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We provide a Lyapunov type bound in the multivariate central limit theorem for sums of independent, but
not necessarily identically distributed random vectors. The error in the normal approximation is estimated
for certain classes of sets, which include the class of measurable convex sets. The error bound is stated with
explicit constants. The result is proved by means of Stein’s method. In addition, we improve the constant in
the bound of the Gaussian perimeter of convex sets.
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1. Introduction and results

Let { be a countable set (either finite or infinite) and let X;, i € {, be independent R9-valued
random vectors. Assume that EX; = 0 for all i and that ) _; _, Var(X;) = I. It is well known that
in this case, the sum W := Ziel X; exists almost surely and that EW = 0 and Var(W) =1,.

For 1t € R? and X € R?*? denote by N (11, X) the d-variate normal distribution with mean
and covariance matrix X. For a measurable set A € R?, let N'(u, £){A} :=P(Z € A), and for a
measurable function f: RY — R, denote N' (1, 2){f} :=E[f(Z)], where Z ~ N (i1, X).

Roughly speaking, the d-variate central limit theorem for this set-up says that if none of the
summands X; is “too large”, the sum W approximately follows N (0, I7). The error can be mea-
sured and estimated in various ways. Here, we focus on the Lyapunov type bound

sup |P(W € A) — V(0. 1){A}| < K > EIX; [, (1.1)
AeA

ied
where 4 is a suitable class of subsets of R¢ and where |x| denotes the Euclidean norm of the
vector x.

Fixing a class of sets for all dimensions d, an important question is the dependence of the
constant K on the dimension. The latter has drawn the attention of many authors and was tack-
led by different techniques. The class of measurable convex sets appears as a natural extension
of the classical univariate Berry—Esseen theorem. For this case and for identically distributed
summands, Nagaev [18] uses Fourier transforms to derive a constant of order d. Bentkus [7]
succeeds to derive a constant of order d!/? by the method of composition (Lindeberg—Bergstrém
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method). Improving this method and taking advantage of new bounds on Gaussian perimeters of
convex sets (see below), he obtains K = 400d 1/4 in [5]. In [6], the latter result is extended to not
necessarily identically distributed summands, but with no explicit constant, just of order d'/4.

In 1970, Stein [26] developed a new elegant approach to bound the error in the normal approx-
imation. His method was subsequently extended and refined in many ways. Gotze [16] derives
(1.1) with K = 157.85d + 10 using Stein’s method combined with induction. Combining with
part of Bentkus’s argument, Chen and Fang [10] succeed to improve this bound to 1154'/2.
However, this is still of larger order than Bentkus’s result.

There used to be certain doubts about the correctness of Gotze’s paper [16]. To present a
more readable account of Gotze’s paper, Bhattacharya and Holmes wrote an exposition [8] of the
arguments. However, they obtain a higher order dependence of the error rate on d, namely d°/.
In Remark 2.2, we explain where they gain the extra factor of d3/2.

Here, we combine Gotze’s and Bentkus’s arguments to derive the following explicit variant of
Bentkus’s result:

Theorem 1.1. For X; and W as above and all measurable convex sets A C R, we have

IP(W € A) — N0, 1){A}| < (42d"'* +16) Y "EIX;[. (1.2)

ied

This result follows immediately from Theorems 1.2 and 1.3 below, also noticing the observa-
tions in Example 1.1.

To derive K in (1.1), it seems inevitable to include Gaussian perimeters of sets A € A or
quantities closely related to them. The Gaussian perimeter of a set A C R is defined as

y(A) = / da(2)H ™ (d2),
0A

where dA denotes the topological boundary of A, #?~! denotes the (d — 1)-dimensional Haus-
dorff measure and ¢y (z) := (277) "%/ exp(—|x|?/2) denotes the standard d-variate Gaussian den-
sity.

