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The aim of this paper is to prove stability of traveling waves for integro-differential equations connected
with branching Markov processes. In other words, the limiting law of the left-most particle of a (time-
continuous) branching Markov process with a Lévy non-branching part is demonstrated. The key idea is to
approximate the branching Markov process by a branching random walk and apply the result of Aidékon
[Ann. Probab. 41 (2013) 1362-1426] on the limiting law of the latter one.
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1. Introduction

The Fisher-KPP equation and its analogues have been attracting growing attention over the last
decade (see, e.g., [4,9,11,12,15,19,29] and references therein). Common results in the PDE lit-
erature are existence and uniqueness of traveling waves for speed ¢ > c,, where ¢ is called the
minimal speed of propagation (see references in [15]). Studying of the traveling wave with the
minimal speed is of primary interest [13]. Although, its stability is well known for Fisher-KPP
[6,23,25,34], to the best of our knowledge, it is absent for various analogues of the equation
(see examples below). Thus, our goal is to prove stability of the traveling wave with the mini-
mal speed to a large class of Fisher-KPP-type equations demonstrating universality of long-time
behaviour in this class.

Ikeda, Nagasawa and Watanabe showed in [20-22] that a class of branching Markov processes
may be associated with non-linear evolution equations. A process X from this class started from
a one-point configuration may be described as follows: the point moves on the real line' as a
Markov process X° up to the first branching time z, at which X? is terminated and new particles
are instantly born and randomly distributed on the real line according to a stochastic kernel .
The new-born particles repeat behavior of its parent: they move independently as X° and are
terminated at independent random times distributed as t producing new-born particles according
to 7. The procedure continues to infinity. Such process X is called a (X°, 77)-branching Markov

process (see Definition 5.1). The configuration space of X is then R = U{R’S’ymln > 0}, where

Hkeda, Nagasawa and Watanabe considered a more general state space instead of R.
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R{ym denotes the n-fold symmetric product of the real line R. Thus, X consists of n € N points

at time ¢ if X; € ngm, and X dies out if X; € ngm :={@}, for some ¢ > 0.

Ikeda, Nagasawa and Watanabe proved (see Theorem 5.5), that the semigroup T of the
(X°, 7r)-branching Markov process X started from a one-point configuration {x}, x € R, is a
minimal solution in the class of non-negative functions to the so-called S-equation. Namely, for

0< f <1-Borel,t >0,

u(x, 1) :=E [ [1 f(y)} = (T Nlr(x),

yeX;
solves

ux,n) =T, f(x) + Ki)(x, 1), (1.1)

where Ky} is a conditional expectation defined by the transition function of X, f is bounded
Borel, f(z) = H?:l f(z)), u(z, 1) = l_[lj-zl u(zj, 1), ze Ry ; for X0 = (x9, Pg) with the tran-

sym>
sition function P[] = P(X? € -|X 8 = x) and the corresponding expectation E,

T f () =B F(XD),t < 7], (1.2)
K(x;dtdy) =Pt edt, X?_ e dy], (1.3)
and for g: R xRy = R,
t
(Kg)(x,t):/ /K(x;dsdy)/n(y,dz)g(z,t—s). 1.4
0 JR R

Our goal is to prove that the minimal non-negative solution to the S-equation converges to a
limiting profile. This is equivalent to existence of the limiting law of the left-most particle of the
corresponding branching Markov process X. We will apply the result by Aidékon [1] (cf. Theo-
rem 7.3) on the limiting law of a branching random walk. The idea is to consider the sampling
{Xﬁ }n=0, k € N. Since {Xzf_;c }n>0 1s a branching random walk, then the result of Aidékon implies

convergence of the left-most particle of X to a limiting profile on subsets {¢ € 2n_k}n€N0’ k e N.
We will show that the limiting law is independent of k. Finally, taking k — oo we will obtain the
statement for continuous time.

Together with the S-equation let us consider the following auxiliary linear equations,

v (x, 1) = (TPe.) (x) + (K (x, 1), (1.5)
Wi (6, 1) = (TLess) (¥) + KWy 0 + 030, — 030, (x, 1), (1.6)

where A, u € R, ey (x) := e ™, ¥(x,1) = Z’}:l v(xj, 1), x € R, n > 0. In Theorem 5.6 be-
low, we will show that the following functions are the minimal non-negative solutions to (1.5)

and (1.6) correspondingly,

v (x, 1) :=Ey [ > e_”] = (T;&.)({x}). (1.7)

veX;
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Wy (x, 1) :=E{x}[2 ey e_“y:| = (T:8:.2,) (Ix}). (1.8)

yeXy yeXy

To formulate the main result of the article we need to impose additional assumptions on X.
First, we exclude the possibility that the process X may explode in finite time, which is equivalent
to the following assumption (see Lemma 5.4):

Assumption 1.1. For the (X, 77)-branching Markov process X, we assume that u = 1 is the
unique solution of the corresponding S-equation (1.1) with the initial value f = 1.

Together with the process X we consider its sampling (X,), n € Ny. In view of (1.7), the
log-Laplace transform of a point process X is defined as follows

Y(A) :=Invy(0,1), reR. (1.9)

With the following assumption, we ensure that (X,,) survives with a positive probability and its
left-most particle propagates linearly (asymptotically equivalent to —nc,) as n — 0o on the set
of non-extinction,

()€ (0,00) and Y(A) <oo forsome A > 0. (A2)
The speed of propagation c is then defined as follows: under (A2), denote
Ao :=sup{s > 0: 9 (s) < 00} € (0, 0], (1.10)
and assume that there exists A, € (0, Ag] satisfying

VO . Y
= inf =
Ax A>0 A

D Cye (A3)

Let us also make the following technical restriction in order to ensure assumptions [1], (1.1)-
(1.4),

a
A 20, = —Y(Ay),
* < AQ C BAW( *) (Ad)
38 € (07 )"O - )"*) : wO,O(Ov 1) + wO,A* (01 1) + w(S,)\.* (Oa 1) < Q.

We say that the distribution of X is non-lattice if there do not exist a > 0, b € R, such that
P0;[X1 CaZ+ b] = 1. Now we can formulate the main result of the paper.

Theorem 1.1. Let X be a spatially homogeneous (Xo, w)-branching Markov process, which
satisfies Assumption 1.1, (A2), (A3), (A4). Suppose that the distribution of X1 is non-lattice.
Then the following statements hold true:

1. The left-most particle of X, M; := min{y € R : y € X;}, satisfies,

3
lim P{o}[M,+c*t——lnt+Cz—x}=¢(x), x €R, (1.11)
t—00 2A4
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where

¢ (x) =Eqy[e "], (1.12)

and D, is the almost sure limit of the derivative martingale of (X,,) given by (7.1).
2. The minimal non-negative solution u(x, t) to the S-equation (1.1) with the initial condition
u(x,0) = f(x) =1g, (x) satisfies,

u(x,t) =Pyy[M; > 0] =Pip)[M; > —x]. (1.13)

3. For u and ¢ as above the following asymptotic holds

3
lim u(x—l—c*t——lnt—l—C,t):cﬁ(x), x eR. (1.14)
t—00 21

*

Moreover, ¢ (x —cxt) is a monotone traveling wave solution to the S-equation, namely, ¢ is mono-
tone, (x,t) = ¢ (x—cyt) solves (1.1), and

lim ¢(x)=1, lim ¢(x) =E([Doo =0] < 1.
X—>—+00 xX— —00

Corollary 1.2. If one considers a more general initial condition u(x,0) = g(x), such that, for
some h > 0,

g, (x) <g(x) <1r, (x+h), xeR,

then the comparison principle (see Proposition 6.1) immediately implies, that the corresponding
solution ug(x, 1) = (T,;8)Ir(x) to (1.1) satisfies,

P(x) < lilrgggfug(x +0(1), t) < limsupug(x +6(1), t) <¢x+h),

t—0o0

with ¢ given by (1.12) and 6(1) = cxt — % Int+C.

