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We prove that the class of Skorohod integral processes coincides with a class of It integrals. Using
the techniques of the classical It6 stochastic calculus, we develop a new stochastic calculus for
Skorohod integral processes, different from that introduced by Nualart and Pardoux.
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1. Introduction

The anticipating integral, or the Skorohod integral, is an extension of the It0 integral to
non-adapted integrands and coincides with the Itd integral when the integrand is adapted.

The aim of this work is to present a different approach to the anticipating stochastic
calculus, extending the results of the martingale theory. We study anticipating integral
processes (X)er, with X, = fot us dW. These processes are not martingales, since they are
not adapted to the Brownian filtration (F,),cr. But they satisfy an interesting property, that
is, if [, e denotes the o-algebra generated by the increments of the Wiener process W on
T\[s, t], then

E(X, — X,|Fi,q¢) = 0. )

Relation (1) implies immediately that the projection of X, on the Brownian filtration is a
martingale. Indeed, by (1), E(X,|F,) = E(X;|F,) and, if we put Z, = E[X,|F,], we have

E(Z,/F,) = EE[X,|F)|F,) = E[X/|F,] = E[X,|F,] = Z,.

We will see that every Skorohod integral process X, can be written as an ‘Itd’ integral of the
form Y, = fot E[vg|Fie,qe]JdW,, where v is a square-integrable process depending on u. The
integral Y is an isometry since, by the mean square formula for the Skorohod integral,

t t
[E(J [E[uauﬁa,,]qdwa) = [ (FleulFun]) da,
0 0

and it has another important property, that it can be viewed as a limit almost surely of a
certain uniformly integrable martingale. This fact will allow us to develop a parallel
stochastic calculus for anticipating integrals, different from that introduced in Nualart and
Pardoux (1988) but coinciding with it in the adapted case. We believe that our construction
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gives a more probabilistic approach to the anticipating stochastic calculus, opening up the
possibility of defining stopping times or almost sure limits for Skorohod integrals. We plan to
study these problems further.

Section 2 contains some preliminaries on the Malliavin calculus. In Section 3 we show
the connection between the class of Skorohod integrals and a class of isometric ‘It0’
integrals. We show that, at every instant ¢, the integral X, is the last element of a uniformly
integrable martingale. We derive an anticipating 1t0 formula from the classical 1t6 formula
and we introduce a generalized local time for anticipating integral processes. Some
immediate consequences — Burkholder inequalities for anticipating processes and an
Ito formula for the product of a martingale and a backward martingale — are given in
Section 4.

2. Preliminaries

Let 7 =[0, 1], the unit interval. Denote by(W,);cr the standard Wiener process on the
canonical Wiener space (Q, [, P), and let (F,);cr be the natural filtration generated by W.
A functional of the Brownian motion of the form

F=fW,,....W,) with 71, ..., t, € T, f € C;(R"), (2)

is called a smooth random variable, and this class is denoted by S.
The Malliavin derivative is defined on S as

"9
D,F = Za—i(W,l, s W) 0.n(0), teT,
=1

if F has the form (2). The operator D is closable and can be extended to the closure of S
with respect to the seminorm

k
IFI7, =EF|”+) E|DVF|
j=1

P
Lr(TV)

(D denoting the ith iterated derivative). Note that if F is [ 4,-measurable (4 being a Borel
subset of R), then DF =0 on 4¢ X Q.

The adjoint of D is denoted by 0 and is called the Skorohod integral. That is, O is
defined on its domain

T
Dom(d) = {u € L*(T X Q)‘[EJ usDyFds
0

< C|F|Lz<g>}

and is given by the duality relationship

T
E(FO(u)) = [EJ ugsDsFds, u € Dom(0), F € S.
0
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Recall the formula for the covariance of two Skorohod integrals,

T

T T
Uy Vg da+[EJ J DguyD,vg dadp. 3)
0Jo

E(0(1)0(v)) = [EJ

0

Also recall the commutativity relationship between the derivative operator and the Skorohod
integral: if u € Dom(d) with D,u € Dom(d), then

D;6(u) = u, + 8(Dyu), te T. 4)

By L%? we denote the set LP(T; D*?), for k =1 and p =2, and L°>? =,_, L*7. Note
that 157 is a subset of the domain of d. Meyer’s inequality implies

E[6G|” < [lull{ - )

The following generalized Ocone—Clark formula was given in Nualart and Pardoux (1988):

t

F = E(F|Fi50¢) + J'[E(DGFHF[Q,ﬂf)dWa, for Fe D2 (6)

N

If the process u € L2, then ul, belongs to Dom(d) for every #, and we can consider the
indefinite Skorohod integral X, = 0 (ulj) = fot ug dWs.