Gaussian perimeters are closely related to Gaussian measures of neighborhoods of the bound-
ary. Before stating it precisely, we introduce some notation:

e Forapoint x € R? and a non-empty set A C R, denote by dist(x, A) the Euclidean distance
from x to A.

e Foraset A C RY, which is neither the empty set nor the whole R4, define the signed distance
function of A as

—dist(x, R\ A);  xeA,

A= istr, A): X ¢ A

Moreover, for each ¢ € R, define A’ := {x € R, 84(x) <t}. In addition, define @' := &
and (R?)" :=RR4,
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e For A CRY, define

e e

Y*(A) := sup{ 1/\/(o, I){A®\ A} lN(O,Id){A VA ) e > 0}.

e For a class of sets #, define y (A) :=supy 4 ¥ (A) and y*(A) :=supy e ¥ (A).

The following proposition is believed by some authors to be evident. However, though the
proof is quite straightforward, the assertion is not immediate. As a special case of Proposition 3.1,
it is proved in Section 3.

Proposition 1.1. Let A be a class of certain convex sets. Suppose that A’ € A U {@} for all
A€ Aandallt € R. Then we have y (A) = y*(A).

Let G4 be the class of all convex sets in RY. Denote y; 1= y(Cq) = y*(Cy). It is known
that y; < 4d 1/4 _ see Ball [2]. Nazarov [19] shows that the order d1/ 4 is correct and improved
the upper bound asymptotically, showing that limsup,_, ., d 4y, < @m)Y/* < 0.64. Our next
result provides an explicit bound, which is asymptotically even slightly better than Nazarov’s
bound.

Theorem 1.2. For all d € N, we have

2
ya <4/ = +0.59(d"/* = 1) <0.59d"/* +0.21. (1.3)
T
We defer the proof to Section 3.

Remark 1.1. Though y; is of order d'/4, this does not necessarily mean that this is the optimal
order of the constant K in (1.1). This remains an open question.

There are interesting classes of sets # where there exist better bounds on y (4) than those of
order d'/#. For the class of all balls, y (4) can be bounded independently of the dimension — see
Sazonov [22,23]. For the class of all rectangles, it is known that y () is at most of order /logd,
see Nazarov [19]. Apart from convex sets, other classes may also be interesting, e. g., the class of
unions of balls which are at least A apart, where A > 0 is a fixed number. Therefore, we derive
a more general result; Theorem 1.1 will follow from the latter and Theorem 1.2.

To generalize Theorem 1.1, we shall consider a class 4 of measurable sets in R. For each A €
4, take a measurable function p4 : R? — R. The latter can be considered as a generalized signed
distance function: typically, one can take p4 = &4, but we allow for more general functions. For
each t € R, define

AllP .= {x: pax) <t}.
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Next, define the generalized Gaussian perimeter as
1 1
v (Alp) = sup{g/wo, Ifasenal, SN O InfaN A= e > o},

y*(A | p) = sup y*(A| p).
AeA

We shall impose the following assumptions:

(A1) « is closed under translations and uniform scalings by factors greater than one.

(A2) Foreach A € A andt € R, AP € A U {2, R?).

(A3) Foreach A € A and & > 0, either A™¢1° = & or {x; p,—epp (x) < &} C A.

(A4) Foreach A e A, pa(x) <Oforall x € A and pg(x) >0forall x ¢ A.

(AS5) Foreach A € A andeach y € R, Pa+y(x +y) = pa(x) forall x € R,

(A6) Foreach A € A and each g > 1, |pg4(gx)| < glpa(x)| forall x € R,

(A7) Foreach A € A, p4 is non-expansive on {x; p4(x) >0}, 1i.e., |pa(x) —pa(V)| < |x — y|
for all x, y with p4(x) >0 and p4(y) > 0.

(A8) For each A € A, py4 is differentiable on {x; p4(x) > 0}. Moreover, there exists ¥ > 0,
such that

Klx =yl
min{pa (x), pa(y)}
for all x, y with p4(x) > 0 and p4 (y) > 0; throughout this paper, V denotes the gradient.

[Voa(x) = Vpa(y)| <

In addition, we state the following optional assumption:
(A1’) s is closed under symmetric linear transformations with the smallest eigenvalue at least

one.

Remark 1.2. It is natural to define p4 so that (A6) is satisfied with equality. However, for our
main result, Theorem 1.3, only the inequality is needed.

Remark 1.3. Assumptions (A3)—(A8) are hereditary: if the pair (A, (04) Ac4) meets them and
if B C A, the pair (B, (pp)pecs) meets them, too.