2. Discussion

The relation (1.13) was first shown by McKean [26] for the branching Brownian motion and the
Fisher—KPP equation (see Example 4.9). For the branching Brownian motion the limits (1.11)
and (1.14) are known since Uchiyama [34], Bramson [6] and Lau [25].

Theorem 1.1 shows, that the limiting behaviour (1.14) holds true for a large class of equa-
tions, where general reaction terms are possible due to the large set of branching laws 7 of the
underlying branching Markov process, and more general than the Brownian motion propagation
mechanisms may be considered due to the Lévy nature of the non-branching part X°. Namely,
by [30], Theorem 10.5, and (5.7) below, the process X is a non-branching part of the spatially
homogeneous (X, 7r)-branching Markov process if and only if there exists a Lévy process X on
R, such that X? = X;, t <t (here t is the first branching time).
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Chen [10] proved that in the case of a branching random walk assumptions (H1) and (H2)
below are necessary and sufficient for the limiting profile (1.12) to be non-constant. In our ap-
proach it is difficult to check this assumption uniformly with respect to the sampling parameter
k e N (i.e., for all X5, k € N). Therefore, (A4) and w,_, were introduced. As one can see in the
proof of Proposition 4.5 given in the Appendix, it is easy to check (A4) for particular examples.

The assumption A, < Ag in (A4) excludes the edge case A, = A¢ (note that A, < X by defi-
nition). In the case of Example 4.7, it was shown in [16] that the traveling wave (1.12) with the
minimal speed can have different asymptotic behaviour depending on the choice of X°. Namely,
additionally to the expected asymptotic behaviour ¢ (x) ~ xe ™+, it is also possible to have
¢ (x) ~ e~*_ Ebert and Saarloos [13] heuristically showed that different asymptotic behaviour
of ¢ may lead in (1.14) to a correction term different of & Int. Therefore, our conjecture is that
if A, = A, then correction terms different from the one in (1.14) are possible.

In the case of the branching Brownian motion the representation of the traveling wave (1.12)
is well known, see Lalley and Sellke [24]. Also see [2] and references therein for more delicate
results. For the idea of how to cover more general initial conditions to (1.1) we refer to [8]. For
a shorter proof of [1], Theorem 1.1, see [7]. For recent analytic results on stability of traveling
waves in the Fisher-KPP equation we refer to [19,29] and references therein. How different may
be correction terms in (1.14) for Fisher-KPP-type equations see in [4].

3. Related PDEs

In order to pass from the S-equation (1.1) to a partial differential equation (PDE) one needs
to differentiate both sides of (1.1) with respect to the time variable. This is equivalent to the
definition of a generator of the underlying (X, 7)-branching Markov process X, that requires
additional regularity assumptions on the process X. We prefer to avoid introduction of such
assumptions here as this would increase technicality of the article. Nevertheless, we will show
now heuristically, which PDEs correspond to (1.1), (1.5) and (1.6), that is straightforward to
prove rigorously for examples given below. For the general rigorous approach, we refer the reader
to the notion of H-regularity in [22].

If u satisfies the S-equation (1.1), we will call it a mild solution. Let us call it a strong solution
if it satisfies the following PDE,

8—u(x,t) = (Aou)(x,t) +k/ 7(x,dz)u(z, 1),
Jat R

0
where A? is the generator of X°, k := W(O) — value of the probability density of the

branching time 7 at 0, u(x,0) = f(x), x € R. The Laplace transform v, of X defined by (1.7)
satisfies (1.5), hence,

8ﬂ(x, = (A%;)(x, 1) +k/ w(x,dz)V,(z, 1),
at R
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with v; (x, 0) = e™*, x € R. Similarly, the function wj,, defined by (1.8) satisfies (1.6), there-
fore,

ow
%(x, 1) = (A%w; ) (x, 1)

+ k/ 7 (x,dz) (W), u (2, 1) + UpU — V20, (2, 1)).
R

4. Examples

1. Non-branching parts.

(X1) Constant. Let the non-branching part X be trivial: the point does not move and dies with
a random exponentially distributed time with rate 1. Thus, for f in B(R) — the set of real-valued
bounded Borel functions on R, the generator T of the process X° has the following form,

TP () =B f(XD). 1> t]=e"" fx).

(X2) Pure-jump process. Let the non-branching part X° of a branching Markov process X be
the pure-jump Markov process with a bounded jump-kernel a € L' (R—R ) and the jump rate
1. Namely, starting from a point x € R, the process X° waits a random exponentially distributed
time with rate 1, and, then, it jumps from x to a point y € R with probability a(y — x) dy. Next,
we suppose, that the branching time 7 is exponentially distributed with rate 1. At time 7 the
particle X?_ dies. Thus, for f € B(R), the generator T° of the process X° has the following
form,

TP () =E2[F(XD), T > 1] =e"pr(y —x,0)f(y)dy,
where

tn
p(y—x,ndy=e" <8x<dy> +) - x)dy),
neNn'

a(y)=(axa*" D)),  a®(y)= /R a(y —a()dz,  a’'(y)=a@).

(X3) Standard Brownian motion. Let the non-branching part X° be a standard Brownian
motion up to the branching time t, which is exponentially distributed with rate 1. Then, for
f € B(R), the generator T of the process X has the following form,

TOF(0) =B £(X%). 7 > ] = ¢~ /Rp@ — .0 ) dy,

where
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1I. Branching laws.

(P1) Let a particle at the moment of its death gives birth to two children which are positioned
at the same point, where the parent dies. Then the branching law 7 has the following form,

7(y,d2) =1 (1)8,(d21)8,(d22).

(P2) We consider the following generalization of the branching law (P1). We assume that a
particle gives birth to n children with a probability p,, and children are placed at the same point
where the parent dies.

7(y,dn) =) palrs, @ [ [8,dz)), pacl0,11,) pa<1.

neN j=1 neN

(P3) Let a particle at the moment of its death gives birth to two children, one of which is
positioned at the same point where the parent dies, and the second one is placed randomly at
z € R with a probability b(z — X (,)_) dz, where b is a bounded probability density. Hence, the
branching law is defined as follows,

n(y,dz) = ]leym (2)8,(dz1)b(z2 — y) dzs.
111 (X°, 7)-branching Markov processes

Example 4.1 (X1 + P2). Let the non-branching part X° of the (X, 77)-branching Markov pro-
cess X be defined by (X1) and its branching law 7 by (P2). Then X is the Galton—Watson process.
The corresponding S-equation is then,

du(t) = —u(®) + (Fu)(t),  Fx)=Y px,
jeN
where we omit the trivial dependence on x € R. This example is standard, so we skip farther
details and refer to [3].

Example 4.2 (X1 + P3). Let the (X°, 7)-branching Markov process X be defined by (X1) and
(P3). Then the S-equation reads as follows,

Qu(x,1)=—u(x,t) +ulx,)(b*u)(x,t),

where b(x) 1= b(—x), (b xu)(x, 1) == [ b(x — Yu(y,t)dy.

The equation first appeared in [27,28] (apply the change of variables u — 1 — u). Existence
of traveling waves was proven in [27]. To the best of our knowledge, stability of the traveling
wave with the minimal speed given by Theorem 1.1 was absent in the literature. The Laplace
transform v, (x, t) of X, defined by (1.7) satisfies (1.5), which reads now as follows,

v (x, 1) = (bxvy)(x,1), v(x,0)=e, xeR,r>0.
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Therefore, the log-Laplace transform of X; equals
Y (A) =1nv; (0, 1) = (£b)(1), (&b)(1) = / b(x)e *dx.
R

Proposition 4.3. Let there exist [, §, A > 0 such that,

I:= inf  b(y) >0, (£b)(\) < o0.
ye(—1—8,~1)
Suppose A is defined by (1.10) and infimum in (A3) is not attained at A, = Ag. Then the (Xg, T)-
branching Markov process X given by (X1) and (P3) satisfies conditions of Theorem 1.1.