3. Martingale-type stochastic calculus for anticipating integral
processes

3.1. Representation for anticipating integrals and Ito formula

Our construction is based on the following observation. Let X, = fot u, dW, be a Skorohod
integral process with integrand regular enough in the Malliavin sense (e.g., u € [>?), and let
us apply (6) to the integrand u. By interchanging the two Skorohod integrals (see Nualart
and Zakai 1988), we obtain

t tpt
X, = | EfualFrag ], + J E[DttalFyp.0:] W5 TV,
0 0Ja

t

t /B
= O[E[ua“]:[a,f]L}dWa_'_ O(JO[E[Dﬁua[’:[ﬂ’t]c]dWa>dWﬁ

! t B
= E I:l/la ||]:[(1,t]‘} dWa + |:[E <J Dﬁua dWa> |[F[ﬁ’,]c:| dWﬂ
0 0 0

Let rg = ff Dgug dW,. Thus, if v =u+ r, X, can be written as

1
Xt - J [E[an:[a’t](‘]dwa.
0
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Let us define, for £k =1 and p = 2, the sets of processes

t

MEP = {X (Xier, X; :J

uSdWS‘y u E [I—k’p}
0

and
t
NHEP = {Y =Yer, Y1 = J [E[Usw:[s,t]“]dWs, ve [l—k’p}-
0

We refer to the elements of N'%? as Ité—Skorohod integral processes.
The following two propositions will show that there exists a strong relation between the
class of Skorohod integrals and the class of Ito—Skorohod integrals.

Proposition 1. Let u = (u;);er be a stochastic process belonging to the Sobolev space
L5P, with k=3, p>2. Then there exists a unique process v € L¥2P such that
X, = fot [E[Ua|[F[a,t]c]dWa for every t € T. Moreover, v. = u. + fo DugdW,.

Proof. The existence of v follows from computations given above. Let us show that it
belongs to L¥~>7. Write r, = fot Dsuy dW;. By Meyer’s inequality and the properties (4) and
(5) of the Skorohod integral,

1|7, < EJT\a(Dtu.l[O,,](-))Vdz+ E T|Dsa(p,u.1[0,,](.))|Pdsdt

| Dug|? dsde + E J \6(DSD,u.1[0’t](.))|P dsdt)
T r)r

|Dug|P dsdt + E J |DsDug|? dsdt da
T )1

T

=+ [EJ J |DrDstua|pdrdsdtda> = Cp||u||’3’ b
rJrlrlr ’

In general, it is no more difficult to prove that ||7|/—2 , < C,|ul|« p.

Suppose now that there exists another process v’ € L¥27 satisfying X, =
fot E[ve|rla,qe1dW,, for every t € T, and let z= v —v'. Then f(;[E[zaHF[a,t]‘-]dWa =0 and,
taking the Malliavin derivative, we obtain, by (4),

t

1[0,,](S)[E [Zslﬂ:[s,,]c} + J [E[Dszaw:[a,t]f]dWa =0.
We know (see Nualart 1995) that a Skorohod integral process has a continuous modification
if the integrand belongs to -7 with p > 2. Therefore, taking the limit as ¢ — s in the above
identity, we obtain z=0 on T X Q. ]

We show that also the Ito—Skorohod integral processes can be written as a Skorohod
integral process.
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Proposition 2. Let (v,),cr be a stochastic process in 5P, with k =3 and p > 2. Then the
process Y = (Y)ier, Y= fot [E[Ua|[F[a,,]c]dWa, admits a Skorohod integral representation,
that is, there exists a unique process u € L*">? such that Y, = jot u, dWs, for every t € T.
Moreover, u is given by

t
Uy = Uy — J [E[Dtvslﬂ:[s,t]c}dWs- (7)
0

Proof. Existence. We will use the criteria of Minh Duc and Nualart (1990) to show that the
process Y admits a Skorohod integral representation. By Proposition 2.1 of Minh Duc and
Nualart (1990) we have to prove that the following properties are satisfied:

(a) Yo=0.

