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Degeneracy in sparse ERGMs with functions
of degrees as sufficient statistics
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A sufficient criterion for “non-degeneracy” is given for Exponential Random Graph Models on sparse
graphs with sufficient statistics which are functions of the degree sequence. This criterion explains why
statistics such as alternating k-star are non-degenerate, whereas subgraph counts are degenerate. It is fur-
ther shown that this criterion is “almost” tight. Existence of consistent estimates is then proved for non-
degenerate Exponential Random Graph Models.
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1. Introduction

Exponential families are frequently used in social science literature to model social networks
(see [11,12,14,15,18,22,24-27] and the references within). Such models are usually referred to
as Exponential Random Graph Models, commonly abbreviated as ERGMs, in the social science
community. Starting with [12] in 2003, it has been noted in the social science literature that
ERGMs with subgraph counts do not behave in a nice manner in terms of sampling and esti-
mation procedures. This phenomenon is typically referred to as degeneracy. Attempts have been
made to characterize degeneracy (see, e.g., [21,23]) but there is no universally accepted defini-
tion for degeneracy. This paper will adopt a notion similar to [12,24], where the degeneracy of
a model is attributed to the sufficient statistics of the model. That is, the model will be deemed
non-degenerate if the model behaves “nicely” for all choices of the parameter values. Thus under
this notion, a degenerate model is caused by one or more degenerate statistics, and so the term
degenerate will be used for both the model as well as the statistic.

One of the features of degeneracy is that such models place most of their mass on a very small
sub-collection of graphs. The intuitive idea behind their reasoning is that in such models the
neighboring edges are highly correlated. This causes a cascading effect through the graph, and
so the model ends up putting most of its mass on very sparse or very dense graphs. In a sense,
such models capture “too much interaction”. Thus, an MCMC sample from such a model almost
invariably gives either a very sparse graph, or a very dense graph. Another feature of such models
is that small changes in the parameter can cause a large change in the underlying model. As such
parameter estimates obtained from such models are usually not stable.

It has been subsequently noted in [24] in 2006 that not all ERGMs exhibit degeneracy in
empirical studies. In fact, in this paper the authors argue that using modified versions of subgraph
counts can reduce this problem to a large extent. The modifications are specifically aimed at
reducing correlations between edges, and simulations seem to confirm this intuition. This raises
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the question of whether we can justify this empirical non degeneracy in a more rigorous setting,
and whether we can develop an Inferential Framework for such models.

1.1. Outline of the paper

Section 1.2 describes some examples of concrete interest and introduces the theoretical set up,
and Section 1.3 outlines the main results of this paper. Section 2 explains how one can use the
results of this paper to compute normalizing constants using four examples.

The main tool for proving the results of this paper is a large deviation principle for the em-
pirical degree distribution M,? for a sparse Erdos—Renyi graph G with respect to weak topology,
studied in [8], Corollary 2.2, and [2], Corollary 1.9. Their result is outlined in Section 3. Sec-
tion 3.1 carries out the proofs of the main results of the paper (Theorem 1.4, Corollary 1.5,
and Theorem 1.7), using auxiliary lemmas which are proved in Section 3.2. Finally, Section 3.3
proves existence of consistence estimates for the ERGMs proposed in this paper (cf. Theorem 1.9
and 1.11).

1.2. Examples

The following definition gives the necessary notations for introducing some of the examples from
[24] which are non degenerate at an empirical level.

Definition 1.1. Let G, denote the space of all simple labelled undirected graphs on n vertices.
For any G € G, let d(G) = (d1(G), ..., d,(G)) denote the labeled degree sequence of G, i.e.
d;(G) is the degree of vertex j. Also let E(G) := %27:1 d;(G) denote the number of edges
in G.

For 0 <i <n-—1,1let h;(G) :=#{1 < j <n:d;j(G) =i} denote the number of vertices of
degree i. Summing over i gives Z?;(} h;(G) = n, since the sum is over all the vertices of G. The
quantity h(G) := {h; (G)}?:_ol will be referred to as the degree frequency vector.

Recall that a k-star has k edges and k + 1 vertices. For any k > 2, let T;.(G) denote the number
of copies of k-stars in G. The counting scheme is such that all copies of the k-star are considered,
and not just the induced ones. This counting scheme gives the following simple formula for
Tx(G) in terms of its degrees d(G), as well as the degree frequency vector h(G):

n n—1
_ di(G)\ _ i
Tk(G)—Z< v ) =2 mG ().
j=1 i=0

This is because for any vertex j, there are ( k-stars with j as the center vertex, and so

adding over j gives the total number of k-stars. The second equality follows by rearranging the
first sum.

d;j(G)
./k )

We will now introduce some of the non-degenerate statistics defined in [24].
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(a) Geometrically weighted degree statistic
The geometrically weighted degree statistic has the form

n—1

gwd, (G) =) e *h;(G),
i=0

where « > 0 is known. The geometrically decaying weights ensure that the contribution
of vertices with large degree is negligible. Thus as the degrees of the graph increase, the
statistic does not grow too fast, and cascading effect of this statistic is reduced.
(b) The alternating k-star
For a fixed parameter A > 1, the alternating k-star is defined as

n—1

(=D*
aks: (G) 1= | =5 T(G),
k=2

where Tj’s are the k-star counts defined above. In this case again the geometrically de-
caying weights ensure that the cascading effects of higher star counts is reduced. Also
because of the alternate signs the cascading effect of consecutive terms is cancelled to a
large extent.

The authors in [24] note that using the formula for 73 (G) in terms of the degree fre-
quency vector h(G), the alternating k-star statistic can be written as

n—1 i .
aks; (G) = A2 Z[(l - %) —1+ lx]hi(G) =22gwd, (G) — nA? +21E(G)
i=0

with e =1 — 1/A. Thus the two statistics gwd,, and aks; are connected by a simple
formula, and both these statistics are functions of the degree frequency vector h.
(¢c) The number of isolated nodes
The statistic ho(G) which is the number of isolated vertices in the graph G. This statistic
is obtained from the gwd,, statistic by letting @« — o0, or equivalently from the aks, by
letting A — 1.
(d) The Yule distribution statistic
Another statistic which penalizes high degrees is the Yule distribution statistic, given by

n n—1 1

1
0= e,

J=1

. hi(G), (d)r:=dd+1---(d+r-1),
— (i +¢)r

i=0
where r and c are both positive integers. In this case the penalty is polynomial as opposed
to geometric as in gwd,,, but a similar non-degenerative effect is achieved.

