c0) and f € Cg[0, 00) , then for any = € [0, c0)
and 6 > 0, it follows

n

CESES I 1)”3 TSI f'(@) + 20w (f',0),

Bl (fi2) = fla)] = ’(

2

with 6 = <B,;f})(<el @2;:0)) .

Proof. Starting with the identity

we get for £ between t and x

[f(t) = f(@) = f@)t—2)] = [f(&)— (@)t -2,

using the Lagrange mean value theorem (f(t) — f(z) = f/(&)(t — z), with £ between ¢t and z).
Because |€ — z| < |t — x|, it follows

PO < writ-ah< (145 t-a] Juls0),

and

10~ @) - F@ -0 < (Te-a]45 -2 ("0,

Applying the linear positive Stancu-Baskakov-Kantorovich operators (1.7) to the inequality

10 =@l < 1F@E-al+ (1e-ol 45— )ulro)
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obtained from (4.6) and the above relations, it follows

|BieL(fi2) = f(2)] < f'(2)| B (er — 5 2)

+ (Bl er—ai0)+ 3B (e —0%a) Jul 1 9). (41

The Cauchy-Schwarz inequality for linear positive operators leads to

2

Bl (| e~ ;) < (B,fﬂp<6>o;sc>>é (BN - 0%0) (48)

s

Using the relation (4.8) and the result presented Lemma 2.3, the inequality (4.7) become

IBld(f;2) — f(z)] = () + 20w(f’, ),

(Frm=a ) wroass
w1th6—( A (CRE x))2

Now we present ordinary approximation in terms of Lipschitz constant defined by

lip (ﬁ)—{feC 0,00) 1| £(8) - F(a) |< w2 (4.9)
1PM B|U,00) X)) | (t+x)§ s .

where M is a positive constant and 0 < g < 1. Q.E.D.

Theorem 4.5. Let f € Cp[0,00). Then for any « € [0, 00), the following inequality holds:

B (fa) - f@) < M(d?%) ,

X

where cpwp B[of})((el — )% ).

Proof. Let us prove the theorem for the case 0 < 8 < 1, applying Holder’s inequality with p = %,
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Therefore, the proof is completed.
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