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On the probability distribution of the local
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In this paper, we study the local times of vector-valued Gaussian fields that are ‘diagonally operator-self-
similar’ and whose increments are stationary. Denoting the local time of such a Gaussian field around
the spatial origin and over the temporal unit hypercube by Z, we show that there exists A € (0, 1) such

"/—]E(Z”)

% and limy— 4 5o &EZ”) both exist and are

that under some quite weak conditions, lim;— 40

XA
strictly positive (possibly +00). Moreover, we show that if the underlying Gaussian field is ‘strongly locally
nondeterministic’, the above limits will be finite as well. These results are then applied to establish similar
statements for the intersection local times of diagonally operator-self-similar Gaussian fields with stationary
increments.

Keywords: fractional Brownian fields; Gaussian fields; local times; operator-self-similar random fields;
probability tail decay

1. Introduction

Let (2, F,P) be a probability space, and X; := (xL ... Xf), t € RY be an N -parameter d-
dimensional centered Gaussian field on (2, F, P), that is, each component X ; is a real-valued
zero-mean Gaussian field indexed by RY. We call such a random field a centered Gaussian
(N, d)-field.

We denote by R, N and Q respectively the sets of strictly positive real numbers (> 0), strictly
positive integers (> 1), and finally the rational numbers. Evidently R denotes the real numbers
that are positive or zero. We denote the space of matrices of size m x n with real entries by R" >,
For any two same-sized vectors u = (uy,...,u,) and v = (v, ..., v,) in R", u o v denotes their
Schur product, that is, the vector u o v := (ujv1, ..., Uyv,). For any square matrix Y, we denote
its trace (i.e., the sum of all its diagonal entries) by tr(Y). For any matrix Y, we denote its
transpose by Y'. For any matrices Ay, Ay, ..., Ay, we define diag(A1, Az, ..., Ay) as the block
diagonal matrix that has matrices A1, Az, ..., Ay on its diagonal (respecting the order) and is
zero elsewhere.

For any p € RY and T € Rf, let C(p, T) denote p + ]_[fVZI[O, T;], i.e., the N-dimensional
cube of side lengths equal to {T,-}lN= | and based at point p. We also denote [0, 1] by 7.
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For any measurable subset B C R?, we denote its Lebesgue measure by Vol(B). For any subset
A of an arbitrary set X', we denote its indicator function by 1 4,, that s,

L) 1 forxeA,
X) =
tAl 0 forx¢ A
For any k-dimensional Gaussian random vector ¥ = (Y1, ..., Yi), we denote the determinant

of its covariance matrix by detCov[Y]; in other words

detCov[Y]:=det[E(YY") —E(W)E(YT)],
where Y is regarded as a k x 1 matrix. For any finite family of vectors y;, = (yi, ...,y,i),
i=1,...,n, we call the following vector as their adjoined vector:

1 1.2 2
[yl,...,yk,yl,...,yk,...,y’l’,...,y,'c’],

and we denote itby [y, ..., y,].
Once a centered Gaussian (N, d)-field X is fixed, for any positive integer k and any
ti,...,t; € RN we define

nd

KX(t1,...,t0) = 2n)" 7 (detCov[Xy,, ..., Xy, 1) 2.

NI

ey

We use the following definition of local times which provides a pointwise characterisation.
The more common definition of local times as the Radon—Nikodym derivative of the occupation
measure of a random process (if it is absolutely continuous), only provides an almost-sure char-
acterisation of the occupation density. In Section 3, we will see more on this and the link between
the two definitions.

Definition 1.1. Let {X;}; be a random field on RY with values in R¢. We define the local time
of X at x € R? and over the cube C( p, T) as the following limit (if it exists)

Ly (X;C(p,T)) :=lim :

VoA e Hixe—xl<ep () dt,
£—0 C(p.T) VOl(Bs(x)) {1 X;—x]|<e}

where || - || is an arbitrary norm on R?, and B, (x) :={y € R?; ||x — y|| < ¢}.

We are interested in the tail-decay behavior of the probability distribution of Lo(X; Z"). The
first work in this direction goes back to [6]. They consider a one-parameter one-dimensional
(N =d = 1) Gaussian process X (¢) with stationary increments satisfying the local nondeter-
minism condition [11]. Moreover, defining 0’2(1‘) =E[(X; — Xs)z], they assume that o (¢) is
continuous and strictly increasing on the interval [0, 1], that L s integrable over Z = [0, 1],

o(t)
and finally o () varies regularly at O with some exponent 0 < H < 1, i.e., lim;,¢ "0(?;3) = w!l for

every o > 0. In fact this latter condition is a gauge for asymptotic self-similarity near the origin.
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Under these conditions they show that the local times of X () exist, and moreover

.. —logP[Lo(X,Z) >x] . —loglP[Lo(X,7) > x]
0 < liminf i <limsup 1 <400
X=>+00 o~ 1) x—>+00 o)

When o (t) = 7 which corresponds to the fractional Brownian motion of Hurst parameter H,

the exponential decay rate o~ (%) equals x 7.

More recently, [1] considers the one-parameter d-dimensional fractional Brownian motion
B (1) = (BlH ®),..., B;’ (t)) and also d-dimensional fractional Riemann-Liouville process
WH () = (WlH ®,..., WdH (t)) where {BlH}j”:1 ({WiH}flzl) are d independent copies of a frac-
tional Brownian motion (fractional Riemann—Liouville process) with Hurst parameter H. They
show that the following limits exist

. __L H . __L H
xl}r_irrloox aa log]P’[Lo(B ,I) > x] and xBToox aH logP[Lo(W ,Z) > x].
We will prove the existence of this exponential tail-decay limit for the class of Gaussian fields
that have stationary increments (Property 2l below) and are ‘diagonally self-similar’ as defined
in Property 2(3 below.
Throughout the paper, we assume that the random field X has both of the following two
properties (2lp and ;).

Property 2(g. There exists a positive constant ¢y > 0 such that var(X ;) < ¢ forevery t € [0, 1N
andi=1,...,d.

As we do not assume any kind of continuity of X or its covariance matrix, the boundedness of
its variance (Property 2(p), seems inevitable.

Property 2(;. The (N, d)-Gaussian field X has the property that for any positive integer n, the
expression K,f (t1,...,t,) is integrable over @My,

Property 2(; guarantees the existence of the local times at every point, that is, Ly (X; N ), and
the finiteness of all their moments, see Proposition 4.2. In fact, 2l is the weakest-known sufficient
condition for the existence of local time at the origin and the finiteness of all its moments.

Next, we have the following two properties that form our main framework.

Property 2, (Stationary increments). The random field X is zero at the origin and has station-
ary increments, that is, for any p € R we have the following equality for every s, ¢ € R and
i,jel{l,...,d}

E[Xs(i)Xt(j)] =E[(X(i) _ Xg))(X(j) _ X;,j))].

s+p t+p
Property 2(; (Diagonal self-similarity). There exist a vector &« = («1,...,aN) € ]Rﬂ\_’ and a
matrix H € R?*¢ with positive trace (tr(H) > 0) such that for every w > 0 we have

Xroor LofXy; Vo R, )
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. . d .
where w® := (0”1, ..., ®*1), the values of X; are considered as d x 1 matrices, = means equality
in finite dimensional distributions for the two random fields, and ! denotes matrix exponential
with the usual definition, that is,

o]

In(w)H)"

H._ InwH_ ( .

w i=e —207’1! ;. YoeR,.
=

Remark 1.1. This definition is a special case of the more general concept of what is called
operator-self-similar random fields, for example, studied in [7]. In the general case, the vectors «
and hence w® are replaced by a matrix E and its matrix exponential ¥, respectively. Evidently
in this more general setting, the Shur product w* o ¢ should be replaced by the usual matrix
multiplication w®¢. This justifies us calling Property 23 as ‘diagonal’ self-similarity.