Remark 1.4. With p4 = 84, one can easily check that Assumptions (A3)—(A7) are met. As-
sumption (AS) is motivated by Lemma 2.2 of Bentkus [5] (see Example 1.1 below).

The following is the main result of this paper.

Theorem 1.3. Let W =), _, X; be as in Theorem 1.1 and let A be a class of sets meeting
Assumptions (A1)—(A8) (along with the underlying functions pa). Then for each A € A, the
following estimate holds true:

|P(W € A) — N(0,In){A}| < max{27, 14 53y*(A | p)V/1 +«} ZE|X,~|3. (1.4)

iel
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In addition, if A also satisfies (A1"), the preceding bound can be improved to

|P(W € A) — N(0,I){A}| < max{27, 1 +50y*(A | p)v/1+«} ZIE|Xi|3. (1.5)

iel
We provide the proof in the next section.

Remark 1.5. Though explicit, the constants in Theorem 1.3 seem to be far from optimal. Con-
sider the classical case where # is the class of all half-lines (—oo, w], where w runs over R. It is
straightforward to check that + along with p4 = §4 meets Assumptions (A1)—(A8) with k = 1.
Observing that y*(A | p) = y*(A) = 1/+/27, estimate (1.5) reduces to (1.1) with K = 29.3.
This is much worse than K = 4.1 obtained by Chen and Shao [11] by Stein’s method, let alone
than K = 0.5583 obtained by Shevtsova [24] by Fourier methods.

Below we give further examples of classes of sets.

Example 1.1. Consider the class C; of all measurable convex sets in R4, along with p4 = é4,
which is defined in G, \ {9, Rd}. Clearly, the latter class satisfies (A1). It is easy to verify (A2).
By Lemma 2.2 of Bentkus [5], (A8) is met with « = 1. By Remark 1.4, all other assumptions are
met, too.

Example 1.2. The class of all balls in R? (excluding the empty set) along with p4 = 84 meets
(A1) and (A2). Since the balls are convex, it meets all Assumptions (A1)—(AS).

Example 1.3. For a class of ellipsoids, p4 = §4 is not suitable because an ¢-neighborhood of
an ellipsoid is not an ellipsoid. However, one can set p4(x) := 84 (Qx), where Q is a linear
transformation mapping A into a ball (may depend on A). Notice that Q must be non-expansive
in order to satisfy (A7).

Remark 1.6. If the random vectors X; are identically distributed, that is, if 4 has n elements and
X; follow the same distribution as £ //n, the sum ) _; _, E|X; I3 reduces to n~1/2E|£|3. However,
for the class of centered balls, this rate of convergence is suboptimal. Using Fourier analysis,
Esseen [13] succeeds to derive a convergence rate of order n~4/@+D) ynder the existence of
the fourth moment. This is possible because of symmetry: that result is in fact an asymptotic
expansion of first order with vanishing first term.

Recently, Stein’s method has been used by Gaunt, Pickett and Reinert [15] to derive a con-
vergence rate of order n~!, but for sufficiently smooth radially symmetric test functions rather
than the indicators of centered balls. Applying Stein’s method to non-smooth test functions is
not straightforward: non-smoothness of test functions needs to be compensated by a kind of
smoothness of the distribution of W or its modifications.

In the present paper, this is resolved by a ‘bootstrapping’ argument which is essentially equiv-
alent to Gotze’s [16] inductive argument. The probabilities of the sets in the class 4 are a kind
of invariant (see (2.22) and (2.30)). In view of characteristic functions, this is similar to the argu-
ment introduced by Tihomirov [27], which combines Stein’s idea with Fourier analysis. Instead
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of the set probabilities, the invariant are the expectations of functions x > ¢!-*) for ¢ of order
O (4/n). This suffices to derive a convergence rate of order n~!/2.

Esseen [13] succeeds to go beyond this rate (in dimensions higher than one) by deriving a kind
of smoothness of the distribution of W directly: see Lemma 3 ibidem. This part of the argument
seems to have no relationship with Stein’s method. Similarly, Barbour and Cekanavi&ius [4] suc-
ceed to sharply estimate the error in the asymptotic expansions for integer random variables, but
although the main argument is based on Stein’s method, appropriate smoothness of modifications
of W is needed and derived separately: see the inequality (5.7) ibidem.