We omit the proof of the proposition, since it is similar to the one of Proposition 4.5 below,
which we prove in the Appendix.

Example 4.4 (X2 + P1). Let the (X°, m)-branching Markov process X be defined by (X2) and
(P1). Then, the corresponding S-equation (1.1) has the following form,

ulx,t)=(@*u)(x,1) —2u(x,t) +u’(x, 1), acx):=a(—x).

Such equation is a special case of the equation considered, for example, in [11,12], where exis-
tence of traveling waves and formula for the speed (A3) were proven. To the best of our knowl-
edge, stability of the traveling wave with the minimal speed, which is exactly the one given in
Theorem 1.1, was not shown before. The idea to consider jumps as a mechanism of propaga-
tion was suggested already in the seminal paper by Kolmogorov, Petrovskii and Piskunov [23],
where the authors approximated a * u — u by the Laplace operator. The idea to consider the
logistic reaction term u — u? is usually referred to Fisher [17].

The Laplace transform vy (x,t) of X, defined by (1.7) satisfies (1.5), which reads now as
follows,

v (x, 1) = (@xv)(x,1), v(x,0)=e**, xeR,t>0.

Therefore, the log-Laplace transform of X; equals
Y(A) =Inv,(0,1) = (La)(N), (La)(A) :=/ a(x)ef)‘x dx.
R

The function w;,_, given by (1.8) satisfies (1.6). Hence, w; , (x,0) = e~ X and
0wy, (x, 1) = (@ * wy 1) (x, 1) +2va(x, Do, (x, 1).
Proposition 4.5. Let there exist [, §, A > 0 such that,

I:= inf  a(y) >0, (La)(A) < oo. “.1)
ye(—i—8,~1)

Suppose Aq is defined by (1.10) and infimum in (A3) is not attained at A, = Ag. Then the (Xg, 7)-
branching Markov process X given by (X2) and (P1) satisfies conditions of Theorem 1.1.
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Proposition 4.5 is proved in the Appendix.

Example 4.6 (X2 + P2). For the (Xo, 7)-branching Markov process X defined by (X2) and
(P2), the S-equation (1.1) reads as follows,

u(x, 1) = (@*u)(x, 1) = 2u(x,) + Fu(x,n),  Fx)=Y_ px.
jeN

If po =0, then F(0)=0.1If p; <1, then F'(1) =), nps, > 1. As a result, after the change
u — 1 —u we arrive to the Fisher-KPP-type equation with the KPP reaction term. We refer again
to [11,12].

The Laplace transform v, (x, ¢) of X satisfies,

oV (x,t) =(axvy)(x,t) —2vy(x,1) + <ann>vk(x, 1), vy (x,0) = e M,
n>1

Therefore, the log-Laplace transform of X equals

Y (A) =, (0, 1) = (La)(B) — 2+ ann.

n>1

Proposition 4.5 holds true in this case too.

Example 4.7 (X2 + P3). The (Xo, 7)-branching Markov process X defined by (X2) and (P3)
corresponds to the following S-equation (1.1),

du(x,t) = (@*u)(x,t) —2u(x,t) +ulx, )b *u)(x,1).

This equation appears as a scaling limit of a birth-death point process in the so-called Bolker-
Pacala model [5] (consider u — 1 — u). See [14,18] for the rigorous derivation, and [15,16] for
existence and uniqueness of traveling waves as well as the derivation of the formula (A3) of the
minimal speed.

The Laplace transform v, (x, ) of X satisfies,

i (x, 1) = (@+b)*vp)(x, 1) — vp(x, 1), v (x, 0) = e,
Therefore, the log-Laplace transform of X equals
Y (A) =1lnvy (0, 1) = (La)(X) + (£b)(1) — 1.
Proposition 4.8. Let there exist 1,5, . > 0 such that,

I:'= inf a()+b(y) >0, (La)A)+ (Eb)(A) < 0.
ye(—1—8,—1)

Suppose A is defined by (1.10) and infimum in (A3) is not attained at A, = Ao. Then the (Xg, 7)-
branching Markov process X given by (X2) and (P3) satisfies conditions of Theorem 1.1.
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We omit the proof, since it repeats the one of Proposition 4.5.

Example 4.9 (X3 + P2). The (Xo, 7)-branching Markov process X defined by (X3) and (P2)
corresponds to the following S-equation

oru(x,t)= %8§Xu(x, ) —u(x,t)+ F(u(x, t)), Fu) = ijuf.
jeN

After the change of variables u — 1 — u we arrive to the Fisher-KPP equation [17,23]. The
Laplace transforms v, (x, t) satisfies,

1 22
doa(x, 1) = S0%, 0,6, 1) + (ann - 1)’)/\()6, D, v, ) =eT T hizhy
n>1
As a result,
)\‘2
1/f(/\)=7+<znpn—l>, co=1/> 2np, -2, he= > npa—1,
n>1

where the well known formula for the minimal speed of the traveling wave in the Fisher-KPP
equation is obtained. Theorem 1.1 in this case does not state anything new, see [6,24-26,34].

Example 4.10 (X3 + P3). The (Xg, 7)-branching Markov process X defined by (X3) and (P3)
corresponds to the following S-equation

oru(x,t) = éafxu(x, t)—ulx,t)+u(x, t)(l; *u)(x,t).

The Laplace transform satisfies,
1o i Bt 4 1(8h)(0)—hx
atvx(x,t)=Eaxxvx(x,t)ﬁL(b*vx)(x,t), vi(x, 1) =e? .

The log-Laplace transform has the following form,

52
Y=+ EHR).

5. A relation between branching Markov processes and
evolution equations

The purpose of this section is to formulate results of Ikeda, Nagasawa and Watanabe on connec-
tion between branching Markov processes and evolution equations. We will follow the notations
of [20-22].
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We will denote No =NU {0} ={0,1,2,...}, R=RuU {oo} — the one-point (Alexandroff)
compactification of the real line R. We write Rg ) for n-fold symmetric product of R (i.e., we
identify permutations of coordinates), and @gym for n-fold symmetric product of R. Denote by

R = U(RZ,,,In € Ny} the topological sum of R” . where ngm = {9}, & an extra point,

sym sym?

R = (|J{Rynln e No}) Uia),

the topological sum of @fym, where @gym = {J}, @ and A — extra points, so that ﬁ\{A} is
compactified by {A}. Thg\ set of the boundgg Borel real-valued functions on R, @ R, and R will
be denoted by B(R), B ’(\R), B(R) and B(R) correspondingly./\A function f ’geﬁned on R will
be always extended to R by f(co) = 0. The norm of f € B(R) and g € B(R) will be denoted

correspondingly

I £l = esssup| £ (x)], gl =esssup|g(x)|.
xeR xeR

The bold symbols X, ), 2, X, T, P, E will be used for objects related with the spaces R, R.
For any f € BR), || f|l <1, denote

1, x=®’
F@=1f@Df@) ... f(), x={x1,%2,..., %) € Rgym: (5.1)
0, x=A.

We will also write (f) = f. Obviously, € B(R).

We will use Dynkin’s setup for Markov processes and refer the reader to [20] and [32] for more
details. We will always assume that the filtered probability space satisfies the usual conditions,
meaning that it is complete and the filtration is right-continuous.

Definition 5.1. Let X = (X;, Px) be a right-continuous temporally homogeneous Markov pro-
cess on R, and let T, be the transition semi-group on B(R) induced by X, that is,

T.f(x) =E.[f(X))], x€R,r>0, f eBR). (5.2)
Then the Markov process X on Ris called a branching Markov process if it satisfies
T, f(x)= (T, Hlg) *x), xeR,r>0. (5.3)
for every f e BR), || f]l < 1.

