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This paper deals with suitable quantifications in approximating a probability measure by an “empirical”
random probability measure §,, depending on the first n terms of a sequence {§;};>1 of random elements.

Section 2 studies the range of oscillation near zero of the Wasserstein distance d;é']) between pg and pj,

assuming the é,- ’s i.i.d. from pg. In Theorem 2.1 pg can be fixed in the space of all probability measures
on (]Rd, %(Rd)) and P, coincides with the empirical measure ¢, := % ;’:1 (Sg_. In Theorem 2.2 (Theo-
rem 2.3, respectively), pg is a d-dimensional Gaussian distribution (an element ofa distinguished statistical
exponential family, respectively) and p,, is another d-dimensional Gaussian distribution with estimated
mean and covariance matrix (another element of the same family with an estimated parameter, respec-
tively). These new results improve on allied recent works by providing also uniform bounds with respect to
n, meaning the finiteness of the p-moment of sup,,> bndg]) (bo, Pn) is proved for some diverging sequence
by, of positive numbers. In Section 3, assuming the £;’s exchangeable, one studies the range of oscillation
near zero of the Wasserstein distance between the conditional distribution — also called posterior — of the
directing measure of the sequence, given &1, ..., £,, and the point mass at p,,. Similarly, a bound for the
approximation of predictive distributions is given. Finally, Theorems from 3.3 to 3.5 reconsider Theorems
from 2.1 to 2.3, respectively, according to a Bayesian perspective.

Keywords: dominated ergodic theorem; empirical measure; exchangeability; Glivenko—Cantelli theorem;
law of the iterated logarithm; posterior distribution; predictive distribution; Wasserstein distance

1. Introduction and description of the results

A recurrent problem in different branches of science concerns the approximation of a probability
measure (p.m., for short) — either fixed or random — by means of another random p.m., say p,,
of an empirical nature, as function of a random sample é(”) = (§1, e §n) from the original
measure. The accuracy of such approximation is usually measured in terms of a distinguished
form of distance between p.m.’s, and the final objective is to study the stochastic convergence to
zero of that distance between the original p.m. and §,,, as n goes to infinity.

This problem arose in connection with the issue, of a statistical nature, of estimating an un-
known probability distribution (p.d., for short) on R by means of the empirical frequency dis-

tribution. Thus, the original formulation considered é(") as the initial n-segment of a sequence
{&}i>1 of i.i.d. real random variables with common p.d. po, and Pn equal to ¢, 1= %Z?:l £
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In the same year and journal, Cantelli [17], Glivenko [38] and Kolmogorov [45] published their
respective solutions concerning the almost sure convergence to zero of the so-called uniform
(or Kolmogorov) distance between pg and ¢,, while de Finetti [24] gave a solution in terms of
the Lévy distance. Since this achievement was considered by some authors so important to earn
the title of “fundamental theorem of mathematical statistics”, a flourishing line of research de-
veloped from it with a view to providing refinements and extensions in various directions, such
as: (i) replacing ¢, with smoothed versions of it; (ii) providing central limit theorems for the
above-mentioned distances; (iii) quantifying the almost sure convergence; (iv) relaxing the i.i.d.
assumption on the %i ’s. See, for example, the books [32,57,62] for a comprehensive treatment of
both the original problem and its developments. In particular, the very fruitful line of research —
also pursued in the present paper — which aims at providing guantitative rates of the Glivenko—
Cantelli convergence never ceased to be investigated from the end of the Sixties. See, for ex-
ample, [11-13,31,37,40,43,47,59,65] for an approach based on the empirical processes theory,
and [1,4,18,27,56,67] for the perspective of the so-called optimal matching problem. Possible
applications to various areas of pure and applied mathematics can be found in the references of
the quoted papers, with a particular mention to: (i) statistics (see [31] and also [32,35,57,62]);
(i) particle physics and PDE’s (see [4,14,18,37]); (iii) numerical analysis, with particular atten-
tion to quantization (see [27,56,65,67]); (iv) machine learning (see also [28,63]).

The present paper tackles the above quantification problem for various forms of §,, by study-
ing rates with respect to both L” and almost sure convergence. In Section 2, py is fixed and the
§i ’s are i.i.d. from pg, while in Section 3 the §i ’s are assumed to be exchangeable. In both sec-
tions, as in many other papers, the discrepancy between two p.m.’s is measured in terms of the

distance dEg]), usually called p-Wasserstein distance,' defined as follows: given a separable met-

ric space (S,ds), p > 1, and p1, p2 in [S], := {u p.m. on (S, Z(S)) | fS[dS(x,xo)]PpL(dx) <
~+o0 for some xg € S}, put

1/p
(p) . p
40 iy, o) = _inf (/ ds(x. )]y (dxd )) , (L1)
(51 2 yeF (u1,12) SZ[S y]y Y

where F(u1, i12) stands for the class of all p.m.’s on (S, Z(S?)) with ith marginal equal to
Wi, i = 1,2. Here and throughout, given any topological space X, Z(X) stands for the Borel
o -algebra on X, and the product X" is thought of as endowed with the product topology, for any
n € NU {oo}. The couple ([S],, dfg]) ) proves to be a separable metric space, which is complete
if (S, dg) is also complete, provided that (S, ds) satisfies the additional Radon property, that is,
every p.m. on (S, Z(S)) has the compact inner approximation property. See Definition 5.1.4 and
Proposition 7.1.5 in [3]. Finally, recall that a metric subspace (S, ds) of another complete and
separable metric space, say @, dg), has the Radon property if S € % (S). See Theorem 7.1.4 in
[33].

Throughout the paper, one puts (2, .%) := (S°°, Z(S°°)) and defines the sequence {§,~},~21 to
be the coordinate random elements of S, that is, §,~ (w) == w; for all w = (w1, w2, ...) € S™,
providing a formal definition of the sample evoked at the beginning of the section. In addition,

ISee however the Bibliographical Notes at the end of Chapter 6 of [64] for a correct attribution.
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one confines oneself to considering forms of P, which, like ¢,, are presentable as measurable
functions of E (n). More formally, given some p > 1 and defined .%#, to be the sub-o-algebra of
& generated by é("), the mapping py, : (2, %,) = ([S],, B([S]p)) is required to be measurable
for every n € N.

In Section 2, one fixes p > 1, po in [S], and endows (2, %) with the law pgo which makes
the coordinates i.i.d. random elements with common p.d. py, i.e. pgo[él €Aq,..., én €Al =
[T-, p3°[§,- € Ai1=T1}_, po(A;), forevery n e Nand Ay, ..., A, € Z(S). The main objective
is to determine an increasing sequence b, of positive numbers, with lim,_, y o, b, = +00, and
positive constants Cp(po) and Y, (o) for which

o[ (supbud® (po. $))" | < Cp(po) (1.2)
Po I:(nzll) [S] Po, p ) ] p(Po
and
i ({tim supbudif) o, 8.) < ¥, 00) | ) = 1. (1.3)
n——+00

In (1.2), as well as throughout the paper, expectation of a real random variable X with respect
to a p.m. u on (2, .%) is denoted by w(X). Moreover, in the sequel, the expression “pg satisfies
(1.2)” (“po satisfies (1.3)”, respectively) will be used as a shorthand to mean that, given pg, (1.2)
((1.3), respectively) is in force with a suitable constant Cp, (o) (Y, (po), respectively).

Remark 1.1. It is worth mentioning how to extend the validity of (1.2) to lower exponents
s € [1, p], once (1.2) has been established. In fact, one has

p?[(iigbnd§§§<po,ﬁn>)s] < {p?[(:ggbndfg(po,ﬁm)”]}%
< {pgo[(:gbndfé’]) (po, ﬁn))p] } %,

where the former inequality follows from the Lyapunov inequality for moments, while the latter
comes from the monotonicity of the Wasserstein distance with respect to the order. Once (1.3)
has been established, the same monotonicity entails pg°({lim sup bnd%; (po, Pn) <Y »(o)) =1
for any s € [1, p].

The first result in Section 2 (Theorem 2.1) states the validity of (1.2)—(1.3) when p, = &,,
S =R4, dg coincides with the standard Euclidean distance, pell,+o0)N(d/2,+00) and b, ~
(n/loglogn)'/?P, provided that fRd X270 (dx) < 400 obtains for some § > 0. To introduce
the second topic of the same section, one should notice that b, increases slower and slower as

d gets large. As noted in [1,37,47,56,67], this drawback is an intrinsic feature of the problem
M

[R4]
cube [—1, 1], This phenomenon is ascribable to the fact that the use of ¢, in approximating po
is thoroughly justified when there is no significant a priori restriction on the subclass of [S], in

since lim;_, 400 nl/ dpgo[d (po, €,)] > 0 when pg coincides with the uniform measure on the
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which pg can be fixed, so that the slowdown of the divergence of b, for large dimensions seems
to be the price to pay for this generality. In point of fact, many problems in applied mathematics
and statistics provide enough information to restrict the aforesaid admissible class to a family M
of distinguished p.m.’s gy on (S, A(S)), determined up to some finite-dimensional parameter 6
in © C R¥ so that 6 >y is injective. In this framework, the approximation of pg = g, proves
to be more natural within the elements of M, so that one first approximates 6p by a suitable

random element 6, € ©, depending on E " according to well-known principles of statistical
estimation, and then approximates po by p, = Mg, - The second main result supports this last
method of approximation, in contrast to the rougher one based on the choice of ¢,, by showing
that, if p, = Mg, » One can put p = 2 and b, ~ (n/loglogn)'/? in (1.2)=(1.3) independently
of the dimension of the &’s and of ©, at least when M coincides with the class of all non-
singular multidimensional Gaussian distributions (Theorem 2.2) and, more in general, with a
distinguished type of statistical exponential family (Theorem 2.3).