Unfortunately, smoothness of W in view of Lemma 3 of Esseen [13] is unlikely to be use-
ful in the argument used in this paper: another kind of smoothness would be desirable. Stein’s
method can be successfully combined with the concentration inequality approach, as in Chen
and Fang [10]. Certain modifications of that approach could be a key to improvements.

Now consider an example of a class of non-convex sets.

Example 1.4. Let 4 be the class of all unions of disjoint intervals on the real line, such that the
midpoints of any two intervals are at least A apart, where A > 0 is fixed. In this case, 4 is not a
suitable function because it is not sufficiently smooth. We define p4 as follows (see Figure 1):

e If x >b=supA,define pg(x) :=x —b.
o If x <a=infA, define ps(x) :=a — x.
e If x ¢ A and b < x <a, where b and a are the endpoints of two successive intervals, define

(e <a—b>2 ( b+a>2
W‘—m[ 2 ) T2 ]

If x is an element of an interval with endpoints a and b, which constitutes A, define

a+b’>
X — )
2

Assumptions (Al), (A2) and (A4)—(A7) are easily verified (notice that some intervals may
be joined or may disappear under A — A/, but the distances between their midpoints never
decrease). To verify (A3), observe that for ps(x) > 84 (x)/2 for all x ¢ A. Consequently, A®/? C
A% for all ¢ > 0. Moreover, observe that A~¢1? = A=2¢ for all ¢ > 0. As a result, either A—¢1° =
D or {x; pa—ep(x) < €} S {x;54-2:(x) <2e} C A.

—a
2

b
pax) = —(

Figure 1. Construction of p4 for A =[—2,0]U[2, 5].



2830 M. Raic

To verify (A8), observe that if x ¢ A and b < x < a, where b and a are the endpoints of two
successive intervals, we have p’{ (x) <2/(a —b) < 1/(2pa(x)). Thus, (A8) is met with x = 1/2.

Finally, we estimate y*(A | p). Let A € A be a union of disjoint intervals from a; to
bj, where j runs over ¢, which is a set of successive numbers in Z; we can assume that
the intervals appear in the same order as the indices. Since AelP C A28 and AElP = AT2¢,
we have N(0,1)(A¢ \ A) < 028 Zjeg[¢(aj — 1)+ ¢(b; +1)]dr and N(0,1)(A\ A7°) <
f 82 D> je 3,[(;5 (aj —t) + ¢ (b; +1)]dt, where ¢ denotes the standard univariate normal density,

. 2 . . . .

i.e., px)= (271)’1/ 2¢=x"/2 Fix t, consider the terms with a j and b; separately, and split the

sums over the indices where a; — f and b; + ¢ are positive or negative. Estimating a1, —a; >
itn— b; n— b itn b n N b

Aot o) _ G2 > (n — 1)A and by, — by > R SHUPIEL > (p — A, and

applying monotonicity of ¢ on (—oo, 0] and on [0, c0), we obtain after some calculation

1 R e 8 as _n2A2
- max {0, D{A"\ 4}, N0, DfA\ A }}SE(2+§6 A/2)
8 o0 2.2
_ 2 Ax/2d>
Sm< +/0 e x
_ 16 4
IRZARS

The latter is the desired upper bound on y* (4 | p).

2. Derivation of the bound in the central limit theorem

In this section, we prove Theorem 1.3. We shall use the ideas of Bentkus [5] regarding smoothing
and Gotze [16] regarding Stein’s method. Before going to the proof, we need a few auxiliary
results; we defer their proofs to the end of the section. We also introduce some further notation
and conventions.