Remark 1.2. For zero-mean Gaussian fields, Equation (2) in Property 2(3 is equivalent to the
following equation

E(Xgooe X o) = oME(X,X)o", Vs, teRY,

tow®

where X is considered as a d x 1 matrix as above, and H' denotes the transpose of matrix H.
For more on matrix exponential see, for example, [4], Chapter 2.

An important special case of Property 23 is the following condition.

Property 213 (Two-sided diagonal self-similarity). There exist & = (ay,...,an) € Rﬁ and
(Hy,...,Hy) € Ri such that for every w > 0 we have
E[X{on XL ] =™ THE[XOX], Vi je(l,... ) Vs, t eRY, 3)

where 0% := (0!, ..., ®*!).

Remark 1.3. For a zero-mean Gaussian field X;, Property 213 is satisfied if and only if Prop-
erty 23 is satisfied with H = diag(H;, Hz, ..., Hy), that is, the diagonal matrix whose diagonal
entries are w1, ..., w4 (respecting the order) and is zero elsewhere. This is true because we

have

et o Hi) — diag (w1, ..., wfl).

Remark 1.4. A very important random field that satisfies both Properties 21, and 243 is the
multi-parameter fractional Brownian motion, that is, the centered Gaussian field with stationary
increments characterised by E[(X — X)) =|s —t|* for every s,t € RV, where H € (0, 1]
is the Hurst parameter of the Gaussian field. Furthermore, the centered Gaussian (N, d)-field
consisting of d independent multi-parameter fractional Brownian motions each with its own
Hurst parameter H; satisfies also 2(, and 2(3, hence falls in the scope of this paper as well.
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Remark 1.5. Let ¢1,...,cy € Ry, p1,..., py € (0,2] and H € (0, 1]. Consider the (N, 1)-
Gaussian field that we call ‘anisotropic fractional Brownian motion’, that is, the RN -indexed
centered Gaussian field X with stationary increments given by

E[(Xs — X0)?] = (s — 1),

where

N 2H
¢ (s) = (chsl-v") :
i=1

This Gaussian field satisfies both Properties 24>, and 213 with & := (%, e, pLN) and Hy :=H.

For other interesting examples of operator-self-similar random processes and fields with sta-
tionary increments, see e.g. [8].

In Section 2 we gather all the main results of this paper. In Section 3, we discuss the pointwise
versus functional definitions of local times which are relevant to our work. In Section 4, we
state the relation between the exponential decay rate of the probability tail of local times and the
exponential growth rate of their moments. Sections 5 and 6 contain the technical proofs.

2. Main results

In this section, we give some technical definitions and state our results. The proofs will come in
the subsequent sections.
For every o« = («1, a2, ...,aN) € Rﬁ, we define the a-length as follows

N
el := Y161V Ve=(o.....w) €RY. @)
i=l1

It is evident that |||, defines a translation invariant topology on Rﬁf . Moreover, if Vi =

I,...,N:a; > 1 then ||¢] 4 defines a translation invariant metric on Rﬁ which we call the a-
distance. Nevertheless, it is not a norm except for the special case where all the exponents are
equal to 1.

We introduce the following definition which generalizes the idea of Strong Local Nondeter-
minism to vector-valued Gaussian fields.

Definition 2.1 (Strong Local Nondeterminism). We call a centered Gaussian (N, d)-field X,
strongly locally nondeterministic over a cube J < RN with scaling vector & := (&1, &2,...,&n) €
Rﬁ if there exist constants H > 0 and C > 0 such that for any positive integer n, and any arbitrary
vectors u, ty,...,t, € J, we have

detCov[X,|X¢,, Xt,, ..., X¢, 1> C min |lu — t,~||§H,
0<i<n
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where ¢o := 0, the expression detCov[X,|X;,, X¢,,..., Xs,] denotes the determinant of the
conditional covariance matrix of the random vector X, conditioned on all the random vectors

Xt X4y, ..., Xy, and finally, @ = (a1, 02, ..., an) 1= HE.

Remark 2.1. The reason why only the normalized vector & = %tx is relevant, is due to the fact
that for any p > 0 there exist positive constants c, c; > 0 such that for every x = (x1,...,xy) €

RN
N 2H N N 2H
q(zmwm) S(ZIX;‘I”/"") fcz(zmww) |

i=1 i=1 i=1

ol

In fact we have the following proposition.

Proposition 2.1. Let f : RN — R0 be a continuous function such that f(x) = 0 if and only
if x =0, and for some vector « = (21,02, ...,0yN) € Rﬁ and H > 0, we have f(x o w®) =
ol f(x) for every x e RN and w > 0. Then there exist constants c1, ¢ > 0 such that for every
x=(xp,...,xy) €RN

N H N H
c1<Z|x,~|““f> Sf(x)§C2<Z|xi|l/ai> :
i=1

i=1
Proof. In Section 5. (]

Remark 2.2. Let X; be a diagonally self-similar centered Gaussian (N, d)-field that satisfies
Property 2(3 with matrix H € R9%4 and vector o = (aq,...,ay) € Rﬁ. If X; is strongly locally
nondeterministic with the scaling vector § := (&1, &, ..., &n), then it is easy to verify that § =
ﬁa. In other words, for diagonally self-similar centered Gaussian (N, d)-fields, the strong
local nondeterminism can be satisfied only with a unique scaling vector.

Proposition 2.2. Let X; be a diagonally self-similar centered Gaussian (N, d)-field with sta-
tionary increments, i.e. it satisfies Properties g, Ua, and Uz with some matrix H € R¥*? and
vector (a1, ...,anN) € Rﬁ. Let B be a positive real number. If the kernel (K,)f)ﬂ is integrable over
the cube (IN)" for some integer n, then the following inequality has to hold true

N
Zai > ftr(H).
i=1

Proof. In Section 5. ]

Lemma 2.3. Let X be a centered Gaussian (N, d)-field which is strongly locally nondetermin-
istic over IN with scaling vector & = (§1, &, ..., En) and constant Cy. Then for any positive real
number B such that B < ZINZ 1 &i, and any positive integer n, the kernel (Kff ) is integrable over
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the cube (IV)", and

B
/IN (KX(t1,....t0))  dty - dt, < ") Zims
(VAL

where c is a constant that depends only on Cy, N, a, B, H and d.
Proof. In Section 5. O

Theorem 2.4. Let X be a centered Gaussian (N, d)-field that is strongly locally nondeterminis-
tic over IV with scaling vector § = (§1,&,...,EN) € Rﬁ such that 1 < Z,N=1 &;. Then the local
times Zy = Ly (X, IN) of the random field X, exist at every point x € R?, and

1
E(Zz) = Cn(n!) Z,Nzl &

for some constant ¢ which does not depend on n.
Proof. It is immediate from Lemma 2.3. ]

Definition 2.2. Let {X(¢y) : t; € RNk Y4, be a family of m independent Gaussian fields such
that for every k = 1,...,m, the random field X (¢) is a centered Gaussian (Ng, d)-field. We
define their (m-fold) intersection local time around the origin and over Z as the local time of the
following (3"}, Nk, (m — 1)d)-field at 0 and over the cube T2k N (if it exists)

(X1(t1) — X2(t2), X2(t2) — X3(£3), ..., Xpn—1(tm=1) — X (tm)).

Theorem 2.5. Let m be a positive integer, and {Xy(ty) : t; € RNk Yoo be a family of m in-
dependent Gaussian fields such that for every k = 1,...,m, the random field Xy (ty) is a
centered Gaussian (N, d)-field that is strongly locally nondeterministic with scaling vector

& =182, 6N € Rﬁk. IFy ZlN:kl &.;i > m — 1, then the m-fold intersection lo-
cal time of the family {X(-)}}_, over the interval T exists. Moreover, denoting this intersection

local time by Jx, and defining & := Zl]\ll &k i, for any arbitrary sequence of positive numbers
41,92, - qm such that Y ;' qx =m — 1, and such that 0 < g < 1 and g < & (for every
k=1,...,m), we have

noa
E(Gx)") < ()= &

where c is a positive constant that does not depend on n.