Before explaining Section 3, it is worth commenting on the value of the problems associated
with (1.2)—(1.3) and their solutions contained in Theorems 2.1-2.3. First, the use of the dis-
tance d(g]) connects the present problems with the so-called Vapnik—Chervonenkis theory. See
[32,62,63]. However, the actual novelty of the present study consists in finding rates accord-
ing to a concept of strong (i.e., uniform with respect to n) convergence, obtained by suitable
applications of classical inequalities concerning the dominated ergodic theorem, due to Sieg-
mund and Teicher. In fact, the current literature has investigated, until now, only non-uniform

bounds like po [(d(p ) (1o, Pu))P]1 < C'(po)a(n), valid for all n € N and suitable positive con-

stants C’(po), Whllst (1.2) entails, of course, pgo[(sup,pN (S] (po PP < Cp (po)/bf,, for all
N € N. In spite of the strengthening expressed by the latter inequality, the rate «(n) given in
the literature turns out to be comparable with our 1/b}, in the sense that a(n) goes to zero
slightly faster than 1/b? under the same assumption fRfl |X|2p+5p0(dx) < 400, at least for
small § > 0. Cf. Theorem 1 in [37] and Theorem 13 in [40]. Moreover, apart from the ob-
vious formal improvement, uniform bounds, which are strictly connected with the concept of
uniform integrability, prove to be of crucial importance in those applications where one is in-
terested in showing that the union of a collection of “bad events” — and not only the “bad
events” taken individually — has small probability Indeed one can notice that (1.2) entails

P (U= 18 (00, Bn) > M/bu}) = piF(sup,=y bud(E) (po. $n) > M) < Cpp(po)/M? by means
of Markov’s mequahty, so that, given any 1 > 0, one can choose M, large enough to obtain
pgo (ﬂnz] {d%}) (po, Pn) < M, /b,}) = 1 —n. On the other hand, certain applications to mathe-
matical statistics and physics would prove completely justified only in the presence of such uni-
form bounds, as suggested, for example, by Wiener in relation to the problem of connecting von
Neumann’s ergodic theorem with Birkhoff’s. See Section 1 of [66]. As far as our personal mo-
tivations to study the uniform convergence displayed in (1.2), we mention the paper [20], which
indicates a line of research — pursued in the next Section 3 — focused on some approximations
of posterior and predictive distributions in Bayesian statistics. Indeed, we realized that it is just a
condition of the same type as (1.2) that allows the application of a suitable martingale argument
due to Blackwell and Dubins, so that we seize the opportumty to highlight this connection.

In Section 3, the coordinate random elements &, &, . .. are assumed to be exchangeable, i.e.
the joint distribution of every finite subset of n of these elements depends only on »n and not on
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the particular subset, for every n € N. This condition is obviously satisfied if the &’s are i.i.d.
Actually, exchangeability is the suitable assumption to be made to translate the usual empiri-
cal condition of analogy (not necessarily identity) of the observations into precise probabilistic
terms. It is well known that, given any exchangeable p.m. p on (2, .%) = (§°°, (S*°)), there is
an extension of the Glivenko—Cantelli theorem, due to de Finetti [23,25,26], which states the exis-
tence of a random p.m., say p : (R, .%) — ([S], Z([S))), such that p({¢, = p,as n — o0}) =1,
= denoting the limit in the sense of weak convergence of p.m.’s, and [S] the class of all
p.m.’s on (S, #(S)) endowed with the topology generated by =. Moreover, the &’s turn out
to be conditionally i.i.d. given p, with common p.d. equal to p. These two facts are encapsu-
lated in the well-known de Finetti representation theorem, equivalently reformulated as follows
(see [2]): for any exchangeable p.d. p on (2,.%#), there exists one and only one p.m. 7 on
([S1, ([S])), equal to the p.d. of p, such that p(A) = f[S] p®>°(A)m(dp) holds for any A € %,
p® denoting the p.m. on (2, %) that makes the coordinate random variables i.i.d. with com-
mon distribution p. In Bayesian statistics, 7 is usually called prior distribution. One encounters
therein two new questions concerning posterior and predictive distributions, i.e. regular con-

ditional p.d.’s n(é(")) = n(é(n), -) and p(E(n)) = p(é("), -) of p and {§n+i}i21, respectively,
given § (n). In particular, n(é (n), B) is a version of p(p € B | E (n)) and p(g (n), A) a version of
pUsisntis1 €A é(n)), for B € #([S]) and A € .%. Apropos of these questions, Section 3 com-

pletes and enriches the previous work [20] by extending some of its statements and by providing
a Bayesian interpretation of the main results (1.2)—(1.3) formulated in Section 2. As to the ap-

proximation of n(g (n)), the aim is to show that, if p[C), ()] < +oo with the same Cp asin (1.2),
then

(n) =
({hmsupb a7 E").8,) < v, ) =1 (1.4)
holds with the same Y}, as in (1.3), where d(fg]p] is defined according to (1.1) with the pro-

viso that (S,ds) therein is replaced by ([S],,d (p )). See Theorem 3.1 in Section 3. Notice
that d(f) | (n(é "), 85.) = (fig)[d) (o, $)17 €, dp)) /2. Tt s also worth remarking that the
choice of d{” [S as reference distance establishes an interesting link between (1.3) and (1.4),
which shows how the latter can be viewed as an extens1on of the former: when the s are i.i.d.
with common p.d. po, p coincides with pg°, JT(E ) is equal to 5po with p-probability 1, and
d(p ) ( (E ) = d(p ) (po, P»). The approximation of p(’;‘ ) is a more delicate problem,
here solved cor151stent1y w1th the general lines and notation given in [20,21], by considering con-
ditional p.d.’s, say ¢, (é(n)) =qm (é(n), 2), of &y 1= % > 8§i+n given é(n), for every m € N.
In particular, g, (é (n), B) is a version of p(¢,., € B | é(n)) for B € A([S]). Therefore, the main
result concerning the approximation of the predictive distributions reads

({llmsupb a2, (an @) 5 050) < v, ®))) =1 (1.5)

n—-+
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n,m
Theorem 3.2 in Section 3. After establishing these general facts, the next new results, that is,

Theorems from 3.3 to 3.5, reconsider Theorems from 2.1 to 2.3, respectively, according to the
present Bayesian perspective. Thus, explicit expressions for p,, by, C,(p) and Y, (p) are provided
in each of the Theorems from 3.3 to 3.5.

for every m € N, while p° o ¢! (B) stands for ﬁ;’zo({n% Yo 8,,, € B}, for B € Z([S]). See

Remark 1.2. In the same vein of Remark 1.1, once (1.4) has been established, the identities

p({timsupb,ai, (v E”).55,) < 1,5

AW

= p([ligiggbndffg]p](n(g ), Sﬁn) < Y,,(ﬁ)]) =1

§ ;™ 2
e @™ 85,0 = dfy @™, 55 < A @™,
85,)- In addition, for any s € [1, p], (1.5) entails ,o({limsupbnd&‘ém(qm(g(n))’ﬁzo o Er;,in) <
Y,(mh =1

The achievement of (1.4)—(1.5) represents a specific asymptotic analysis of both posterior and
predictive distributions, which is relevant with a view to a better understanding of different kinds
of empirical approximation to orthodox Bayesian methods. In fact, the impressive growth of
Bayesian statistics in the last decades has produced new complex models — in particular of non-
parametric type — which, although appreciated for their predictive features, generate very often
serious hurdles to clear from the point of view of direct computations. These difficulties are very
often circumvented by the use of unorthodox, but more manageable, Bayesian methods, such
as: empirical Bayes (see [35,46,48,52]); partial and profile likelihood (see [22,55]); numerical
techniques based on simulation of random quantities, like the bootstrap (see [34,35]). In partic-

are valid for any s € [1, p], since df

ular, contrasting p5° o ¢, ! 1o gm (E (n)) as in (1.5) is a cornerstone in bootstrap techniques. Very
recently, the question of merging of orthodox and empirical Bayes procedures has been studied
in [50,51,54], but with a significant difference: (1.4)—(1.5) are reformulated therein by replacing
p with some hypothetical distribution pS°, in the spirit of the what if method described, for ex-
ample, in [29]. Other results which are more comparable to ours, though confined to the merging
of predictive distributions with m = 1, can be found in [7-9].

In conclusion, the ultimate aim of producing bounds like (1.4)—(1.5) is to quantify the degree of
accuracy in the approximation ensuing from one of the aforesaid empirical techniques. In fact, for

any €, > 0, one can find ngp = ng(e, n) and L = L(n) such that p[ﬂn>n0{dffg]p](n(§(n)), Sﬁn) <
PAUINEIN . - .
(L+€) /b1 = 1= n and p[z, 1) [(@n@ ™). 08 k) < (L +€)/by}] = 1 —n arein

force. Thus, one can observe that the determination of L follows from the specific form of Y, (p),
while that of n¢ represents an interesting open problem to be tackled in future works.

2. Results for the i.i.d. case

This section contains four propositions. The first one, of a general character, is a re-statement of
an inequality for normed sums of i.i.d. real random variables, originally due to Siegmund [58] and
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Teicher [61], sometimes referred to as dominated ergodic theorem. See also Section 10.3 in [19].
In the following version, this inequality is reinforced, with respect to the original statements,
by the explicit characterization of the upper bound, which plays a crucial role in the proofs
of the remaining theorems exhibited in the present section. These last results, in turn, provide
affirmative answers to the achievement of (1.2)—(1.3) in three situations of interest.