In all the four examples above the statistic under consideration can be written as Z;’:_ol f@) x
hi(G) for some function f : No — R, where Ny :=N U {0}. As an illustration, the gwd,,, aks;,
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the number of isolated vertices and the Yule distribution statistic fit this framework with

i N AR A - o
fl)=e, f@%—k[<1 A) 1+A], f=lico. [ =

respectively. Restricting attention to statistics of this form, one can ask when is this statistic well
behaved. The results of this paper gives a sufficient condition for this which is easy to check:

O

i—oo ilogi

ey

This will be made precise in Theorem 1.4 and Corollary 1.5.
In particular, (1) holds for gwd,, for o > 0, and the number of isolated vertices, and the Yule
distribution statistic, as in all these cases the function f is bounded. For aks; with A > 1 the

function
. 2 1 i i
To=* |:<1 A) ! A:|

is unbounded, but dominated by the linear term. On the other hand, the number of k-stars also
equals ZL—& f(@@)h;(G) for the choice f (i) = (]’() which does not satisfy (1), as in this case f (i)
grows at a polynomial rate. Also in the alternating k-star statistic if the signs do not alternate,
then one has

n—1 n—1

Z§5M®=ZﬂMﬂn

k=2 i=0

with f() = A2[(1 + %)" —-1- %] which does not satisfy (1), as in this case the exponential
term dominates. Thus it is crucial that the signs in the alternating k-star statistic do alternate. It
follows from Theorem 1.7 that both the number of k-stars and the non-alternating k-star statistics
are degenerate, in a sense which is again made precise in Theorem 1.7.

The main tool for these results is the analysis of sparse graphs, as opposed to dense graphs
as in [1,3,19]. Recall that in a dense graph on n vertices the number of edges is O (n?) and the
degrees are O(n). Here and henceforth in this paper, we use the notation a,, = O (b,,) for two
positive real sequences {a;},>1 and {b,},>1, if there exists a constant C free of n such that
an < Cb,, for all n > 1. With this notation, the term sparse graphs will refer to graphs which have
O (n) edges and the degrees of the vertices are O (1). One reason it is interesting to model sparse
graphs is that most real life networks seem to be sparse. Another reason is that the dense graph
theory does not provide a good explanation for why the modified versions of subgraph counts
mentioned above (such as aks, ) are non-degenerate, whereas the subgraph count statistics (such
as star counts) are.

For a unified treatment of these and other examples, consider an exponential family on G, of
the form

n

E(G) —E(G)
Qu,p, r(G) = (g) (1 — é>(2) eTizo hi(G) fD=Zn(B.1) ?)

n
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where f : No+— R, B is a positive real valued parameter, and Z, (8, f) is the log normalizing
constant. If f is either identically O or exactly linear, this model reduces to a sparse Erdos—Renyi
model which puts most of its mass on sparse graphs. Thus the same should be true for functions
f(-) which do not grow too fast. Since the model does not change if f(-) is replaced by f(-) + ¢
for some constant ¢, without loss of generality we will assume f(0) =0.

It should be noted at this point that QQ, g r is not the same as the § model studied in [4].
The B model is an exponential family on G, whose probability mass function is proportional
to exp{Z'}:l B;jd;(G)} where B = (B1, ..., By) is an n dimensional parameter. In the 8 model,
the labeled degree sequence (d1(G), ..., d,(G)) is minimal sufficient. On the other hand in the
model of (2) if the function f is assumed to be unknown the minimal sufficient statistics are
the unlabeled degree sequence (d(1)(G) > d2)(G) > --- > d(;,)(G)), or equivalently the degree
frequency vector (ho(G), h1(G),...,h,—1(G)). More importantly, model (2) introduces non-
trivial dependence among the edges of the graph G, whereas under the 8 model the edges are
mutually independent. In [4], the authors worked in the dense graph regime and showed that if
the components of the parameter vector § stays uniformly bounded, then all entries of 8 can be
simultaneously estimated consistently. In a similar manner, Theorem 1.11 shows that if the true
function f is unknown and treated as a parameter, one can estimate the value of the function f
consistently at every fixed i, under the assumption that f satisfies (1).

1.3. Statement of main results

For analyzing model (2) it suffices to study the degree sequence. The following definition encodes
the entire degree sequence as one probability measure on non-negative integers.

Definition 1.2. Given the labelled degrees of a graph (d; (G), ..., d,(G)), the empirical distribu-
tion of the degree sequence is defined by u¢ := % Z?:l 8d;(G) 1.e. S is the measure which puts
mass 1/n at each of the observed degree d;(G), and is a probability measure on Ny. An equiv-
alent definition of 1 in terms of the degree frequency vector h(G) is the probability measure
which puts mass 4;(G)/n ati,for0 <i <n —1.

With this definition, any statistic of the form Z:‘l;ol f(@i)h;(G) can be written as n,u,?[ fl,
where [ f] denotes the mean of f with respect to the measure p (when it exists), i.e.

ulf1=Y ) Q).
i=0

In particular if f(i) =i is the identity function, then define & := Zf’il iu(i) to be the mean of
the measure pu.

The next definition gives all the necessary ingredients for expressing the asymptotic log nor-
malizing constant as a one dimensional optimization problem.

Definition 1.3. Suppose the function f : Ng — R satisfies

lim sup ,f(l)_ =0,
isoo 1logi

3)
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which is a slightly weaker condition than (1). For # > 0 define an exponential family on Ny with
probability mass function

1. ..
ou f(i) = i_‘ulef(l)—z(u.f)’

where Z(u, f) is the log normalizing constant, i.e.
1
- — i)
Z(u, f) .—log<2(; i!u e )
=

Since f satisfies (3) we have that Z(u, f) < oo. Let Q¢ denote the set of all probability measures
of the form o,y for u > 0. Also let m(u, f) := 0, ; denote the mean of o, r. Finally, for 8 > 0
let J(B, f) denote the solution to the following optimization problem

m(u, f)
2

log(m(u, f)B) —

m(u, )+ p
f} @

JB, 1) 2=Sup{Z(u,f) —m(u, f)logu +

u>0

The definition of J (8, f) involves an optimization over the scalar non-negative variable u which
can be computed numerically.

The first main result of this paper is the following theorem, which gives the asymptotics of
the log normalizing constant for the model Q, g,  under assumptions on the growth rate of f.
Existence of limiting log normalizing constant for a dependent system with growing number of
variables governed by a Gibbs measure has attained considerable interest in Statistical Physics,
where this is typically referred to as existence of the thermodynamic limit. Typically the limit-
ing normalizing constant is expressed in terms of an optimization problem, and the optimizers
represent the steady states of the distribution. See [20] for more on existence of thermodynamic
limits and its properties in general.

Theorem 1.4. Suppose either of these two conditions hold:

(1) f :No > R satisfies (1),
or
(i) f:Nor R isnon increasing.