Proof. In Section 5. O

Theorem 2.6. Suppose X; is a centered Gaussian (N, d)-field satisfying Properties 2o, 21, 2o,
and Az with some matrix H € R4*4 and vector (ag,...,an) € Rﬁ such that «;’s are mutually
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. . o . . . o s . .
rational, that is, a; € Q for every i and j. Then the following limits exist in Ry U {400} , and
are strictly positive

. —logP(Z > x) . JEZM
lim ————— and lim —
xX—+00 X7 n—-+00 n

where Z := Lo(X, [0, 11V) and A := th\,(i Moreover, if X; is also strongly locally nondeter-
k=1 %k

ministic over IV , then the above limits will be finite.
Proof. In Section 6. g

Remark 2.3. One should note that although Properties 2o, 21, %A, and 23 guarantee the con-

n % . . . .
vergence of the sequence {(E(i x)) }n, they do not imply the finiteness of the limit. Probably the

simplest example would be the centered Gaussian (2, 1)-field X (s, ?) (s, ¢ € R) characterized
by X(0,0) =0 and E(X (s1,11) — X (52, ) = (t1 — 51)*" + (tr — 52)*, where H € (0,1). It
clearly satisfies all Properties %A, 21, 2>, and A3 with the self-similarity scaling (e, H), where

a := (1, 1). So by Theorem 2.6, we know that { ’1;[2(/1;0) }n converges, where Ly is the local time

of X around the origin on the square Z2. On the other hand, one can easily verify that X is equiv-
alentto {B(s) — Ba(t) : (s,1) € RZ}, where B and B; are two independent fractional Brownian
motions of Hurst parameter H. So Lo, that is, the local time of X around the origin, is the same
as Jp, i.e., the intersection local time of two independent fractional Brownian motions with the

n ]E n .
same Hurst parameter. By [1], Theorem 2.4, we know that {~ nLjB )}n converges to a strictly
positive finite constant. This shows that the right growth exponent of /IE(Lg) is nfl.

Corollary 2.1. Let m be a positive integer, and {X(ty) : ty € RNk}k’"zl be a family of m inde-

pendent Gaussian fields such that for every k =1, ..., m, the random field X (t) is a centered
Gaussian (N, d)-field satisfying Properties g, N>, and A3 with the self-similarity scaling ma-
trix H € R™4 and scaling vector o = (o1, ..., 0 N,) € RT‘. If for every positive integer n
and every k =1, ...,m, the kernel (K,),(k (t1, ..., t,,))mTfl is integrable over (INk)", then the m-
fold intersection local time Of{Xk}Z’:1 on the interval [0, 1] exists, and if moreover, every pair of
ay,; and oy ; are mutually rational, that is, zlL]' € Q, then denoting the m-fold intersection local

time of { Xy }x by T, the following limits exists

i —1ogP(J, > y) 4 i VEWTm)™)
)’JTOO - an nJTOO —ny s
yV
where y = 231"717),%12{
k=1 i=1 i

Proof. In Section 6. O
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Remark 2.4. Although this theorem affirms the convergence of {’L(YEW},,, it does not guar-

antee that y = 252"7]2% is the right exponent for the growth of /IE((J,,)"). For that, we
i=1 2 k=1 Yik

would also need the finiteness of the above limit. In Corollary 2.3, we saw some examples where

the right growth exponent is larger than the exponent given by this theorem (H instead of H/2).

3. Definition of local times: Pointwise versus functional

Let X be an (N, d)-random field over a cube C(p, T) in R¥. Let u be the occupation measure
of X, i.e. for every Borelian subset B C R9 we have

pnx(B)=an({t €C(p.T): X; € B}).
where Ay denotes the Lebesgue measure on RV .

Definition 3.1 (Functional definition of local time). If the occupation measure of X is almost-
surely absolutely continuous with respect to the Lebegue measure on R?, i.e. when puy < Ag, its
Radon-Nikodym derivative is called the local time (or occupation density) of X over C(p, T),
and we denote it by we denote this function by Ly.

Clearly, this definition does not provide a unique pointwise definition for the local time but a
set of functions that are equal to each other almost surely. It is also clear that for any positive (or
bounded) measurable function f : RY — R, we have

/ f(Xy)dt =/ f@)Lx(x)dx.
C(p,T) R4

A sufficient condition for the existence of the local time as defined above, is the following

1
/C(p,T) /(;(p,T) JdetCov(X; — X5)

dt ds < +o0; (@)

see, for example, [9] or [3]. By Corollary A.7, we have
detCov[X;X] < detCov(X;) detCov(X; — Xy).

So itis clear that conditions 21 and 2{y imply Equation (5). So assuming these two conditions, we
have the existence of the local times, both in the pointwise and functional definitions. Moreover,
for every x € RY we have

/ Lx(y)dy =/ 1) x,—x|<e(®) dt,
Be(x) C(p.T)

hence

lim ————— L dy =L, (X;C(p,T)),
lim B -~ x(»)dy=L:(X;C(p.T))
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which means that irrespective of the chosen version of Ly, its pointwise local mean equals the
local time defined in the pointwise manner.

4. Formulation in moments growth rate

The following theorem is a special case of Kasahara’s Tauberian theorem [5], which relates the
probability tail behavior to the moments asymptotic behavior.

Theorem 4.1 (Kasahara [5]). For any positive random variable Y, any positive number A, and
any A € (0, +o00], the limit
. VEI™
lim ———
n—-400 n

exists and equals A if and only if the limit
. —logP(Y > x)
lim ————

X—>+00

>l=

X

exists and equals —r .
eAX

We aim to prove that for any centered Gaussian (N, d)-field X satisfying conditions 2(1, 2(o,
2, and 23, the following limit exists

. JEZ)
lim ———
n——+400 n)L

’

where Z := Lo(X,Z") and A := Zt?;H) . Clearly this along with the above theorem proves the
k=1 %k

existence of the following limit with A := tr,\fi

k=1 %

lim x~ 7 logP[Lo(X,ZV) > x].

X—>+00
We have the following proposition on the existence of the local time of zero-mean Gaussian

fields at the origin and its moments. In the proof we use some arguments of [9].

Proposition 4.2. For any Gaussian field X satisfying condition 2y, the local times Z =
Ly(X, IN) exist for every x € R4, and we have

B(z) < [

- KXy, ... t,)dty---dt,: Vx eRY,
i=1

and

]E(Zﬁ')zfnn INKf(tl,...,tn)dtl...dtn’
i=l
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where H?:l IN denotes the n-times Cartesian product IN x ... x IV and K,)f (t1,...,ty) isas
defined in Equation (1).

