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We study the problem of sampling from a probability distribution 7z on R4 which has a density w.r.t. the Lebesgue
measure known up to a normalization factor x > e ~U®)/ fRd e~U0) dy. We analyze a sampling method based on
the Euler discretization of the Langevin stochastic differential equations under the assumptions that the potential
U is continuously differentiable, VU is Lipschitz, and U is strongly concave. We focus on the case where the
gradient of the log-density cannot be directly computed but unbiased estimates of the gradient from possibly
dependent observations are available. This setting can be seen as a combination of a stochastic approximation
(here stochastic gradient) type algorithms with discretized Langevin dynamics. We obtain an upper bound of the
Wasserstein-2 distance between the law of the iterates of this algorithm and the target distribution 7 with constants
depending explicitly on the Lipschitz and strong convexity constants of the potential and the dimension of the
space. Finally, under weaker assumptions on U and its gradient but in the presence of independent observations,
we obtain analogous results in Wasserstein-2 distance.
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1. Introduction

Sampling target distributions is an important topic in statistics and applied probability. In this paper,
we are concerned with sampling from a distribution 7 defined by

m(A) ;:/ e—U<9>de// e V@dg, AeB(RY),
A R4

where B(RY) denotes the Borel sets of R? and U : R? — R, is continuously differentiable.

One of the sampling schemes considered in this paper is the unadjusted Langevin algorithm (a.k.a.
Langevin Monte Carlo). The idea is to construct a Markov chain which is the Euler discretization of a
continuous-time diffusion process that has an invariant distribution .

We work on a fixed probability space (€2, F, P) throughout the paper. We consider the so-called
overdamped Langevin stochastic differential equation (SDE)

d6, = —h(6,) dt + v/2dB;, (1)
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with a (possibly random) initial condition 8y, where & := VU and (B;);>0 is a d-dimensional Brownian
motion. It is well known that, under appropriate conditions, the Markov semigroup associated with the
Langevin diffusion (1) is reversible with respect to 7, and the rate of convergence to 7 is geometric
in the total variation norm (see [21,27], Theorem 1.2, and [2], Theorem 1.6). The Euler-Maruyama
discretization scheme for SDE (1), which is referred to as the unadjusted Langevin algorithm (ULA),
is given by

Oy =00,  Orpy =00 —Ah(0)) +V20Ens1, )
where (§,)eN 1s a sequence of independent, standard d-dimensional Gaussian random variables, A > 0
is the step size and 6 is an R¢-valued random variable denoting the initial values of both (2) and (1).
Under appropriate assumptions on the step size A and the potential U, the homogeneous Markov chain

(§ﬁ)n€N converges to a distribution s, which differs from 7 but, for small A, it is close to 7 in an
appropriate sense; see [7,8,10], and Section 4.1.

We now adopt a framework where the exact gradient / is unknown, however one can observe at each
iteration an unbiased estimator. Let H : R x R™ — RY be a measurable function and X := (X)neN
an R™-valued process adapted to some given filtration G,, n € N satisfying

h@)=E[H®,X)], 0eR n>1, (3)

where the existence of the expectation is implicitly assumed. Note that (3) holds, in particular, when
(Xn)n>1 18 a strictly stationary process. Denoting by v the (common) distribution of X, n > 1, we
may write

h(0) = / H@O, yu(dx), @)

in this case. We also assume henceforth that 6y, Go, (&5)nen are independent.
For each A > 0, define an R¢-valued random process (9,;‘),!61\; by recursion:
0y =00, Ok =0} —AH(0), Xps1) +V2hEn1. (5)
Such a sampling scheme is often called a stochastic gradient Langevin dynamics (SGLD) algorithm;
see [8,30] and [28]. Data sequences (X, ),en are in general not i.d.d., not even Markovian. They may
exhibit strong non-Markovian features as it is observed in various stochastic phenomena. Stochastic
approximation for dependent data sequences (gradient and Kiefer—Wolfowitz procedures) has been
successfully used in financial applications, see [18,32] and the references therein. With these examples
in mind, in the present paper we seek theoretical guarantees for the convergence of the closely related
SGLD procedure to ensure its validity for non-independent data sets, too.

The only instance we know of that provides results in such a setting is Theorem 4 of [8]. The main
condition of that result (Condition N in [8]) requires estimates on the conditional bias and variance of
the updating function with respect to the previous iterate of the recursion (5), see Section 3.3 for exten-
sive discussions. In concrete examples, it seems very difficult to determine the order of these quantities.
We follow a different path. Intuitively, if the signal X, is “sufficiently ergodic” then one should be able
to estimate the sampling error, without checking conditions on the conditional bias/variance of spe-
cific objects. We will assume a certain mixing condition, conditional L-mixing for the data sequence
(X)nen; see Section 2 below for technical details. Theorem 3.5 is obtained which guarantees an (es-
sentially) optimal estimate in terms of the stepsize. Our approach involves several new ideas which
serve as a basis for further developments in the case of non-convex U, see [5].

The goal of this work is to establish an upper bound on the Wasserstein distance between the target
distribution 7 and its approximations (Law(@,;\)) neN generated by the SGLD algorithm (5). This goal
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is achieved while the rate of convergence is improved with respect to the findings in [24], see also
[6,31] and [8]. We stress that we prove the validity of sampling procedures driven by SGLD (5) within
a framework where (X,,),cn are not assumed i.d.d. and hence 9,? fails to be Markovian and related
techniques are not applicable. Algorithms for variance reduction of SGLD have been suggested by
[3,31], however, we do not see for the moment how these could be treated by our methods here.

The paper is organized as follows. Section 2 recalls the theoretical concept of conditional L-mixing
which is required below for the process (X, ),en. This notion accommodates a large class of (possibly
non-Markovian) processes. In Section 3, assumptions and main results are presented in the case where
the process (X;)neN is conditionally L-mixing (Section 3.1) and i.d.d. (Section 3.2), respectively. In
Section 3.3, we discuss the contributions of our work with respect to existing results reported in the
literature. In Section 4.1 and Section 4.2, the properties of (1), (2), and (5) are analyzed. The proofs
of the main theorems are provided in Sections 4 and 5, while certain auxiliary results are presented in
Sections A and B.

Notations and conventions. Scalar product in R? is denoted by (-,-). We use || - | to denote the
Euclidean norm (where the dimension of the space may vary). B(R) denotes the Borel o -field of R¥.
For each xo € R? and R > 0, we denote B(xg, R) := {x € R? : ||x — x¢|| < R}, the closed ball of radius
R centered at xg. For two sigma algebras F1, F», we define F Vv F; := o (F1 U F,). The expectation
of a random variable X is denoted by E[X]. For any m > 1, for any R”-valued random variable X and
forany 1 < p < oo, weset || X|,:= EYP[|| X ||P]. We denote by L7 the set of X with || X]|, < co. The
indicator function of a set A is denoted by 1 4. The Wasserstein distance of order p > 1 between two
probability measures x and v on B(R?) is defined by

1/p
Wp(u,w:( inf v)/X||x—y||Pdn<x,y>> , ©)

well(u,

where IT(u, v) is the set of couplings of (u, v), see, for example, [29].

2. Conditional L-mixing

L-mixing processes and random fields were introduced in [12]. They proved to be useful in tack-
ling difficult problems of system identification, see, for example, [13—16,25]. In [4], in the context
of stochastic gradient methods, the related concept of conditional L-mixing was introduced. We now
recall its definition below.

We consider the probability space (€2, F, P), equipped with a discrete-time filtration (F,),en as
well as with a decreasing sequence of sigma-fields (F,"),cn such that F, is independent of F,", for
alln e N.

For a family (Z;);e; of real-valued random variables (where the index set I may have arbitrary
cardinality), there exists one and (up to a.s. equality) only one random variable g = esssup;.; Z; such
that:

(i) g=Zj,as.foralli e,
(ii) if g’ is arandom variable, g’ > Z;, a.s. forall i € I then g’ > g P-a.s.,

see, for example, [23], Proposition VI.1.1.
Fix an integer d > 1 and let D C R¥ be a set of parameters. A measurable function U : N x D x
Q — RF is called a random field. We drop dependence on w € 2 in the notation henceforth and write
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(Un(9))neN.ep- A random process (U, ),eN corresponds to a random field where D is a singleton. A
random field is L"-bounded for some r > 1 if

sup sup H U, (0) ||r < 00.
neN6@eD

Let U,(0) e LY, neN, 0 e D and U}

nam 1 the i-th coordinate of U, . Define, for each n € N,
i=1,...,k,andt e N

M (U, i) :=esssup sup EV"[|UL,,, @) |F], (7
feD meN

7 (e, U.i) = ess sup sup BV [U, 4, 0) = E[UL O F e v ][ 172) @®)
eDm=>t

and set

oo k
CHU.i) =Y 7Mr.U.i),  M}NU):=)» M!U.i), and
=0 i=1

; )
TP U) =Y FHU.D).

i=1
When necessary, the notations M'(U, D), y/'(tr, U, D) and I'}(U, D) are used to emphasize depen-
dence of these quantities on the domain D which may vary.