Let G be a random graph from the exponential family Q, g ¢ as defined in (2).

(a) Then as n — 00, the asymptotics of the log normalizing constant is given by

1

with J (B, f) as in definition 1.3.
(b) The supremum in the definition of J(B, f) is attained on a finite set of positive reals
{ur,uy -, ur} satisfying the equation ulz = Boy,, s for 1 <1 <k, with o, s as in Defini-
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tion 1.3. Further, for any function v satisfying (1) one has
k. G P
min|p; (V) = 0wy, s ()| = 0.
where ,u,? is the empirical degree distribution of G.

Note that both the conditions (i) and (ii) considered in part (a) of Theorem 1.4 are sub-cases
of the assumption (3), which is used to ensure that J (8, f) introduced in (4) is well defined and
finite. It is possible that the conclusion of Theorem 1.4 holds for all f satisfying (3).

An immediate application of the above theorem gives the following corollary.

Corollary 1.5. Suppose f :Ng+— R satisfy (1), and let G be a random graph from the exponen-
tial family Q. p.of, where Q, g, 7 is as defined in (2). Then the following conclusions hold:

(a) Both part (a) and part (b) of Theorem 1.4 hold with f replaced by 0 f, for all 8 € R. Also,
the limiting log partition function

1
J(B.0f) = lim —Z,(B.0f)

is finite and continuous in 6.
(b) There exists positive reals m < M depending on (f, B, 0) such that

lim Qn,,s,ef<E(G) € [m, M]) =1.

n— 00 n

Remark 1.6. Part (a) of Corollary 1.5 says that if | f| grows at a rate smaller than i logi, then the
corresponding model Q, g g7 is well behaved for both positive and negative 6, in the sense that
the limiting log partition function is finite and continuous in 6. It also shows that the empirical
degree distribution unG roughly behaves like a mixture of {oy; ¢ f}f.‘:1 for large n. In particular if
there is a unique optimizer ug to the optimization problem J (B, 6f), then the empirical degree
distribution ,u,(l; converges weakly to 0,0, and /1,(,7 converges to ay, g7 -

Part (b) shows that irrespective of whether there is a “phase transition”, the number of edges is
linear in the number of vertices for all parameter values 6 (cf. [20] for details on phase transitions
in models of Statistical Mechanics). Thus the level of sparsity of the graph does not change with
the parameter.

Also, none of the limit points of the degree distribution is a Poisson, as 0y, ¢ is not a Poisson
distribution unless f is identically O or linear, in which case the model Q, g ¢ itself is a sparse
Erdds—Renyi graph. On the other hand, the empirical degree distribution of a sparse Erdos—Renyi
graph converges to Poisson. Thus unlike ERGMs on dense graphs as studied in [3], ERGMs on
sparse graphs do not behave like mixture of Erdos—Renyi graphs. Also, in the case of sparse
ERGMs, it is possible to estimate multiple parameters consistently from a large single graph. In
particular, see Theorem 1.9 which constructs consistent estimates for (8, 8) when f is known,
and Theorem 1.11 which constructs consistent estimates for the function f if f is unknown. It
should be noted here that consistent estimation of parameters in ERGMs was achieved in [23], but
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under the assumption that the ERGM restricted to n vertices is a projection of the corresponding
ERGM on n + 1 vertices. Consistency results have also been obtained for sparse ERGMs in [16],
but here the authors assume dyadic independence. In contrast, the models presented in this paper
are neither projective nor have dyadic independence, and yet consistent estimation is possible in
this case.

Since choosing a function f is equivalent in spirit to specifying the degree distribution of the
graph, one can fit a wide class of degree distributions by choosing a corresponding function f. Of
course restriction (1) ensures that the degree distribution will have a finite exponential moment,
which rules out degree distribution with power law tails. Power law tails correspond to the case
when f (i) grows at the rate i logi, which require a more delicate analysis and is not carried out
in this paper.

The next theorem shows that some growth condition on f needs to satisfied for the model
Qn, .01 to be well behaved for all values of 6.

Theorem 1.7. Suppose f :No+ R is a non-decreasing function, and G be a random graph
from the exponential family Q, g o7 (-), where Q, g r is as defined in (2).

(a) If0 <0, then both parts (a) and part (b) of Theorem 1.4 hold with f replaced by 6 f . Also,
the asymptotic log normalizing constant

1
J(B.6f) = lim ~Z,(8.6/)

is finite and continuous in 0. Further, there exists positive constants m < M depending on
6, B, f) such that

nl_i)rgan,ﬁ,ef<E(G) € [m,M]> =1
(b) If f further satisfies
liminf L D= SE=D Q)
i—00 logi
then for 0 > 0 we have
li Zn(B,0f)=0,
A (B.01)

and limy, 0 Qp p,0r(G = K,) = 1.

Remark 1.8. Note that the assumption (5) automatically implies f (i) is at least of order i log1,
that is, (1) does not hold. Under this assumption, Theorem 1.7 demonstrates degeneracy in the
sense of [12,24] in two ways. First, in this case the behavior of the model Q, gg¢s changes
drastically at the origin. For 8 < 0 the model puts all its mass on sparse graphs with O (n) edges,

whereas for 6 > 0 the model suddenly shifts all its mass to the complete graph where number

of edges is (5) ~ % Also, for 6 > 0 the model puts most of its mass on a very small subset
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of G, (namely a subset of size 1). Thus model (2) can indeed be degenerate without any growth
conditions on f.

In particular this happens for the choice f(i) = (l’c) for any k fixed, for which the statistic
Z;:ol £ (i)hi(G) becomes the number of k-stars, and for the choice f(i) = A2[(1+ %)" —1- %],
for which the statistic Z:':ol f(@@)h;(G) is the non alternating k-star. Note that in both these cases,
the function f is indeed non-decreasing, and satisfies (5).

1.4. Identifiability and estimating parameters

Since model Q, ggs is well behaved for all & when f satisfies (1), this subsection explores
the estimation of parameters of the model, under the assumption that f satisfies (1). Assuming
that f is known, one can focus on estimating the parameters (8, #) in the model Q, gy from
one sample G from this model. If f is exactly linear, that is, there exists a constant b such that
f (i) = bi, then the model Q, g g7 is same as Erdos—Renyi with parameter

1 N.Beeb
1+%e‘9b~ no

This model is asymptotically not identifiable along the curve where Be?” is constant, and so joint
estimation of both parameters (8, ) is not possible. If f is not linear, consistent estimation of
both the parameters is possible under this model.