Proof. We prove the proposition for x = 0. The proof for the general x is similar. For the rest
of the proof, we denote Zg simply by Z. Let || - || be some arbitrary norm on R? and define
Ze = fIN Vigl{” X,|<¢}(¢) dt, where V, denotes the volume of the d-dimensional ball {x € RY;
lx|| < e}, and 1y denotes the indicator function. First, we show that {Z,} is cauchy in L" (2, P).
Indeed, let G be the set of all possible functions from {1, ..., n} into {0, 1}. For any function
o € G, we define &7 to be equal to ¢ if o' (i) = 0 and be equal to § if o' (i) = 1. It is then easy to
verify the following equality

)Xo [
E[(Ze - Z5)"] / " (Hi 7 P(ﬂ{nxt,-n<§;’})dt1~--dtn
=1 i=1 V&

cedS i=1

As the variables {X;}; are jointly normal with mean zero, for every 0 € G and each fixed
ti,...,t,, we have

1
WP(nxtln <&, Xl <) <KX(t1, ... t0)
1= i

and

1
—r———P(I X0, | <& ... 1 Xp, | <E7)° e KX(tl,---,tn).
1_[[:1 VSf
Noting that ) & (— HZi=1o@ = (1 - 1) =0, by dominated convergence and Property 2(; we
have
8]0
E[(Z — Z5)"] 220,
which proves that Z, is L" (€2, P)-Cauchy whose limit is noting but Z. Similarly one can also
show that

E(z )—hm]E(Z”)—/n KKt de O
i=1

e—0

S. Upper bound
In this section, we prove Propositions 2.1, 2.2, Lemma 2.3, and finally Proposition 2.5.

Proof of Proposition 2.1. First, we normalize the vector « = («1, a2, ..., ay) and H so that for
every i we have a; > 1. This is possible because f(x o w*/P) = w™/P f(x) for every p > 0 as
well. This turns the a-distance d(x, y) := ||x — y||¢ into a translation-invariant metric on RY .
(i) We denote the £2-norm on RN by || - |2, and take the standard definition for the & and 02-
balls centered at the origin of radius 7 > 0 as B (0,7) := {x € RY : ||x|l¢ < r} and By(0,r) :=
{x e RN : ||lx|lz < r}. Tt is easy to verify that every a-ball centered at the origin contains a £2-ball
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centered at the origin, and vice versa. This shows that the a-metric induces the same topology
on R¥ as the standard topology induced by the £2-norm. In particular it means that the function
f is also continuous under the a-metric. So there exists ¢ > 0 such that for every x we have
| £(x)| < lif |x]lq < &.Now forany x € R, choose @ > 0 such that || x 0 0®|lq = 0| x| = &/2.
It follows that | f (x o w*)| < 1 which means | f (x)| < i—ZHfo.

(ii) As the set Sy := {x € RV : | x| = 1} is compact, the image of the continuous function f
achieves a minimum over Sy which is strictly positive. In other words, there exists § > 0 such
that for every x € S, we have f(x) > 8. Now for a general x € R", we can choose @ > 0 such
that || x o @®||q = 1. So we have | f (x o @*)| > §, hence | f(x)| > 8||x||§1. O

Proof of Proposition 2.2. We prove it for the case of n = 1. The proof for larger #’s is similar.
Let the surface S;” C RY be defined as follows

N
S;r ::{(xl,xz,...,xN)eRﬁzz %/x—,-:l}.
i=1

By diagonal self-similarity (Property 3) and noting Remark 1.2, for any ¢ € R and any & > 0
we have

detCov(X yo0r) = det(a)H) detCov(Xy) det(a)HT) = @? ) detCov(Xy),

where we used the fact that the determinant of the exponential of a matrix equals the exponential
of its trace, that is, det(e®) = ¢™™ (see, e.g., [4], Chapter 2). Suppose s — o is an arbitrary
parametrization of the surface S, where o5 = (01(s), ..., on(s)) and s = (s1, ..., sy—1). Then
using the change of variables (w, s) with ¢ = w® o o5, we have

1
/ (Kl(t))ﬁdtZ/ / WXL (K (0 0 0))P Ty (5) ds doo
[0,11¥ 0 Jo IS

_ Loz d (Ki(05))" 1o (s)d
= A o () w (S 1(0¢ o(8)ds,

where J,; (s) is the absolute value of the following determinant

301 301 301
o101 _— ... —
951 952 Osy—1
: L : ©)
doy don don
ONO, —_ —_
NON Tas1 as dsN—1

This implies that if (K;(¢))? is integrable over the cube [0, 1]V, then the following inequality
has to hold true

N
Zai > Btr(H).

i=1
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Now we turn to the proof of Lemma 2.3. First, we need a definition.

Definition 5.1. Consider n € N, and a sequence of vectors ¢, ..., ¢, € R and let d be a metric
on RY. We say that the sequence is ‘narrowing’ with respect to the metric d, if for any k =
1,...,n— 1 we have

.....

Remark 5.1. For any fixed metric d, every finite subset 7 C RY of n points can be arranged in
such a way that the ordered sequence is narrowing with respect to the metric d. Indeed, the proce-
dure is simple: start with an arbitrary point in F and label it ¢,. Having chosen ¢, ¢,_1, ..., tk,
choose among the remaining points, that is, from F \ {¢,,¢,_1, ..., t;}, the one which is the
closest to £ and label it #;_1.

We will need a theorem from [10] which relates our problem to the nearest neighbor strategy
for solving the travelling salesman problem. We proceed with some preliminary definitions from
[10].

For a given metric d on R", the diameter of a subset C € R” is defined as

Dy(C):= sup d(x,y).
x,yeC

A family P = {C;}}_, of subsets of RY is called a covering of subset A C R if A C [/, C.
The diameter of a covering P, denoted by D;(P) is defined as the maximum diameter of its
elements, that is,
D;(P)= max Dy(C)).
I=1,...,P

,,,,,

For any n distinct points in R, an arrangement (ordering) ¢1, 5, ..., ¢, of the points is a ‘nearest
neighbor tour’ if it satisfies the following property

d(tgs1,ty) = min  d(tg, t;): Vk=1,...,n—1.
i=k+1,...,n

.....

For every nearest neighbor tour ¥ of n points, one defines its (loop) length as

n
La(T) =Y d(tit1, 1),
k=1

where t,11 := 0. We are interested in finding a general upper bound on this length when all the
points of the tour are required to lie inside the unit cube Z% . Indeed, the ‘worst case length’ of
n-point nearest neighbor (NN) tours over a subset A C RY is defined as follows

Lg(n; A):= sup max Ly(%),
Fc A TeNN(F)
[FI=n
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where |F| denotes the cardinality of the set F, and NN(F) is the set of all possible nearest
neighbor tours of the points of F. Then we have the following theorem from [10].

Theorem 5.1. Let d be a metric on RN, and A C RN. Then for any sequence of cov-
erings {7),,,}%':1 of A with decreasing diameters, that is, Dy(Py) > Dg(Pu+1) for every

m=1,...,M — 1. Then the worst case length of n-point nearest neighbor tours is bounded
as follows
M
La(n; A) <nDqa(Py) + Z [Pl (Da(Pm-1) = Da(Pm)) + |P11(Da(A) — Da(P1)),
m=2

where |Py,| denotes the cardinality of Pp,.

We should mention that this theorem has been stated in [10] only for the case where the metric
d comes from a norm on RY . Nevertheless, with a careful examination of their proof one can
verify that their arguments work even when d is a general metric on RV

Now we are ready to prove the following theorem.

Theorem 5.2. Let N e N22 and o = (o1, aa, . .., an) € [1, 00)N. Then the worst case length of
nearest neighbor tours of n-point subsets of [0, 11V with respect to the metric || - || defined in
(4), is bounded as follows

1

N
L (7, [0, 1]N) <cgn Timidi

where cy, is a constant that depends only on o.

Proof. For every m € N, we define the set of points G, C [0, 11V as

R ey
m = %’E""’mtm

where [-] denotes the ceiling function that is, [x] is the smallest integer that is larger than or
equal to x. For every p € G,,, we define the sub-cube C(p, m~%) as usual, that is,

N
1
C(p,m™*):=p+ 1‘[[0, m—:|
i=1

So for any positive integer m we define the following covering of the set [0, 1]V

P i=1{C(p,m™): p € Gu}.