Let {z;};>1 be splitting (or branching) times of the process X. We denote

T, = lim 1,, T=r1]. 5.4
n—0o0

We also write T for the hitting time of A

A =inflt: X, = A}. (5.5)
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The hitting time of oo € R by one of the points in X will be denoted by
Too =inf{t : Jy € X;, y = 00}. 5.6)

A large class of branching Markov processes may be defined by its behaviour up to the first
branching time 7 and distribution of the new-born particles at t. Let us make this definition
rigorous.

For a branching Markov process X started from Xgp = x = {x} € R we can define a new
Markov process on RU {A} in the following way

X'=X1,.; +Alyzy, £>0. (5.7)

Thus X0 = (X9, IP’O) describes the behavior of a particle of X before its branching time t, and
XY is terminated at 1 = 7. We call X the non-branching part of X.

Definition 5.2 (cf. [20], Definition 1.6). Let X be a branching strong Markov process, which
satisfies the following conditions

1. lim,—oX__1 exists almost surely on {7 < oo}.

2. Thq{e exists a stochastic kernel 7 (x, E) on R x R such that for each A > 0,x € @, and E —
Borel in R, we have a.s. on {t < 00},

Eqy[e ™. XceEIX_ ] =n(Xe—, E)Eqy[e 71X, -]

3. Pylts =1, T4 < 00] =Py [14 < 00].
4. Pyt =s5]=0,5s>0.

5. Pyltoo <00]=0,x eR(’ym,n eN.

Let X° be the non-branching part of X. Then we shall call X the (X°, )-branching Markov
process.

Remark 5.3.

1. If a branching Markov process X satisfies items 1 and 2 in Definition 5.2, then we call
7 (x, E) the branching law of X.

2. The item 5 in Definition 5.2 means that if non of the points in Xy equals co then the same
holds true for all point in X, # > 0. This assumptions was not required in [20], Definition 1.6.

3 By [22], Theorem 4.4, for TO defined by (1.2), K defined by (1.3), and a stochastic kernel &
on R x R, there exists a (X", 0 T)- branchlng Makrov process. By [20], Corollary, p. 273, (X°, 7)-
branching Markov processes with the same non-branching part and branching law are equivalent
(have the same finite dimensional distribution).

The following Lemma shows that Assumption 1.1 is equivalent to the fact that the branching
Markov process does not explode in finite time (cf. [22], p.115, Corollary 3).
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Lemma 5.4. Assumption 1.1 holds if and only if (cf. (5.5))
Piylta=00l=1, xeR.
Assumption 1.1 and item 3 of Definition 5.2 imply, (cf. (5.4))
Pyl <o0]=0, xe€ R.
Proof. The statement follows from [20], (1.10). Namely, for x € ﬁ\{@ ,A}Lt>0,
Pilta>t]=T: f(x), f=1. O
The following theorem states that the semigroup of the (X°, 7r)-branching Markov process

X started from a one-point configuration {x}, x € R, is a minimal solution to the so-called S-
equation.

Theorem 5.5. Let T; be the semi-group of the (X°, w)-branching Markov process and Assump-
tion 1.1 hold. Then, for f e BR),0< f <1,

u(x, )= (T, PHlr(@x) =Ew[f(X)], xeR, 120, (5.8)

is the minimal solution to the S-equation (1.1) with the initial value f.Moreover, for ug(x,t) =0,
and uy (x, 1) = T7 f (x) + (Kitn—1) (x, 1),

u(x,t) = nli)rgoun(x, 1).

Proof. We remind, that we extend f to R by f(co) =0. By item 5 of Definition 5.2 and As-

sumption 1.1, if Xo = {x}, x € R, then X; € R, ¢t > 0. Thus, statement of the theorem follows

from [22], p.114, Corollary 2. |
For f € B(@), denote

o 0, x €{g, A},

Foo = wak (59)
FOO) 4+ ), x={x1,..., 0} € Ry,
Obviously, fv € B(ﬁ). We will also write (f )v = f .

Theorem 5.6. Let Assumption 1.1 hold, and for f, g > 0 — Borel on R (possibly unbounded),

v(x, 1) = (T, /H({x}), (5.10)
wx, 1) =T (f)(Ix}), (5.11)
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are finite for x e R, t € [0, T]. Then v and w are the minimal solutions in the class of non-
negative functions to the following equations correspondingly

v(x,t):(Ttof)(x)—i—(KU)(x,t), (5.12)
w(x, 1) = (T fg) (x) + K@ + ¥ s — v70)(x, 1), (5.13)
where x e R, t € [0, T], and
v=v(, 1)), v, 1) = (T, ) ({x}), vg(x, 1) = (T, §)({x})-
Remark 5.7. The semigroup v given by (5.10) is called the expectation semigroup.

The proof of Theorem 5.6 is based on the extension of [22], Lemma 4.7, 4.8, and [22], Theo-
rem 4.13. For the convenience of the reader, we present it in the Appendix.

6. Some properties of solutions to the S-equation

Let X be the (X°, )-branching Markov process given by Definition 5.2 with the corresponding
semi-group T given by (5.2). Assumption 1.1 and Theorem 5.5 imply the comparison principle
for the S-equation.

Proposition 6.1. Let Assumption 1.1 hold and X be the (X, w)-branching Markov process.
Suppose
0<fik) < fax) <L, xeR, fi, f2€BR),

and uy, ur be the minimal solutions to the S-equation given by Theorem 5.5 with the initial
conditions f| and f> correspondingly. Then

O<ui(x,t) <up(x,t) <1, xeR,t>0.

For the shift operator on R, we will write Sy(x) =x +y, x,y € R. For x € R, y € R, with
abuse of notations we denote
Sy(x) =x +y:=5,(x),
where we put S, (9) :=d.

Definition 6.2. We call a Markov process spatially homogeneous if its semi-group T commutes
with the shifts of space, namely,

T,S, f(x)=S,T, f(x), xcR,yeR,1>0,fecB(R). 6.1)

This means in particular that trajectories started from Xo = {y}, y € R, coincide with trajecto-
ries started from Xg = {0}, 0 € R, and shifted by y.
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By (5.7) and item 2 of Definition 5.2, if the (X", 77)-branching Markov process is spatially ho-
mogeneous then its non-branching part X and branching law 7 are also spatially homogeneous,
namely,

TIPSy f(0) =S$yT0f(x),  m(x, E)=m(0,—x + E).
Proposition 6.3. Let Assumption 1.1 hold and X be a spatially homogeneous (X°, w)-branching
Markov process. Assume that f € B(R) be uniformly continuous and 0 < f < 1. Then the min-

imal solution u(x,t) to the S-equation with the initial condition f given by Theorem 5.5 is a
uniformly continuous function jointly in (x,t) on R x R.

Proof. By Definition 5.1, X is right-continuous, hence so is X 0. Thus, since we assumed that
0 < f <1 is uniformly continuous, then

lim ess sup|f(x + X?) - f(x)| =0, ]P’g-a.s.,

=04 yeR
ess sup|f(x + X?) - f(x)| <lI, Pg-a.s.
xeR

Hence, by (5.8), Definition 5.2, and the dominated convergence theorem,

~

IT, = 7l <Ey[| FC+X0) — )
=E)[|f(-+X7) = fO|] +Eqlr <110, - 04;

Then, for x e R, f e Ry,

, T > t]+E{0}[T <t]

o~ ~

lu(x + 5,6 +1) —ulx + 3,0 < |T(T: f = O] <IT:f = Fll =0, 7—0.

Next, note that for x = {x1, X2, ..., Xy}, X' = {x1, X2, ..., X1},

|Fa+3) - F@)| = Fx' +3)| f o +5) = fn)| + fn)| Fx' +5) = F(x')]|

<UAISef = fI+ [T+ %) = F(x)-
Therefore, by induction,
|F@+h) = F@| < L+ £+ + 1A YISe f = fll <nllS:f — £1.