Letx,uy, us, ..., u, € RY, By (V' f(x),u1 Quy ® --- ® u, ), we denote the r-th order deriva-
tive of f at x in directions u 1, uy, ..., u,. By components, if u; = (u;1, u;2, ..., uiq), we have

" f (x)
\vad , = —_—Uuj; jp tccUpj. .
(V@)1 @u®- - @u )= Y B 0wy U

J1sJ2seesJr

Thus, V" f(x) is a symmetric tensor of order . We identify 2-tensors with linear maps or their
matrices by u ® v = uv’ . Observe that the Laplace operator can then be expressed as

Af(x) =(V2f(x). 1a). 2.1)
By |T|v, we denote the injective norm of tensor T, that is

Tl = sup (T, ui Quz @+ Quy)|.

lurlluals.. Jur|<1
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For symmetric tensors, the supremum can be taken just over equal u;:

Proposition 2.1 (Banach [3]; Bochnak and Siciak [9]). If T is a symmetric tensor of order r,
then |T|\/ = Suplu‘fl |(T, M®r)|.

Next, denote
My =3[ sup fa)— inf fam).
2 weRd weRd

r—1 _yr—1
VS =V @ s

M,(f):= sup
w,ze]Rd

w#z

|lw —z|

If f is not everywhere (r — 1)-times differentiable, we put M, (f) = co.

Remark 2.1. This way, if M, (f) < oo, then V' ~! f exists everywhere and is Lipschitzian. In
this case, by Rademacher’s theorem (see Federer [14], Theorem 3.1.6), V" -1 f is almost every-
where differentiable. In addition, M, (f) = sup, |V" f(x)|v, where the supremum runs over all
points where V"~ f is differentiable.

Now we turn to auxiliary results regarding smoothing. The following one is a counterpart of
Lemma 2.3 of Bentkus [5].

Lemma 2.1. Let A be a class of sets which, along with the underlying functions pa,
meets Assumptions (A1)—(AS8). Then for each A € A and each & > 0, there exist functions
fa fit: RY — R, such that:

() 0= fi fif <L

(@) fix)y=1forallx € Aand f;(x) =0 forall x € RZ\ A¢le,

3) ffx)=1forallx € A= and f,*(x) =0 forall x e RY \ A.
(4) The following bounds hold true:

iU}

2 —
c MZ(fA )— 2

™ N

4(1 +«)

Mi(f}) < =2

. M(f0) == May(fy) <

(5) Foreachu € (0, 1), {x; f5(x) > u} € AU{@, R} and {x; f*(x) > u} € AU {2, R}
Proof. First, define f5(x) := g(pAT(x)), where
1; x <0,
1—2x% 0<x<1/2,

2(1 —x)% 12<x<1,
0; x>1.

glx):=



2832 M. Raic

Requirements (1) in (2) are immediate, while (3) is irrelevant for f§. To prove (5), observe

that {x; f{(x) > u} = A28 @lP Now we turn to (4). First, notice that M (f}) < 2/e because
Mi(pa) < 1in M;(g) =2. Next, fy is continuously differentiable: see supplementary material
[20]. Letting B := {x; pa(x) <0}, take x, y € R4 \ B with p4(x) > pa(y) and estimate

g/<pA(x)) —g,(pA(y))“V,OA(X)‘
& &

1 /(:OA(y)
-8
&

&

1
Vi) — V] < -

)‘!VpA(x)—VpA@)L

In the first term, we apply M>(g) =4 and M1(p4) < 1, while in the second, we apply |g’(¢)| < 4¢
and (A8). Combining these estimates, we obtain |V f{(x) — V f1(y)| < 4(1 + K)e 2 |x — vyl
noticing that we may drop the assumption that p4(x) > p4(y). In other words, on R? \ B, i
is Lipschitzian with constant 4(1 + )& ~2. Trivially, this also holds true in the interior of B. Since
V f§ is continuous, this also holds true on the closures of both sets. Since for each x € Int B and

each y € R9 \ B, there exists z on the line segment with endpoints x and y, which is an element
of both sets, V f j is Lipschitzian with the above-mentioned constant on the whole RY. Thus, f j
meets all relevant requirements.

Now define f,*=0if A~* =@ and f,*:= f . otherwise. From the above and from As-
sumption (A3), it follows that this function also satisfies all relevant requirements. This completes
the proof. |

Throughout this section, ¥ will refer to a positive-definite matrix X with the largest eigenvalue
at most one and with the smallest eigenvalue o2, where o > 0.