(b) Y, € L*(Q) for every t € T.

(C) [E(Yt — YS|H:[s,t]") = 0.

dIfA: 0=t <t <...<t,=1 denotes a partition of 7, the quadratic variation

V(Y) :=suppa EX 10 (Y,,, — Y,)? is finite.
Clearly, conditions (a) and (b) are satisfied. To see (c), we note that

t

E(Y,|Froqe) = [EU

[EI:Ua“]:[a,t]“:ldWa||]:[S,l]C:| :J [E[Ua“]:[a’,]n}dWa
0 0

= HE |:JO[E[an:[a’S]L]dWa“F[S’t]L] = [E(YS“]:[S,Z‘]")'

Concerning (d), we have, by (3),

iy 2
[E(Yfi+1 - Yfi)z = HE(J [E[Ual[’:[a,fiﬂ]"]dWa)
0

tiy1 t ti 2
—2F (J I]E[Ua“]:[a,tiﬂ]f}dWa) (J [E[Ua|[F[a,t,]f]dWa> + (J [E[Ua“]:[a,t,-]f]dWa)
0

0 0

iyl
_ [EJ E [vaFro ] do + [EJ (E[valFia ] — E[valFia ]’ da. (8)

t
I 0
Another application of (6) and the properties of the Malliavin derivative yields, for a < ¢,

E[ValFra,urc] = E[valFia,1e] = E[valFrae] — E[E[valFra, e [Fra s, e]

it
= J [E[UE [Dﬂv(xw:[a,ti]”] n:[ﬂ,fwl][‘]dWIB’

ti

and therefore
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tiy1

E([E[Ua“]:[a,t,]‘} - [E[U(z||]:[(1,ti+|]f])2 = [EJ ([E[[E[Dﬁvaw:[a,t,»]"]

ti

[F[ﬁ,liﬂ]”] )2 dﬁ

< [EJ f“(l)ﬂua)2 dp. 9)

t

Finally, by (8) and (9), we obtain that supa [EZ;’:_()] (Y., — Y.)* is bounded by

i+1

1

n—1 tiv) n—1 tivy 1
sup [EZ [EJ fo da +sup E [EJ J (Dﬂv&)2 dadp < ||UH%2 < 0.
A0 A =0

t; t; Jo

The next step is to find an expression for u in terms of v. In order to do that, we
consider the limits

[H(Q) — lim D; Y, and [H(Q) — lim D, Y, .,
E— E—

and we have that
u; 4+ 6(1po,nDiu) = v, and 8(1jo,qDsu) = 6 (110, qE[Dyv| F(g¢])- (10)

Therefore (7) holds and, as in the proof of Propostition 1, u € L*=27,

Uniqueness. Suppose that there exists another process u' € L¥>7 satisfying Y, =
fot u,dW,. Then the difference z = u — u’ satisfies jot zydW, =0 for every ¢ and therefore
its quadratic variation, which equals J}; z%ds, is zero. This completes the proof.

O

Remark 1. 1f the process v in Proposition 2 is adapted, then u = v. Otherwise this is not true,
although averaging over the future time dependence should intuitively act in a smoothing
manner over the integrand.

Remark 2. Formula (7) can be understood as the effect of the symmetrization of the kernels
appearing in the chaotic expression of the Skorohod integral. Recall that if the process u
admits the Wiener—Ito chaos expansion u, =Y, 1,(f.(-, f)), where I, is the multiple
Wiener—It6 integral of order n and © - * denotes n variables, then o(u) = >, I o(fn), with £,
denoting the symmetrization of f, in n+ 1 variables.

Remark 3. Relation (7) can be directly verified in the case where u = DF, with F € D', We
will use the notation F, for Fp . We note that, by (6), ry = DoF — E[DyF|Fy], and
therefore

T T

E[Dy FIFoc]d W, — J E[ Dy FIFoc]d e

t

t t
J (e — 1) AWy — J E[De F|F AW, — J
0 0 0

t
= F—E[F|F,] = J E[DyF|Fio,nc]dWy.
0
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Remark 4. 1f v e L'? with p>2, then we can prove that the process Y, Y, =
fot [E[USH]:[S, []c]dWs, admits a continuous modification. Indeed, using (6) and the
Kolmogorov criterion,

S

t
Vim Y= | el aWe -+ | (ool - Elod ] Jawe
s 0

t s rt
— | EleulFea]d, ~ | [ EELDmalFrosr Fipa ] ] aw,
K 0Js

and therefore, if C, is a generic constant depending only on p and ||u|; .

t St
E|Y, — Y|? < Cp(t — 5)P/*7! (J Elug|? da +J J E|Dputg

0Js

P
dg da) < C,(t—s)P* .