Hence, cf. (5.4), (6.1),

w(x 45,0 —ux, 1) =By [ S: Fx +Xo) — Flx +Xp)]

<Eq[Sif(x +X0) — F(x + X)), 1 > T] + 2By [ty < T

nn+1)
< Tllsif — fIEqltn > T1+ 2E0y[70 < T].
Since f is uniformly continuous, then by Lemma 5.4, taking first X — 0, and next n — oo, we
obtain uniform in (x, t) convergence to 0. As a result, u(x + X, t + 7) — u(x, t) converges to 0
uniformly in (x, 1) € R x Ry, as ¥ — 0, f — 0. The proof is fulfilled. O
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7. On the branching random walk and its relation to the
branching Markov process

To describe the branching random walk on the real line we will follow Shi [33]. We assume that
an initial ancestor is located at a point x € R. Its children, who form the first generation, are
scattered in R according to the distribution of the point process x 4+ E. Each of the particles (also
called individuals) in the first generation produces its own children who are thus in the second
generation and are positioned (with respect to their parent) according to the same distribution of
E. The system goes on indefinitely, but can possibly die if there is no particle at a generation.
Each individual in the n-th generation reproduces independently of each other and members of
earlier generations.

Lemma 7.1. Let X be a spatially homogeneous (X°, 7)-branching Markov process. Then its
sampling (X,,) = {Xp}nen, is a branching random walk. Moreover, if X started from a point
x € R, then the corresponding (X,) is a branching random walk on the real line R.

Remark 7.2. The idea of Lemma 7.1 is standard in the probabilistic literature. For example,
if particles of the (X 0 mr)-branching Markov process X don’t move (see (X1)), then the cor-
responding sampling (X,,) is the Galton—Watson process. See, for example, [31], p. 60 or [3],
p. 110.

Let us remind that we denote
en(y) = e, yeR, L eR,

and the corresponding expectation semi-group v;, is defined by (1.7). Then the log-Laplace trans-
form of the point process X is defined by (1.9).

Now we will formulate results on the position of the left-most particle of a branching random
walk.

Assume,

Eq[81(X1)] =0, E)[£2(X1)] < o0, (HID)
Eq[#X)(n: 5:XD)° ] <00, Egy[8a(X) Ing 2(Xp)] < oo, (H2)
where, Iny x := Inmax{x, 1}, and for y € R,
h) =hy +¥ 00, g1 =hMe "V, g =hr*(ye ",
g =e" gy =max{0, h(y)}e .
Let (M,,) denote a position of the left-most particle of (X,,),
M, :=min{x € Rjx € X;;}, n e Np.

By [1], Theorem 1.1, the following theorem holds.
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Theorem 7.3. Under (A2), (A3), (H1), (H2), if the distribution of X1 is non-lattice, then there
exists a constant Cy, > 0, such that for any x € R,

. 3 _oAxX
nlgl(;loE{o} I:M,, +cyn — Z—)L*lnn + Cy Zx:| =E{()}[e ¢ D°°],

where Dy is the almost sure limit of the derivative martingale
D, =g(X,), gy)= ()L*y + nl/f(}\*))e_)\*y_m/j()h*). (7.1)
Moreover,
P(o}[ Doo > 01(X,,) does not extinct] = 1. (7.2)
The assumptions (H1) and (H2) are difficult to check in general. Therefore, we introduced
the sufficient condition (A4). In order to prove that (A4) implies (HI) and (H2) we need the
following lemma.
Lemma 7.4. Let X be a (X, w)-branching Markov process satisfying Assumption 1.1.

1. If for fixed . € R, t > 0, the function v, given by (1.7) is such that v,(0,t) < oo and
v9(0, 1) < 00, then

02(0,1) =0, (0, —s)va(0,5), s€]0,7]. (7.3)

In particular v, (0, s) < oo, s € [0, t].
2. If for fixed A, u € R, t > 0, the function wy_, given by (1.8) is such that w;,_; (0, 1) < oo,
then

Wi, 1 (0, )0544(0,7 —5) <w;,, ,(0,1), s€[0,1]. (7.4)

In particular vy, (0, s) < 0o, w; ,(0,5) <00, s €[0,1].
Proof. Denote
en(y) = min{n, e_)‘y}.

First, we note that vy (0, t) < oo implies v, (0, s) < 00, s € [0, ¢]. Indeed, by the Markov property
of X,

E)[er 2 (X0)] =Eo)[Eq)][e; 2 X)X, -5 ]| = Eo) [Ex, _, [e2 2 (Xn)]].

by (B.6) (cf. (5.9)) and spatial homogeneity of X (see Definition 6.2) we continue

=E[((Tsemle) X—)]=Eqg| Y EolaE+ Xs)]}
gj €X;—s

>Eq| Y ex,n@j)E{O}[em(xx)]]=E{O}[e\mxt_s)]l«:m}[emxs)],
gjextfs
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where we applied the inequality min{nz, e* ™Y} > min{n, e*} min{n, e’}, x, y € R. Taking n —

00, we have
00,1 —5)v.(0,5) <v(0, 1) < o0.

In particular, vy(0, ¢t) < oo implies vy(0, s) < oo, s € [0, ¢].
Let us prove the opposite inequality. Denote

. 1
ernm(y) = maX{mm{n, ex(»}, Z}‘
Then, for m <n, n, m € N, the inequality holds,

Enm2 (X V) =€y 2 (X 2, ().
Hence, similar to the previous case, we have for n > m,
Eq)[€; n.m2X0)] < Eq)] €5 2. Xi—) [Eq0)] €5 2. (X)]-
Taking first n — oo and then m — oo we have
v (0,1) = (0, 5)v2(0, 7 — ),

where the limit on the right-hand side is finite by the following estimate,

Eq)[ex2.mXo)] <Eqoy[(ey 2 + I)V(Xs)] < (0, 5) +vo(0,5) <00, s5€[0,1].

By (7.5) and (7.6) the equation (7.3) holds.
Similar to the previous consideration, we have by (B.6) and (B.7),

Eg e, 2 Xe, 2 (X)]
=E()[(Tse; 2€,, ) Xi—s)]

> E)[(Ts (e e m)lR) Kimy)]

=Eq| Y, E{xij}[e\xm/z(xs)m(&)]]
'$j€X¢,S

=Eq| Y Eolo26 +X0e, 2 + Xs)]i|
_Sjextfs

> Ej Z ex,n(éj)eu,n(éj)E{O}[E\A,/n(xs)%(xx)]]
_EjEXt,x

=E[(ernepn) Xi—)|Eioy[ern Xs)epn(Xs)]-

(7.5)

(7.6)
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Taking n — oo, we have

w)x,pt(o7 t) Z U)L+M(O’ r— s)w)»,ﬂ(()’ S)'

The proof is fulfilled. (]
Lemma 7.5. The assumption (A4) implies (H1) and (H2).

Proof. For simplicity, we denote (possibly) different constants by the same letter C > 0. By
Lemma 7.4, (A4) implies

v0(0, 5) + v545,(0, 8) + wo,0(0, s) + wo, 1, (0,5) + ws 2, 0,5) <oo, s€l[0,1].
There exists C > 0 such that
g2(0) < C(1 4 ¢+),
Therefore,
E()[22X1)] = C(v0(0, 1) + v542,(0, 1)) < o0.

Next, ¢, = 29 (1) implies g’—ka*(o, 1) = c,vy, (0, 1) which yields Eo)[g1(X;)] = 0. Hence
(HT1) holds.
Since, for x > e, 0y ln%r (x) is a non-negative decreasing function, then for x > ¢, y >0,

x+y y+e
I (x +y) — I} (x) = / 3y In2 (2)dz < / 3¢ In? (e) = In% (y + ) —In’(e).
X e

Hence, for x € R\{<},

In2 g3(x) <In? Zmax{e, g} = Zln2 max]e, g3(y)} +1In*(e - T(x)).

yex yeEX

There exists C > 0 such that 1n2(e -x) < %x, x>1,and

In*max{e, g3(N} < = (1+¢7>), yeR.