Lemma 2.2. Let A be a class of sets, which, along with the underlying functions p4, meets
Assumptions (A1) and (A6). Then the following estimates hold true for all ¢ > 0:

Y (Al p)e ~#lp) < v (Alp)e
o

o

N, D){AP\ A} < and N(u,Z){A\ A

Proof. Take independent random vectors Z ~ A (0,I;) and R ~ N (i, T — 0°1y). Clearly,
0Z + R~ N(u, £). Now observe that, by (A5),
N, DAY\ A} =P(0Z + R € A*V\ A)
=P[Zeo 1A —R)\ o7 (A-R)]
=P[Zeo '(A-—R)"”)\ o7 (A—R)]
=E[N©0.I){o 7" ((A - R*)\ o714 - B)}].
From (A6), it follows that o " B&l° C (¢ =1 B)/9)IP for all B € 4. Therefore,

%
L7 (A | p)e

N, 2{ATP\ A} <E[NO,10){ (07 (A = R) P\ (674 - R))}]

o
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(notice that o1 (A — R) € + by (Al)). Analogously, we obtain A (i, £){A \ A7¢} < y*(A |
p)e/o. This completes the proof. O

Lemma 2.3. Let a class A along with the underlying functions ps meet Assumptions (Al)—
(A8). Take a linear map L: RY — R? with the smallest singular value at least one. Then the
class A :={LA; A € A) along with the underlying functions p 5 (x) := pL,lg(L’lx) meets these
assumptions with the same « in (A8). Moreover,

y*(A|p) < ILIy*(A | p). 2.2)

Proof. Assumptions (A1), (A3), (A4), (AS) and (A6) are straightforward to check. To ver-
ify (A2), observe that

AP ={x; p;00) <t} = {xs pp 1 £ (L7'x) <1} =L(L'A)”.

Assumption (A7) follows from the fact that L'is non-expansive. To verify (A8), observe that,
by the chain rule, V4 ;(x) = L™7Vp, _, ;(L7'x), and use again that L™! is non-expansive.
Finally, observe that

NOID{A7\ A} = N, 1) {L(L~'4)""\ 4)
= N(O,L7'L ) (LA \ L' 4)
<|LlIy*(A | p)e

by Lemma 2.2. An analogous inequality holds true for A \ A—ElP, Taking the supremum over
A € A, we obtain (2.2). |

Now we turn to Stein’s method, which will be implemented in view of the proof of Lemma 1 of
Slepian [25]. We recall the procedure briefly; for an exposition, see Rollin [21] and Appendix H
of Chernozhukov, Chetverikov and Kato [12]. Let f be a bounded measurable function. For
0 <o <m/2,define

Ue f(w) := /d f(wcosa + zsina)gy(z) dz. (2.3)
R

For a random variable W, E[U, f (W)] can be regarded as an interpolant between E[ f (W)] and
N, I){f}. A straightforward calculation shows that

d

Uo f(w) =8Uq f(w) tana,
da

where 4 denotes the Stein operator:

Sg(w) == Ag(w) — (Vg (w), w) (2.4)
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and where A denotes the Laplacian. Integrating over « and taking expectation, we find that

/2
Ef(W) —N©O,I){f} = —/ E[8Uq f(W)]tana da. (2.5)
0

Notice that for 0 < o < /2, U, f is infinitely differentiable, so that U, f is well-defined.
Differentiability can be shown by integration by parts. In particular, we shall need

V3 Uy f(w) = —cot’ / f(weosa + zsina)V3¢y(z) dz (2.6)
Rd
cosd a 2 .
=—— Ve f(wcosa + zsina) ® Vo, (z) dz. 2.7
Sino Rd

The proof is straightforward and is therefore left to the reader (cf. Section 2 of Bhattacharya and
Holmes [8]). Observe that (2.7) remains true for all w if V f is Lipschitzian, that is, M>(f) < oo
(see Remark 2.1).

Now we turn to the Stein expectation E[$g(W)]. The following result, which is essentially a
counterpart of Lemma 2.9 of Gotze [16], expresses it in a way which is useful for its estimation.