6 ef0,1,..., [m*] —1}:Vi:l,2,...,N},

We note that for every m we have

N N
D(Py)=-— and [Pl =] [[m*].
i=1
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So by Theorem 5.1, for every M € N we have
Le (1, [0, 1Y) < 2= —|—N Z<_ - _> l_”m(ﬂ < +N2N+1 Zmz Ciaim
m=2 m=2
Due to the assumption, we have Z —; @ > 2, and hence

nN N2N+1

nN M N N
Le(n, [0, 1¥) < 25 4 N2V+! / I SO AL CAM Y v AT
M 1 M Zl poi — 1
Nl
If we choose M :=n >i=1% we get the desired bound. O
So we are ready to prove Lemma 2.3.
Proof of Lemma 2.3. Choose a = («q,a2,...,0y) € Rﬁ and H > 0 such that for every i =
1,..., N we have o; > 1 and «; = H§&;. First, we prove the theorem for the case of N > 2. We
define NV, o as the set of all nN-tuples (¢1,t2,...,t,) € IN x .-+ x IN such that the sequence
t1,ts,...,t, is narrowing with respect to the a-distance defined by || - || in Equation (4). Then
by Remark 5.1, and the fact that K,f (t1,t2,...,t,) is symmetric with respect to its arguments,
that is, it is permutation-invariant, we have
/ (KX(t1,...,t,))" dey - --de,, Sn!/ (KX(t1,...,60)  dey - dt,,. )
@y N

By strong local nondeterminism, for any narrowing sequence ¢1, t2, ..., ¢, we have

detCov( Xy, |Xs), Xtps - Xep_ 1> Cminf ity — tyg 137 186137} VE=2,....n
So by Proposition A.6 we have

1
KX(t1,....tn) <] - ’ 8
Xt n) < 1,!:[1m1n{||tk—tk—l||§l* lleell ) (3)

1

N

On the other hand, it is easy to verify that if a sequence ¢, £, ..., #, is narrowing, then its
reversal, that is, ¢, ¢,_1, ..., t] satisfies the nearest neighbor property. Hence,by Theorem 5.2,
for any (¢1,¢2,...,t,) € Ny.q, we have

where ¢; ;=

n 1
T
D oltk—tiille <Lg(n; V) <can =1,
k=2

SO

n 1
N &
E kXi=1% [t — tr—illq < c2n, ©)
k=1
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where c; is a constant that only depends on N, a and d. So (9) and (8) imply

/N (Kr)f(tlm..,tn))ﬂdt]...dtn

1
n N . .
. exp(—k Zi=t% min{||tx — tx—1 |, ||t
56‘2”/ P [T 2P { It/ 1||(;H|| D 4 e
N min{[|tx — tk—1lla” s ¢kl

1

N o .
<o 1—[ exp(—k Xi=1 min{[tx — ti—i lla. 1t ]la})
=3 RnN

. H H
minf||t; — te1 157, Iecllh

dty ---dt,

Z, 9 — Z, o
< / H(exp( k== |2y tk 1||a)+exp( k =i=1 ||tk||a)
RnN

>dt1 - dty,
e — ta 118" el

where ¢3 := e"zc’f . Let & be the set of all possible functions from {1, ..., n} into {0, 1}, and for
any function ¢ € G and any k € {1, ..., n}, define

s [t if 9 (k) =0,
e TV — iy, o) =1.

Then the last inequality can be written as follows

/N (K,),((tl,...,t,,))ﬂdtl...dtn

1
exp(—k Zic1%
<C% Zf 1—[ p(— : ”yk||“)dt1~-~dtn
k=1

P yk ”(x
S

exp( kz’ 1 ”yk lle) 9 9
€3 Z /anv dyy ---dy,

Ve ||yk ||¢x
Nl
exp(—k Zi=1% || y|lo)
=ci Yy ]‘[/ 3T dy. (10)
9 k=1 1yl

Define the surface Sy, C RY as follows

N
o = {(xl,xz,---,XN)GRN:Z V |x,~|=1},
i=1
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and take an arbitrary parametrization s — o5 of Sy, where a5 = (01(s),...,0on(s)) and § =
(S1,...,8n—1). Then using the change of variables (w, s) with y =r% o o5, we have
_ 1 1
f XK IY) e /*w exp(—rkimirii e
y= r
H o H+1
R Iyl5 0 rhi
BH
szvzlai +oo ,—r
=8 / ¢ Xia—pHg, (1)
k 0 r

where

|SZ| :=/ Js(s)ds,
0‘71(8«)

and J,; is the absolute value of the determinant given in Equation (6). It is important to note that
the right-hand side of (11) is finite only if ZIN=1 a; > BH. So by Equations (10) and (11) we get

BH
N
(n!) Zi=1%
/ (K,i‘(tl,...,tn))ﬂdtl~--dtn5c27n, :

(12)

where
+oo ,—r
e N
c41= 263|S§|/ —rXim @i BH
0 r

So finally, plugging Equation (12) into Equation (7) we get

BH

/IN (KX (1, ...,t,,))’3 dey---dt, < cll(n!) Zi1¥ |
@Nyn

The proof for the case of N =1 is similar to the above proof, except for the fact that instead of
arranging ¢;’s based on the narrowing property, we order them by the natural ordering on R. The
rest of the proof remains basically the same. ]

Proof of Theorem 2.5. Let us define d := (m—1)d, N := szzl N;, and the following vector
A; = (X1(t) — Xa2(t2), Xa(t2) — X3(83), ..., X1 (tm=1) — X (tm)) € RY.

Evidently, A; is a centered Gaussian (](7 , cf)—ﬁeld. ‘

Take an arbitrary positive integer n, and consider any family of points {¢}}; x where k =
I,...,m,i=1,...,n, such that for every i and k we have ti € TNk, Note that the superscript i
in t}; is simply an index and should not be confused with exponent. For any such family of points,

and forany i =1, ..., n, we define the vector fi=@,. .., t£,1) € RV So we are interested in
detCov[A;1 AL, A;n],

ty’

where £y, ...,, € IN.
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We first note that the determinant of the covariance matrix of a random vector is invariant
under permutations of the entries of the random vector. In other words, for any d dimensional
random vector (Y1, ..., Yy), and o an arbitrary permutation of the set {1,2, ..., d}, we have

detCOV[YU(l), Yg(z), e, Yo'(d)] =detCov[Yy, Ya, ..., Y4].

This is true because any permutation of a vector is equivalent to multiplying it with a permutation
matrix, and the determinant of any permutation matrix is 1. Using this fact, it is easy to verify
the following equality

detCov[At1 , Atz, e, A;n] =detCov[A] — Ay, Ay — A3, ..., A1 — Anl,
where the random vectors A1, ..., A,, are defined as follows
A= (Xi(t}), Xe(¢0), ... Xi(£])) eR™; Vk=1,....,m
Note that for any positive integer m, any sequence of Gaussian random vectors of the same

size A1, Ay, ..., Ay, and forany k =1, ..., m, we have

detCov[Ay, ..., Ayl =detCov[A1,...,Ak_l,Ak+chA,-, Apit, ...,Am],
j#k

where ) j#k CjAj 1s any arbitrary linear combination of all the involved vectors excluding Ay.
Using this simple fact we have

detCov[A| — Ak, ..., Ap—1 — Ak, Ak41 — Ak, ..., Ay — Ag]
=detCov[A] — A2, A2 — A3, ..., Ap—1 — Apl: Yk=1,....m
So using Proposition A.7, for every k we have

detCov[A1, Ar, ..., Al

detCov[A] — Ay, Ay — A3, ..., A1 — Al >
etCov[A 2, Ao 3 m—1 m] detCov[AL]

13)

Let px :=1 — gy forevery k =1,..., m. By (13), and noting that 3 ;" , py = 1, we have

m
detCov[A| — Ay, Ay — A3, ..., A1 — Al > H(

detCov[Ay, Aa, ..., Am])p"
k=1

detCov[Ag]

Using the independence of A;’s, we get

m
detCov[A| — Az, Az — A, ..., A — Ap] = [ [ (detCov[Ag]) =%,
k=1

AS Y4k Pj = gk, We come to

KAG),....T0) < ]_[ KX (tg, ... t7)) ™. (14)
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Applying Lemma 2.3, it is clear that Kg‘ (f1,...,t,) is integrable over 7'V and its integral is
m K
bounded from above by ¢"* (n !)Zk:1 S, where c is a positive constant that does not depend on n. [J

6. Existence of the limit

In this section, we will prove that for any centered Gaussian (N, d)-field X, satisfying conditions
o, A1, Ay, and A3 (with mutually rational ¢;’s), the following limit exists

. JE(Z")
lim _,
n——+00 n)‘

where Z := Lo(X,ZV) and X := thv(H) , as in the last section. In the sequel, we prove Theo-
k=1 %

rem 2.6 and Corollary 2.1.
We use the standard notation |-| for the floor function, i.e., for every x € R, the expression
Lx] is the largest integer that is smaller than or equal to x.