In order to motivate our proposed estimates, recall the prediction of part (b) of Corollary 1.5,
that for large n we have

hi(G) u' orir-zwsp
n i! '
if f satisfies (1). Taking this to be an exact equality, multiplying both sides by i! and taking log
gives

log

i!hin(G) =—Z(u,0f) +0f (i) +ilogu.

Thus taking x1(i) = f (i), x2(i) =i, y(i) =log "h’nﬁ, we get a linear equation of the form
y(@) =—Zu,0f) +6x1 (i) + (logu)x2(i),

and so by fitting a multiple linear regression model using least squares with y as response and
{x1,x2} as explanatory variables we can estimate 6 and logu. Finally, note that u, 6, 8 are
connected by the equation u* = Bou.ef,as shown in part (b) of Corollary 1.5. Since the empirical
average of degrees d(G) = @
equation nu?> = 28 E(G) along with the least squares estimate of logu to get an estimate of .

We will now show that the estimates of (6, 8) outlined above are indeed consistent.

converge to 0y ¢ in probability, one can use the approximate
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Theorem 1.9. Let f : Ng — R be a known function which satisfies (1), and 6y € R, By > 0 be
the true unknown parameters. Let L be a fixed positive integer free of n such that f(i)/i is not
constant for all i € [0, L]. Let (é,,, iiy) be the least square estimates of (0,u) defined via the
following optimization problem:

L

. , ih; (G)
0, = f 1
( " un) argc,(-)ellg,u>0_2{ 08 n

=

2
—c—@f(i)—ilogu} .

A . A 2 p
Then as n — oo, one has 6, — 6y. Further, the estimator B, := %&;) — Bo.

Remark 1.10. The estimates (6, ,3) of the previous theorem are motivated by the fact that

hiG 1 ora,i
n eZwan¢ W

as predicted in Corollary 1.5 under the assumption that f satisfies (1).

Even though one can use a larger value of L (for e.g. L =n — 1), estimates of f (i) for large
i are not as reliable. In particular, for large i it is possible to have #;(G) = 0 which will give
undefined values for (én, ity). This is the reason for choosing L fixed, free of n. Given a graph
G, any valid choice of L must satisfy L < L,(G) := max|<;<,d;(G). Indeed this is because
h;i(G) =0 fori > L,(G), and so the least square optimization problem in Theorem 1.9 is not
defined. A natural choice of L is the maximum i such that /; (G) is non zero for all i € [0, L].

Frequently it is the case that an observed graph G has no isolated vertices. For example, any
person in a social network has at least one friend. A natural model in this case is the same ex-
ponential family, but conditioned to have no isolated vertices. Since ho(G) = 0, the estimator
defined in Theorem 1.9 becomes undefined. In such cases, instead of starting at 0 one can con-
sider the values i € [1, L] for the least squares procedure. The same proof shows that the resulting
estimator is consistent, whenever f satisfies (1).

If there is no reasonable guess for the function f, then one can think of estimating the whole
function f in the model Q, g, s using one large graph G. For any f the two models Q, g, r and
Q, 7 are asymptotically unidentifiable, where

f)=fG)+(i/2)logp,

and so without loss of generality one may further assume § = 1. Under these assumptions, the
next theorem reconstructs the whole function f.

Theorem 1.11. Let f : No — R be such that f satisfy (1), and consider the model Q, 1,y where
Qu.p, 1 is as defined in (2). Setting it := ,/ 2E’§G) the function fn : No — R defined by

ilhi(G)
ho(G)

fn(i)zlog[ i| —iloguy,
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satisfies
FalD) 5 £

fori>1,asn— oo.

1.5. Scope for future work

The statistics considered in this paper are functions of the degree sequence, or equivalently func-
tions of 1 neighborhoods of the graph. The literature has also focused on statistics which can-
not be expressed in terms of the degrees, for example the alternating k-triangle statistic (for
more details on this statistic refer to [12,15,24]). The alternating k-triangle statistic depends on
2 neighborhoods of a vertex and not 1. The large deviation result of [2] applies for any finite
neighborhood, and so it seems plausible that the two neighborhood can be dealt with a modified
version of the strategy of this paper. Of course, for 2 (and general) neighborhoods the involved
rate function will be more complicated.

2. Some examples

This section uses the results of this paper to analyze four ERGMs on sparse graphs from the
probability mass function @, ggs of (2). To specify the model it suffices to choose the func-
tion f. Note that in none of these models a closed form expression for the normalizing constant
Z,(B,0f) seems available. Using Corollary 1.5, one can get numerical approximations for the
asymptotic normalizing constant.

2.1. Geometrically weighted degree

In this case, we have gwd, = Z?;(} hi(G) f(@) with f(i) = e~ for some o > 0. An application
of Corollary 1.5 gives the asymptotics of the log normalizing constant as

lim L Z,(8.07)
n—oon
= sup{Z(u, 0F) — m(u,0f) logu + M%%

u>0

log(m(u, Of)ﬂ) — W},

2

where Z(u,60f) and m(u,6f) are the log normalizing constant and mean respectively, of the
probability mass function o, gy on non-negative integers given by

1 . ..
ou,0f (i) _—ulegf(l).
’ i!
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Setting y := e~ “ one has

et e ut S j i' e Uyl —99/ B
eZW.0f) — Z —exp 9), Z z Z olto Z yii = TR XY
i=0 i i=0 i j=0 i,j=0 !

where X, Y are mutually independent and X ~ Pois(u), Y ~ Pois(6). By a similar calculation
one has

m(u,gf)zzz?ili%exp{eyi} XL OueXP{GVV} _EEYY B ’
Yiotrexployl) X drexploy’) e TUEYY Ey XY

where Z ~ Poisson(fy) independent of X.

Since closed form expressions are not known for moment generating function of products of
independent Poissons, further simplification is not possible in this case. Of course one can use
numerical approximations by simulating an i.i.d. sample of products of Poissons, and then using
strong law of large numbers to estimate the moment generating function.

2.2. Logarithmic model

For this model set
fG) =—log(i + 1)y = —log(i + 1)(i +2)--- (i +r),

where r is a positive integer. In this case | f ()| grows logarithmically, and so by Corollary 1.5 the
asymptotics of the normalizing constant requires only the knowledge of Z(u, 6f) and m(u, 6f).
For the special case 8 = 1, a direct computation shows that

r

1 r—1 ui (Ml)!
Zu, f) — | u _ - — r—b-
e = |:e E i!:|’ m(u, f)=u—r+

u” u_ r—1ut
i=0 e =20

Thus in this case both Z(u, f) and m(u, f) are explicit, and numerical optimization of J (8, f)
is easy to carry out. No such simple formula exists for Z(u,0f) and m(u,0f) for 6 # 1.