Hence, one starts with the reformulation of the Siegmund-Teicher inequality.

Proposition 2.1. Let {X;}i>1 be a sequence of i.i.d. real random variables on (2, F, P) with
E[X1]1 =0 and E[|X1|"] < +o00 for some r > 2. Then, after putting Log,(x) := 1{x < e} +
(loglogx)1{x > €}, one has

| Xl , ElX11'] [H}
E[Zi‘?(nLogzm))rﬂ]S“[“O(’) “”(r)( o ) @D

with suitable constants ao(r), a1 (r), o2 := E[Xlz] and [r] :=inf{n € Njn > r}.
See Section 4.1 for the proof.

Remark 2.1. With a view to successive applications of this proposition, it is crucial to underline
that the constants og(r) and o (r) appearing in the upper bound do not depend on the law of
the X;’s. Precise expressions for these constants can be drawn from the combination of specific
passages of the proof, culminating in inequality (4.8).

Combination of (2.1) with certain inequalities concerning dfg]) , originally proved in [27] and
reformulated more recently in [37], yields the following theorem.

Theorem 2.1. IfS = RY and ds coincides with the Euclidean distance, assume that, for some
8> 0and p €[1,+00) N (d/2, +00), [ga IXI*PFpo(dx) < +00 obtains. Then, (1.2)~(1.3) hold
true with p, = ¢,, b, = (n/Log, )27 Moreover, for any choice of r € (2,3/M), with M :=
max{2 — p/d; 1+ 1/(2+ 5§/p)}, one can put

3

K(p,d)C 2P r
Cp(po) = (1p_2)k(r)[1+1_20 ( fR ) lez”“po(dx)) } (2.2)

2K (p,d 2° e N
Y,,(po)z{I{Z_Ef_d/>2)[1+l_2_5/2 (/Rd |X|2p+5p0(dx)> “ . 23)

where K (p,d), C(r), » and o are suitable positive constants independent of pg.

See Section 4.2 for the proof, as well as for the exact evaluation of K (p, d), E(r), Aand o.
It is also worth recalling Remark 1.1 in order to indicate how to enlarge the applicability of this
theorem, since one could be interested in bounding the Wasserstein distance of low order (e.g., 1
or 2) even in the presence of a high dimension d.
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Before introducing the other results, it is worth noticing once again the troublesome depen-
dence, in the previous theorem, of b, and p on d, which appears to be unavoidable when pg
is viewed as any element of the whole class [Rd]2p+3. See [1,37,47,56,65,67]. Then, one is
naturally led to search for situations in which the aforesaid drawback does not occur. As already
remarked in Section 1, there are many significant problems in which it is natural to constrain both
po and P, within a distinguished class M strictly contained in [S]. By the way of illustration,
maintaining the choice S = R4, one now considers the noteworthy case in which M = {ug}oco
coincides with the class of the non-degenerate Gaussian p.d.’s, namely

/2
,ug(dx)=<g> (det(V))_l/zexp{—%’(x—m)V_l(x—m)}dx (xeR?Y), (24

where 6 = (m, V), © = R4 x G]L;;m(d) and G]L;'g,m(d) denotes the class of symmetric and
positive-definite d x d matrices with real entries. As for the approximating p.d. p,, in agreement
with the so-called plug-in method of statistical point estimation, put p, = g, » 0, = (m,, V,)

and
1 o 1 o
iy == & V== &~ (& i), 2.5)
i=1 i=1
with the proviso that ng, = 8, to obtain the following theorem.

Theorem 2.2. Ler S = R? and ds coincide with the Euclidean distance. Assume that PO = oy,
e, being defined by (2.4) with 6y = (mg, Vp) € R4 x (G]L;;m(d). Then, po satisfies (1.2)—(1.3)
with p =2, b, = (n/Log, n)l/2, Pn = mg, and én = (m,, ‘7,,) as in (2.5). Moreover, for any &
such that 0 < e <[2(d + 1)]’d, there exist two positive constants K (¢, d) and H (¢, d) for which
one can put

Ca(po) = [cx +b3(d + D] tr[Vol + ¢ K (e, d) | Voll  + H (e, d), (2.6)
Y2(p0) = V2{omax[Vol + dv/K (e, d)v/tr[Vo1}. 2.7)
where tr[-], || - | F and or%ax[Vo] stand for the trace, the Frobenius norm and the maximum eigen-

value of a matrix, respectively, while c, and c, are two numerical constants, even independent of
the dimension d.

See Section 4.3 for the proof. In particular, the proof of Lemma 4.1 contains the precise eval-
uation of K (e, d), while c, is displayed in (4.12), ¢4 in (4.17), and H (e, d) in (4.21). Lastly,
definition and properties of | - || f can be found in Section 5.6 of [42].

A remarkably interesting fact is that an analogous conclusion holds true for a rather general
type of exponential family which, besides including the previous class of Gaussian distributions
as a distinguished, but particular, case, enjoys important, global properties from the point of view
of mathematical statistics. Two of them are worth noticing: (i) identifiability, in the sense of a
parametric family of p.m.’s; (ii) existence and uniqueness of the maximum likelihood estimator,
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expressed as arithmetic mean of values of a given function t. In turn, (i)—(ii) are implied by
certain weak conditions of a technical character, which are explained, for example, in [6,16]. A
brief summary is given here, referring the reader to the quoted monographs for the details. One
can start introducing a o -finite measure p on the metric space (S, dg), to dominate the whole
family M (to be defined just below), together with the aforesaid measurable map t : (S, Z(S)) —
(R¥, Z(R¥)), in such a way that:

(A) the interior ® of the convex hull of the support of 1 o t=! is non-void,
(B) the set A := {y € R¥ | fS Y™ 1 (dx) < 400} is a non void open subset of R¥, which
proves to be convex.

Thus, a parametrization of the exponential family M, conducive to (i)—(ii), is given by
po(dx) :=exp{V="0) - tx) — M(V~'(0)}udx) (@ €0), 2.8)

where M (y) :=log(fq e¥*™ p(dx)) : R¥ — (—00, +00] and V(y) := VM(y) = [ t(x) exp{y -
t(x) — M(y)}u(dx). These definitions make sense in view of the following facts: first, Theorems
1.13, 2.2 and 2.7 in [16] state that M is strictly convex on A, lower semi-continuous on Rk,
of class C*°(A) and analytic. Second, Corollary 5.3 in [6] implies that M is steep (essentially
smooth), according to Definition 3.2 of [16]. Third, from Theorem 3.6 in [16], y — V (y) defines
a smooth homeomorphism of A and ®. Thus, putting yy(A) := fA exp{y - t(x) — M(y)}u(dx),
A € A(S), Corollary 2.5 in [16] entails the equivalence of yy, = ¥y,, y1 =y2 and [tdyy, =
J/ tdyy,, making precise the requisite of identifiability. Therefore, (2.8) defines the family M
which is the subject of the next theorem, in such a way that po will be a fixed element piq,, of M,
and p, the element M, corresponding to

_ % S tE) €0 2.9
i=1

which represents, in this case, the maximum likelihood estimator of the parameter 6.

The particular form of 9n is conducive to an application of Proposition 2.1, but with the sig-
nificant variant that the analog of the supremum appearing in (2 1) is multiplied by a function,
say @, of 0, which diverges as either |0 | goes to infinity or 0, approaches the boundary of ©.
Hence, to obtain any quantitative bound, the following concepts will come in useful: first, the
cumulant generating function, say W, of t(él), namely W (y) := log( fS ey't(")ugo (dx)). Second,
the Legendre transformation, say I, of M, that is

1,(0) := sug{0 y-My}=v'@) -0 -M(V®). (2.10)
ye

Third, the Legendre transformation, say Ig,, of W, given by

Iy, (0) := SUR{B Y=Yy} =1.00)—0-y0— M(yo), (2.11)
ye

where yg = V’I(OQ). See Section 26 of [53] (especially Theorems 26.4 and 26.6) for well-
definiteness and regularity of /,,, as well as Theorem 6.9 in [16] for steepness of I,,. The way is
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now paved to specify @, that is,

1
() == \//O (1 —s)|Hess[1,1(80 +s( —00)) | pds  (n€©), (2.12)

where | - || r stands for the Frobenius norm. As a consequence of the properties of /,,, in order
that ® (») might diverge it is necessary that either |y| goes to infinity or 5 approaches d®. Hence,
with a view to quantifying the rapidity of the divergence of ®, one observes that there always
exist two functions @ : [0, +00) — [0, +00) and ®, : ® — [0, 4-00) satisfying

o) < @1(Inl) + P2(y)  forall y € ©;
®; is increasing and diverges at infinity; (2.13)
V{”n}nZ] - ®a q>2(ﬂn) — 400 entails d()]n, a@) — O, as n — +oo.

Then, along with ®;, one introduces the non-negative integer (possibly equal to +-00) No, (0, 0)
which represents the minimum number of convex closed sets that form a covering of Ry :=
{0 € ®|D2(0) > 5,10 — 00| < p} with the constrain that such a covering must be included in
Ry:={0c®|D2(0)> 7,10 — 00| <p}.

Finally, it should be noticed that the involvement of dfg]) in (1.2)—(1.3) forces to assume that
M is included in [S], and, with a view to the obtainment of explicit upper bounds, induces to
focus attention on the so-called Talagrand inequality. With reference to the elements of M with
p = 2, this inequality reads

di3) (16, 10)* < Cr (00K (g | o) (80,0 € ©), (2.14)

where K(ug | 116,) == J5 log((ﬁ’;”o (x)) g (dx) is the Kullback—Leibler information of g, at pg.