Lemma 6.1. For any w € R, there exist strictly positive constants r1 and k that only depend on
N, a;’s and H, such that for every r > ri we have

Bz = K (M g 7y
= MO\ S o :

where M := ]_LNII % ].

Proof. Step I: Let u:= M(r 4+ 1). Using Proposition 4.2, we have the following probabilistic
representation

IE(ZM(r+1)) —E? (Ku(rl, ...,ru)), (15)

where {'L','}f=1 is a family independent identically distributed (i.i.d.) random variables, each t;
being uniformly distributed over [0, 1], and ET denotes expectation with respect to the family
of random variables {t; }f _1

We define the set of points P C [0, 1]V as

i1 iz IN .
P:Z{<_’E’“"waN>)lke{O’1’“"LwakJ_ }:Vk=1,2,...,N},

w¥1

where |-| denotes the floor function, as usual. For every p € P, we define the sub-cube
C°(p,w™) as

N
1
(.o )=+ T](0. 5 )
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(r+1)

We define the event E as the event on the family {z;},_ such that every sub-cube C°(p, w™%),

p € P, contains exactly » + 1 points of the set {r,}iﬂi(lr D We also define Q“M as the set of all
functions 6 : {1,2,..., M(r + 1)} — P such that at every point p € P, the cardinality of the
inverse image of 6 equals r 4 1, that is, |0_1 (p)| =r + 1; in other words, every member 6 € Q“M
is a partitioning of the set {1,2,..., M(r + 1)} into M distinct boxes indexed by P such that

every box contains exactly r 4+ 1 elements of {1,2,..., M(r + 1)}. For every 6 € Q’/& let Eg

be the event that the points of {z; }M(rH) are distributed among the sub-cubes {C°(p, ™ %)} peP

according to 6. It is clear that E = U(—)eQ‘,f,, Eg. So by Equation (15), we have

E(zMHD) > E¥[Ku(rro....t0le] = Y EF[Ku(ti.....70)1g,]
0eQl,

For any 0 € Q’/f,, and p € P, we use the following notation
Kit1(7,0, p) =Krp1(Tip, oo s Tipy )

where i1, ..., i,+1 denote all the distinct elements of 0—1( p). Using Proposition A.5, for every
6 € Q, we have the following inequality

Kue+)(Ti, ..o, Tue+n) = l_[ Kr41(z,0, p).
peP
Hence, we obtain
E(ZM"Y) = ) E’[]‘[ Kr+1(r,9,p>159].
0, peP

For any 0 € ), and p € P, let EY denote the event that the points ;,, ..., T, lie in the
sub-cube C°(p, w™%), where {i1, ..., i,41} := 07 (p). It is evident that

1z, 1_[ lﬁp
peP

So we get

E(zM0+D) > Z 1_[ E*[ r+1(7197p)155]' 1o

0eQhy, PP

Step 2: For any 0 and p fixed, let {i{, ..., i,4+1}:= O_I(p), that is, {i1,...,ir+1} is the set of
indices such that t;, ..., T;,,, € C°(p, w™®). Using Proposition A.7, we have

detCov(X,,.] . ¢ )

< detCov(X,l.rH ) detCov(X,iI -X

Tirg

Ti,_H""’ Tip
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By Property 2{y and using Corollaries A.2 and A.5, we have
d
detCOV(Xri,.H ) <c¢g-

Using the fact that X has stationary increments, that is, Property 2(,, we have

detCov(X,i1 — Xtir+1 ees Xgp — Xfi,+1) = detCov(X,iI T Xfir*Tim ).
So we have
Kr-‘rl(‘[s 97 17) = Kr+1 (ril DR rirJrl)
_d@r+D —% _%
>@2n)7 2 ¢, (detCov(X,il,,l.Hrl D, C T )
=Ko (Ti, = Tippys o0 T, — Tipy)s

where ¢p := 27 co)’%. Therefore, we have

E*[Kr41(z.6, p)lgr]

261/ Ki(t1 —tr41,...,t, — 1) dey -+ -dE
1, trp1€C0(p,0™)

=c1/ / K (t1 =2, by —2)dt1--dtrdz, (17
2€Co0,0-%) J1,,....t,€Co(0,0-%)

where we used change of variables in the last line.
For every z = (z1,...,2n5) € C°(0, w™%), we define

= min{ (0% — 24)% )

and
Form g = (0, g).

For every such z, we introduce the new variables {si}x=1. ... » in the following way

,,,,,

,o8k =t —2z: Yk=1,...,r,

where o as usual, denotes the Schur product of two vectors, that is, the vector formed by entry-
wise multiplication of the two vectors. It can be easily verified that for every such z we have

/ K.(¢t1—2z,...,t, —z)dt;---dt,
ty,...,.t,€C°(0,0%)

zgzr(“1+"'+°‘N)/ K (£ 081,...,8,08,)ds]---ds,. (18)

$1,.0,5r€(0, )N
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On the other hand, by diagonal self-similarity (Property 2(3) and noting Remark 1.2, we have

Cov(X; Xz o) = A Cov(Xy,, ..., Xg,)A],

Los1r
where A, € R"V*V is the block diagonal matrix consisting of 7 copies of the matrix {zH on its
main diagonal, and filled with zero elsewhere, in other words A, = diag[g'zH, e Cg{]. Now we

notice the fact that the determinant of the exponential of a matrix equals the exponential of its
trace, i.e., det(eA) = etr(A); see, for example, [4], Chapter 2. So we get

detCov(Xz oy oros Xz o) =27,
which implies that
K (Z,081,....8,08)=¢ ""WK (s1,....5,). (19)
So, by Equations (17), (18), and (19) we have
N p—
E‘L’ [Kr+1(‘[1 9, P)lag] > C]E(Zr)/ é.zr(Zk:IO(k tr(H)) dZ, (20)
2€C°(0,0%)

where we used the following equality which is a result of Proposition 4.2
E(z’):/ Ky (s1,...,85.)dsy---ds,.
Lyensre(0,HN

Now we define {xk}lN= | as x := 1 — w%z;. By this change of variables, we have

1 . 1
= — Ok L.
£z ® mkm{(xk) }
So we have

/ gz—r(Zﬁzl o —tr(H)) dz =™ >V, Olka)*r(ZIiV:l Olkftr(H))J(a’ H,r), 1)
z2€C°(0,0~%)

where

r(Cp o —tr(HD))
) x1---dxy.