Definition 2.1 (Conditional L-mixing). Let r, s > 1. We say that the random field (U, (0)),eN,0ep 1S
uniformly conditionally L-mixing (UCLM) of order (r, s) with respect to (Fy,, F, ) nen if (Uy (0))nen
is adapted to (F,,),en for any € € D; itis L"-bounded; and the sequences (M]'(U))neN, (I (U))neN
are L*-bounded. When this holds for all , s > 1 then we call the random field simply “uniformly L-
mixing”. In the case of stochastic processes (when D is a singleton) the terminology “conditionally
L-mixing process (of order (r, s))” is used.

Remark 2.2. The definition of conditional L-mixing in [4] is slightly different from the definition
above but they are clearly equivalent.

Although we do not use the concept of L-mixing in the present paper it is worth noting that the
definition of a uniformly L-mixing process follows naturally from the above definition if one sets
d=1,n=0 and F, is replaced by the trivial o-algebra in the definitions of M'(U), y,*(r, U) and
I'?(U). Then, one obtains deterministic M, (U), y,(t, U), I'-(U) and the required condition for these
quantities becomes M, (U) 4+ I'-(U) < oo. For more details, one can consult [4] and [12].

Let (Uy),en be a conditionally L-mixing process. For later use, we also introduce the quantities for
r,s>1,

M, (U) :=supE[||U,|I"], Crs(U) :=sup E[{T}(W)}]. (10)
neN neN

The interpretation of M, (U) is straightforward while C, ;(U) serves as a certain measure of depen-
dence for the process U.

Example 2.3. Let (X,),en be i.d.d. random variables (d = 1) and set F, := o (Xy, k < n), F, :=
o (Xk,k > n), n € N. If E[|Xo|"] < oo for any r > 1, then (X,),en is conditionally L-mixing with
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respect to (Fy, F,M)nen. Moreover,
M (X)=E[IXol'].  Crs(X)=E"[|Xo—E[Xol| ], s>1. (11)

Example 2.4. Let us consider, for example, a functional of a linear process U := {U,(0)},eN, such
that

o0
Un©):=G0.Xn).  Xp:=) axént. (12)
k=0

with scalars (ay)ren, some sequence (g )iez of i.d.d. R-valued random variables satisfying || eg|| , < 00
forall p>1and G :R x R — R a function satisfying

|G0,x)—G(0'.x")| < Li]|0 — 0’| + La|x — x|

Let G, = o(gj, j <n), and g,;* =o0(gj, j > n) for n € N. If we further assume that |ax| < c(1 +
k)~P, k € N for some ¢ > 0, § > 3/2 then the argument of [4], Lemma 4.2, shows that (X},),eN
is a conditionally L-mixing process with respect to (G, G,/ )nen. Applying Lemma 4.7 below with
¥ =0 shows thatfor all j e N, M*(U,B(0, j))) < L1j+ L2M}(X)+|G(0,0)| and I} (U, B(0, j)) <
2L, TH(X).

Remark 2.5. If (X;,),en is a conditionally L-mixing process with respect to (F, ]-",'f )neN then so
is (F(Xy))nen for any Lipschitz-continuous function F, see [4], Remark 2.3. Finally, we know from
[11], Example 7.1, that a broad class of functionals of geometrically ergodic Markov chains have the

L-mixing property. It is possible to show, along the same lines, the conditional L-mixing property of
these functionals, too.

3. Assumptions and main results

3.1. Dependent data

Assumption 3.1. Let Gy := {&, }. The process (X,),cn is conditionally L-mixing with respect to
(G, g,;r )neN, Where (g,j )neN is some decreasing sequence of sigma-fields with G,, independent of gj[
for all n € N. Furthermore, let |6y, < oo forall p > 1.

For (x,0) e R” x R?, we denote H(x,0) =[H'(x,0), ..., H (x,0)]".

Assumption 3.2. There exist constants L’i, Lé >0,ie{l,...,d} such that for all 8,0’ € R? and
x,x' €R™, |H 6, x) — H (0, x")| < L} 16 — 6" + Ly ||lx — x'|].

We set
d d
L =ZL’1 and L2=ZL’2. (13)
i=1 i=1
Note that, under Assumption 3.2, for any (x, 8) € R™ x RY we get

|Hx.0) — H(x.0)| < L]0 0] + Laflx — ]
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Assumption 3.1 implies, in particular, that || Xo|| € L”, for any r > 1, thus, under Assumption 3.1 and
3.2, h(0) :=E[H (0, Xo)], 0 € R?, is indeed well-defined.

Assumption 3.3. There is a constant a > 0 such that for all 9, 0’ € R4 and x € R™,
(6 -6, H@O,x)—H(O',x))=al0—0. (14)

Two important properties immediately follow from Assumptions 3.2 and 3.3.

(B1) Forall 8,0 € RY, (@) —h©")|| < L6 — 0]
(B2) There exists a constant a > 0 such that, for all 6,60’ € R?, (§ —6’, h(6) — h(8")) > al|6d — 0’| 2.

[22], Theorem 2.1.12, shows that, under these assumptions, for all 8, 0’ € R,

2

Y . ’ g _ o/l2 1 _ /
@—0".n©) —h(0))=ale—o| o |r@©) —n(e")|", (15)
where we have set
. aly
a_a+L1. (16)

o . . =) . . L .
Our aim initially is to estimate ||0,)l‘ — 6, ll2, uniformly in n € N. To begin with, an example is pre-
sented where explicit calculations are possible.

Example 3.4. Letd :=1, H(®,x) :=0 + x, (X,)ez be a sequence of satisfying (12) with (¢;) jez
an independent sequence of standard Gaussian random variables independent of (§,),cN; and |ag| <
c(14+k) 7P, k e N for some g > 3/2 and

0<m:= 1nf —ink| < sup —ikl < M < 0. a7

WE[—

We observe that the function H satisfies Assumptions 3.2 and 3.3. Take 6y := 0. It is straightforward
to check that, for any A € (0, 1),

n—1
6, —0" = § (=) AX_j,
j=0

which clearly has variance

2n—1 2
E[@: —6})°] f 31— ayfeie
- k=0

It follows that, using (17) and the Parseval-Plancherel theorem

>

k=0

M1 = (1 = )2} <
2— A =

A M1 — (1 =02
en_en”ZSM 2\ :

This shows that the best estimate we may hope to obtain for sup, .y ||§Z — 0,); |2 is of the order +/A.
Theorem 3.5 below achieves this bound asymptotically as p — co.
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Our main results may be stated as follows.

Theorem 3.5. Let Assumptions 3.1, 3.2 and 3.3 hold. For every even number p >4 and ) < X, where

- 2
A

=— 18
a+ L (18)

there exists Co(p) > 0 such that

HQQ—@HZSCO(]?)X% %, neN (19)

holds for a constant Co(p) that is explicitly given in the proof. It depends only on a, L1, Ly, d, p and
on the process (X,)neN through the quantities defined in (10).

Proof. The proof of this theorem is postponed to Section 4.3. O

The next result relates our findings in Theorems 3.5 to the problem of sampling from the probability
law 7.

Theorem 3.6. Let Assumptions 3.1, 3.2 and 3.3 hold and let A be given by (18). For each k > 0, there

exist constants c1(k), ca(k) > 0 such that, for each 0 < € < e~ ! one has
Wz(LaW(B,’}), m)<e
whenever A < A satisfies
A=c ()X and n> sz(fk) In(1/e), (20)
€

where c1(k), ca(x) (given explicitly in the proof) depend only on «, d, a, Ly, Ly and on the process
(X)neN through the quantities defined in (10).

Proof. The proof of this theorem is postponed to Section 4.4. ]

3.2. Independent data

When the data sequences (X, ),cz are i.d.d., then the full rate is recovered under more relaxed condi-
tions for the unbiased estimator of the gradient of U. More concretely, one may assume the following
assumption.