See, for example, [39,41] for further information.

Theorem 2.3. Suppose that (A)—(B) are fulfilled and that the elements of the exponential fam-
ily (2.8) belong to [Slp and meet (2.14). Then, po = g, satisfies (1.3) with p =2, b, =
(n/Log,n)'/%, p, = 144, 0, as in (2.9), and

Y2(po) = v2C7(00) P (00)omax (00), (2.15)
2

where o, (00) is the largest eigenvalue ofHess[M](V_1 (00)). Moreover, pg satisfies (1.2) with
the same p, by, p, and a suitable C»(po) specified in the proof if, in addition, there exist a positive
constant T(0¢) and functions p, o :[t(0p), +00) — [0, +00) satisfying

+o00 +0o0
/ m(t) 2 dr + N, (p(t), o (0))h(t) 2e™" D dt < +o0, (2.16)
7(00) 7(0o)

where, with reference to (2.13), one puts m(t) := min{p(¢) @rl(@)} and h(t) =

inf{lp,(8) | D2(8) > %2, 10 — 8] < p(1)}.

1
ION
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See Section 4.4 for the proof, which also includes the elements to specify the constant C»(pg).

Before concluding the section, it is worth remarking that the abundance of assumptions in the
last theorem counterbalances the generality of the family (2.8). In any case, checking of (A)—(B)
is a standard task, as shown in Chapter 1 of [16]. To check the validity of (2.14) see [39,41],
which also highlight the interesting connection with the logarithmic Sobolev inequality as means
to estimate the constant C7(0¢). Lastly, the finding of 7(8y), p(¢), o (¢) and N (¢) is less standard
and could prove more labored, even because of lack of background literature.

3. Exchangeable random variables

As announced in Section 1, the random coordinates 51 , 52, ... are now thought of as exchangeable
random elements distributed according to the p.m. p on (2, .F) = (S*°, Z(S*°)). The reader is
recommended to resort to the representation theorem recalled therein and, in particular, to the
meaning of the random p.m. § as limit of the sequence of the empirical laws ¢,’s, as well as of the

symbols (& (n)) and p(& (n)) to denote the posterior and the predictive distribution, respectively.

The first theorem establishes the validity of (1.4). Its novelty is that it provides information

about the range of the sequence {dE[pS)]p](rr(é (n)), Bﬁn)}nzl, when (S, ds) is a general separable

metric space meeting the Radon property.

Theorem 3.1. Assume that, for some p > 1, p, € [S], for all n € N and p € [S], with p-
probability 1. Moreover, let {b,},>1 be an increasing and diverging sequence of positive numbers
with respect to which p satisfies (1.2)—(1.3) with p-probability 1. Then,

. z(n) -
pltimsupbud(f) (= (E").85,) < ¥,®)] =1 3.1)
n—oo
provided that C,(p) and Y ,(p) are real random variables and p[C ,(p)] < +o00.

The proof is deferred to Section 4.5. Apropos of the assumption that C,(p) and Y, (p) are real
random variables, notice that their checking boils down to an analysis of their explicit expres-
sions. Cf., for example, (2.2)—(2.3) and (2.6)—(2.7). Lastly, recall Remark 1.2 for an answer to

the problem of bounding lim sup bndf‘fé]s] (r (€ (n)), 83,) for s € [1, pl.

In the same vein, one now deals with the approximation of the distributions g, (& (”)) as in

(1.5). To connect g, (") with ("), suffice it to notice that pE", 4) = [ p(A)w(E",

dp) and g, (E(n), B) = p(é(”), E,;]m(B)) hold true for every A € ZA(S*°) and B € %([S]). From

a technical point of view, knowledge of the latter distribution may help to make the properties
of the former more explicit. This is what happens when, by following the usual frequentistic

interpretation of analogy of the observations, one approximates g, (é (n)) by means of the distin-
guished distribution of % h 6§_+ when the &;,,’s are viewed as i.i.d. with common p.d. p,,,
for every n. Apropos of this, one states the second main result of this section as the following

theorem.
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Theorem 3.2. If, for some p > 1,9, € [S], for alln € N and p € [S], with p-probability 1, then

M\ roo  ~ (n)
[dE[pS) (6] (E )’pn ° nm)—dEpS)] ( (E )’Sﬁn)]zl (3.2)

for every m € N. In particular, under the same assumptions of Theorem 3.1, one has
lim sup b, d %) E") pcoe ) <Y,®)| =1 33
o|limsup b, [[S]p](qm (E ) Pl ok, m) <Y,pm|= (3.3)
n—o0
for every m € N.

See Section 4.6 for the proof, and resort to Remark 1.2 for an answer to the problem of bound-
ing Wasserstein distances of lower orders s € [1, p].

Theorems 3.1 and 3.2 are deliberately stated in a very general form, as far as the nature of the
space S is concerned, but contain the strong assumption that (1.2)—(1.3) are in force. With a view
to their real use, one could do a good turn by providing possibly simple sufficient conditions
for the validity of (1.2)—(1.3), even if one has to give up the generality of S. It is with this
spirit that we state the following three theorems which, from a merely mathematical side, are
immediate consequences of the combination of Theorems 3.1 and 3.2 with Theorems 2.1, 2.2
and 2.3, respectively. The first statement deals with the nonparametric model, and can be viewed
as an extension of Theorem 4 in [20] from R to R¥.

Theorem 3.3. Let S = RY and ds be the Euclidean distance. Assume that, for some § > 0 and
pell,+o0)N(d/2, +00),

-1 i
p[(/Rd |X|2p+5ﬁ(dX)) } N /[Rd] ([;@d |X|2p+5p(dx)> m(dp) < +o0

is valid with a suitable r € (2, 3) for which p/d > 2 — % and 2p + 8)(% — 1) > p. Then, (1.4)—
(1.5) hold true with p, = ¢,, b, = (n/Log, n)Y/2P and the same constant Y, as in Theorem 2.1,
with p in place of py.

The next theorem provides a new result concerning the d-dimensional Gaussian model.

Theorem 3.4. IfS = R? and ds coincides with the Euclidean distance, suppose that p = g with
p-probability 1, where 0= (m, ‘7) is a random element taking values in © = RY x G]Lj;m(d)
and g is referred to (2.4). If p[|| \7I|F] = 0+oo XI5
for the p.d. of || V£, then (1.4)~(1.5) hold true with P = 4, » b, = (n/Log, )12 and the same
constant Y, as in Theorem 2.2, with V in place of Vj.

(dx) < +o0 is valid, with e standing

Finally, the third result concerns the exponential family considered in Theorem 2.3.

Theorem 3.5. Let p equal juz with p-probability 1, where jug is referred to (2.8) and 0isa
random element with values in ©. Suppose that (A)—(B) are fulfilled and that, with p-probability
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L ou € [Sl2, (2.14) holds with 0 in place of 0o and én in place of 0, and (2.16) is in force.
Then, if the same constant Ca(po) mentioned in Theorem 2.3 is such that Ca(ug) is a real
random variable satisfying p[Ca2(ug)] < +00, properties (1.4)~(1.5) hold true with P = Hg,»

by = (n/Logy n)'/? and Y2 (§) = \/2C1(8) D (8)0max ().

Remark 3.1. Theorems 3.1 and 3.2 face the challenging task of comparing probability laws of
p-d.’s. Nevertheless, there are situations in which it suffices to have a partial knowledge of a
p.d., such as mean values or appropriate synthetic measures of interesting aspects of that p.d.,
presentable as functionals on classes of p.d.’s. Thus, Theorems 3.1 and 3.2 are ideally accom-

panied by results concerning the comparison between p[g(p) | é (n)] and g(p,), and between
,o[g( o 18 ) |£ ] and p3 [g( v 18~ s respectively, where g stands for some spe-

cific functlonal. In particular, in view of the Kantorovich—Rubinstein representation of d® (see,
e.g., Theorem 11.8.2 of [33]), if g is Lipschitz-continuous, one has

lo[s®) 18] - gG)| < Lip()d [, (v (E™). 55,)

(i) sl )]

. )\ A ~
= Llp(g)df[ls)]l](qm (8 ! )v Pﬁo o en,}n)’

and

where Lip(g) stands for the Lipschitz constant of g. Due to its relevance, proven by a rich litera-
ture, the empirical approximation of functionals will be studied in a forthcoming paper.

4. Proofs

Gathered here are the proofs of the main results.

4.1. Proof of Proposition 2.1

This subsection complements the arguments already developed to prove Lemma 1 and Theorem 4
in Section 10.3 of [19], in order to justify the bound (2.1). Then, notation is substantially the same
as therein, and numbering relates to that very same book.