2.3. Sparse penalty model

For this model set f(i) = 1;—, for which the corresponding model Q, g g5 has sufficient statistic
ho(G), the number of isolated vertices. This can be viewed as a penalty term which prefers
or dislikes isolated vertices depending on whether 6 > 0 or 6 < 0. Since f is bounded, the
asymptotics of the log normalizing constant follows from Corollary 1.5. For this particular choice
of f, adirect calculation reveals that

uet

e e’ + ¢ s m(u,0f) 7e“+e9—1

Computation of J (8, 8f) can then be carried out numerically in a straightforward manner.
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2.4. Polynomial decay model

For this model set f (i) =i® for some known « € [0, 1]. In this case the decay is at most linear
by assumption, and so Corollary 1.5 applies. Proceeding to compute Z (u, 6f), we have

o Zw.6f) _ ZM i 21'29”]

i=0 j=0 i,j=0

-0
9] u-‘rQEXaY

where X ~ Poisson(x) and Y ~ Poisson(f) are mutually independent. A similar computation
gives

G Y (iull)'veeia_ SRR el R DY E(X 4+ DY
mu,0f) = i =u oo ul i =u eUHOE X @Y =u ExaY
Z 0 2izo e

Further simplification is not possible in general, and one has to use numerical methods to
compute both Z(u,0f) and m(u,6f).

3. Proofs of main results

The main tool for proving our results is a large deviation principle for the empirical degree
distribution 1. To see how large deviation comes into the picture, note that the log normalizing
constant of the model Q, g, s can be written as

Zu(B. f) =logEs, ,¢" /),

where P, g is the Erd6s—Renyi model with parameter (8/n). By Varadhan’s lemma, this equates
the problem to studying the large deviation of ,u,? under the Erdos—Renyi (8/n) model. A large
deviation for the whole graph G with respect to local weak convergence has recently been derived
in [2], Theorem 1.8), which in particular gives a large deviation principle for ,u,? with respect
to the weak topology, as pointed out in [2], Corollary 1.9. The same large deviation was also
obtained in [8], Corollary 2.2, while studying large deviation for colored random graphs.

The following definition introduces the rate function for this large deviation principle.

Definition 3.1. Let S C P(Np) denote the set of all probability measures p such that ji =
Z?; in(i) < oo. Set the function Ig : P(Np) = [0, 00] to be 400 if u ¢ S, and for p € S
set

Ig(p) = ;,u(l)log ilu@) — = 10g(M13) + #

I " ",
=D(u | P,B)—FE(M_,B)-FElOg,B— Elog,u

where D(. || -) is the Kullback Leibler divergence, and pg is the Poisson distribution with pa-
rameter .
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The following large deviation follows from [2,8].

Theorem 3.2. If G is an Erdds—Renyi random graph with parameter 8/n, then ,u,? satisfies a
large deviation principle on P(Ny) with respect to weak topology, with speed n and the good rate
Sunction Ig(-).

A direct application of the above large deviations result can be used to prove that
1
lim —Z, (B, f) = sup{nlf1—Is(w)}
n—oon HeS
when f is a bounded function. We now state three lemmas which will be used to extend this to

all functions satisfying the conditions of Theorem 1.4.

Lemma 3.3. For any function f : Ng+— R satisfying (3) and any set B C P(Ng) one has

] n— .
lim ~logEg, ,e==0 "I O11,,(G) e By < sup {ulf1- Is(w)}.
n—oon ' neBNS
Lemma 3.4. For finite positive real o and f : Ng — R satisfying (3) we have

e o]

sup Zilogiu(i)gC,
wlg(u)—plfl<e ;—g

where C = C(a, f, B) is a finite positive constant.

Lemma 3.5. Let f : No — R satisfy (3).
(a) We have

sup{ulf1—Ig(w)} = J(B. f).

nes

where J(B, f) is as defined in (4). The supremum in this definition is finite, and is at-
tained over a finite set of positive reals {uy, ..., uy}. Further, any optimizing u satisfies

the relation u = /oy, .

(b) For any ¢ > 0 and { satisfying (1) we have

sup {ulf1—1g(w)} < sup{ulf1—Is(w)},
nele neS

where U := (i € P(No) : minj <<k |1(¥) — 03, )| < &).

3.1. Proofs of Theorem 1.4, Corollary 1.5, and Theorem 1.7

We now complete the proof of the main results of this paper, deferring the proof of the lemmas
stated above to Section 3.2.
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Proof of Theorem 1.4.

(a) To begin note that
A —Fp eXizo hi(@F (), (6)

which on taking log, dividing by » and letting n — oo along with Lemma 3.3 gives

1
limsup —Z,(B, f) < sup{ulf]— Is(mw)}.

n—oo N nesS

and so we have verified the upper bound. The proof of the lower bound is split into two
cases, depending on whether we are in case (i) or case (ii).
(i) Define a function T : P(Np) — R by

T () =plfl if Ig(p) < oo,
=0 otherwise,
and use Lemma 3.4 to note that Ig(u) < oo implies Zfioilogi,u(i) < 00. Also,

since f satisfies (1), there exists Co < oo such that | f(i)| < Copilogi for all i > 0.
This immediately gives

T =|u(H)] <Co ) ilogin) < oo.
i=0

Also for every m > 1 define the function T;, : P(Ny) > R by setting T;,(u) =
Yo f)p(), and note that T,, is continuous with respect to weak topology. We
claim that for every positive real « and § > 0 we have

lim  sup |Tu(n) —T(w)|=0. (7
M0 g (W) <a

To see this, fixing § > 0 and invoking (1) we have | f(i)| < dilogi for all i > M(5).
Thus for all m > M (§) we have

|TuGo) =T =| Y flu@)|<s Y iloginl)
i=m+1 i=M(8)+1

o
<8 ilogip(i) <5C(a,0, ),
i=0

where the existence of C(«, 0, 8) follows from invoking Lemma 3.4 with f = 0. Since
8 > 0 is arbitrary, this verifies (7).
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We further claim that for every § > 0 we have

1
lim limsup Zlog]P’n’ﬁﬂTm(/L,?) — T(,uf)| > §) = —00. (®)

m—-oo 5 50

Indeed, with ¥ (i) := /i logi| f (i)| we have
£ )| < ¥() <ilogi,

and so there exists M (6) such that for all i > M (6) we have | f(i)| < 82111(1'). Thus for
m > M (5) we have
Tu(w) = T(w)| =8> > Y@pl) <8ulyl.

i=M(8)+1

and so Markov’s inequality gives
1 _n G
B g (T (18) — T(uS)| > 6) < p(u,?[m . 3> <o ¥ Ep, eV,
On taking log, dividing by n and letting n — oo along with Lemma 3.3 we get
lim sup ;loan,ﬁﬂTm(un ) - T(,un )I > 8) < —3 + J(, B).
n—o0

Since J (Y, B) is finite and § is arbitrary, (8) follows.
Given (7) and (8), it follows by [7], Theorem 4.2.23, and Theorem 3.2 that T(unc) =
uf [ f] satisfies a large deviation principle on R with the good rate function
T(x):= inf 1l .
( nePMo):pl fl=x p(1)

Also Lemma 3.3 gives

1 n— N |
—logEp, ﬂeZn 120 hi (@) fG) — 2 log Ep, ﬁeZnT(p,f)
n ’ n .