Assumption 3.7. There exist positive constants L, L, and p such that, for all x, x’ € R™ and 0,0’ €
RY,

’

|H®,x)—H (O, x)| < Li(1+lIx1)"[6 6]

|62~ H(O.) | < La(1+ sl + [ ]) (1 -+ 1)~ ]

Assumption 3.8. The process (X;),en is i.d.d.with || Xgll2¢p+1) and ||6p||2 being finite.
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Assumption 3.9. There exists a mapping A : R” — R4*¢ such that
(y,A(x)y)=0, foranyx,ye RY (positive semidefinite)
and, for all 6,6’ € R? and x e R™,
(-0 H®,x)—H(O x))=(0—-0, Ax)(0—0))

with the smallest eigenvalue of the matrix E[A(X()] being a positive real number which is denoted
by a.

It is clear then that properties (B1) and (B2) are still valid for the gradient & of U, with the only
difference that the Lipschitz constant in (B1) is given by L1E[(1 + || Xo||)”]. This allows us to obtain
the following result.

Theorem 3.10. Let Assumptions 3.7, 3.8 and 3.9 hold and let . be given by (18). There exist constants
c1, ¢ > 0 such that, for each 0 <€ <1/2,

Wz(LaW(O,i‘), 71) <e.
whenever A < min(a/2L3E[(1 + || Xol)?*1, 1/a) satisfies

r<c€® and n> Z—§ In(1/e), Q1)

where c1, c2 (given explicitly in the proof) depend only on d, a, E[||X9||2p+2], Liand Ly. If p=0n
Assumption 3.7, then the above results are true for A <1/2 min(Ll_l, A).

Proof. The proof of this Theorem is postponed to Section 5. U

3.3. Discussion

Rate of convergence. Theorem 3.6 significantly improves on some of the results in [24] in certain
cases, compare also to [31]. In [24] the monotonicity assumption (14) is not imposed, only a dissipa-
tivity condition is required and a more general recursive scheme is investigated. However, the input
sequence (X,),enN is assumed i.d.d. In that setting, [24], Theorem 2.1, applies to (5) (with the choice
6 =0, B =1 and d fixed, see also the last paragraph of Section 1.1 of [24]), which implies that

Wz(LaW(G,’L\), T)<e

holds whenever A < c3(e/In(1/€))* and n > 2—4 ln5(l/e) with some c3, ¢4 > 0. For the case of i.d.d.
(X)nen see also the very recent [19]. Our results provide the sharper estimates (20) in a setting where
(X1)nen may have dependencies.

Comparison with [8]. One notes, further, that a noisy Langevin Monte Carlo algorithm (nLMC) with
inaccurate drift is proposed in [8], where the drift is assumed to be a linear combination of the original
gradient and of random noise represented by a dependent sequence of random vectors with non-zero
means. Thus, a particular form of dependency is included in this approach. A convergence result, [8],
Theorem 4, in Wasserstein-2 distance between nLMC and the target distribution 7 is provided, which
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is in agreement with our findings, that is, rate of convergence equal to 1/2 is given when the bias term
is eliminated.

In [8], Condition N, two quantities enter into play: the upper bound L?-norm of the conditional bias,
E[IE[H 6}, Xe11)16;]1 — h(6})]*] and the variance E[||H (6}, Xi11) — E[H 6}, X167 111, We
stress that, when the process (Xj)ren is actually dependent, 9,? and X are dependent and therefore
E[H (0,?, Xk+1) |9kk] #* h(QkA) in general. With the exception of a few very simple cases, a precise com-
putation of conditional bias E[H (6}, Xk+1) |9kA] — h(@,ﬁ‘) (or of a tight upper bound for the L? norm of
this quantity) is out of reach. Using (3) and Assumption 3.2, we get that, for all k € N,

|E[H (6}, Xis)167] — h(67)] < L%/]E[nxk — x|1?16} | (dx),

where 1 denotes the common law of the X. This implies that E[|E[H (6}, Xx+1)16}1 — h(0})]1] <
82d with

82 §2d1L§{M2(X) +/ IIxIIZM(dx)}-
Similarly, using again Assumption 3.2, we get

E[]| H (6} Xier) ~ B[H (0} Xes1) 16 ]]]

I

<2E[||H (6} Xes1) = H (6. 0) ] + 2E[|E[H (6} Xir1) — H (6. 0)16]]]

<4L3My(X) =: od.

Our assumptions therefore imply [8], Condition N, but the conclusions that we reach in Theorems 3.5
and 3.6 are sharper (note that the bias term in [8], Theorem 4, does not vanish as A |, 0t).

Choice of step size. It is pointed out in [27] that the ergodicity property of (2) is sensitive to the step
size A. Moreover, [20], Lemma 6.3, gives an example in which the Euler—Maruyama discretization is
transient. As pointed out in [20], under discretization, the minorization condition is insensitive with
appropriate sampling rate while the Lyapunov condition may be lost. An invariant measure exists if
the two conditions hold simultaneously, see [20], Theorem 7.3, and also [27], Theorem 3.2, for similar
discussions. In this work, an approach similar to [7] is chosen, in that strong convexity of U is assumed
together with Lipschitzness of its gradient and, thus, the ergodicity of (2) is obtained.

4. Proof of main results: Dependent data

4.1. The Langevin SDE and its discretization: The strongly convex case

Before proceeding to the demonstrations of the main results, we recall here some recent results on the
diffusion of Langevin and its discretization for strongly convex potentials. All the results presented
here are classic and can be found in either [9,10] or [8].

By [22], Theorem 2.1.8, U has a unique minimum at some point 6* € R?. Note that due to the
Lipschitz condition (B1), the SDE (1) has a unique strong solution. It is a well-known result that
the Langevin SDE (1) admits a unique invariant measure 7. By [17], Theorem 4.20, one constructs
the associated strongly Markovian semigroup (P;);o given for all # > 0, x € R? and A € B(R?) by
Pi(x,A) = P(6; € Al6p = x).
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The following lemma from [10] with adapted statement provides the explicit bound of the second

moment of the Langevin diffusion, which allows the analysis of the Wasserstein-2 distance between
and the aforementioned sampling algorithms.

Lemma 4.1 (Proposition 1in [10]). Let Assumptions 3.2 and 3.3 hold and thus (B1), (B2) are thereby
implied.

() Forallt>0and 9 € R4,
fRd |9 — 6% Pi6,d9) < |6 — 6|2 + (d/a)(1 — ™).
(ii) The stationary distribution w satisfies
fRd |9 — 6% *x(d®) <d/a.

For a fixed step size A € (0, 1], consider the Markov kernel R, given for all A € B(R?) and 6 € R¢
by

R, (0, A) = f @)~ exp(—= @) 9 — 6 + Ak (6) ||2) do. (22)
A

The discrete-time Langevin recursion (2) defines a time-homogeneous Markov chain, and for any n >
1, and for any bounded (or non-negative) Borel function f : RY - R,

BLF O] =Rt i) = [ FOORE.49)

Lemma 4.2 below is also a result from [10] and along with Lemma 4.1 are presented here for com-
pleteness by using the notation of this article. In particular, Lemma 4.2 states that R, admits a unique
stationary distribution 7, , which may differ from 7.

Lemma 4.2. Let Assumption 3.3 hold and thus (B2) is thereby implied. Then, for all .. < A, where X is
defined in (18), the following hold:

(i) Forall 6 € R n>1,
/Rd |9 — 6% R} @, d0) < (1 —2a2)" |6 — 6% + (d/a)(1 — (1 —2an)").
(i1) The Markov kernel R) has a unique stationary distribution w, which satisfies
/Rd |6 — 6% |*m..(d6) < d/a.

where a is defined in (16).
(ili) Forall® eR4, n>1,

Wa (8 Ry ma) < e /2(|0 — 6% +d/a)'/>.
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(iv) For all n € N and square-integrable R? -valued random variables 01, n> with o (1, 12) inde-
pendent of &, k € N

E[|8,(1) - 8,@[*] <e 2 E[ |1 — nal?].

—A . . . . . S .
where 0,,(i), i = 1,2 denote the solutions of the recursion (2) with the respective initial condi-
tions 0g =n;,i =1,2.

Proof. For the first three statements, see [10], Propositions 2 and 3. For iv, see the proof of [10],
Proposition 3. g

Note that by Lemma 4.2, a Foster—Lyapunov type drift condition is satisfied with V{(0) := |6 —

6*||%, which yields that Sup,q ||§i:||2 < oo. This allows the analysis of the convergence between the
recursive scheme (2) and the stationary distribution r in Wasserstein-2 distance (see Theorem 4.11
below). However, in order to obtain the rate of convergence between (2) and the SGLD scheme (5), the
finiteness of higher moments is required. In the following lemma, one obtains the drift condition with
Vp(0) =16 — 6*[1*7, p e N\ {0}.