To start, consider a sequence {Y,},>1 of independent, non-negative random variables, and
set G := Z 1 Yn and Oy = ;;o‘l’ E[Y,’f], for k > 0. An application of the inequality (a +
b)y" <2 l(a + b™), valid for a, b > 0 and m > 1, yields E[&] < 2972(M, + I E[G9~])
for g € {2, 3,...}. Thus, by induction, one gets E[G?] < ,\q,q_lsm’f + Zz;g Aq,ksmq_km’f for
g€12,3,...},where ka1 := 1, Ag0:=29"2and Agq1 4 :=29""hgpo1ifh=1,...,q.1f g > 2
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and ¢ ¢ N, one can write

E[G‘f] = z[q]_l(imq + i)jtq—[q]E[G[q]])
. [q]
<2l (Wq + Mgl g1 Mgy + My D /\[q],km[qum’f)
k=0

Now, the reasoning continues parallelling the method used to prove Theorem 4. First, as-
sume that the distribution of the X,’s is symmetric with E[Xf] = 1. Second, define ¢, :=
(nLogy(n)~1/2, X! := X, 1{|X,| < n'/"}, X!/ := X,1{|X,| > n'/"} and decompose S, :=
Y Xias S, =8, 48, with S, :=>"" | X! and S :=Y"7_; X/'. Apropos of S, exploit
the monotonicity of the sequence {c, },>1, as in the last inequality on page 389, to obtain

IS,1" 4 ny
E[iﬂl(nLogz(n))’/z} [(:g;;cnﬂx )} [(;cn|Xn|) }

Therefore, if r € {3,4, ...}, one gets
. IS,
[,11 (nLogz(n»f/Z}
+00
gxr,,l(zanHX”}) +Z,\rk<2c’ e[| x)"] ") (ch |X”\) 4.1
n=1

whilst, if » > 2 and r ¢ N, the following bound
| //|r
E [ sup 72}
n>1 (nLogy(n))"/

{ZC Pl pn 1(2" (™) ) | (iocnaux;n])[r]

n=1

[r]-2

+00
+ (Zcr’;_[r]EHX;”r_ ) Z A ]k(Zcr] kE |X//|[r] k])
n=1

: (§an[|x;{|])k} (4.2)

is in force. Now, combining the inequalities of Holder and Markov, one gets E[|X] "

(l/n)r»;-hE[leV] for every n € N and h € (0, ] which, in turn, yields jl"xf QE[|X”| ]

=
=
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K(ME[|X1|"], with K (h) := :;Xf(]/n)r%hcff < 4-00. Thus, one concludes that
E[sup L] <A E[X )" 43)
n=1 (nLog, (n))/?

is valid with a suitable numerical constant 81 (), determined as follows. First, recall that E[ X %] =
1 entails E[|X{|"] > 1. Then, if r € {3,4, ...}, invoke (4.1) to get Bi(r) = Z,r;(l))»r,kl((r —
k)(K (1)%, whilst, if » > 2 and r ¢ N, use (4.2) to obtain

B1(r) =211 {K(r) + A1 K (r = 1) (K (D)

[r1-2
+K(r—1r]) Y ApaK (Ir] - k)(K(l))k}.

k=0

Apropos of the term involving S),, one starts by observing that

r +0oo
E[(supcn|S,’l|> ] §u6+rkr/ ur_lP[supcn|S,/1| >Au]du (4.4)
n>1 uog/r

n>1

holds for every A, up > 0. Then, after putting ny := [¢X] for k € Ny, formula (15) on page 390
can be invoked to write

00
Plsupca|;| > u] <43 PlenS),,, > hu]. (4.5)
nz1 k=0

Moreover, at the same page, it is proved that P[S, > x] < exp{—7x +nt?} is valid for every n € N,
Log, (nk+1) ) 1/2

1/r
e X (ne41) /" <

x> 0and ¢t €[0,n""]. Then, setting 7 = ngy1, ¥r i= SUPgen(

L
I ng(nk+1))1/2 and x = —&
Nk+1 YrCny,

+o0,t =y~ yields

, u (au —1)
PlemSn,, > " <exp —TLng(HkH) . (4.6)

T

where o := inkaNO(nkaigi%)l/ 2 > 0. Putting A = y,~!, the combination of (4.4), (4.5) and
(4.6) leads to

Y r -r = [t r—1 (au—1)
E[(supcn|Sn|) ] <ug+4ry, Z/ u exp{——2 Logz(nk+1)} du.
n>1 k=0 Y,

uoyr r

To conclude, it is enough to choose u( large enough so that ay,ug > 47/,2 + 1 is in force. In fact,
this choice entails, for every u > ugy,, cu > 4)/,2 + 1 and (‘“;/—;1) Log, (nk+1) > 2Logy (ng+1) +
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2a
4y2+1

u which, in turn, give

/ r r —r +Oo 4yr2 +1 '
E[(supcn|Sn’) ] <ug+4ry, Zexp{—ZLogz(nkH)} . 2 ')
n>1 o

k=0

=: Bo(r). “.7)

The proof can be now carried out by means of the following steps. First, combine (4.3) with

(4.7) to get
e(smes) ] = el o) ] 2] ki)

n>1 n>1

<2 (Bo(r) + B (E[XI]) T, (4.8)

which is valid for symmetric X,,’s with E[X %] = 1. Then, invoke the symmetrization argument
at the end of page 390 to show that this last very same bound holds also for non-symmetric X,,’s,
provided that E[X1] = 0 and E[X %] = 1. Finally, remove the assumption E[ X f] =1, by replacing
every X; with X;/o.

4.2. Proof of Theorem 2.1

Fix d e N, p e[l,400) N (d/2,+0o0) and § > 0. After setting 8 := 2p + 8, observe that it

is possible to choose r € (2,3) so that A = A(p,d,r) :=p —d(2 — %) and o =o(p,d,r) =

/3(% — 1) — p are both strictly positive constants. In particular, the bound on o is equivalent to
38

"< jgip € (2, 3). As for the bound on A, notice that it is trivially satisﬁed for any choice of

r e (2,3) if p >d whilst, if p € [1,+00) N (d/2,d), one gets r < —p € (2, 3). Therefore,
these arguments show that » can be chosen as any element of (2,3/M), where M := max{2 —
p/d;1+1/24+68/p)}.

Now, consider the LHS of (1.2) with b2 = /n/ Log,n and invoke Lemmata 5 and 6 in
[37], whose main contents are now briefly recalled. For [ € Ny := {0, 1,2, ...}, denote by P;
the natural partition of By := (—1, 114 into 24! translations of (—2_1, 2! ]d and, for s € N, put
By :=(—2%, ZS]d \ (—25_1, ZS_I]d and, for any F C R4, 25F := {2°x | x € F}. In this notation,
forany p>1and u,v e [Rd]p,

+00 +00
AP ) < K(p,d)y 2Py 27 Y (2 FNB) —v(2'FNBy)| (49
s=0 =0 FePy

holds with K (p, d) :=22PdP/2(2P + 1)(2” — 1)~2. Whence,

pe° [sup i (R (po. 8" |

n>1

+00
< K(p,d)ZZI”ZZ PR |:supbn
s=0

FePy

n
po(2°F N By) 121 [& €2°F N By}
i=1

].

S
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The objective is now to bound pg°[sup,; bl po(2° F N By) — % > ]1{& € 2°F N By}|] by the
following steps: first, choose r € (2, 3) satisfying the restrictions imposed in the first lines of this
proof. Second, apply Lyapunov’s inequality to get

n

po(2'F N By) — %Z]l{é,- €2°F N By}

i=1

po(2°F N By) — %Zﬂ{é,- €2°F N By}

pg° [sup by
i=1

n>1

< G
n=

At this stage, the identities pgo[ﬂ{g,- € 2F N B}l =po(2°F N By) and

-

_ XL € 2F N By} — po(2° F N By

JnLlogy,n

valid for any i and n in N, respectively, pave the way for the application of Proposition 2.1 with
Xi = ]l{é,- € 2°F N By} — po(2° F N By). Notice that o and E[|X|"] appearing in the RHS of
(2.1) are equal to po(2* F N Bs)(1 — po(2° F N By)) and po(2°F N Bs)(1 — po(2°F N By))" +
po(2° F N By) (1 — po(2° F N By)), respectively. In view of (A + B)!/" < A" + B/ one can
bound from above the (1/r)-power of the RHS of (2.1) by means of

n
po(2°F N By) — %Zn{éi €2°F N By}

i=1

by

o)\ /po(25F 1 B,) (1 - po(2° F (1 By))
+ay (" [po(st N BS)(l _ Po(ZSF A BX))]%_l
) [(1 - PO(2SF N BS))r_l +P0(2SF N Bs)r—l]%_l

so that, taking account of (1 — po(2° F N B)) 4+ po2FNBy) 1 <2, 1—po(2’FNBy) <1
and % > ; — 1, one can write

> 1{& e2’Fn By}

i=1

po(2°F N By) —

S| =

o [Sup by,

n>1

} <T[po(2F B

with C(r) 1= ao(r)V/" +23/" a1 (r)V/7 . At this stage, after recalling that 77 = 29! and that % —1le
(0, 1), another application of Lyapunov’s inequality yields

S
=T o8]

n
po(2°F N By) — % Y 1{& €2 Fn By}
i=1

FeP, nzl

< E(r)zd’@?)( > po(2Fn Bs)>

FeP;

31

7
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|

Whence,

=

po(2°F N By) — % 1{& € 2°F N By}

ZZ Ip Z o |:supb’7

FeP;

bl ZZW) v = S o)

Now, observe that, for any s € N, the definition of By entails po(B;) < pgo[{ |§1 | > 251} so that,
from Markov’s inequality, po(Bs) < 28 (5’1)p8°[|§1 |#1 holds with the same B as defined at the
beginning of this proof. To conclude the proof of (1.2), gather the above inequalities together to
obtain

K(p.d)C(r) 2P o[£ I-
R0 [ilirfbpd(p) (o8| = =255 [1+ o (T LEI) l]

which provides the value of Cj,(po) displayed in (2.2).
To prove (1.3), use again (4.9) to write

lim sup bpd(p) (po, )P

n——+o0o
+0o0 pg—i-oo " » 1 n )
<K(p.d)) 27 27" 3 " limsupbf |po(2'F N By) — = > 1{& € 2°F N By}|.
s=0 =0 FeP; n—+00 n i=1

Since, from Hartman—Wintner’s law of the iterated logarithm,

n

limsupb? po(2° F N B,) — %Z]l{éi €PFNB)

n——+00 i=1

= /200(2 F N B,) (1 - po(2 F N B,))

one can argue exactly as above to obtain

. PP ~ V2K (p,d) 2r = BN1/2
limsup b1z (o 80)" < 707 | L+ T35 (C[IEN])

which provides the value of Y, (po) displayed in (2.3).