< sup{2ulf1—1Ig(w)} = J(B,21).
nesS

The right hand side above is finite by part (a) of Lemma 3.5, as 2 f(-) satisfies (1).
This verifies [7], (4.3.3.), with y = 2, and so by [7], Theorem 4.3.1, with ¢(x) = x
we have

1 n— ” 1 ~
—logEp, 4¢" Yie (@6 = 2 logEp, ﬁe”T("'?) = sup{fx — I(x)}

xeR

= sup {u(f) — Ig(W)} = J (B, f),

nes
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where the last equality again uses part (a) of Lemma 3.5. This completes the proof of

part (a).
Fixing m € N one has

G G
EPn,ﬁenM" [f] > EP,l,ﬁ@nM" [fllmaxlgjgn d;(G)<m

=R, ,eZimo @S]

maxi<j<pdj(G)<m

m X . n—1 X
zEPn’ﬁeZi:th(G)f(l)-Ff(m) i:mﬂhl(c:)lmaxlsjfn 4Gy

where the last inequality uses the fact that f(i) < f(0) =0 for all i, as f is non-
increasing. This, along with an application of FKG inequality [10], Prop. 1, gives

Epnﬂen,uno[f] > EPnﬂeZ’m:o hi(G).f(l')-i-.f(m)Z?;;iHrl hi(G)Pn,ﬁ(dl <m)",

where we use the fact that the function

n—1

G Y hi(G) fuli),  fu() =max(f(@), f(m))

i=0

is non-increasing on the space of graphs Gy, as fin is non-increasing. Since f(0) <
fm (@) < f(m), it follows that f;,, is bounded, and so an application of part (i) gives

1 7 ad -
liminf — log]Epnvﬂe”“'?[f’"] > sup{Zu(i)fm i) — Iﬂ(u)} +log pgl0, m]

n—o00 n nes |3

> SUP{ZM(i)f(i) - Iﬂ(ﬂ)} +log pgl0. m],

nes li=o

where the last inequality uses the fact that fm > f,and pgl0, m] is the probability that
a Poisson random variable with parameter § is at most m. The lower bound follows on
letting m — oo and noting that pg[0, m] — 1. Combining the upper and lower bound
gives

1
lim ~Z,(B, f) = sup{ulf1—1()}.
n—-oon nes

(b) By part (a) of Lemma 3.5, the supremum in the right-hand side above is finite and equals
J(B, f) of (4), and the set of optimizing u in the definition of J (8, f) has finite cardinality.
Denoting this set by {u1, uz, ..., ug}, let

k
U= | e PN : min|uly] - oy, ]| <.
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where ¢ > 0 is fixed. Thus we have

1
lim sup — log Qn,ﬂ,f(:“ﬁ? € UC)

n—oo N

1 1
<limsup ~ log B, ,¢""" /11,6 yc —lim inf —log Zy (8. )

n—oo N

< sup {ulfl—1Is(w)} — sup{ulfl—Ig(w},
netcnsS nes

where the last line uses Lemma 3.3 with B = U¢, and part (a). The last quantity above is
negative by part (b) of Lemma 3.5, and so the conclusion follows. g

Proof of Corollary 1.5. Part(a) follows trivially from part (a) of Theorem 1.4 on noting that
the function 61 (-) satisfies (1) for all & € R. The continuity of the limiting log partition function
follows from the fact that limit of convex functions is convex.

For part (b), setting m := le mini.‘:1 Ou;o0f» M := maxf.‘:l Ou; 01 the desired conclusion follows
from part (b) of Theorem 1.4. ([l

Proof of Theorem 1.7.

(a) Since f is non-decreasing and € < 0, the function 6 f is non-increasing and non-positive,
and so an application of Theorem 1.4 proves part (a).
(b) It suffices to show that Q, g,67(G = K,) converges to 1, as the desired conclusion about
the log normalizing constant immediately follows.
To this effect, using (5) there exists M > 4 such that f(i) — f(i — 1) > M logi for all
i >k, :=|n/2], for all n large enough. We now claim that for all » € [0, n — 1] we have

f(n—l)—f(n—l—r)ziMrlogn )

Indeed, if r < k,,, then we have

r

fo=D)—=fr—1=r=) (fn—i)— fn—i—1)

i=1

> MY log(n —i) > Mrlog(n/2). (10)

i=1
On the other hand if r > k,, using the monotonicity of f along with (9) gives
fa=D)—=fn-1=-r=f(n—-1)—fn—1=ky)=Mk,log(n/2).  (11)

Combining (10) and (11), (9) follows.
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Thus if G € G, is a graph with degree sequence (d1(G),...,d,(G)), then setting
rj(G) :==n—1-d;(G) for G € G, we have

n

" " M log Mlog n—1)
Yo fn=1 =Y f(d(6) = === Y (G = 2"(””2 —E(G)>,

j=1 j=1 j=1

which immediately gives

M < <n )R(G)eMRzlognR(G)

Qu,por(Kn) — B

where R(G) := (;) — E(G) for G € G,,. This on summing gives

(3) /(n (5) %
_ Mrlogn 2 _ Mrlogn 2 _ Mlogn | ,
Qupor(RG)=1) <> [\2)|e7 7 <Y n¥e 2 <) (P2 ),
r=1 r r=1 r=1
which converges to 0 as n — oo, as M > 4. O
3.2. Proofs of Lemmas 3.3, 3.4 and 3.5
Proof of Lemma 3.3. Let 7, to be the set of all degree frequency vectors #(G) = (ho(G), ...,
h,—1(G)) on n vertices as the graph G varies in G,,. Fixing § > 0 arbitrary we have
EPn,ﬂeZ?;(} W(@FO 11, (G) e B)
= Ep, ;X0 OO 1{11,(G) € B, E(G) < bay )
—|—Epn’ﬁe zn;olhx(G)f(l)l{'u}? GB,E(G)>(SCI”}, (12)

By (1) there exists N = N(§) such that f(i) < %ilogi for all i > N(§), and so with M =