Sl

Then, for x € R\{&},
In? 23(x) < C(1(x) + &),

and, finally,
E()[£3X1) 1% g3(X1)] < C(wo 1, (0, 1) + ws 1, (0, 1)) < oo,
By the definition of g4 there exists C > 0 such that g4(y) < C, y € R. Hence,
E()[£4(XD) Iny 24(X1)] < Cwo,0(0, 1) < o0.

As a result, (H2) holds and the proof is fulfilled. O
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8. Proof of Theorem 1.1

Let u be the minimal non-negative solution to the S-equation (1.1) with the initial condition
u(x,0) = f(x) =1, (x). Such solution is given by Theorem 5.5 and it satisfies (5.8). Therefore,

u(x, ) =Ep[fx +X)] =Eq)[Vy € X, :x + y > 0]
=E{0}[Mt :=min{y e R:y e X;} > —x], xeR,t>0,

where we remind the reader that non of the points in X equals oo by the item 5 in Definition 5.2.
Hence, (1.13) holds true. Then, (1.11) is equivalent to (1.14). Therefore, it is sufficient to prove
the latter one.

Let us consider for k € N the branching random walk on R, cf. Lemma 7.1,

(Xa(k)) := {X.2 bneno-
By Lemma 7.4, the log-Laplace transform v of X (k) satisfies
2950 = Yo (W) = ¥ ().

Therefore, (A2) and (A3) for v imply analogous assumptions for v, with the same A and A,
namely,

Yr(he) . Uk(A) ok
= inf = —.
Ay >0 A 2k

The corresponding derivative martingale (D, (k)) satisfies

Y (0) € (0, 00), Yk (A) < o0,

D, (k) - Dso(k),n — 00, a.s.
Since Dyk, (k) = Dy (1), then a.s. Do (k) = Doo(1) = Do, k € N. Denote
M, (k) :=min{x e Rlx € X, (k)}, neNy.

Then by Theorem 7.3, for any k € N there exists Cy such that
lim Eqy| M, (k)+c—*n—ilnn+c > x | =Eq[e " P~]
napo 0} Mn %" o, k=270 '

Since for n = m2%, m, k € N, the left hand side coincides with the one in Theorem 7.3, then
Cr=Cy+ %kln 2. As aresult, by Theorem 5.5,

lim u(x +0 (%) %) =Egfe* Px]:=¢(x), rxeRkeN, 3.1)

n—o00

where u(x, t) is the minimal solution to the S-equation (1.1) with the initial condition ug(x) =
1g, (x), and

3
O(t) :=cyt — 7 Int + C.

*
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Consider a uniformly continuous function fj,, such that
f() < fux) < f(x+h), xeR.
Denote uy, (x, t) = (T; f»)|r (x). By Theorem 6.1,
u(x,r) <up(x,t) <ulx-+h,t), xeR,t>0.

By Proposition 6.3, u, is uniformly continuous in (x,¢) € R x R,. Hence, taking k — oo in
(8.1),

¢ (x) <liminfup(x +6(1), 1) <limsupuy(x +6(1),1) < p(x +h).
11— 00 t—00
On the other hand, up(x — h,t) <u(x,t) <up(x,t), implies
¢(x —h) < li[minfu(x +6(1), t) < limsupu(x +6(1), t) <¢x+h).
—>© t—00

Since ¢ is continuous, then taking 7 — 04 we obtain (1.14).

Let us now show that ¢ (x) = Ejq, [e_e_x*x Deo] is a monotone traveling wave profile with speed
cx to the S-equation, namely that (x, 7) — ¢ (x — c,t) satisfies (1.1) and ¢ (+00) =1, p(—00) =
Pi0}[ Do = 0] < 1. The letter two limits hold by (1.12). Since (A2) implies (see, e.g., [33]),

Py [(Xn) does not extinct] >0,

then by (7.2) and (A2), P(p)[ Do =0] < 1.
Monotonicity of ¢ is obvious. By (1.14), (5.8) and Definition 6.2, for u(x,0) = f(x) =
Ir, (x), 70 >0,

3
¢(x) = lim u(x +cy(t +19) — — In(t + 19) +C,t+to>
t—00 21

*

. R 3 3 fo
- tl_l)rgo(TtoSc*zOthﬂR(x ted = oIt — o 1“<1 * 7) " C)

. -~ 3 —~
= ll_l)ngo(TtoSc*tothNR(x + cyf — " Int + C) = (TIOSC*[0¢)|R(X)'

*

This finishes the proof of Theorem 1.1.

Appendix A: Proof of Proposition 4.5

Proof. By construction, the process X is spatially homogeneous, Assumption 1.1 holds true,
and X is non-lattice. The assumption (A2) holds if and only if there exists A > 0, such that
(La)()) < 0. By (4.1),

A SIeM A1
(Saj()z le — 00, A— 00 (Eaj()wxaoo, A — 04.
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Note that Ao > 0 defined by (1.10) is the abscissa of the Laplace transform £a of a. The function
(’2‘3& is convex (and hence continuous) on (0, Ag), since

ﬁ(tﬂ(k)) _ Jp(@x+ 1P+ DeMadx

A2z A A3
Therefore, if the infimum in (A3) is not reached at A, = Ao, then (A3) holds true. Next, for
X € (0, 20),

oy oY)
0 <« ﬁ(’\)_T'

(YW fR(Ax—}-l)e_“a(x)dx_
ﬁ( A >__ 22 -

Therefore, ¢, = %W(A*). Next, for A, u >0, A + u < Ao,

t
w,\,u(x,t):e*()‘ﬂ‘)x (et(ﬁa)(k+u)+/ e(ts)(Ea)(Hu)es(Ea)(k)es(Ea)(u)) <00,
0

and (A4) is satisfied. The proof is fulfilled. [l

Appendix B: Proof of Theorem 5.6

To prove Theorem 5.6, we will need the following variation of [22], Lemma 4.7, 4.8.

Lemma B.1. Let X be the (X, w)-branching Markov process and Assumption 1.1 hold. Then
for f>0,g>0, f,g €BR),y €(0,1],k,l €No, x R, x eR, 1 >0,

. k! I
TLEO@)w=" 3 2 IR

kit thn=k [y -l =l
kl,...,k,lEN() 11 ..... lnENo

< [T Te—s @AY @) (1)), (B.1)

j=1
T, (7(H @) (1x)) = (T2y fF ") o) + (KT (F(H*@))) (x, 1), (B.2)

where y(z) :=y",z € R¢ym- Moreover, for y € (0, 1), T, (f/\(f)k(g)l)({x}) is the minimal solu-
tion to (B.2).
Proof. Let y € (0, 1). Then there exists Ao > 0 such that

ylle e 8| <1, |A] < 0. |l < Ao

We have (e TH8) = I H1E | and for y e R\{@}, |A| < Ao, || < o,
k

: - LTI -
() = Y T OE W. (B.3)

kleNy
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By the branching property (5.3),

T (e 48 )00 = [Tl 6) ) ().

i=1

Expanding both sides of the equation into series with respect to u and A for |u| < Ag, |A| <
Ao and collecting terms of the same order we obtain (B.1) for y € (0, 1). By the monotone
convergence theorem, taking y — 1_ we extend (B.1)to y = 1.