4.3. Proof of Theorem 2.2
To facilitate the proof, one premises the following technical result.

Lemma 4.1. Let Ay, ..., Ag be the eigenvalues (counted with their multiplicity) of a symmetric,
positive definite d x d matrix M with real entries. If det(M) > ¢ for some ¢ € (0, 1), then there
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exists a positive constant K (g, d) such that

d d
Y 0 —1—loghj) <K(e,d)Y (hj— 1)’ =K(e,d)|M —1dg||7, (4.10)
j=1 j=1

where 1d, is the d x d identity matrix and || - || F stands for the Frobenius norm.

Proof of Lemma 4.1. Fix § € (0, 1) and define d;(M, ) to be the number of those A;’s be-
longing to [1 — 8, 1 + 8]. Since K1(8) := Supycri_s,145\(1} ,\C(IJT >0, if di(M, §) > 0 one
gets

Yoo Gy-l-logaip<Ki(®) Y.  (j-DA
jefl,...d} jel,...d}
A el1-8,14] Ajel1-8,148]

If di(M, §) = d, the lemma is proved upon putting K (¢,d) = K1(5), with (1 — 8)? = ¢. Thus,
assume that dp = dr(M,8) :=d — di(M,5) > 0, and notice that Z(*)(Aj —1—1logij) <
>y *j —1og[ (4 *j, where (x) is a shorthand to indicate that sums or products run over those
J’sin {1, ..., d} for which A; ¢ [1 — §, 1 + 8]. Moreover, by assumption, there holds

d -1
&
[Tv=IT%( [T %) zqgF5a=r
. ) (1+596)
) =1 jel.....d}
3jell=3.1+]

where po € (0, 1). Lyapunov’s inequality entails dl—z Yhi < (d—l2 Y )!/? and the GAM
inequality gives dl Z(*) Aj > (]_[(*) A ')1/ % 50 that the combination of these inequalities yields
1/ % <(+ A Z( 0 1/ 2 Hence, recalling that log pg < 0, there holds

1/2
D (=1 —logi)) < d2< Zﬂ) —log po

() ()

1 1/d; 1 12/d2 5
) () ]y
[(Po) dz(l?o) s Z’

()

Since K2(8) 1= sup,¢(1—s, 14+s)\(1) (xi21)2 > 0 for any 6 > 0, one deduces the former inequality in

(4.10). Finally, the latter inequality follows from the properties of the Frobenius norm, as shown,
for example, Section 5.6 of [42]. O

The way is now paved for the proof of Theorem 2.2.
From a well-known expression of the distance d%}d] between two multivariate Gaussian distri-
butions (see, e.g., [30,49]), one gets

2 ~ A A
[di2 (1 124,)]" = Imo — 1, > + e[ Vo + Vi, —2(Vo Vi) '72], @.11)
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where the symbol g is referred to (2.4), while m,, and V,, are referred to (2.5). Then, to prove
(1.2), one starts by analyzing the first summand on the above RHS. The combination of Lya-
punov’s inequality with (2.1) yields, for any r > 2,

d n o £0) ) 2
. \2 D i1 & —mg )]
o subm—m)]<§ C>o[(su =10 0
a [( b onlmo " —j:1“90 n>Fl) nLog,n

n>1

< Y (s T @ - mé”)l)’] }2/’
T4 % n>1 J/nLog,n
() _

d 00 G yry Tr19y 2/r
S2:0]‘2”0500)+061(V)<M90[|§l o "] ]) “

J

2r/2 r+1 [r19q2/r
=|:Ol0(i’)+051(r)(ﬁr< 5 )) i| tr[ Vpl. 4.12)

As to the latter summand on the RHS of (4.11), one can start by writing

Mgg[ sup bﬁtr[VOJrVn—z(VoVn)l/z]]5b§(d+1)tr[vo]
ne{l,..., d}

since, for every n € N, ug(? [tr[Vn]] < tr[Vy]. Consequently, one can confine oneself to studying

G ISUP, > 441 b2 tr[Vo + V, — 2(Vo V) '/211. Now, it is worth observing that the term tr[ Vo 4 V;, —

()]
d[]Rd

distributions with zero means and a covariance matrix equal to Vj or Vo, respectively. This fact
paves the way for the application of the Talagrand inequality (2.14), to get

2(Vp \7")1/ 2] coincides with the squared distance [ ]]2 between two d-dimensional Gaussian

tr[ Vo + Vi — 2(Vo Vi) '/?] < C1(00)[tr(Vy ' Vi — 1dg) — logdet(V, ' V) ]

d
= Cr(60) Z[,\j.”) —log ,\5.”) —1], (4.13)
j=1

where )L<1"), e, )L;") denote the strictly positive (with jig,-probability 1) eigenvalues of V(;1 \7”.
Note that, as a consequence of the original formulation of the Talagrand inequality (see [60]),
Ct(6p) can be chosen equal to 2||Vy || r. At this stage, after fixing ¢ € (0, 1), an application of
Lemma 4.1 gives

[ sup 220{Vo + 0y 2007 2 Ja faer(vy ) = )]
n>d+1

d noo=(.h) 2
_ D i1 (@ = (Von)l
<2K(@, |V .- MOO[( sup =1 ’ , (4.14)
IV 1 30 | (s, 2 e
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where n(l o (E(l) A(l))(g(h) A(h)) Elementary algebra shows that ) _1(~(l D Vo) =

Zizl[@,ﬁ”— my2 - (Vor1 - LT ED —mn? and, for 1 £ h, S5 (" — (Vo)) =
n =z (ONFA)) (h) =z @) n () (h)

Yol —mgH)(E —my ) — (Vo)l,h]—;(zizl[% —my D& —my’]). Whence,

um[< s Y @Gt - %)z,zﬂﬂ
o n>d+1 /nLog,(n)

<2m[< | ZialE” —mg))? (V0)1,1]|>2}
= 2y, sup
n>d+1 vn Lng (n)

00 Qi [& (l) m(()l)])4

* ZMQO L;lﬁl n3 Log2 (n) :| (4.15)
and, for [ # h,
MOO[< sup X~ (VO)l,h)|>2]
o n>d+1 \/}W
=< 2#90 sup
n>d+1 \/m
0o O ED — mDD2 ED — 02

24 Li‘ﬁl n3 Log, () } (4.16)

As to the first summand on the RHS of (4.15), it is enough to notice that {(Vo);,] (éi(l) — m(()l ))2},-2 1
is a sequence of i.i.d., x2(1)-distributed, real random variables, so that an application of Propo-
sition 2.1 with » = 4, in combination with the Lyapunov inequality, yields

1/2

| S IE —mg)” — (Vo 11|> } , \
20V, 4) +15% (4
Heo |:(n>l;5~1 JnLog,(n) <20V0) [0 @) + 15% 01 (4)]

For the second summand on the RHS of (4.15), observe that

(i 5" —my'D* (|Z?=1[§f” mg] |>4[nLog2<n>]2<<|2 L ED —mg] |>
n3Log, (n) /nLog,(n) n3Logy(n) ~ \/IWZ(H)

yielding, by virtue of Proposition 2.1,

15— mé”])“}

2
Hoo [n;j‘il 23 Loga (1) < (V) [ao@) + 31 (4)].

To bound the first summand on the RHS of (4.16), introduce, as a preliminary step, the auxiliary
function wi (p) := E[(XY — p)¥], where k € Nand (X, Y) € R? is a Gaussian random vector with
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zero means, unit variances and correlation coefficient p. Then, apply again Proposition 2.1 with
r =4, in combination with the Lyapunov inequality, and observe that 1 < wy(p) =14 p? <2
w4 (p) =9 —33p2 + 84p% < 60 lead to

o [< up | Y ED —mDYED —md) — Vol ﬂ
f n>d+1 /nLog,(n)

wa(orn) \*1'2
< (V)i (Vo pw2(pr,n) | co(4) + o1 (4)

@2(p1,1)
<Vao@) + 60%a1 D[ (V)7 + (Voi 1]

where o7, := (Vo)i.n//(V0)i1.1(Vo)n,». Finally, for the second summand on the RHS of (4.16), it
is enough to notice that

(i) (S i)

i=1 i=1
1 ! 1< !
<3 (30 1) 5 (0 )
i=1 i=l1

so that, by resorting to Proposition 2.1 with r = 4, one gets

] LG = my DAOC " - (h)])}
Mg,

sup
n>1 n’ Log,(n)

< 5[(voﬁ,, + (V)i 4] - [@0®) +3a1(4)].
At this stage, there are all the elements to deduce that

Mgg[ sup B2 e[ Vo + Vi — 2(Vo V) /2] 1 {det(Vy ' V) > g}] <c.K@ed)|Vollr (417
n>d+1

for a suitable numerical constant ¢, independent of Vy and even of the dimension d.
It remains to analyze ugg [SUp,>g+1 b,% tr[Vo + V,, —2(Vy Vn)l/Z]]l{det(Vo—l V.) < €}] which,
in view of the Boole inequality, can be bounded from above by

/ ({tr[Vo + Vi — 2(Vo Vi) /2|1 {det(Vy ' V) <&} > 2}) dz.
n>d+1
Preliminarily, given any A > 0, one gets