As a consequence the processes X and Y from Propositions 1 and 2 coincide as stochastic
processes.
Our main result is a consequence of Propositions 1 and 2 and of Remarks 1-4.

Theorem 1. For every p > 2, the sets of stochastic processes M°P and NP coincide.

Since the Ito—Skorohod integrals are also indefinite Skorohod integrals, the Skorohod
stochastic calculus developed in Nualart and Pardoux (1988) or Nualart (1995) can be
applied to Y. We now state an It6 formula in the Skorohod sense for Ito—Skorohod integral
processes.

Proposition 3. Let F € CX(R) and denote, for every te€ T, r,=6(l10.qE[Dsu|F( ge]).
Assume that u— r € 1>, and let Y, = Jg [E[ua\F[a,t]c]dWa. Then the following Ité formula
holds for the process Y;:

F(Y,) = F(0) + jOF'(Ya)(ua AW+

5 JrF”(Ya)(ui — ) da. (11)

0

Proof. By (7), Y, can be written as Y, = fot U, AW, with v, = uy — r, € L>*. We can write
1t6’s formula for Skorohod integrals (see Nualart 1995) as

t 1 t t
F(Y) = F(©0)+ J F' (Y )v, dW, + EJ F"(Ya)l]i da + J F”(Ya)l)aé(1(07(1)Dul)) da
0 0 0
and since, by (10), 8(1jo,gDw) = r, for every ¢ € T, we obtain

F(Y))

t t 1 t
FO+ | P = ) W+ | P (T, da =3 | F(r02
0 0 0

FO = [ P00 = a3 P = e
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Remark 5. If the integrand u is adapted to the Brownian filtration, then D,u; = 0 for a > s
and therefore » =0 on T X Q. We thus retrieve the classical 1t6 formula. Note that the
quadratic variation of ¥ is [j(uy — ro)?da if u —r e L2,

3.2. Ito-type stochastic calculus for anticipating integrals

We have just shown that the Skorohod stochastic calculus can be used for a process
Y € N%P if the integrand u belongs to a large enough Sobolev space. We are now
interested in the converse direction. That is, since a process in N/%? seems to be ‘nicer’
than a Skorohod integral process, can we find interesting properties for a Skorohod integral
process using the properties of the processes in N %7?

First, note that the integral Y, = j(; E[ua|Fia,n:|dWe exists even for u € LX(T X Q) and
has similarities with a classical Ito integral. Observe that this integral is an ‘isometry’ in the
sense that

t 2 t
2
IE(J [E[uaw:[a,z]f]dWa) = [EJ ([E [ua|[F[a,,]cD da.
0 0

The following lemma will be the basic tool for developing an ‘It0’-type stochastic calculus
for anticipating processes.

Lemma 1. For every A < t and u € L*(T X Q), let us define Y’} by

A
YA = J E [t Fre, e ] d W (12)
0
Then for fixed t € T, the process (Y’})AQ is an Fy - martingale and we have
i lirﬁl Y’} = Y, almost surely and in L*. (13)
—StASst

Proof. 1t easy to see that we can express Y’} as

t
Y; = {[EOO[E[”aI[F[a,sz]dWa)“ﬂmr} = E(Y/|Fpqe)

A
= |:[E <JO[E[MQ|[F[Q,MC} dWa> |[F[L[]c:| = [E(Y}.“]:[l,t]‘)

The key observation is that, for every ¢ € 7, the process (Y ;)

is an F; ;o martingale and
[A(Q) — lim;_;<, Y* = ¥,. Indeed,

At

t t
lim ||Y§ — Y,”sz(Q) = lim [E(Jl[E[Maw:[a’t]c]dWa) = lim [EJ ([E[ua|[F[a,,]c])2 da = 0.