Next, by Theorem 5.5,

q(x,1):= T,((ye)‘fﬂ‘g)/) ({x}), xeR,r>0,

is the minimal solution to the S-equation

q(x,0) =T (e t18) + (K@) (x, 1). (B.4)
Then, by (B.3) and (B.4),
P -
a0, = 3 T TEOH @) ()

kileNg

)\'k I'Ll o
= 2 G lB i) + (KT (7(H' @) @, 0] (B.5)
kileNyg

Comparing the coefficients of A%/ and taking y — 1_ we have by the monotone convergence
theorem that (B.2) holds for all y € (0, 1]. Note that T,(y (f)*(2)")({x}) is the minimal solu-
tion to the second equality in (B.5) in the class of non-negative functions, otherwise we could
substitute the minimal one instead of it in (B.5) and violate the minimality of g to (B.4). O

Corollary B.2. For f,g>0—Borelon R, x e R, x € R, t > 0, the following equations hold,
T, f(x) = (T, Hlg) ), (B.6)
T:(fH)(x) = (T fDIR) @) + T fOT2(x) — (T, HIg(T: Hlg) ). (BT

Proof. For f,g € B(R), the statement follows from (B.2). Next, consider min{f,n} and
min{g, n} and apply the monotone convergence theorem, for n — oo. ]

Proof of Theorem 5.6. We assume first that f, ¢ € B(R). Then, for the function v the statement
follows from [22], Theorem 4.13. Let us prove it for w. By Lemma B.1, for y € (0, 1],

wy (x,1) =Ty (v f) (1))
satisfies the following equation

wy (x, 1) = (Tyf8) (x) + (KP (W) + T, — v70g)) (x, 1). (B.8)
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Denote inductively, for y € (0, 1],
17 = Kp (17 ) 45— 7).

where T,V’Oh = Tto(yh). Then Z/eNO T,V’jfg is a solution to (B.8). In fact, it is the minimal
solution in the class of non-negative functions. Indeed, let w > 0 solves (B.8), then Hfig —
VfUg > 0 implies for any n € Ny,

n n

w0 =Y (177 fg) + (17" w) = (17 f3).

j=0 j=0

As aresult, w > 3" T, / fg. On the other hand, we proved that for y € (0, 1), w, is the
minimal solution to (B.8). Hence we have,

Wy, = Z T,y’jfg, y €(0,1).

J€Ny

Taking y — 1_, we obtain w = ZJENO T fg Hence, w is the minimal solution to (B.8).
Let now f, g be (possibly) unbounded. Denote

fm=min{f,m},  gm=min{g,m),  wu(x, 1) =T,(fudm)({x}), meN.

Since

n n

Z T fmgm Z TV Jfg <Z(TV Jfg) (TV n+1 ),
J=0 J=0

Jj=0
then

wn @)= > (T frugm)r,0) <Y (T f)(x, 1) <wix,1).

jeNp j€eNy

On the other hand, by the monotone convergence theorem, for m — oo,

Wi (x,1) = Efy) [ﬁl(xt)gm X)] = Egy [f(Xt)E(Xz)] =w(x,1).
As a result,

Z (17 fg)(x, 1) = wix, ),

JjeNo

and, as before, w is the minimal solution to (5.13). In the same way one can show the v is the
minimal solution to (5.12). The proof is fulfilled. O
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Appendix C: Proof of Lemma 7.1

Proof. Since X is a Markov process then (X)) is a Markov chain. The branching property of
(X;,) follows form the branching property of X, namely, by (5.3),

T, f(x) = (T, Dlg) ). (C.1)

where f € B(@), I £l <1.By [20], Lemma 0.2, in (C.1) one can substitute fby any continuous
function g : R — R, vanishing at infinity (as x — A). For example, by the spatial homogeneity
of X, (C.1) implies

EfeXD] =[] Euj[eXD] = [ Ewoi[ex; +X1)].

XjEX XjEX

This means, that any point x; in the starting generation produces its own children distributed
as x; + Xy, which are positioned independently of the children of other parents from x. By
induction, it holds for any generation n € N. Thus, (X,,) is a branching random walk. The last
statement of the theorem follows from the item (5) of Definition 5.2. The proof is fulfilled. [

References

[1] Aidékon, E. (2013). Convergence in law of the minimum of a branching random walk. Ann. Probab.
41 1362-1426. MR3098680 https://doi.org/10.1214/12- AOP750

[2] Aidékon, E., Berestycki, J., Brunet, E. and Shi, Z. (2013). Branching Brownian motion seen
from its tip. Probab. Theory Related Fields 157 405-451. MR3101852 https://doi.org/10.1007/
s00440-012-0461-0

[3] Athreya, K.B. and Ney, P.E. (1972). Branching Processes. New York: Springer. Die Grundlehren der
mathematischen Wissenschaften, Band 196. MR0373040

[4] Berestycki, J., Brunet, E. and Derrida, B. (2018). Exact solution and precise asymptotics of a Fisher-
KPP type front. J. Phys. A 51 035204, 21. MR3741997 https://doi.org/10.1088/1751-8121/aa899f

[5] Bolker, B. and Pacala, S.W. (1997). Using moment equations to understand stochastically driven spa-
tial pattern formation in ecological systems. Theor. Popul. Biol. 52 179-197.

[6] Bramson, M. (1983). Convergence of solutions of the Kolmogorov equation to travelling waves. Mem.
Amer. Math. Soc. 44 iv+190. MR0705746 https://doi.org/10.1090/memo/0285

[7] Bramson, M., Ding, J. and Zeitouni, O. (2016). Convergence in law of the maximum of nonlat-
tice branching random walk. Ann. Inst. Henri Poincaré Probab. Stat. 52 1897-1924. MR3573300
https://doi.org/10.1214/15- AIHP703

[8] Brunet, E. and Derrida, B. (2011). A branching random walk seen from the tip. J. Stat. Phys. 143
420-446. MR2799946 https://doi.org/10.1007/s10955-011-0185-z

[9] Brunet, E. and Derrida, B. (2015). An exactly solvable travelling wave equation in the Fisher-KPP
class. J. Stat. Phys. 161 801-820. MR3413633 https://doi.org/10.1007/s10955-015-1350-6

[10] Chen, X. (2015). A necessary and sufficient condition for the nontrivial limit of the derivative martin-

gale in a branching random walk. Adv. in Appl. Probab. 47 741-760. MR3406606 https://doi.org/10.
1239/aap/1444308880


http://www.ams.org/mathscinet-getitem?mr=3098680
https://doi.org/10.1214/12-AOP750
http://www.ams.org/mathscinet-getitem?mr=3101852
https://doi.org/10.1007/s00440-012-0461-0
http://www.ams.org/mathscinet-getitem?mr=0373040
http://www.ams.org/mathscinet-getitem?mr=3741997
https://doi.org/10.1088/1751-8121/aa899f
http://www.ams.org/mathscinet-getitem?mr=0705746
https://doi.org/10.1090/memo/0285
http://www.ams.org/mathscinet-getitem?mr=3573300
https://doi.org/10.1214/15-AIHP703
http://www.ams.org/mathscinet-getitem?mr=2799946
https://doi.org/10.1007/s10955-011-0185-z
http://www.ams.org/mathscinet-getitem?mr=3413633
https://doi.org/10.1007/s10955-015-1350-6
http://www.ams.org/mathscinet-getitem?mr=3406606
https://doi.org/10.1239/aap/1444308880
https://doi.org/10.1007/s00440-012-0461-0
https://doi.org/10.1239/aap/1444308880

On stability of traveling wave solutions 1379

[11]

[12]

[13]

[14]

[15]

[16]

(17]
(18]

[19]

(20]
(21]
(22]

(23]

[24]
(25]

(26]

(27]

(28]

[29]

Coville, J., Ddvila, J. and Martinez, S. (2008). Nonlocal anisotropic dispersal with monostable non-
linearity. J. Differential Equations 244 3080-3118. MR2420515 https://doi.org/10.1016/j.jde.2007.
11.002

Coville, J. and Dupaigne, L. (2005). Propagation speed of travelling fronts in non local reaction-
diffusion equations. Nonlinear Anal. 60 797-819. MR2113158 https://doi.org/10.1016/j.na.2003.10.
030

Ebert, U. and van Saarloos, W. (2000). Front propagation into unstable states: Universal alge-
braic convergence towards uniformly translating pulled fronts. Phys. D 146 1-99. MR1787406
https://doi.org/10.1016/S0167-2789(00)00068-3

Finkelshtein, D., Kondratiev, Y. and Kutoviy, O. (2012). Semigroup approach to birth-and-death
stochastic dynamics in continuum. J. Funct. Anal. 262 1274-1308. MR2863863 https://doi.org/10.
1016/j.jfa.2011.11.005

Finkelshtein, D., Kondratiev, Y. and Tkachov, P. (2019). Existence and properties of traveling waves
for doubly nonlocal Fisher-KPP equations. Electron. J. Differential Equations Paper No. 10, 27.
MR3904851

Finkelshtein, D., Kondratiev, Y. and Tkachov, P. (2019). Doubly nonlocal Fisher-KPP equa-
tion: Speeds and uniqueness of traveling waves. J. Math. Anal. Appl. 475 94-122. MR3944312
https://doi.org/10.1016/j.jmaa.2019.02.010

Fisher, R. (1937). The advance of advantageous genes. Ann. Eugenics 7 335-369.