A

A
/ g (e[ Vo + Vi —2(Vo Vi) /2] {det(Vy ' Vi) < e} > 2}) dz < Auid ({det(Vy 'V2) <e})
0



3004 E. Dolera and E. Regazzini

for every n € N. Now, the series an dil 19,2z ,ug(‘;({det(Vo_1 \7,1) < ¢}) turns out to be convergent

for any choice of ¢ € (0, 1) since, in this case, one can prove that ugg({det(vofl Vn) < ¢}) goes
to zero exponentially fast, with respect to n. Indeed, a well-known result concerning the Wishart
distribution (see, e.g., Theorem 7.5.3 in [5]) states that, for n > d, det(VO_IV,,) has the same

distribution (under ugg) as the product of d independent real random variables, say Y1, ..., Yy,

where Y; has a Gamma distribution with scale parameter 5 and shape parameter % Since
;ng({det(V(;an) <eh<Y?, nEYi < €!/4}) holds in view of the Boole inequality, then

one can resort to the well-known Chernoff bounds to obtain

_ 1/d 1/d
it <ot e 1= (5) ]

n—i

provided that e!/4 < "L forany i € {1, e d} and nlzl d+1.Since sup; g >4 11(75) <d +1,
choosing ¢ < [2(d + D] yields 1 — % + log(%) < % —log2 < 0 and, hence,

,ug;’({det(vo_l V) < e}) < dexp{ #(1/2 - logZ)} (4.18)

for n > d + 1. Now, one studies f;oo Mg(?({]l{det(VO_IVn) < 8}2?:1[)\5.'1) — log)\g.") —1] >
z}) dz through a splitting of the above integrand into the sum of the following two terms:

ug(?({]l{det(Vo_IVn) < e,tr(VO_l\A/,,) > —nlog(det(VO_IVn))}

quﬁ.

(n) ()
[2;"” —logai” —1] > z/2})

~.
I
—_

and
ug;’({]l{det(vol Vn) <e, tr(V(;1 ‘7n) < —nlog(det(Vofl \7”))}

d
X

[)\yl) — log)\E.n) — 1] > Z/2}>

j=1

with 7 > 0. The former can be bounded by /ng({(l +1/n) tr(VO_l \7”) > z/2}) while the latter can
be bounded by Mg(‘)’({det(Vo_1 Vn) <eé, det(VO_1 ‘7n) < exp{—ﬂ%ﬁ)}}). At this stage, recall The-

orem 7.3.5 in [5], which states that tr(VO_1 Vn)) has a Gamma distribution with scale parameter



Uniform rates of G—C convergence 3005

5 and shape parameter w, and apply again the Chernoff bounds to get

00 -1y zn
Hoo <{”(VO )= 5 D

ol ()
=PI T 20+nm-nd = B\ 20+ =1

provided that 2(1{2") > @ holds for any z > A and n > d + 1. In particular, this condition is

in force if A > 4d(1 + 1/n). In such a case, one has

[ znn ( znn )} (e —2)n
l—r————tlog| 77— ) | S —F7—7—2
20+ M0 — Dd 20+ — Dd dde(1+ 1)

for any z > A and n > d + 1. Whence,

/+OO o0 tr(V_l\7)> < d
A TR A

8e(1+1n) ex {_n(e—2)A
“nle—=2)(n—1) 8e(l1+n)

(n — 1)}. (4.19)

Apropos of ugg({det(VO_IVn) <e, det(VO_lV,,) < exp{—ﬁ}}), taking A > —2(1 + n)loge
implies that the probability at issue coincides with ,ug;’({det(VO_l Vn) < exp{—ﬁ}}), for all
z > A. Therefore, the same reasoning that led to (4.18) shows that

“x({det(val‘}”) <exp{_2<1z+n>}}>

n—d Z ‘
Sdexp{T[l-l-lOg(d‘l‘ D—(d+ l)eXp{_zd(1+n)}_ 2d(1+77):|}'

Now, recalling that A has been chosen in such a way that, A > 4d(1 + 1/n), one gets

z Z
1+log(d+1)—(d+ l)exp{—Zd(l T } ~ 2d(1+1)
<[(1+log(d+l))77_ 1 ]Z
=17 4+ 2d(1+m)

which, upon choosing n < 1/(1 4 log(d + 1)), leads to

400 ~ A z
/. “9°<{det(v(’ W) <exp{_2(1+n)”) &

8d%(1 +1n) { A
S—eXpy————
(n—d) 8d(1+1n)

(n— d)}- (4.20)
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In conclusion, for any ¢ < [2(d + D174, it is possible to combine (4.18)—(4.20) and optimize,
with respect to the choices of A and 5, to deduce the existence of a positive constant H (¢, d)
such that

> b2/ 1S ({r[Vo + Vi — 2(vo Vi) 2] {det(Vy ' V) < e} > 2})dz < H(e,d) (4.21)
n>d+1

concluding the proof of (1.2), along with the determination of C>(p) in (2.6).
As for the validity of (1.3), one considers again (4.11) and starts by applying the d-dimensional
version of the Hartman—Wintner LIL (see, e.g., in Theorem 3.1 of [36]) to write

p?({limsupbnlmo — 1, = «/Eamax(vo)]) -

n——+o00

where o2, (Vo) stands for the largest eigenvalue of Vp. To deal with the latter summand on the
right of (4.11), one resorts again to the combination of (4.13) with (4.10) to obtain

VUlVo+ 7 — 2006V 21 fdet(Vy 1 02) = ) < V2K e d) Vol - [V Vo — 1,
< V2K D| Ve | 1Ve = Vol

|0 G = (Vo)
\/nLogz(n)

I , by elementary

for any ¢ € (0, 1). Then, observe that b, || \7,, —Wlr < Zf{h 1
algebra. At this stage, after recalling that

Y[ = Voua] =D [ED —m) E —mE?) = (Vo))

i=1 i=1
1 n . n .
Tn (Z[sf” - m3”]> (Z[sfh’ - méh’]),
i=1 i=1

apply the classical Hartman—Wintner LIL to conclude that

p°°<{limsup I " = Vol = 0100/ 202 (p; h)}) =1
O \noso0 J/nLog,(n) ’

since

o < { A ED —md D ED — mPD)] D
po | 1limsup =0 1.
n—>+00 n/nLog,(n)

Noticing that Zldh 10100~/ 2w2(p1,1) < d tr[Vp] and that ,/ ||V0_1 | F - tr[ Vo] < A/tr[ V], one can
conclude the proof after takmg into account that pg°({limsup,, _, , , T{det(V," v, )y>el=1}) =
1, by strong consistency of V.
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4.4. Proof of Theorem 2.3
From the definition of the Kullback—Leibler information, one gets
K(y | 1tag) =0, - [V7'00) = V' 00)] — [M(V'00) — M(V'(00))]
- (1= B — 00) HessT 1,100 + 5B — 60)) B, — 00 s,

where the second identity follows from the combination of (2.10) with Bernstein’s representation
of the remainder term in Taylor formula. Then, from (2.14),

di3) (e 15, )<\/CT<00> / (1—5) (@, — 80) Hess[1,,](80 + (B, — 00)) (@, — 00) ds

<VCr80)18, — 00| ®(@,)

and hence, in view of the k-dimensional version of the Hartman—Wintner LIL,

limsup, | =—"—di3) (0, 15,) = +/2C1 (00) @ (B0)omax (B0). 4.22)

n—+00 ( )

where amdx (80) is the largest eigenvalue of Hess[M](V ~!(00)). See, e.g., Theorem 3.1 in [36].

This proves (1.3) with b, = (n/Log,(1n))'/? and ¥ (po) = +/2C7(00) P (00)omax (00).
To prove (1.2), define ®; := {0 € R¥ | 10 — 00| <35(fp)} and O, := O \ O;, where §(fo) is
chosen so that ®; is a proper subset of ®, and notice that

supbp|0, — 8ol @,) < supby, |0, —0o|®(0,)1(8, € ©;}

n>1 n>1

+ supbp|0, — 00| (8,)1(0, € O,}. (4.23)

n>1

As to the first summand on the right-hand side, for any r > 2, one can write
1/r
sup by |6, — 80| ®(8,)1{6,, € ©;} | < max & sup b’ |6y — 6y
i 500 bn B — B0l @ @110 € 0] < ma (n)JZI(Mo[p| "

where é,&f ) and Q(Ej ) stand for the jth component of 0 » and 09, respectively. At this stage, invoke
Proposition 2.1 to conclude that

Qs [supb 16, — 8|®(0,)1{0, € ©; }] (4.24)

n>1

k co[ |t (D (Ey) — @ 1N 171/
<,ITnax@(n)Za](Go)[ao(r)+ot1(r)<“00 31 0 > ] , (4.25)

o oj(00)
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where o (00) := /812.,/M(V*1(00)) and 1) (£;) stands for the jth component of t(£;). This

upper bound represents a first contribution to the determination of C (), to be now completed
by bounding the second summand on the right-hand side of (4.23). Apropos of this, one can start
with the following general considerations, valid for any ng € N:

e sup balfy — 80100118, € ©,)]

nzng

+00 R R R
=/0 u;’;’[ U {bn16s = 00100,)116, € ©,) > r}] dr

n=ng
7(00)
<> b / o216, — 601®(8,)110, € O} > t]ds (4.26)
n=ng
+o00 R R
+ Y by / 152[16, — 00l (B,)1{, € O} > 1] dr. (4.27)
n>ng T(o())