M(8) = maxo<i<y f(i) and @, = "CF1

bounded by

the second term in the right-hand side of (12) can be

an r
enM+%”21°g"]P’n,ﬁ (E(G) > bay) < M inoge Z <in> <é>
r=day,

s 2
<enM+4n logn % anzan<
n

|
~
=g

£
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which on taking log, dividing by n, and letting n — oo gives —o0, and so we can ignore this
term. The first term on the right-hand side of (12) can be written as

Yul € B, E(G) <8ay,},

n n
heH,

where N, (h) is the number of labeled graphs in G,, whose degree frequency vector is h. It follows
from [17] that

2r)! n!
n—1 . x n—1 ’
ri2 [Ty it TTZ, hi!

accounts for the fact that for labeled graphs any relabeling between

Nyu(h) <

n!
[T !
vertices with the same degree needs to be taken into account. Thus one has the following bound
on the first term of the right-hand side of (12):

where the extra factor

Eg, jeXi0 @O 1 {11, (G) € B, E(G) < Say)

< Y Na1{u,(G) € B. E(G) < bay}. (13)
heH,

where

= Znra(2) (1-£)O e
n n P2 Ty it TT72g hi!

with r = Z;’:—(} ih;. Using Stirling’s approximation one has
Cre™"n" /2 < pl < Cle " +1/2

for all n > 1, for some positive constants C, C, free of n. Using this, a direct computation gives
N, (h) < " AFon M LF1=T5 (1)}

which along with (13) gives

> Na)1{us(G) € B E(G) < bay}

heH,
Say, n—1
< " dFon (D) supcpns{nlfl=1p (W) Z he#H,: Zihi =rl (14)
r=0 i=0

Letting p(r) denote the number of un-ordered partitions of r, we have the upper bound

n—1
heH,: Zihi =r
i=0

= p@2r).
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This is because given any such degree frequency vector h, the corresponding unordered degree
sequence sums up to 2r, and so one can get a partition of 2r by dropping the vertices with

degree 0. Since
li ! 1 = \/E
rirréoj; ogp(r)=mx 3

(for a proof of this classical result see [9] or [13]), taking logs, dividing by n and taking n — oo

gives
268
<, —=.
- 3

1 n—1, » 26
lim sup — logEPmﬂeZiZOh‘(G)f(l)l{,u,?GB}E sup {y,[f]—l(u)}—i-rr,/?,

n—00 neBNS

n—1

heH,,:Zih,:r

i=0

1 San
li -1
1m sup 7 og (Z

n—00
r=0

This, along with (12) and (14) gives

from which the desired conclusion follows since § > O is arbitrary. ]

Proof of Lemma 3.4. Since log(i!) = 22:1 logk > f;=0 logxdx =ilogi — i, we have

> log(ihu(i) = Y ilogip() — T (15)
i=0 i=0

Also define 0 € S by (i) :=2~U*D for i € Ny and note that

> u@logu@) =Dl o)+ > ui)logo (i) = — (@ + 1) log2. (16)
i=0 i=0

Finally by (1) there exists M < oo such that f(i) <M + %i logi for all i > 0. This gives

o0 o0

3 3_ _
Y ilogip(i) —pulf1=—M+ =Y ilogin() = —M + Sjilog i, (17)
i=0 4 i=0 4

where the last step uses Jensen’s inequality. Combining (15), (16) and (17) gives

1) — ulf] = Zlog(l')u(l)—M[f]+2u(l)10gu(l)——10g( prirf
i=0 i=0
- a a +
zgilogiu(i)—u—u[f]—(M+1)10g2—EIOg(uﬂH%
.y

3_ _ _ 7 _
> M+ Jfilogfi— i — (fi+ Dlog2 — 2 log(iip) + “—-=
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1._ - 3+1o _
=—M+Zulogu—u<logz+T‘gﬂ)+§—log2=¢1<m, (18)
where
1 341
¢1(x):=—M+leogx—x<log2+++g'3)—i—g—logZ.

Since ¢1(x) is continuous and diverges to co as x — oo, it follows that ¢ (ix) < o implies
n < K () for some K («) < co. Thus, we have

o0 o
o n+p
a>Ig() — plf1=) log(ihu(@) — ulf1+ Y uG)logul@) — = 10g(uﬁ) t—
i=0 i=0
o - -
o - Q - + B
> ) ilogip() — = ulf1= (e + Dlog2 — = log(if) + ——
i=0
3 o0
M+ 3D ilogin) —i— i+ Dlog2 =5 “ o + 20
3 o0
=7 2 ilogin(i) = ¢a(x).
i=0
where ¢ (x) ;== M +x + (x + 1)log2 + 5 log(xp) — # Thus, we have
3 o0
z sup > ilogip() <a+ sup  ¢o(x),
4 wlpo-plfl=e 125 0=x=K (@)
from which the conclusion of the lemma follows. O

Proof of Lemma 3.5.

(a) It suffices to consider the minimization of p — {Ig(n) — [ f1} over S. To this effect, first
note that

a = inf {15(80) — So[ f1} + 1 < c0.
nesS
Indeed, taking pu = 89 gives
Ig(80) — S0l f1=B/2 — f(0) < oc0.
Thus it suffices to minimize > {Ig(u) — [ f1} over the set By :={u : Ig() — [ f]1 <

a}. By Lemma 3.4 we have

sup leogzu(L) <C(a) < 00, (19)
He€Ba ;¢
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and so by Markov’s inequality the set B, is tight with respect to weak topology. Let
{vk}k>1 be a sequence of measures in B, such that

Jdim (1500 = wlf1} = inf {1560~ ulf1}.

Then by tightness of By, there exists a subsequence which converges weakly to v, say.
Without loss of generality, assume the original sequence {vi}r>1 converges weakly to v.
Since f satisfies (1), invoking uniform integrability implied by (19) it follows that vi (f)
converges to v(f). This, along with the observation that Ig(-) is lower semi continuous
gives

{Is() — nlf1} =kgngo{lﬁ(vk> —wlf1} = {1sv) = v 1},

inf
HneS

and so v attains the infimum. Let A C S be the set of all probability measures where the
infimum is attained. Then for any n € S and v € A, by convexity of S we have (1 —#)v +
tu € S for any ¢ € [0, 1]. Thus with u := /it we have

0
S (A =Dv 1) = (L =0V f 1= 1ul f1], o = 0

o0

<1 1 (i) +logi! il logv) il i (')>
< ; ~|—0gvz+ogz.—§(+0gv—§ogﬁ+§—fz
X (1) = v(@) =0

e Z(log v(i) +logi! —ilogu — f(i))(u(i) — v(i)) >0

i=0

< DO llow )+ Dullv) <Dl our).