Lemma 4.3. Let Assumptions 3.1, 3.2 and 3.3 hold. For any integer p > 1, let V,(0) := [|6 — 0% |%P.
Then, the process g satisfies, for any n € N and A < X, where X is defined in (18),

E[V, (52+1)|52] =V (52) +1C'(p), (23)

where p), =1 —ak € (0,1) and

C'(p) :=dP (2p — 1)P pP2P@P=VG1=P 4 2 p — 1) p23r=2020 P p37. (24)
Moreover,
—A ~
supsupIE[Vp(Qn)] <E[V,(60)]+C'(p)/a. (25)
A<A

and C'(p)'/?P < ¢/ (p) holds with
¢ (p) = pVd(2r12a7 7 4 24). (26)
Proof. Recall equation (2) and define
A, =0, —0* —A(h(0) — h(6*)), forevery n > 0.

Then, one calculates

E[|To1 = 0% 18,1 = E[l A+ V20804117716,

E[(1An 12 +2(An. V2260 11) + [V20804112)"18),]
| R ,
[ > B AP (2020, V2REn 1)) IV 201 P

itk
i+ iTh=p iljlk!
{li=p—1n{j#1}

_ —A
+E[2p1 A0 1P PV ( Ay, V20E,41)10,]

IA
&=

aﬁ}
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where the last term is clearly zero. Thus, due to Lemma A.3,

E[|7,11 —0°17]

2p
§E|:Z<2If?> L2 RV 20 kéﬁ]
k=0

k#£1

1

™ 2p
2p
<A +E Z( )MA [

L k=2
2p
_ _ —A
=A% +E (Z( )|An||2f’ “IvV22E 1 I 2)| en]
k=2

2(p—
=187 +E ( <z+2> A 2P0 V22 sn+1||)

=0
<[1Aal??
2p gy 2(p—1) 2p—1)—1 I 2| 7%
+EI (5 Z / AL V21,41l 0,
=0

= 118177 + @p = DPE[(I1 Anll + 12080 111) P IV 2260111216, ]
< NAulP? + 2p — D22 P~V A PP~ VE[ V228,11 117]
+@2p — Dp2* P~ DE[|IV22E |77]. 27)
Moreover, one recalls that for L <2/(a + L1)
A2 < (1 —2a2) |8, — 6%,
Consequently
E[0,4, —0%|*"16,]
< (1=2a0)7 |8, — 6% + 2p — D22~ 2d(1 = 2a2)7 " |&; — 6% 777"
+@2p — Hp2* P~ VE[IV2261|77]
< —an)(1 =20, — 0% — a1 —2ar)P~ |6, —6*|*"
+@2p— Dp22P~ad (1 —2an)P~ |6 — o] P
+@2p — 1)p22 P~ VE[|vV2a8 7). (28)

As a result, for ||§2 —0*|| = M, where M = /d(2p — 1) p22P—1 /&, one obtains

E[[6,,, —0*[*718,] < (1 —an) |8, — 6% + r2p — Dp2*PE[ &)%),
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whereas, for ||§2 — 6*|| < M one obtains
B0, — 0% *18,] < (1 —an) |6, — 6% + 2d”@p — 1) pPr2rr=Dgl=r
+12p — Dp2’P2E[|16117]
which yields (23). Consequently, by Lemma A.4 below,

) ) ) 3
{17, - 0*[7152] <1 - a2 [0 — o7 + E2.

Thus, one obtains the desired result regarding the uniform bounds. The estimate C’( pIV2P < ¢ (p)
follows, noting the trivial inequalities: pl/” <2,peN\{0}; (x+ y)1/2” <x1/2r 4 y1/2”, x,y>0.0

4.2. Analysis for the SGLD scheme

One notes initially that the process in (2) is Markovian while the one in (5) is not. However, uniform
bounds are obtained in Lemma 4.4, below, for the 2 p-th moment of the SGLD scheme (5), for any
p > 1. This result complements the findings of Lemma 4.3 and is used in the proof of Theorem 3.5,
which examines the convergence between the two sampling algorithms, ULA (2) and SGLD (5), in
Wasserstein-2 distance.

The following inequalities, derived from Assumptions 3.2 and 3.3, are often used:

’

d
|H®. 0| < Li]|o — 0% + Lallxl + H*,  H*=_|H(6%,0)
i=1 (29)

(6 — 0% H©O,x))>al6 — 0% + (0 — 6%, H(6*,x)).

Lemma 4.4. Let Assumptions 3.1, 3.2 and 3.3 hold. Let V,(0) = [0 — 0*||12P for some integer p > 1.
The process 6* satisfies, for any n € N and ) < A, where A is defined in (18),

E[Vy(67)] < (00 "E[V,(65)] +2C" (p), (30)
where py, =1 —ax € (0, 1) and
C"(p) = (2dp(2p — 1))’ (2/a)" ™" + 2774 p(2p — )2 aP p37
+2°77H@epre/ayr + (22 pep - 1) @/ar !
+2 4 p2p — DHR2P LI |6 PP + 2207 L Moy (X) + {HF) P,

As a result,

C//
supsupE[V, (62)] < B[V, (60)] + gfp ). 31)

A< T

It follows also that C" (p)'/?P < ¢"'(p) where

1 1
" (p) := pVd(2rT12G2 72 1 48)
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+2{dp/a'=V2r 2P p2(2/a) 271G

+12}{2L1 0| + 2L MY (X) + HF). (32)

Proof. For each n € N, denote by A, = 9,’} 0* — A(H(O,;\, Xn+1) — HO*, X,41)). By direct calcu-
lations, one obtains,

E[[63 - 67| 161]

=E[[| An + V2h&n 1 — 1H (0. Xn11) [ *16]]

=E[(18412 + |[V2hEus1 — H (0%, X1 |
+2(An, V2hE0 1 — LH (6%, Xp11))"16; ]

2k:
=E[ > ,k,m P V2280 0 = AH (6%, Xop1) |7
k1+ko+k3=p
9,3]
E[I1A11P716}] + 2PE[I| An 127~ A, V20En 1 — AH (0%, Xp11))167]

+Z(2p) (AP V1 — 2 (6%, ) 162,

X (2{An, V2hE i1 — LH (0%, X11)))®

where the last inequality holds due to Lemma A.3, and further calculations yield

E[6}s1 — 67" 167]

<E[I1AulIP716}] + 2pAE[| A7~ | H (6%, Xn41) |16} ]

2
+Z(”> (14012775 V20501 — LH (6%, Xus1)]167]

ax 2p19h 2p 2 2p=1 * 2p i pn
=(1+5 E[IA.1°716;] + 2 2p) = E[|H (6%, Xut1)|"16}]

+ 27 p(2p — DE[I AP [V2Rg 11 = 2H (6%, Xni1) |*167]

+2277 p(2p — DE[[V2Rns1 — AH (67, X1 [16]]

2 2p—1
< -+ anB(iaiel) +2er? (3) T ElHE" X))
2p—1 p(2 - * 2pipn
sa@tpep =) (2) ElHE X))

2\*!
A2 dp2p - 1>)P<5> 325 p2p — DE[l50411"]
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+32% 7 p@p — DE[| H (0" Xni1) |7 1671, "

where the second inequality follows the same argument as in the proof of Lemma 4.3. Moreover, for
A <2/(a+Ly),

E[Iaa1716;] = E[(|67 = 6*|" = 206 — 6", H (6} Xos1) = H (6", Xu11))
+ 22| H (6}, Xoer) = HE" X)) 167]
< (1 —2anP |6} —o*|*.
Then, substituting the above estimate into (33) yields

B0, - 0°7167] = (1 - a5} — 6° [ + 2 E[g(Xnle}],

where
g(Xni1) = (2*7dp2p — D)"(2/a)"~" + 27" p(2p — DE[&541177]
+227Hep* /ar + (227 pep - D) /@)
+277p@p = DH(La 67 + Lol Xua 1) + | 167, 0) [}
Using the trivial (x + y)21’ < 221’_1()621’ + y2p), x,y >0 and Lemma A.4, we have
E[g(Xas)] = C"(p).
Finally, denote by p; =1 —ax € (0, 1), then by induction, one obtains

C//
B8}~ 6 1™"] < o B0 - 6° 7]+ 2,

which implies sup, _; sup, E[||6;-,, — 6*[|*"] < E[||6p — 6*|*’] + C"(p)/a. 1t is easy to check

C"(p)'/?P < "(p), too. O

Uniform L? bounds for the process in (5) are obtained in [24] under dissipativity condition on VU
and the L2 error of the stochastic gradient, that is, E[|H (0, X,,) — h(6)||2], see their Assumptions
(A.3), (A.4). In that paper a large size mini-batch could be used to reduce the variance of the estimator,
which requires more computational costs. We could also incorporate mini-batches in our algorithm but
this is not pursued here. For stability, the variance of the estimator has to be controlled, see [28].