The term in (4.26) can be bounded thanks to the fact that {|8, — 8o|®(8,)1{0, € ©,} > 1} €
{6, € ©.}, yielding

7(0o)
Z / [16, — 80|®(8,)1{8, € ©,} > 1] dr
n=ng
<7(00) Y buug2[16, — B0l > 580)].
n=ngo

Here and in other points of the present proof, some results in [68] are invoked to estimate tail
probabilities of the type of ,u;j‘;[lé,, — 0¢| > a]. More precisely, the analysis of (4.26) is based on
the corollary on page 491 of that paper, whose applicability to the present context follows after
checking (2.1) therein. Since vectors t(é j) — 0o correspond to vectors & ; in [68], in the place of
E[|& j |"*] therein one considers

k
wgel[6Gp) — 80| < k"1 3" e[V Ep — 65" "]
i=1

Thanks to the existence of the moment generating function of t(£ ) — 09, the classical Cauchy
estimate shows that

N C(r(60))
ool |, () (E.y — gD ™ <
'u00[’ (SJ) 0 ’ ] =m 7(00)’"
is valid for all m € N with a suitable chosen () > 0, provided that C(r(0¢)) is the maximu_m
(asi =1,...,k) of the maximum modulus of the moment generating function of |t(i ) (§ i) = Qél)l

on {7 € C||z| =r(69p)}. Plainly, the last inequality entails (2.1) in [68] with specific H = H (6y)
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and b§ = Mggnt(éj) —00|%1 =: B(8)%. Putting B2 :=nB>(0¢) and x := \/n8(0o)/B(8o), the
thesis of the aforesaid corollary yields

> bang2[18, — 60l > 5(60)]

n=ngo
—n8(8o)*
= ,,Z,,:O & exp{ B(#0)2+1,625(00)H (0¢) }
A - 03 (60"
= C<B(0o)2 +1, 628(00)H(00)> eXp{ B(80)2 + 1, 625(00) H (80) } (4.28)

as a consequence of the elementary inequality

D b < e (4.29)

n=ng

valid for z > 0 with some constant ¢ > 0. Estimate (4.28) provides the required upper bound for
(4.26). As for (4.27), start by writing

152[10, — 00| @ (8,) > 1]
< o[l —00l®@,) > 1,0@,) <o ()]
+ 1§10, — 00l (B,) > 1, @(B,) > o (1)]
<ug[16n — 00l > t/0()] + pg2[@@,) > 0 (1)]
< 13216, — 80l > t/0(0)] + 1§ [@ @) > 0 (1), 18 — b0l < p(1)]

+ 12 [18, — b0l > p(0)]
0 A t
< g [16, — 00l > 1/5(1)] +M3§|:<I>1(|0n N ?}

~ o(t) - 0
+M3§[®2(0n) > % 10, — 0ol < p(t)] + 115, [10n = Bol > p(1)]

and, after introducing the function m () := min{p(¢), ﬁ dbl_l (%)}, the sum of the first, sec-
ond and fourth term can be bounded by

—nm (1) —nm(t)
3exp{ B(00)? +1,62m(t)H (09) } = SCXP{ 2H(00) } (t>1(00)

invoking once again the Corollary in [68] with x := /nm(t)/B(0¢). The validity of the above
inequality rests on the fact that, by properly choosing p and o, m turns out to be monotone and
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diverging at infinity. Now, from (4.29),

m(t) m@) \“* [ —nom(r)
Z3b”ex{2H<oo>} 3C<2H(00)> exp{Two)} (t>760)

and one finds that the right-hand side is integrable on [7(fg), +00), thanks to (2.16), after a
proper choice of ng. At this stage, it remains only to bound Ko, X[D,(0,) > M |0, — 0p| <
p®)] = Mg, [0 € Ry ()], a task which will be carried out by an application of some large devia-

tion estimate. In fact, recall that

Mgo[én €R]< e—”iﬂff}ek 1oy (0)
0 =<

holds true for every closed convex subset R of ®. See, for example, Section 2 of [15]. There-
fore, since R;(t) is compact, consider a covering {V;(¢)}i=1,... n() of Ri(?), made by closed and
convex subsets of ®, which is entirely contained in R3, to obtaln

N() N()
Kog[0n € RI(D] < ngy [On e Vi(t)] <D ugba e Vi)] < N(ye ™™,
i=1 i=1

where h(t) := inf{ly,(0) | P2(0) > %, |0 — 09| < p(t)} and N(z) is an abbreviation for
Ng,(p(t),o(t)). The conclusion is reached by first applying (4.29), giving

1 2
Z b efnh(t) <c efnoh(l)
h(t)

n=nqo
and then invoking (2.16) to prove the integrability of N (1) (= i )2 —noh(®) on [7(00), +00). After

choosing ng properly, sums of the type Z”O_ ! admits trivial bounds which, combined with the
rest of the proof, lead to the desired result.

4.5. Proof of Theorem 3.1
First, observe that the following two identities
(p) z(m) ) ~(n) ( N ~(n)
[difsy, ) (7 (€ ),aﬁn)]”:[[ (d(p (p,pn)) 7 (&7, dp) = [(d[éj])(P,Pn))p 1]

hold with p-probability 1, the former being a direct consequence of the definition (1.1). To derive
the latter, suffice it to apply the disintegration theorem (see, e.g., Theorem 6.4 in [44]) after recall-
ing that p, : (Q, %) — (S, B([S] p)) is measurable. In the next step, parallelling the reasoning



Uniform rates of G—C convergence 3011

in [10] to prove Theorem 2 therein, one gets

. ~ A z() ()
timsup p[ (badZ) . )" | & ]= lim  sup p[(badZ) 3. $1)" 18]
n—od

%+oon>k h>k

< lim supp[:up(bhdlgl (. pn)) ” |§ ]

k—+00 ;>

for every m € N. Then, one has that X, := sup;,,, (bhdég])(ﬁ, Pr))? belongs to LYQ, .7, p),
since

plXm] < p[X1]= p[p[X1 | B]] < p[C,(B)] < +oo.
Hence, the martingale convergence theorem gives

lim supp[X, |E"] = ,0|:Xm ‘ 0(U 0(5("))”

k—>+°°n3k e

with p-probability 1, and now it is enough to observe that X,,, is a a(UnZl Z,)-measurable real
random variable, for any m € N, since p[¢, = p, asn — +00] = 1. Whence,

,0[ lim supp[Xm|§(n)]=Xm”=

k—>+oon2k

for every m € N, and lim supn_mo[d( ( (E ) 85 D17 <limsup,, , . Xm <[¥) (»1? hold
with p-probability 1, yielding (3.1).

4.6. Proof of Theorem 3.2

First, observe that (3.3) follows immediately from the combination of (3.2) with (3.1). Thus,
given p > 1, one proves (3.2) as a consequence of the following more general statement: for
po € [S], and ¢ € [[S],] there holds

dif3),1(PLE1 0 Bty P 0 h) < () (82 8p) (430)

for every m € N, p[¢] being the p.m. on (2,.F) = (S, B(S*)) given by p[¢](:) =
f[g]p P ()¢ (dp). Now, for simplicity, assume that ¢ = ZN_ o:j(Sp/, where pi,...,py € [S],
and «af,...,ay € [0, 1] with Z —1«; =1, and define 7[po, p;] € F(po,p;) to be an op-
timal coupling for dfg]), that is, d<p (o, b)) = (fS2 ds(x, y)7lpo, p;1(dx dy))l/P for j =

l,...,N.Then, puty,, (A x - xAmxle - X By) ._ijla]{]_[lzlnpo,p]](AlxBl)}
for Ay,...,Am, By, ..., By € #(S), noticing that ¥, € F(py', pm[¢]), where pn[5](-) =
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f[s p™ ()¢ (dp). Whence, from the definition of d“S] P

)

m p 1/p
(RN .
i=1

Since a combination of the convexity of d(p ) with the Lyapunov inequality for moments yields
dEé)])( Y xi’%zi:léﬂ)p = 1111 it d(p)(fsx, 8y)P = x Zz 1ds(xi, yi)?, one gets

(p) ~—1 ~—1
d[[S]p](p[C] 0%y PO © en,m)

1/p
1 m
= |:/Sz :Z Y ds(xi, yi)p}%n(dxl oo daudyy - d)’m):|
i=1

I/p

N 1/p N
[;m /Sz dg(X,y)Pﬁ[Po,Pj](dxdy):| = [;ajdfgf(po,pj)p}

Hence, the identities Y, a;diZ (po. p;)? = Js, diZ) (po. )P ¢ (dp) _d“’) 1(£.8p)7 lead to

the proof of (4.30), under the assumption that { = Z —1®jdp;.

To complete the argument, invoke (the proof of) Lemma 11 8.4 in [33] to show that any p.m.
¢ €[[S],] admits an approximating sequence {g“(N)}N>1 with C(N) = Zﬁv lot( )s (N), such that
d(p) 1 ¢™) > 0as N — oo. Now, p[t M]o ¢, ), = pl¢] 0§, ), holds for every m € N by
v1rtue of the continuous mapping theorem (cf., e.g., Theorems 4. 27 and 4.29 in [44]). Hence,
after noticing that {, [s1, fs ds (xo, x)Pp(dx)c N )(dp)}N>1 is a bounded sequence, in view of
Lemma 11.8.4 in [33], exploit the lower semicontinuity of d( (see Proposition 7.1.3 in [3]),

that is,

d[([pS)] ](p[g]oenm,po 0%, )<11m1nfd[([pS)] ]( [g“(N)] ,po oen}n)

to deduce the validity of (4.30) for any ¢ € [[S],].
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