Lemma 2.4 (Stein Expectation). Ler X;, i € {, be independent R4 -valued random vectors with
sum W, which satisfies EW = 0 and Var(W) = 1. Then for any bounded three times continu-
ously differentiable function g with bounded derivatives,

E[$¢(W)] =) E[[V’e(Wi +0X), X; @ XF* — (1 - )X )],
ied
where Wi =W — X;, X; is an independent copy of X;, 0 is uniformly distributed over [0, 11, and
X; and 0 are independent of each other and all other variates.
Proof. Recalling (2.1), write
Ag(W) =(VZg(W), 1) = (V2g(W), Var(W)) = > "(V>g(W), Var(X;))
iel
— 2 ®2
=D (V2e(W). E(x?)).
ied
Plugging into (2.4), we obtain
E[8g(W)] =Y E[(VZe(W; + X)), EXZ?) — (Ve(W; + X). X;)]
ied

=Y E[(Ve(W; + Xi), XP%) = (Ve(W; + X)), Xi)].

ied
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Taylor expansion centered at W; yields

E[$g(W)] = D E[(Vig(W)). XP2) + (V3g(W; +0X,). X; ® XF?)

ied
—(Ve(Wh), Xi) — (V2g(Wi), X2%) — (1 — 0)(V3g(W; + 6 X)), X2°)].

By independence, the first and the fourth term cancel and the third term vanishes because
EX; = 0. This completes the proof. d

Now we turn to the estimation of several integrals related to the multivariate normal distribu-
tion. Define constants c, cg, ¢3, ... by

G
¢ = / 60 )] dz.
—00
Lemma 2.5. For each bounded measurable function f, each r € N and each u € R?, we have

<o My(f)lul”

V F@(V pa(2), u®)dz
R4

Proof. First, observe that since the function F(x) = fRd ¢4(z + x)dz is constant, we have
Jra (V" ¢a(2), u®")dz = (V" F(0),u®") = 0. Therefore, f can be replaced by f — b, where b
is arbitrary constant. As a result,

’/ F@(V ¢a(z),u®)dz
R4

gsup|f—b|/ (V" pa(2), u®")| dz.
R4

Choosing b = (inf f + sup f)/2, we have sup | f — b| = M (f). Next, since ¢y is spherically
symmetric, we can replace u by |ule;, where e; = (1,0, ...,0). Writing z = (71, Z/), we have

(V'a(2), eigr) = ¢Y) (z1)¢a—1(2"), so that

/ (V" $a(2), e¥7)| dz = f 6\ (z1)] dz: / ¢a-1(2)dz =c.
R R Rd—1

Combining this with previous observations, the result follows. (I

Remark 2.2. At this step, Bhattacharya and Holmes [8] gain the extra factor of d*/? in their
bound. Instead of taking advantage of spherical symmetry, they estimate by components — see
the estimates (3.12)—(3.15) ibidem. Gotze’s paper [16] comes to this step in the estimate (2.7)
ibidem, where the result of Lemma 2.5 is actually used, but no argument is provided.

Lemma 2.6. Let f: R? — R be bounded and measurable. Take 0 < o < 1 /2. Then for all r € N
andall u,u € RY,

r

(N G, BV Uy £}, u®)| < ch5‘<f)°‘f—,“|u|’.
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Remark 2.3. The expression A (u, X){V" U, f} is an expectation of a random tensor of order
r and is therefore a deterministic tensor. This allows us to define (N (u, ){V" Uy £}, u®").

Proof of Lemma 2.6. Write
N, 2V Ua £} u® ) =E[(V Ue £ (B2 Z + 1), u®)] = (V' F(), u®"),  (2.8)

where F(u) :=E[U, f(Z 127 4+ @)] and where Z is a standard d-variate normal random vector.
If Z' is another such vector independent of Z, we can write

F(p) =E[f((21/2Z +,u) cosa + 7’ sin(x)] = /d f(ucosa + Qu2)pa(z) dz,
R
where Q, := (T cos?«a + Iy sin® &) /2. Substituting y = le,ucosa + z, we obtain

Fw) = /R P Qui)aly ~ Qg cosar)dy.