4.3. Proof of Theorem 3.5

We now sketch a roadmap for the proof of Theorem 3.5. The time axis is cut into intervals of size 7. An
auxiliary process 7" is introduced which equals #* at the points nT, n € N but it follows the averaged
dynamics on [nT, (n + 1)T), see (2).

Using the conditional L-mixing property, one obtains estimates for the L>-distance between z* and
o*. If 7¢ were uniformly bounded, these would be of the order VA However, 7" is unbounded hence

A

. . . 1_
its maximal process needs to be controlled which leads to the somewhat weaker rate A27¢, for ¢ > 0
arbitrarily small.
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. . _ =2 . . .
Next, estimates for the difference between z* and " are derived using the contraction property of the

. = . _ .
dynamics of 8", see Lemma 4.2. It follows that this is of the same order as z* — 6*. These observations
then allows us to conclude.

We proceed now with the rigorous arguments. Let

Hy:=Guvol,jeN),  Hi=GS neN
Observe first that, since (X,)qeN is conditionally L-mixing with respect to (G, G, )nen, it is condi-
tionally L-mixing with respect to (H,,, ’H,J{ )neN, too, and the corresponding quantities (M, I", C, M)

remain the same.
Foreachf e R?, 0<i < J, one recursively defines

i, i,0) =0, 2+ 1,i,0) =2, i,0) — Mi(2(j,i,0)) + V2AE 41
Let T := | 1/A], then for each n € N and for each nT <k < (n + 1)T, one defines
7y i=2"(k,nT,0)7).

. _ —A .
Consequently, zz is defined for all k € N; zﬁ‘lT = 92‘7 forn e Nand 6, = 2 (k, 0, 8p). Next, some simple
but essential moment estimates are derived.

Lemma 4.5. Let g > 1 be an integer. Then, for all A < X, where X is defined in (18),
sup|[z — 6%, = C(@)
keN

holds for

c(q)+"(q)

aley (34)

clgy =67, +

where c'(q), ¢"'(q) are as in Lemmata 4.3 and 4.4.

Proof. Define V,;(0) := |60 — 0*)1%7, 6 € RY. Let k € N be arbitrary and let n € N be such that nT <
k < (n+ 1)T. Note that (25) and (31) imply

_ C'(g) 7"
s gt =0, = |0V, 0]+ 2 |
nT<k<mn+1)T a

C' (V2D " ()20
= H@O—Q*qu-}- 2100 . 0
Lemma 4.6. For all A < A, where )\ is defined in (18), it holds that

sup[||# (0 Xn1) |, + [A(E@) ] = €.
ne

where

c(1
Cb=L1[H90—0*”2+ El()}+2L2M§/2(X)+2H*+g(1)L1. (35)
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Proof. The first inequality of (29) implies
|46 Xa) |, = Lill6g = 67|, + Lol Xall2 + H™.
Combining this with Lemma 4.4 (applied with p = 1) shows that

C//(I)I/Z

supsup|| H (6. Xn11), < L1 [EI/Z[VI 0] + =5

} + LoMy?(X) + H*.
A<

A similar argument can be applied to h(Zﬁ), in view of (11),

[n@) < L1l = 6%, + Loy ) + 7

< CO)Ly + LaMy*(X) + HY,

where C (1) is given by (34). U
Lemma 4.7. For each j € N, the random field H(60, X,),n € N, 6 € B(8*, j) satisfies

M (H (6, X),B(0%, j)) < Lij+ LaM(X) + H*, (36)

I (H®, X),B(0%, j)) <2LTN(X). (37)
Proof. Let 8 € B(0*, j). The Minkowski’s inequality imply for k > n and i € {1, ..., m},

EYV[|H @, XO)| 1 Ha] < Lbj + LaEY I Xkl [ Ha ] + |H (6%, 0)].
Hence, using || X¢| < Z?:l | X ,{| and the Minkowski’s inequality again, we obtain
M (H®,X),B(6*, j).i) < Lij+ LyM(X) + |H'(6*,0)].

Summing the above relation over the indices i € {1,...,m} we get (36). One also notes that, due to
Lemma A.2,

BV [|H 0, X0) — E[H 0. Xi)[Ha v H ]| [Ha]
<2EV[|H 0, Xx) — H' (0, E[Xk|Ha vV Hy_ ])| [Ha]
< 2L5EV'[[| Xp — E[XelHa Vv H_ | 1Ha] <215 )"y (X, 7, ),
i=1

which implies (37). O
We shall also need the following measure-theoretical lemma.

Lemma 4.8. Let k > nT be an integer. There exists a version hyg,r : Q X RY — R4 of
E[H@, X)|Hurl, 0 € RY which is jointly measurable.

Proof. For a fixed 6 € R?, the conditional expectation E[H (6, Xi)|Hnr], 0 € R4 is a H,,7-measurable
random variable. We will construct a function A ,7 : X RY — R that is measurable in its sec-
ond variable and, for all § € RY, hinr is a version of E[H (0, Xi)|H,r]. The case k = nT is
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trivial. Let k > nT. It is enough to construct ki ,7(6), 6 € B(60*, N) for each N € N. Consider
B(N) := C(B(6*, N); RY), the usual Banach space of continuous, R9-valued functions defined on
B(6*, N), equipped with the maximum norm. The function

weQ— Gy () = (H(0, Xr(w)) weQ,

QGB(O*,N)) ’
is a B(N)-valued random variable and, by (29),

sup ||H(®, Xp)| < LiN + Lol Xkl + H,
0eB(6*,N)

which clearly has finite expectation as the process X,, n € N is conditionally L-mixing. Moreover,
[23], Proposition V.2.5, implies the existence of a B(/N)-valued random variable &y such that, for
each b in the dual space B'(N) of B(N),

E[b(GN)|Har] =b(&N).

This implies, in particular, that for all 6 € B(6*, N), E[H (0, Xy)|H,r] = & (6). We may thus set
hinr(@,0) ==&y (w, 0). Since (v, ) — By (w, F) is measurable in its first variable and continuous
in the second, it is, in particular, jointly measurable, see, for example, [1], Lemma 4.50. O

Lemma 4.9. Assume 3.1 and 3.1 and let p > 1.
oo p
supEY7| [ 3" sup [ (®0) = h©O)| | | <2L2Cp 1 (X),
neN k=nT QERd

where Cp, 1(X) is defined in (10).

Proof. Let kK > nT. Notice that, since X; and g,jT are independent of o (§;, j € N), E[Xkl'H;fT] =
E[ Xy |g,jT], P-a.s. Since g,jT and G, 7 are independent, we get that, for all k > nT, P-a.s.,

E[H (6. E[Xk|Gy7 ) Har | = E[H (0. E[XkIG,7 ])1Gur | = E[H (6. E[XkIG,7])]
This implies that, for all k > nT,

7 ®) = h®)] < [E[H 6. X0\Gar] — E[H (0, E[XcIG;])1Gur ]|

+ [E[H (6. E[XklG,7 )] - E[H . X0)]|
< LoB[[[ Xi — E[XxIG,7 | [1G,7] + LoE[| X — E[XlG7 ][ ]
Using the Minkowski inequality, we get
B[ sup [kar @) = h(®)] ]
HeRd

= LoEVP[| Xe = E[XIG,7 ][7] + L2E[| Xk — E[Xk1G7] ]

m
<2Ly Yy (X.k—nT,i),

i=1

noting that Gy is the trivial sigma algebra. This concludes the proof since ]E[Fg (X)) =<Cp1(X). ]
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Proof of Theorem 3.5. Fix n € N and let nT <k < (n+ 1)T be an arbitrary integer. By the triangle
inequality, the difference of 6* and " is decomposed into two parts

loF ¢l < l6¢ =z + Iz — 9]l (38)
Let hy 7 be the functional constructed in Lemma 4.8. Then, one estimates

k—1

> (H(6F X:) —h(f?))H

i=nT

k—1
<x ) |H O Xi) = HE X +2

i=nT

k—1
A3 hiwr ) —h(E)|
i=nT
k—1
<ALy ) foF =z +2
i=nT

03 i @) - ()]

i=nT

I -zl <2

3 ()~ )

m

3 (et x) - ar )|

max
nT<m<n+1)T

due to Assumption 3.2. Thanks to Lemmas 4.4, 4.5, 4.6, and 4.9 all the terms on the RHS of the
previous inequality are almost surely finite. A discrete-time version of Gronwall’s lemma and taking
squares lead to

2
n%—awsn%w”[

m
_ Y
nT<m<(n+1)T Z Xi) = hint (7))

(2 harte - ‘WOT

noting also (x + y)? < 2(x? + y?), x, y € R. Let us define the H,,7-measurable random variable

. _p*
Nur T T<k< (n+1)T“ el

Now, by recalling the definition of 7" and taking H,,7-conditional expectations, one obtains

o0
EV2[[6f — 25 |*1Har] < V20elt > Loi<Nar<i)
j=1

m 2
1/2 Ay
B |:nT§nI11La(il(+l)T i:Xn:T(H(Z’ » Xi) = hinr (7 )) HnT]

+ +/22e!1 sup Z | it ©) — R(O) .