A—tAs<t A—tAst A—tist ),

Since



Martingale-type stochastic calculus for anticipating integral processes 321

A
sup E|Y*?> = sup [EJ
A= VES

A
2
(EfialFror])” da < E| 1 da = v
0 0

the martingale (Y ,) =, is uniformly integrable and, by the martingale convergence theorem,
we obtain that the prior limit exists almost surely. O

Property (13) will be the key to developing an alternative stochastic calculus for
anticipating integral processes. In general, we will use the classical 1t6 theory for Y’} and
take the limits almost surely as 4 goes to ¢.

A different Ito6 formula can be derived for It6—Skorohod integral processes using the
martingale stochastic calculus.

Proposition 4. Let f € C}(R), u € LX(T X Q) and Y, = [ E[ua|Fr,nc]dWe. Then

” 2
1) = 10+ [ 1 ODELwlFpa Wy + 5| P ODELglFral) 8. (9
Proof. Let us write 1t6’s formula for (Y’ ’1),1< ¢ which is an F; jc-martingale
” 2
SO = 1)+ J £ YE gl Fip ] a5 + J PO EFaa]) dp (5)
Note that
R "oy
My = Jof'(Yz)[E[”ﬁlfF[ﬁ,rr]dWﬁ = [EUof’(Yf)[E[”ﬁI[F[ﬁ,szWﬁI[Fu,ﬂf
is again an J; ;--martingale converging almost surely (see the proof of Lemma 1) to
g
Lf’(Y,)[E [ug|Fig,nc | dWp.
Letting A — ¢, we obtain almost surely

f(Yt)—f(o)“‘Jf(Yﬂ)[E[“ﬁ“F[ﬂt]]dWﬁ+ Jf”(Yﬂ)( [up]Fip.0:])* dB.

Since a Skorohod integral process can be written as

t t
X, = J u, dw, = J [E[(ua + ra|[F[a,t]c]dWa
0 0

if 7, = 8(1j0,q)Datt), an 1td formula for X can be written as

FXD) = £(0) + j SN [(up + )| Fypge ] AW + = J £ (E g + rp)lFe])” 0B
(16)
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where X/f = foﬁ E[(us + r)|Frs e 1dWs.
We can also generalize the Tanaka formula and introduce an extension of the martingale
local time. By the Tanaka formula for ¥*, we obtain

v
|Y’,1 —a| =la| + Jo sgn(Y[f)lE [uﬂ|[F[ﬁ’t]c]dWﬂ + L’}(a), (17)
where the local time (L’}(a))gg, satisfies
j) . 1 A B 2
Lit@) = lim 5| Ta-cara D) (EuslFsc])” 05 (18)

and the occupation time formula: for every Borel function @,

A 00
Joq)(Y[:) ([E [uﬁlﬂ:[ﬂ’t]c] )2 dg = J7 (I)(a)L/}(a) da. (19)

Taking the limit as A — ¢ in (17), it is clear that the following limits exist almost surely
and, by the dominated convergence theorem, in L*(Q):

A t
|Y’}—a|—> |Y; —a| and J sgn(Y/f)dWﬁ—>J sgn(Y[f)dWﬁ.
0 0

Proposition 5. For every t € T, let (L’}(a))aeR,Kt be the local time of the martingale (Y’}),K,
given by (12). Then, for every a real and t € T, the following limit exists in L* and almost
surely:

Lia) = l£?<tL§(a).

Definition 1. The process (L(a))qcr cT given by Proposition 4 will be called the generalized
local time of the Ito—Skorohod process Y.

Obviously, by (17), (18) and (19), we can prove the following result.

Proposition 6. Let (L(a))scr cr be the generalized local time of the 1to—Skorohod integral
process Y, = fo, Elua|Fra.neldWo with u € L*(T X Q), and let ® be a Borel function. Then
we have the Tanaka formula,

t
|Y, — a| = |4 +J sgn(Y? — a)E[ug|Fip,q:]dWs + Li(a),
0

the occupation time formula,

{o.¢]

L(I)(Y/f)([E [ug|Fipne])* dB = J ®(a)L(a)da,

—00

and
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1
Li(a) = hm 1o J Lia—e,are) (Y )( [”ﬁ“F[ﬂ,t]’])z dp.

Using the same arguments as before, if u € [>? and X, = fo u, dW,, we can define a
generalized local time for X as

Lf (a) = }lim Lf( ’l(a) almost surely in L?
—1

Lf”l(a) being the local time of the martingale X’} = fé E(ug + 0(110,51Dpu))| Fp,0) dWg, and
the results of Proposition 5 will hold with u, + d(1j,qD,u) instead of u,.