Fournier, N. and Méléard, S. (2004). A microscopic probabilistic description of a locally regu-
lated population and macroscopic approximations. Ann. Appl. Probab. 14 1880-1919. MR2099656
https://doi.org/10.1214/105051604000000882

Hamel, F., Nolen, J., Roquejoffre, J.-M. and Ryzhik, L. (2013). A short proof of the logarith-
mic Bramson correction in Fisher-KPP equations. Netw. Heterog. Media 8 275-289. MR3043938
https://doi.org/10.3934/nhm.2013.8.275

Ikeda, N., Nagasawa, M. and Watanabe, S. (1968). Branching Markov processes. 1. J. Math. Kyoto
Univ. 8 233-278. MR02324309 https://doi.org/10.1215/kjm/1250524137

Ikeda, N., Nagasawa, M. and Watanabe, S. (1968). Branching Markov processes. 1. J. Math. Kyoto
Univ. 8 365-410. MR0238401 https://doi.org/10.1215/kjm/1250524059

Ikeda, N., Nagasawa, M. and Watanabe, S. (1969). Branching Markov processes. III. J. Math. Kyoto
Univ. 9 95-160. MR0246376 https://doi.org/10.1215/kjm/1250524013

Kolmogorov, A.N., Petrovsky, L.G. and Piskunov, N.S. (1937). Etude de I’équation de la diffusion
avec croissance de la quantité de matiére et son application 4 un probléme biologique. Bull. Univ. Etat
Moscou Sér. Inter. A 1 1-26.

Lalley, S.P. and Sellke, T. (1987). A conditional limit theorem for the frontier of a branching Brownian
motion. Ann. Probab. 15 1052-1061. MR0893913

Lau, K.-S. (1985). On the nonlinear diffusion equation of Kolmogorov, Petrovsky, and Piscounov.
J. Differential Equations 59 44-70. MR0803086 https://doi.org/10.1016/0022-0396(85)90137-8
McKean, H.P. (1975). Application of Brownian motion to the equation of Kolmogorov—
Petrovskii—Piskunov. Comm. Pure Appl. Math. 28 323-331. MR0400428 https://doi.org/10.1002/cpa.
3160280302

Mollison, D. (1972). Possible velocities for a simple epidemic. Adv. in Appl. Probab. 4 233-257.
MRO0350917 https://doi.org/10.2307/1425997

Mollison, D. (1972). The rate of spatial propagation of simple epidemics. In Proceedings of the Sixth
Berkeley Symposium on Mathematical Statistics and Probability (Univ. California, Berkeley, Calif.,
1970/1971), Vol. III: Probability Theory 579-614. MR0401222

Nolen, J., Roquejoffre, J.-M. and Ryzhik, L. (2017). Convergence to a single wave in the
Fisher-KPP equation. Chin. Ann. Math. Ser. B 38 629-646. MR3615508 https://doi.org/10.1007/
s11401-017-1087-4


http://www.ams.org/mathscinet-getitem?mr=2420515
https://doi.org/10.1016/j.jde.2007.11.002
http://www.ams.org/mathscinet-getitem?mr=2113158
https://doi.org/10.1016/j.na.2003.10.030
http://www.ams.org/mathscinet-getitem?mr=1787406
https://doi.org/10.1016/S0167-2789(00)00068-3
http://www.ams.org/mathscinet-getitem?mr=2863863
https://doi.org/10.1016/j.jfa.2011.11.005
http://www.ams.org/mathscinet-getitem?mr=3904851
http://www.ams.org/mathscinet-getitem?mr=3944312
https://doi.org/10.1016/j.jmaa.2019.02.010
http://www.ams.org/mathscinet-getitem?mr=2099656
https://doi.org/10.1214/105051604000000882
http://www.ams.org/mathscinet-getitem?mr=3043938
https://doi.org/10.3934/nhm.2013.8.275
http://www.ams.org/mathscinet-getitem?mr=0232439
https://doi.org/10.1215/kjm/1250524137
http://www.ams.org/mathscinet-getitem?mr=0238401
https://doi.org/10.1215/kjm/1250524059
http://www.ams.org/mathscinet-getitem?mr=0246376
https://doi.org/10.1215/kjm/1250524013
http://www.ams.org/mathscinet-getitem?mr=0893913
http://www.ams.org/mathscinet-getitem?mr=0803086
https://doi.org/10.1016/0022-0396(85)90137-8
http://www.ams.org/mathscinet-getitem?mr=0400428
https://doi.org/10.1002/cpa.3160280302
http://www.ams.org/mathscinet-getitem?mr=0350917
https://doi.org/10.2307/1425997
http://www.ams.org/mathscinet-getitem?mr=0401222
http://www.ams.org/mathscinet-getitem?mr=3615508
https://doi.org/10.1007/s11401-017-1087-4
https://doi.org/10.1016/j.jde.2007.11.002
https://doi.org/10.1016/j.na.2003.10.030
https://doi.org/10.1016/j.jfa.2011.11.005
https://doi.org/10.1002/cpa.3160280302
https://doi.org/10.1007/s11401-017-1087-4

1380 P. Tkachov

[30] Sato, K. (1999). Lévy Processes and Infinitely Divisible Distributions. Cambridge Studies in Advanced
Mathematics 68. Cambridge: Cambridge Univ. Press. Translated from the 1990 Japanese original,
Revised by the author. MR1739520

[31] Sevast’yanov, B.A. (1951). The theory of branching random processes. Uspekhi Mat. Nauk 6 47-99.
MR0046624

[32] Sharpe, M. (1988). General Theory of Markov Processes. Pure and Applied Mathematics 133. Boston,
MA: Academic Press. MR0958914

[33] Shi, Z. (2015). Branching Random Walks. Lecture Notes in Math. 2151. Cham: Springer. Lecture
notes from the 42nd Probability Summer School held in Saint Flour, 2012, Ecole d’Eté de Probabil-
ités de Saint-Flour. [Saint-Flour Probability Summer School]. MR3444654 https://doi.org/10.1007/
978-3-319-25372-5

[34] Uchiyama, K. (1978). The behavior of solutions of some nonlinear diffusion equations for large time.
J. Math. Kyoto Univ. 18 453-508. MR0509494 https://doi.org/10.1215/kjm/1250522506

Received August 2018 and revised January 2019


http://www.ams.org/mathscinet-getitem?mr=1739520
http://www.ams.org/mathscinet-getitem?mr=0046624
http://www.ams.org/mathscinet-getitem?mr=0958914
http://www.ams.org/mathscinet-getitem?mr=3444654
https://doi.org/10.1007/978-3-319-25372-5
http://www.ams.org/mathscinet-getitem?mr=0509494
https://doi.org/10.1215/kjm/1250522506
https://doi.org/10.1007/978-3-319-25372-5

	Introduction
	Discussion
	Related PDEs
	Examples
	A relation between branching Markov processes and evolution equations
	Some properties of solutions to the S-equation
	On the branching random walk and its relation to the branching Markov process
	Proof of Theorem 1.1
	Appendix A: Proof of Proposition 4.5
	Appendix B: Proof of Theorem 5.6
	Appendix C: Proof of Lemma 7.1
	References