96R i=nT



20 M. Barkhagen et al.

Define forn e N,

=i
H(Z. X)Lz _gry<jyr nT <k <@+ DT,

. (39)
, otherwise.

Zh ()=

Recalling the H,7-measurability of Zﬁ, nT <k < (n+1)T, and arguing like in Lemma 4.7, one obtains
MM (ZE(j)) < L1j + LM (X) + H,
T7(Zy () < 2Ll (X). (40)
With these notation, for each j € N, the process defined by
Zn k() = (H (T Xe) = hent (Z0) Lz <y = Zua (D) = E[Z3 k(D Har ], (41)
fornT <k <+ 1)T, n € N satisfies
M (Zy () <2[L1j + LaMyT (X) + HY],
7 (Z) () < 2L (X). 42)

Notice that Z,AMT( j) = 0 hence the maximum can be taken over nT <m < (n 4+ 1)T instead of
nT <m < (n+ 1)T. One then applies Theorem B.4 with the choice n =nT,r =3, b; =1, Xy :=
Zﬁf,k(j) to obtain

2
‘HnTj|

3
‘HnT:|

<100, < )VT[T57 (25 () + M3 (Z2()], (43)

3 (HEX) i ()

i=nT+1

1 AE1/? max
{Nur <} nT<m<n+1)T

m

> (HE Xi) = hiar(3)

i=nT+1

<1 AR/ max
= LNar<i} nT<m<(n+)T

noting that C’(3) < 10 holds for the constant C’(3) appearing in Theorem B.4.
Now we turn to estimating N,7. Let ¢ > 1 be an arbitrary integer. Let us apply Lemma A.1 with the
choice r := 2 and p := 2q to obtain

E[N2 ] <720 sup  EYCO[|z}—0%|*], (44)
nT<k<n+1)T

which implies, by Lemma 4.5,
E[(Nar + D?] <2[1 + TH®0C(g)]. (45)
By the Cauchy-Schwarz inequality, (42) and (45) we can perform the auxiliary estimate

S B[t =< [T (ZE(D) + M3 (Z3 ()]
j=1

o
<83 ElLjm1=n,r <p[L3 (15T (0)° +[L1j + LMy (X) + H'']
j=1
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< 8LIE[(I3T (0)] + 24[E[ L} (Nar + D2 + LI(MET (00)* + (H*)?]
<8L3C3 + 24[LIME + (H*)*] +48L3[1 + T¥%]C2(g)
<96T7[L3C%(q) + L3Cs 2+ LIM + (H¥)?], (46)

using the notation introduced for conditionally L-mixing processes in (10) and the trivial 7 > 1 (in the
last inequality). We define

CH(p) == 96[L3C*(p/2) + L3Cs2 + LIMG” + (H*)*] +4L3C3 .
Notice that (C%)!/2 < C*, where the latter constant is given by

C*(p) = 10[L1C(p/2) + LaCy5 + LoMy” + H*] +2L:Ca 1. (47)

We conclude from (43), (46) and (47) that
1 1
E2 |0} =24 |7 < 151 C*(p)[AWTTYP + 1] <3061 C*(p)n2 7,

for all k € N, noting also that /2 < 3/2.
Now we turn to estimating ||Z£ — 52 || fornT <k < (n-+ 1)T. We compute

n
[2k =Bl = 312 (. 47.60r) = 2 (k.G = DT85 17)1,
i=l

n
= || (k. iT.0%) — (kAT (T, G = DT, 0} _y)7)) .
i=1
By Lemma 4.2-iv, we estimate
| (k.iT. 6}y) = (k. iT. 2 (iT. (i — DT.0;_y,7)) |,
< (1 =2an*""T)0k = (T, (i = DT.05_y)7) ],
< (1 —2an)"T) 0 — AH (0} Xir) — zT—1+M(Z?\T—1)||2

< (=2 T N6fr_y = Zir_y |, + A H O 1 Xir) = W@ ],)-

Using Lemma 4.6, the estimation continues as follows

Izt =, < Ze_m“‘ OO =i |y + M H Oy Xir) = (&) [,
i=1

n
< e 2T 3061 0 (p)22 7T 4 2]
i=1
Ly * b Ly x b
_30eMCH () +C0 11306 CH(p) +C 1

1
2E MV a2 I
= 1 —e-2aAT A = | —e—a AP
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The proof is completed by setting

30el1C*(p) + C°
a

Colp) =

+C*(p) (48)
and noting (38). O

Remark 4.10. We track the dependence of the constant Co(p) (appearing in Theorem 3.5) on the
dimension d. Notice that Lemmata 4.3 4.4 provide ¢/(p) and ¢”(p), both of which of the order v/d.
This order is inherited by C(g) in Lemma 4.5 and thus results in d 12in C *(p) and C >, see (47) and
(35). We finally get that Co(p) is of the order d'/2.

4.4. Proof of Theorem 3.6

To prove Theorem 3.6, another convergence result is needed, which is the rate of convergence to sta-
tionarity of the recursive scheme (2) in Wasserstein-2 distance. Note that with Lemma 4.1 and 4.2, the
convergence in Wasserstein-2 distance can be considered. The following is the adapted statement in
[10], Corollary 7, using the notation of this article.

Theorem 4.11 ([10], Corollary 7). Let Assumptions 3.1,3.2, 3.3 hold and let ). < A where A is defined
in (18). Then, the Markov chain (gn),,eN admits an invariant measure 1, such that, for all n € N,

W (Law (65), m5) < ée™“¥, neN,
where ¢ is coming from (iii) Lemma 4.2:
&:=v2(160 — 011> +d/a)'"">.
Furthermore,

Wa(r, 1) < cv/a,

where
2~—1 ~—1 1.5 15 12
c=|Lia" (2r+a )d+ﬁ)\ Lyd + 5Lyrd/a
with a defined in (15).

Note that for the Langevin SDE (1), the Euler and Milstein schemes coincide, which implies that the
optimal rate of convergence for scheme (2) is 1 instead of 1/2. The bound provided in Theorem 4.11 can
thus be improved under an additional smoothness assumption for the drift coefficient of (1). However,
as our main focus is the behaviour of the SGLD algorithm (5) and, in view of Example 3.4, it is known
that its optimal rate of convergence is 1/2, any improvement on the behaviour of scheme (2) does not
change this fact.

Proof of Theorem 3.6. Take p large enough so that k > 2/(p — 1) and thus 1/p < «/(x + 2) holds.
Denote by C = max{Cy(p), ¢, c}. Theorems 3.5 and 4.11 imply that

Wa (Law(67), ) < Wa(Law(62), Law (7)) + Wa(Law (3,), 72) + Wa(m, )
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For 0 <e <e !, choosing 2 := €2tK /(4C) 2, 2607 < €/2 holds. Now it remains to choose n
large enough to have Ce™**" < ¢/2 or, equivalently, ain > In(2C/€). Noting the choice of A and
In(1/€) > 1, this is possible if

2 (K
nzz()
€

T In(1/e).

where c3(x) = Y7 (1 4 In20)). O

5. Proof of main results: Independent data

For the case of independent data, it is enough to obtain the second moment of the SGLD scheme (5)
before considering the convergence in Wasserstein-2 distance. The following lemma provides an upper
bound for the second moment of the scheme (5) with explicit constants.

Lemma 5.1. Let Assumptions 3.7, 3.8 and 3.9 hold. Let
2o :=min(a/2L2E[(1 + | Xol1)*]. 1/a). (49)
For A < A, the function V1 (0) := ||§ — 6*|? satisfies
E[Vi(67)16)_] < (1 —an)Vi(6;_,) + AC,
where
Ci=4L5(1+ |07 E[(1 + 1X0l)* ] +4{H"}* +24.