Remark 6. In Imkeller and Nualart (1994) a local time IX (a) of the anticipating process

fo ug dW, was introduced as the density of the occupation measure u(B) =
f 15(X)ds, where B is a subset of the real line. Its existence is proved using non-trivial
conditions on the integrand. This local time satisfies the Tanaka formula

t
X, —a)" = (—a) + J Loy (Xo)uts AW, + (),
0

where 2 (a) = Jo s (ug + 75) I(ds, a) and 7, = O(1jo, Dsu). The processes L* and 1X do not
coincide in general, they coincide only if the integrand is adapted, but they always have the
same expectation.

4. Some consequences

The aim of this section is to present some applications of the stochastic calculus introduced
in this paper. We do not claim to give an exhaustive list of possible consequences. We
believe that the correspondence between Skorohod and Ito—Skorohod integrals could open
the door to further exploitation. We have chosen here only two immediate facts. The first
concerns Burkholder inequalities for Skorohod integrals. The upper bound is a version of
Meyer’s inequality, and the lower bound seems to be new and interesting in itself. The
second consists of an Ito formula for the product of a martingale and a backward
martingale; in a particular case we find rather surprising identities for the functionals of the
Brownian motion.

4.1. Burkholder inequalities for Skorohod integrals

Proposition 7. Let u € L*(T X Q), and let Y be the It6—Skorohod integral process of u.
Then, for every t € T and p real, there exist two constants, c¢i(p) > 0 and cy(p) > 0, such
that

t

t P P
c1(p)E (L (E [ua|[F[a’t](,])2 da) < E|Y,)*” < c2(p)E (L (E [ua|[F[a’t](,])2 da) . (23)

Proof. For the upper bound, we can write, by the classical Burkholder inequality,
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! p
E7, [ < [E(iuplY'Hzp) < cz(pﬂE(L([E[ual[ﬁaﬂc])2d“) '
=t

Concerning the lower bound, since [E|Y,[>” = E(lim; ., ;<,Y*|>?) and since [E|V*[*?

< [E||u||£’2m, for every A < ¢, by the dominated convergence theorem,
A ) p
EY,[*? = lim E|Y)|Fp|” = ci(p) lim E( | E(ua|Fioqe) da
| t| A—tAST ‘ l‘ (2.1 l(p)/lat,/lsr (JO ( a| (a’t]) >

p

ci(p)E (JO[E<“a[F[a,z]r)2 da) .

O

We can write Burkholder inequalities for an anticipating integral process X; = fot uq dW,
where u € 12, That is, for every ¢ there exist Ci(p), Ca(p) > 0 such that

< Cz(p)[E(L([E[“a + ralFran])? da)

with 7, = 0(1j0,q)Dqu). As far as we know, the lower bound is new.

p 2p

t
Cl(p)[E(J ([E[ua + ra|[F[a,t]z])2 da) < [E‘X,
0

P

4.2, Ito formula for the product of a martingale and a backward
martingale

Let M = (M,)ier be a Brownian martingale and N = (N,),cr a backward martingale
(basically, N, is adapted to F,. for every ¢ and E[N,|F,.] = M, for every s < t, see Revuz
and Yor (1994). Let a = (a;)cr be an adapted square-integrable process such that
M, = fot asdWs. Then the process MN can be expressed as

t

t
MN, = th agdWy :J
0 0

t

t
asNtqu - J as[E[stl[Fﬁ]de = J [E[astw:[s,t]C]dWs~
0 0

Therefore the process MN belongs to the class of [to—Skorohod integral processes and, using
1t6’s formula,

f(MN) = f(0)+ Jof’ (E[M N[ Frs,ne]) E [agNs|Frs,ne | d W
1 t
+ Ejof"([E[Mst|[F[s,ﬂf])(E[“stW[s,ﬂf])zds

t 1 t
= f(0)+ J f'(MyN)asN,dW, +§J S"(M¢N,)a>N*ds
0 0

Considering the particular case M, = W, and N, = W — W,, we obtain
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t

SOV = W) = (¥ = W) | SOV = W)W 5 0F: = WP | 70009, = W)

For different (non-polynomial) choices of f, the last formula gives surprising identities
between the functionals of the Wiener process.
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