where o0y, 7 is as defined in definition (1.3). Since this holds for all 1 € S, setting u =0, ¢
gives D(oy, s |l v) =0, and so v =0, . Thus A C Q, and consequently

sup {ulf1—Ig(w)} = sup{ou, ;[ f1— Ig(oup)} = J(B. f).
nesS u>0

where the last equality follows by a simple algebra. It also follows from the proof that any

oy, r € A must satisfy u = /0y, f.
Finally, to solve the optimization u > ¢1(u) := oy, [ f]— Ig(oy, r) over u > 0, differ-

entiating with respect to u gives

& (u) = —m'(u, f)log #f)ﬁ
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(b)

Also setting ¢ (1) := Y o0 efl—f’)ul =e?.f) we have m(u, f) =u

entiating with respect to u gives

$5(w)

L which on differ-

P2 (1)@ () + udp2 (W)Y () — up) (u)*

e )= $2(u)?

and so

!
0 o
lim m/(u, f) = lim m, f) _ $0) _ SD=1O) _
u—0 u—>

0w $20)
This gives lim,_.q qbi (u) = +o00, and so u = 0 is not a local maxima of ¢;(-). Also it
follows from (19) that optimizing measure p satisfies

oo
flogi <) jilogin(i) = C@),
i=0

and so m(u, f) < C’ for some finite constant C’. This along with the relation u? =

m(u, f)pB implies any optimizing u is at most 4/C’ . Thus, denoting A denote the subset
of all positive reals u which are global maximizers of the function u > ¢1(u), it follows
that the set A is compact. Since an analytic non constant function on a bounded domain
cannot have infinitely many minimizers, the set A must have finite cardinality. This com-
pletes the proof of part (a).

If inf,epye {1 () — w[ f1} = oo then there is nothing to show. Assuming that

/

o = Mienlgc{lﬂ(u) —ulfl} +1<oo,

it suffices to minimize p — {Ig(w) — [ f1} over By NU°. Letting {vi}x>1 be a sequence
of measures in B, N U¢ such that

klingo{lﬂ(Vk) —wlfl} = ME;%UC{Iﬂ(M) — ulf1},

by a similar tightness and uniform integrability argument as in part (a) it follows that there
exists a measure v € S such that {vg }x>1 converges to v weakly, and

kILH;OVk(f) =v(f), kllrrgovk[W] =v[¥].

Since v; € U€ and vg(¢) converges to v(y), we have v € U€. Since U contains all the
global minimizers of w + {Ig(1) — ul f1}, we have

;351,{’/3(“) —ulfl} = kl_i)r{.lo{lﬂ(Vk) —w(f)} [By choice of {vi}i=1]
> Ig(v) —v[f] [By lower semi continuity of /4(-)]

>;I€1£,{Iﬂ(l/~) —nlf1}
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where the last step uses the fact that v € U€ is not in a global minimizer of u — {Ig(u) —
wlf1}. This completes the proof of part (b).

3.3. Proof of Theorems 1.9 and 1.11

Proof of Theorem 1.9. Differentiating with respect to 6, logu, ¢ and eliminating ¢ gives the
least square equations

L i!h,-(G)
0;f(z)—ﬂ +logu2< )f(:)—f) Zf(z)— .
SOLN, - EL &(. LY, ihi(G)
9;(:—E)(f(z)—f)+loguz<z—5> =Z(,_5>10g G

i=0 i=0

where f := Y + g Z i—o J (). Thus, we have the following matrix equation for the least square
estimates:

R L (G & L i\hi (G
(O, logiin) A = |:Z(f(i) — f)log % Z(i -~ 5) log% , (20)
i=0 i=0
where A is a 2 x 2 matrix defined by

L ., L I .
Y (F@) = f) Z(z’ - 5>(f<i) - /)

— i=0 i=0

[ A A Loy

;Q—E)(f(z)—f) §<"E)

Now, by part (b) of Theorem 1.4 it follows that there exists a finite set {1, ua, ...u;} with
u; > 0 such that any limit point of the measure /L,? is of the form oy, g7 for some [,1 <! <k.
This implies that there exists a random variable U, taking values in {u1, ua, ..., ux} such that for
all i € [0, L] we have

hi(G) Uy ori)-zw, 60 — op(1). 21
n il
Plugging this estimate, Slutsky’s theorem implies

L L

Y (£ — f)log —92 F@) = F)* +logUn Y_i(f(G) = F) +op().

i=0 i=0

L L

Z(,- - %) log “h;(G) 6 <i - %)f(i) + log Uy, Z(z - %)1 +op (1),

i=0 i=0 i=0
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which along with (20) gives

A

0, —0,logi, —logU,)A =o0p(l). 22)

We now claim that the minimum eigenvalue Amin(A) is not 0. Deferring the proof of the claim,
let us first complete the proof of the theorem. Given this claim, (22) implies

~ R 1
16, —6,logu, —logUpyll2 <

S T |6y — 6. logii, —log U A|, =0p(1),
min

thus proving that én is consistent for 8, and u, = U, +op(1).
Since part (b) of Theorem 1.4 with ¥ (i) =i implies

2E(G
mUn, 0f) — % =op(l),

we have

N

2 2
nu;

2E(G)  m(Un. 0f)

+op(1) =B +op(D).

where the last equality invokes the relation Un2 = Bm(Upy, 6f). This shows consistency of B, for
B as well.

It thus remains to verify the claim that Apin (A) is not 0. To see this, note that if Apin(A) =0,
then |A| = 0, which gives

L L& N2 L L 7

Y (fiy— 1) Z(z‘ - 5) = [Z(i - 5)(f(i) - f)] :
i=0 i=0 i=0

Thus equality holds in the Cauchy—Schwarz inequality, which implies f (i) — f = b(i — %) for

some b € R. But then f(0) =0 forces f (i) = bi for all i > 0, a contradiction. This completes

the proof of the theorem. O

Proof of Theorem 1.11. As before there exists a random variable U, taking values in a finite
set {uy, ..., ur} such that (21) holds, which gives

ih; (G)

fOyi —

—e/VU, =op(1).
70(G) a=op(l)
On taking log and using the definition of fn (i) as in the theorem, this gives

ithi (G)
ho(G)

fn(i)-i-ilogﬁn:log[ ]=f(i)+i10gUn+0P(1).

Thus to complete the proof it suffices to show that it,, — U, = op(1). To prove this, first note that
part (b) of Theorem 1.7 gives

2E(G)

—m(Uy, f)=op(1).
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Since one has U,% =m(Up,, f) as well, it readily follows that

in =/ 22D U P+ 0p (1) = Uy +0p (1),

n

thus completing the proof of the theorem. ]
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