As a result, sup, _; sup,ey E[V) (9,)[‘)] < 00. Moreover, if p =0 in Assumption 3.7, then the above
result is true for A <min(1/2Lq, 1/(a + L1)).

Proof. By using the SGLD scheme (5), one calculates
[6ss =671 = 6 — 6" +2{6) — 0, —2H (6} Xus1) + V2AE011)
+ | -AH (6}, Xnt1) + V2hEn s ||2
= |6} — %[> — 24(0} — 0%, H(6), Xni1) — H(6%, Xp11))
+2(0) — 0%, N 20E11) — 200 — 0% H (6%, Xp41))
+ 32 H (07 Xn1) |* = 20{H (0}, Xus1). V20Ew11) + 200 Ens |
and thus
E[l6},, 0% [16:]

< 07— 0" > ~ 2E[[6] — 0", A1) (6 — 0°))167] ~ 2067 — 0°. (0"))
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+ VE[|H(6}. Xas1) |*16)] + 224
<07 — 0" ~ 206} — 0* | + 20°E[| H (6} X,1) — (5" Xor) 15]
+202R[| H (6%, Xpp1) | 7] + 22d. (50)
Hence, for A < min(a/ZL%E[(l + 1 X0IN?1, 1/a)
E[07 —0*[710] = =26} — 6" + 42> L3 (1 + 0% ) E[(1 + 1Xo1) ]
+ a2 H*Y +20d
= B(l6 - 078 = 1 - a6} — 6| +ac.

where C =4L3(1 + [16*D*E[(1 + | Xo[)?**2] + 4{H*}* + 2d. Consequently, for any n > 1,
E[J6} - 0**] < (1 = 2 E[ 60 — 6] + = < oc.
a

Crucially, one observes here that if p = 0 in Assumption 3.7, then H is co-coercive with the following
property, for every x € R” and all 6, 0* € R?

(6 -6, H©O,x)—H(O x)) = Li |H©,x) —H(@E,x)|".
1

(51)
It follows that, in view of (51), one rewrites (50) as follows
B[]0 — 67" 16;]
< |6} —6*” = 2E[{6} — 6%, AKur1) (6 — 67))16;]
-~ Lil | H(6F, Xns1) — H(6%, Xugt)|* + 2067 — 6%, 1(6%))
+ZE[| H(0F, Xopa) |F162] + 20d
<16 = 0" = aale =07+ (22 = 2 VELH LX) = O X))
+ 202E[|| H (6%, Xnt1) ] + 224,
which yields, for % < 1/2L;
B[00 —07[7167] < A = a6} =67 [* +42°L3(1 + %) E[(1 + 1X01)’]
+ 42 H*) +20d
= E(J6), —07[16)) = (1 - 2a) |6y — 0% |* +Ac.
where C = 4L2(1 4 |6*ID2EL(1 + [ XoI)?] + 4{H*}2 +2d. O

Proof of Theorem 3.10. One notes that (B1) is still valid, with the only difference that the Lipschitz
constant in (B1) is given by L{E[(1 + || Xo|)?], and (B2) holds with a. Consequently, Theorem 4.11
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is still true. The main steps of the proof of Theorem 3.5 need to be reformulated for the i.d.d. case.
Initially, one notes that the following result holds due to Lemma 5.1

sup supE[|6; Hz] < ¢,
2€(0,10) n>0

where ¢y = 2E|[|6p — 6*||> + 2C/a + 2||0*||%, and C is given explicitly in Lemma 5.1. Then, using
synchronous coupling for the schemes (2) and (5), one obtains

61 =62l
= 6} =8} = 2(H (8} Xar1) —0())) |
< |0 =0 =200 — 8. H (0] Xosr) = h(8)) + 27| H (8} Xur) = (@)
< |07 =0} —24{6} — 8. 1(6]) = h(F)) — 200 — 7. H (6], Xosr) = h(6}))
+ 22| H (O, Xor) = h(67)|” + 227 1(6]) — ()|

Taking expectations on both sides and using (15) yields

E[|6741 = 61716767

_ 5 _ 2 B}
< op G2 ~20ale — B - () (3 )
B[ H (6} X)) 167 7]+ 22 (57— h 6

where a is defined in (16). Hence, for A < 1/(a + L),

Piog. 2] = 1 - 2a) |0} — 37

n’-n

E[07:41 = 021
+2)°E[IlH (6}, Xut1) — E[H (0}, Xus1)]16). 0111716, 611
Thus, due to Lemma A2,
E[1031 O 1167671
< (1= 2|6} — 02>+ 8E[| H (6] Xua) — H (6] B[ X107 57 16757
< (1 =26} — %[> +822L3(1 + || 62]))* Vary (Xo)

which implies that
5 1
B[6}1 — O[] = 82L3(1+ sup E[ 6, [*])1 varw (xo)=.
nz

where

Varyy (Xo) :=E[(1+ | Xoll + | E[Xo1])* | Xo — E[Xo1|*]-
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Denote by ¢ = \/8L§(1 + o)l VarW(XO)%, one obtains W, (Law(67), Law(éf,)) < ¢Al/2. Then, to-
gether with Theorem 4.11, the following result can be obtained

W (Law(6}), ) < Wa(Law(6}), Law(8})) + Wa(Law(8,), 7,) + Wa (s, )
< (_?[A% _i_e—akn]’
where C = max{c, c1,c}. Forany 0 < € < 1/%, by letting C_‘)L% <€/2, gnd Ce 94 < €/2, one obtains
A <cre?and n > cre21n(1/€) with ¢; = (4C)~1, 2 = (ac) "' (In(2C) + 1). ([l
Appendix A: Technical results

Lemma A.l. Let (X;)ien be a sequence of random variables such that for some p > 0, M =
sup; e BIIIX; 171 < 00. Then for 0 < r < p, Elsup; <;; | XilI"] < j//P M"/P.

Proof. One has

J
EP| sup X1 < E[ sup 1X17] SE[Z ||Xl-||f’} < jM,

1<i<j 1<i<j 1
by Jensen’s inequality. O

Lemma A.2. Let G, H C F be sigma-algebras. Let p > 1. Let X, Y be R-valued random variables in
L? such that Y is measurable with respect to H v G. Then

EVP[|x ~ELXIH v Gl|"I1G] < 2EVP[IX — Y|I”IG].
Proof. See [4], Lemma 6.1. O

Lemma A.3. Letx,y € RY, then

2p
p! 2i i on2k 2p 2y ik
> L 0 @) <3 (7)) iy,

i+j+k=p k=0
{i#p—1}N{j#1) k1
Proof. Note that
p! - j
Dl eI O M
; f=p 1]k
{i#p—1IN{j#1)
p! ; j
< D P Iy Iy (A.1)
i+j+k=p e

i#p—1)N{j#1}

Moreover,

2p

2 - 2
> ( ,f) PPy = (el + 1) = (el + 20y 1+ y1%)”

k=0
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p! - '
> I Iy ) 1y 1.

i17lk!
it hep iljlk!
Consequently,
2p—ky 1k — : 2i J o112k
§:<k>HMI yif= > iU%JxH(MxMﬂDHMI- (A2)
k=0 i+j+k=p
k#1 {i#p—13N{j#1}
Thus, in view of (A.1) and (A.2), the desired result is obtained. O

Lemma A.4. For each integer r > 1, E[||&||¥"] < 2% d"r¥/2.

Proof. Let ¢1,...,¢; denote the coordinates of &;. It is well known that E[{f’] =2"T([2r +
11/2)//7 . Clearly,

d 1/2
I€1ll2r < (ZE”’[;}”]) = (2dTV7 ([2r 4+ 11/2)7~ /@) 1/

i=1

Smrl/2r(’,+l)n—l/4r S\/ﬁ(«/grm1/2e—rel/(12r))1/2ro—1/4r’

where an estimate for the gamma function from [26] is used in the last inequality. Continuing in a
somewhat rough way, one obtains

€1 |2y < 28/drt/2H /4 e=1/261/2 < 5 /q,3/4, -

Appendix B: Proof of a pivotal inequality

In this section we prove the analogues of two moment inequalities from [12] for conditional L-mixing
processes. One of these has already been shown in [4] but only under specific assumptions on the
filtration. Our proofs (which mostly take place in continuous time) follow closely the arguments of
[12]. There are, however, a number of small modifications that need to be pointed out.

We consider a continuous-time filtration (R;);cr, as well as a decreasing family of sigma-fields
(R;’),ER - We assume that R, is independent of R, forallr e Ry.