1 1 |
J(o, H, r) :=/ f (min{(xk)“_k}
0 0 Nk

This shows that if Z,jcvzl ay is smaller than tr(H), then Property 2(; can not hold. So we assume
Sl o > tre(HD.
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Denote n := r(Zf{V:l ar —tr(H)) and o9 := min{«, ..., an}. One can easily verify that for r

larger than r| := m (so that n > 2ag), we have

1 L 1o\ 1 L L
/O /0 (mkm{(xk) k}) dxl...deZ/O /0 (mkm{xk}) dxy---dxy
1 1 a1
Zf / (min{xk})ao dxy---dxy
120 1-2 % k

N L N
() 0-5)"=e(5)
n n n
where C > 0 is global contact. So for r large enough (r > r1), we have

Je Hor)> (22)
r

where ¢; > 0 is a constant that only depends on «;’s and N. When Z,ivzl oy = tr(H), Equa-
tion (22) remains valid for every r € N. So in this case we define r| equal to 1.
So by applying Equations (22) and (21) into Equation (20) we get

E*[K,11(z,0, p)lgr] > — 2" Xk e~ 77). 23)
e rNa)Zk:l Ak
Step 3: Applying Equation (23) to (16), we get
M MM (r+1)
]E(ZM(r+l)) S 99 Ny "ML o —tr(H)) (]E(Z’))M, (24)

- rMNwMZI[cV:l Ak
where ‘ﬁ%(rﬂ) = |Q%<r+l) |, that is, the cardinality of Q%(rJr]). Using Lemma A.8, we have

mM(r+1) - Kiv M MM("+1)
L N

where k1 and k> are global constants. So we have

M M
E(ZM0+)) > kicy & VM ( M

T kM MN (4 DM Wkt %k

which clearly implies the statement of the lemma. (|

M(r+1)
) "M (H) (E(Zr))M,

Lemma 6.2. There exists a positive number ry that only depends on N, a;’s and H, such that for
every r > r1 and any w € Ry with the property that w® ’s are all integer numbers, and for any
positive integer q, we have

>B(U(r) r)\

(E(ZFM‘](I-I—Ur)))m JEZT THor 25
rMi(l+o )~ ( ) ’ 2
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where M = ]_[lNzle“iJ, o =1 Zk 0 Mk’ and B, (r) is a strictly-positive-valued function
(By(r) > 0) that depends only on a) r, N and H such that lim,_, { » By, (r) = 1.

Proof. By Lemma 6.1, we have

M

E(ZM(r+l)) > m

(™ ™)™ (B(27))"

where M = ]_[lN: 1lw¥], and p = . Reiterating this inequality g times, and using the

7
wZiyzl ok
inequality M*r + 35, M' < M*(r +2), we get

]E(Zeri_i_Z?:l M") > A (pwtr(H))(qrM‘l+Z?:_11 ,'Mi+‘)(E(Zr))Mq

’

where
A ) ki M
ST S i (r LN DL M
For A := tr?"(_lj)a, and using the notation o, := 1 Z —0 M, , we have
1
rMI+YL | My rmd+ T YE(ZT) \ TFor
(]E(Z i=1 )) i=1 - B < ]E(Z )) Jr) (26)
(rMa+Y1 My e r* ’
where
1 qrMd +z;.1:q"ll iMi_+' .
B, = = (Agy.p.g) M7 TF0r) (pw”(H)) MM M e (1 4 0,)
Using the inequalities Z+ 0 xi = =0T X) and Z ey ixi—1 = = )2, and noting that M > 2, we

can easily verify that as r goes to +00, the function o, converges to zero uniformly in g and w,
and

q—1
MITh <N iMeT <4M97! and M‘1<ZzM’<2M‘1 (27)
i=1 i=1

Using these inequalities, we can easily show that

1
(Aw,r,q)qu(HOr) > A, (28)

where A, > 0 is only a function of » and N such that lim,_, ; oc A, = 1. It is also easy to verify
that

q q—1 q .
g Y M=M= My
i=1 i=1 i=l1



1528 K. Kalbasi and T. Mountford

and hence
—1 ., q i
LM M Y e - 1

= . 29
rMa+ Y0 M r(l40) = r(l40,)(1 — )2 @9

Noting that under the assumptions of the lemma, p is equal to 1, and using Equations (28)
and (29), we obtain
B/ > B, (r),

w,r,qg —

where B, (r) is a strictly-positive-valued function that only depends on N, r, @, and H such that
lim,_, 1 o By (r) = 1. This completes the proof. O

Lemma 6.3. Let X; be an (N, d)-Gaussian random field satisfying Properties 21, g, 2o,

and A3 with self-similarity vector a := (a1, ..., anN) such that for every i and j, the quotient
a;/a; is a rational number. Then the following limit exists
JE(Z"
lim (30)

n—+400 n)L

where Z := Lo(X, [0, 11V) and » = =H)_

Zk o
Proof. Define
- YE(Z™) VE(Z")
¢:=limsup ———— and ¢:=liminf ————.
n——+00 n n—+00 n

Consider any positive real number £ that is strictly less than £. Let £; and > be real numbers
satisfying £ < €1 < €5 < €.

Step 1: As for every i and j, the quotient a; /o is arational number, we can find a real number
o > 0 such that for every i, the quotlent is an integer. Now choose w; and w; such that @] =2
and of = 3. Clearly, in this case all s are integer-valued forevery j =1,2andi =1,..., N,
hence we may apply Lemma 6.2. Also note that in this case, there exists a positive integer mo
such that M := [V, @] =20 and M, := [} w5 ] = 3. Let r be any integer larger
than r1, and p and g be two arbitrary positive integers. Applying Equation (25) first with w; and
p, and then repeating it with w; and g, we get

1
(E(Z®rra))Fra

> Bu, (R)(Bw1 (r))

(.’/E(Z’)) (14+0r)1(1+51{)’ a0

(cDr,p,q) rk

P p k.1 g=1 1
whereR._er +Zk:l Ml,or = Zk =0 Mk’OR RZk ()Méwand

q
Oy pq = RMY + ) M3 =r2"P3"4(1 + og)(1 + 0y).
k=1
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We note that B,,, and B, converge to one uniformly in p and ¢, and o, and og converge to zero
uniformly in p and q.

Step 2: Choose ¢ > 0 such that (1 4 ¢) < %1 Clearly, there exists r, > 0 such that for every
R, r > r, we have

B e ]
(1+0)(1+3r) <1+e and  Buy(R)(By (r)For e, " > ¢,

By the definition of lim sup, there exists an integer r > max{ry, 7} such that '—wEr(AZ') > {5. Now
we apply this r to Equation (31), along with any arbitrary integers p and g. Noting that R =
rMP + 3P M% > 7 >r), we have

1
(]E(Z(b’vp-q)) ®r.p.q ' v N 32)
— Y = *t1; p.q €N
(q)r,p,q))L
We also have
p2MoP3med < D pg = r2MP3M09 (1 4 0p)(1 + 0,) < r2M0P3"M09(]1 4 ¢). (33)

As log, 3 is not a rational number, by Dirichlet’s approximation theorem (Theorem A.9) there
exist po, go € N such that

1 A
0 —qol 3 — 1 . 34
< |po —qolog, 3] < o ng<£(1+8)) 34

We proceed with the assumption that pg > gglog, 3; when pg < golog, 3, the proof is similar.
So by Equation (34) we have
2mopo 2

<

l<v:= .
3moqo  £(1 4+ ¢)

(35)

We choose kg € N such that v%0 > 3, and define 1 := r(1 + £)3™0490k0_ Take any arbitrary integer
n > ny, and define the following

g1 :==max{k;n>r(l +8)3m0k} and ki :=max{k;n > r(l +¢)3"0% vk}.
As we have
3moq1 ki — 3m0(Q|—quo)2mok|lIo’
hence
r( + 8)3n10(611—k|q0)2rrlok1q0 <n<vr(l+ 8)3n10(q1—k1q0)2mok1q0. (36)
We note that g = g1 — k1go > 0, because

(D as n > ny, by definition g1 > goko, and
(II) ki < ko, otherwise if ko < k1, then vk > 3, and hence n > r(l+ 3)3m0(‘11+1) which is in
contradiction with the definition of ¢ .
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So we can apply Equation (32) to ¢ = g1 — k1qo and p = k1qo. By Equations (33) and (36), we
get