We consider an R?-valued continuous-time stochastic process (X;);er + which is progressively mea-
surable (i.e., X : [0, ] x @ — R is B([0, 1]) ® R;-measurable for all r € R ).

From now on we assume that X; € L', r € R;.. We define the quantities

M} :=ess sup EV"[|X1|" Ry,
teRy
7! (r) :=esssupE'"[|X] —E[X]IR,", vV Ro]|"IRo]. TeR4,

>t

and set M, := Z?:l ML, TL:=3"% yi(r)and T, := Zf‘l:l I where X! refers to the ith coordinate
of X[.



28 M. Barkhagen et al.

Remark B.1. If d = 1, Ry is trivial and Rf’, t € R is right-continuous then we get back to the
setting of [12]. It is show_n in Lemma 9.1 of [12] that the (non-random) function T — y,(7), T €
R, is measurable hence ', := fooo yr(t)dt can be defined. [12], Theorems 1.1 and 5.1, formulate

inequalities in terms of T, instead of T',.

We could attempt to define ', for general R as a random variable but it requires further assumptions
and tedious arguments which we do not pursue here. We stay with I', which is easier to handle and it
suffices for our purposes.

Theorem B.2. Let (X;);cr, be L"-bounded for some r > 2 and let M, + 'y < 00 a.s. Assume

E[X;Rol=0a.s. fort e Ry. Let f: [0, T] — R be B([0, T])-measurable with fOT ,2 dt < o0o. Then
there is a constant C(r) such that

T
/ £ X, dt
0

almost surely. We can actually take C(r) = «/r — 1.

r T 1/2
E”f[ Ro}iﬂf)( / f,2dt> [M, +T,], (B.1)
0

Theorem B.3. Let the conditions of Theorem B.2 hold for some r > 2. Then there is a constant C'(r)

such that
s r T 1/2
El/’[ sup / £, X, dt Ro] < C/(r)<f 12 dt) (M, +T,1, (B.2)
s€[0,T]11J0 0
almost surely. We can actually take
Jr—1
Clr) =
21/2 _2l/r

Note that the supremum in (B.2) can be taken along rationals hence it defines a random variable. We
now state the corresponding results for conditionally L-mixing processes.

Theorem B.4. Let (X,),en be conditionally L-mixing of order (r, 1) for somer >2. Letb;, 1 <i <m
be real numbers. Then for each n € N

m
E|: Zban-H
i=1

r m 1/2
]fn} =C@) (Z b?) [M](X)+ X)),
i=1

almost surely. If r > 2, then also
]E [

We are proceeding to the proofs of the above results. Since E[X ,|Rf_,I VvV Ro] is Rf_,z Vv Ro-

measurable for r > 7o > 17, we obtain from Lemma A.2 with the choice X = X;, Y = E[X; |7€j;,1 \%
Rol, H=R;} . .G =Ry that

1—1°

k

max bi X,y
1<k<m 4

=

r m 1/2
‘J—'ni| <C'(r) (Z b?) [M!(X)+ (X)) (B.3)
i=1

holds.

yr(12) =2y (11). (B.4)
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‘We need a measure-theoretical lemma about real-valued random variables Y and Z.

LemmaB.5. Letr > 1,1/r+1/qg=1andletY € L" be Ry Vv R} -measurable for some s > 0. Then
for all Rs-measurable Z € LY,

E[YZ|Ro] =E[Y|RolE[Z|Ro].

Proof. Let A € R be arbitrary. We assume Y = 1p1¢ with B € Ry, C € R} and Z = 1p with
D € R;. Then we find that, by independence of R from Rf and by Ro C R,

E[14YZ] =P(C)P(A N BN D) =P(C)E[1ansE[1p|Ro]]
=E[1413P(C)E[Lp|Ro]] =E[L4E[Y|RoIE[Z|Ro]],

which proves the statement for this ¥ and Z. Now, by standard arguments, one can extend these to
Y =1¢ for all G € Rp vV R;. We thus obtain the result for step functions Y, Z; then for bounded
measurable functions and finally we arrive at the general statement. ]

Now we formulate, in the present setting, the analogue of [12], Lemma 2.3.

Lemma B.6. Let the assumptions of Theorem B.2 be in force. Letd =1 and 1/r 4+ 1/q = 1. We have,
forall0<s <t,

IE[X/n|Rol| < yr(t — )EY[|n|?|Ro]

for each n € L1 which is Rs-measurable.

Proof. Using Lemma B.5,
E[X:n|Rol =E[E[X/IR} Vv Ro]IRo|E[nIRol + E[(X; —E[X/IR} v Ro])nIRo].
Note that E[E[ X/ |RS+ V RolIRo] = E[X;|Ro] = 0. The conditional Holder inequality implies that
[E[(X; —E[X/IR} v Ro])nRo]| < -t = )EV[In|"|Ro].
showing the statement. 0

Proof of Theorem B.2. Firstletd := 1. For ¢ € [0, T], define I; := fot fsXsds and g; :=E[|I;]"|Ro].
Following verbatim the arguments in the proof of [12], Theorem 1.1, we arrive at

T t
Il = / / F(r— D) fi X0 f X 12 ds dr.
0 0

Hence, using Lemma B.6, |t —s] < — s and (B.4),
T pt
gTs/O /Or(r—1)\ﬁfsE[Xsz|1s|’_2|Ro]!dsdt
Lot 1-2/r
5/0 fo F = DU fil2v (1t — 51 Myl ™" ds dr

T T
=/0 gsl_z/rr(r—l)lfslf | fil2ye (Lt — 1) M, dt ds
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almost surely, whereupon Lemma 2.5 of [12] implies

| 1 T T 1/2
8T/r < <—/ r(r— 1)|fs|/ | fi12y: (Lt —SJ)MrdldS)
r/2 Jo s

almost surely. The Cauchy inequality leads to

T 1/4 T T 2 1/4
1/’52\/r—1M,1/2</ ffds) (/ (/ |ft|yr(Lr—sJ)dt) ds) :
0 0 s

Moreover, by the Minkowski inequality for the Hilbert space L2([0,T1, B([0, T1), Leb),

T, oT 2 12
([ ([ 1 u-spar) o)
12
(A (ZVr(k)/ |fs+k+u|ﬂ{s+k+u<T}du> dS)

o0

2 \1/2
=< ( </ | fs+htul Lis+ktu<r) d >ds>
=0
1/2
)/ /fs+k+u]l{Y+k+’4<T d”ds>

(
<// Fivkrulisthrusr) ds du 1/2
o
([

E%g

(=}

gM8 J;EA% JgM8

yr (k)
(k)

1/2
/ f frdr du)
min{k+u,T}

1/2
f,2 dt) .

IA

Thus, we finally arrive at

T 1/4 T 1/4
" <2 = 1M}/2(f ffds) <f f,2dt> /2,
0 0

which allows to conclude since /T, M, < [T', + M,]/2. Now let d be arbitrary. Applying the one-
dimensional result componentwise gives the result, noting the the Minkowski inequality and the defi-
nitions of M,, I, as sums of M/, I'}, respectively. O

Proof of Theorem B.3. Again,letd :=1.LetZ:={(a,b):0<a<b<T, /ub fSZ ds > 0} and define,
for (a,b) €T,

t r
SUPse[a,b] | fa fs X5 ds|

Ka,h = b
[ f2ds
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which is a random variable since the supremum can be taken along the rational numbers. Set M, ; :=
El/’[Ka)b|Ro]. Define, furthermore

M7 :=ess sup Mgp.
(a,b)el

Noting Theorem B.2 and following verbatim the arguments in the proof of Theorem 5.1 in [12] we
arrive at

Vr=1[M, +T,]  2Yr

M7 < + =—=M;
T \/i ﬁ T
almost surely, which implies
M;i<\/r_1[Mr+Fr]
— 21/2 _2l/r >
showing the statement. The case d > 1 follows by a componentwise application of the one-dimensional
result. =

Proof of Theorem B.4. Fix n € N. We define the continuous-time process )~(0 =X,
X;:=Xnuiky1 fork<t<k+1,keN.

Set R; := Fuqp and Rf = ]—";Zrm for + € Ry. Notice that, for 7 € N, y,.(tr) calculated for
(X:, Ry, Rf),dg+ coincides with y,"(z, X) as defined in (8) and (9) for (X, F, F; Jnen. Similarly,
M, calculated for X coincides with M!'(X).Let T :=m, define f; :=b;,i — 1<t <i,i=1,....m

and fo = 0. Clearly,

T 5 m
/ fiXpdt = "biXpyi
0 i=1

An application of Theorems B.2 and B.3 to X yield the result. U
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