D pg=<n=v(l+e)d,,,. 37)
Step 3: As &, , 4 < n, by Holder’s inequality we have

1

(B(z% )% < (B(2"))".
Hence, by Equation (37) we have

L B(Z¥ra) %07 (E(Z")
(qu,p,q))L - n* )

(vl +e)~ (38)

But by (35), we have

F=(a+e) =0 re) ™,

So by Equations (38) and (32) we finally get

)
(E(;)) > ¢

This means that £ is larger than or equal to £. As this is true for any positive number ¢ that is
strictly less than ¢, this implies £ = £; in other words the limit in (30) exists. O

Proof of Theorem 2.6. Lemma 6.3 guarantees the convergence of {"—WF;;(AZ”)}n’ so Theorem 4.1

can be applied if we show that the limit is strictly positive. This can indeed be easily verified

applying Lemma 6.2 with some arbitrary r > r; and w € Ry such that w®’s are all integers,

and then letting g converge to 4oo. Clearly the left-hand side of Equation (25) converges to
VEZ"

limy, . 400 =7 whereas the right-hand side is strictly positive and independent of g. (]

Now we can easily prove Corollary 2.1.
Proof of Corollary 2.1. We define the Gaussian field A;
A; = (X1(t1) — X2(t2), X2(t2) — X3(83), ..., X—1(tm=1) — X (tm)),

where £ := (1, ...,1,) and £, eINk forevery k=1,...,m.

It is evident that A; is a a centered Gaussian (]V, c?)—ﬁeld, where d := (m — 1)d and N :=
2 k=1 Ni N

The proof of the existence of the local time of A; around 0 over the cube TV and the finiteness
of all its moments, is similar to the proof of Theorem 2.5. Indeed, using Equation (14) with
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qi = mT_l (pi = %)forevery i=1,...,m, we obtain

m—1

m
KAG, ... L) [] (KX (el e0)

So the Gaussian field A; satisfies Property 2.

As all the random fields Xg, k =1, ..., m, satisfy Properties 2y and 2>, so does the Gaus-
sian field A;. As every Xy is diagonally self-similar (i.e., it satisfies Property 2(3) with scal-
ing vector oty := (a1, ..., 0k, N,) € R_]Xk and scaling matrix H € R4%4 it can be easily veri-

fied that A; is also diagonally self-similar with the scaling vector & € Rﬁ constructed by ad-
_]01n1ng all the vectors ay, together, that is, & := (a1, o2, ..., &) and with the scaling matrix
H e RO"=Ddxm=Dd \which is a block diagonal matrix contalnlng m — 1 copies of H on its main
d1ag0nal~ and zero elsewhere; in other words, H:= diag(H, H, ..., H). Clearly in this case we
have tr(H) = (m — 1) tr H. Now the desired conclusion is evident applying Theorem 2.6. U

Appendix

Lemma A4. Let H be a Gaussian Hilbert space, that is, for any n € ™", and any elements
X1,..., X € H, the set {X;}]_, is a family of jointly Gaussian zero-mean random variables,
and ’H forms a Hilbert space with respect to the inner product (X,Y) :=E(XY). Let G be a
subspace of H, and X be an element of H. Then we have

var(X|G) =

where Qg(X) := X — Pg(X), and Pg(X) is the orthogonal projection of X over the subspace G.
Proof. By definition, we have

var(X|G) = E[(X — E(X|0))*[G].

Replacing X by Pg(X) + Qg(X) on the right-hand side of the above equation, and noting that
Qg (X) is independent of G, we can easily derive the desired result. (I

Corollary A.1. An immediate implication of the previous lemma is the following inequality

var(X|G) < var(X).

Lemma A.5. Let Y be an arbitrary inner-product space. Then for any y{,...,y, € Y, n € N,
we have
J1 n
. 2
det| : [[yi - wa]=lPT]IQu oy
Y k=2

where (y1, ..., Yi_1) is the subspace generated by {y,, ..., Yi_1}-
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Proof. We assume that {y;}_, are linearly independent, because otherwise, the equality is
trivially true. By orthogonal decomposition of each y; over the subspace (y{,..., yi_1), we
can obtain the sequences {fi}?:p {n; ?:1’ and {pi}l'.'=1 such that for Vk =1, ..., n, we have
Yie=nkfr+ pr where n € Ry, pp € (yro-o o yi1)s S L{ypo - yir), and |1 f [ =1. In
factforeachk =2,....n, py = Py, ...y, () and ne fr = Oty,..oyi ) (Op)- Let f:R" = Y
be the linear isometry such that f(e;) = f; forevery i =1, ..., n, where {e;}/"_, is the standard
basis for the Euclidean space R", that is, e; is the column vector that is 1 in the i-th entry and 0
elsewhere. Foreachi =1, ..., n, define x; € R" as the inverse image of y;, thatis, f(x;) =y;.

As f is an isometry, we have

Y1 X
2
det| : [[y1 -+ yu]=det| i |[x1 - xp]=(det[x; - x4])".
Yn X,
Again due to the fact that f is an isometry, for every k we have x; € (e1, ..., e), i.e., the matrix

[x1 --- x,]is upper triangular with n;’s on its diagonal. So we have

n
det[x; - x,] =Hn,~.
i=1
But ny = ||lyll, and n; = | Q(y,.....y,_ (¥l forevery i =2, ..., n. So the proof is complete. [J

Corollary A.2. Suppose {X;}}_, is a family of jointly Gaussian random variables. Using
Lemma A.4, we obtain the following formula

n
detCov(X1, ..., X,) = var(X;) nvar(Xk|X1, e Xkl )-
k=2

Using Lemma A.5, we can easily verify the following two propositions.

Proposition A.6. Suppose that {Yij; i=1,...,n,j=1,...,m;} is family of jointly Gaussian
random variables, where m; € N for every i = 1,...,n. Also, foreachi =1,...,n,letY; :=
(Y, ..., Y"). Then we have

n n
detCov(Y1,...,¥,) =detCov(Y1) [ [ detCov(¥4|Y1..... Y1) < [ [ detCov(¥)),
k=2 i=1

where detCov(Y|Y 1, ..., Yir_1) is the determinant of the conditional covariance matrix of Y
conditioned on the random vectors Y1, ..., Yr_1.
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Proposition A.7. Let m € N, and consider any family of n jointly Gaussian random vectors of
size m, that is, Y; := (Yil, cee, Yim)for every i. Then we have

detCov(Yy,...,Yy)
< detCov(Yy)detCov(Y; — Yk, .-+, Yi—1 — Y&, Yir1 — Yio ..., Y — Yp).

We have the following lemma which can be proved by elementary probability and then Stir-
ling’s approximation, that is, the fact that k1 < @ )” f < k2, where k1 and k» are strictly positive

global constants.

Lemma A.8. Let n,m € N, and suppose that we have nm distinct balls and n distinct baskets.
Let U™ be the number of different ways one can distribute the balls among the baskets such that
each basket contains exactly m balls. In other words, YU, is the cardinality of Q' where QM
is the set of all functions o : {1,2,...,mn} — {1,2,...,n} such that for every p € {1,2,...,n},
the cardinality of the inverse image of o equals m + 1, that is, |0~ (p)| = m. We have

mnm (nm)' Kl\/_ i
" (m')" T« \/_ '

where k1 and ko are strictly positive global constants.

The following theorem, also known as Dirichlet’s theorem on Diophantine approximation,
is a direct application of Pigeonhole Principle which itself was first used by Dirichlet [2]. For
completeness, we provide the proof.

Theorem A.9 (Dirichlet’s approximation theorem). For any real number o and any positive
integer n, there exist integers p and q such that 1 <g <nand |p — qu| < %

Proof. Consider the numbers o — |« ], 2 — [2¢], ..., na — |no], and the intervals [f l+1)

fori =0,...,n — 1. Either one of the numbers falls into the first interval [0, %), or otherwise
there will an interval that contains more than one point. In either case, we can find the desired p
and q. [
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