Differentiation yields
(V'F(w),u®") = (=1)" cos" a /R L FQu(V a(y — Qg cosa), v )dy
=(=1" cosroz/d f(ecosa + Quz) (V' ¢a(z), v¥)dz,
R

where v =Q, Ty, By Lemma 2.5, we can estimate
(V" F(w), u®")| < c,cos” aM(f)lv]". (2.9)

Noting that ||on1 | = (62cos?a + sin* )~ /2 < 1/0 and plugging into (2.9) and (2.8) in turn,
the result follows. O

Lemma 2.7. Let A be a family of measurable sets in R?, which, along with the underlying
functions ps, meets Assumptions (A1)—(AS8). Take an R4 -valued random vector W, such that
there exist a vector | € R, a positive-definite matrix X and a constant D > 0, such that for each
A € A,

IP(W € A) — N (1, 2)(A)| < D. (2.10)

Then for each € > 0 and each f € {f3, f,°}, where f§ and f,° are as in Lemma 2.1, we have

/2 * 4
/0 [E(V U f (W))], tanarder < =25 + /201 +K)C1€3<w + TD> @11)

Proof. Fix A€ A and ¢ >0, and let f = f§ or f = f, . In the first case, define A; := A and
A, := A®1P_while in the second case, define A| ;= A~¢1? and A, := A.
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Similarly as observed in Remark 2.3, E(V3U, f(W)) is a tensor because it is an expectation
of a random tensor. Since the latter is symmetric, so is its expectation. By Proposition 2.1, its
injective norm can be expressed as

[E(V*Ua f (W), =

2.12)

lul<1
where
Hy(u) = (E(V?Uq f (W), u®) = E[(V? Uo £ (W), u®?)]. (2.13)

Fix 0 < B < /2 and u € R? with |u| < 1. We distinguish the cases 0 < < fand f < a < /2.
In the first case, write, applying (2.7),

COS3 o

Hy () = —

/ Fa()(Va(2). u)dz,
Rd

sin o
where
Fu(2) :=E[(V? f (W cosa + zsina), u®?)].

Notice that by Part (4) of Lemma 2.1 and Rademacher’s theorem (see Remark 2.1), v2 f is
defined almost everywhere. By Fubini’s theorem, the latter also holds for F;,. Moreover, where
it is defined, we have, by Parts (2) and (4) of Lemma 2.1,

4(1+ )
|Fa(2)| < ———P(Wcosa +zsina € Ay \ Ay). (2.14)

First, we estimate the right-hand side with W replaced by a d-variate normal random vector with
the same mean and covariance matrix. Lemma 2.2 yields

Y (A | p)e

N (pcosa + zsina, Tcos?@){Ar \ A1} <
o cosa

(2.15)
To estimate the remainder, combine (2.10), (A1), (A2) and the fact that A} € A, resulting in

|P(W coser + zsinw € Az \ A1) — N (icosa + zsina, Tcos’@){A2\ A1}| <2D.  (2.16)
Combining (2.14), (2.15) and (2.16), we obtain

4(1+K)<V*(z>‘\>|p)8+2D><4(1+K)<7/*(AIP)8+2D>.

o cosa ~ e2cosa

|Fu(2)] <

o

From Lemma 2.5, it follows that

| Ho ()| < (2.17)

esina o

4(1 + k)cy cos? a(y (A1p) 2D )
=)-
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Now we turn to the case « > 3, where we estimate | H, («)| in a different way. First, we estimate
the right-hand side of (2.13) with W replaced by a d-variate normal random vector with the same
mean and covariance matrix. Lemma 2.6 yields

3

C3COS™ 0
|(N(/L,Z){V3uaf},u®3>|§327. (2.18)
To estimate the remainder, write, applying (2.6),
Ho () = (N (1, 2V Uy [}, u®) = —cot’ @ A | Ga@(VP¢a(2), u®)dz, (2.19)

where
Gu(z) :=E[f(Wcosa + zsina)| — N (ucosa + zsina, X cos*a){f}.

Noting that 0 < f < 1, write f(x) = fol 1(x € A,)dt, where A, := {x; f(x) > t}. Consequently,
1 ~ ~
Go(2) = / [}P’(Wcosa + zsina € A;) — N(,ucoscx + zsing, X cosza){At}] dt
0

1
= /O [P(W € Araz) —N(u, Ao, }]dt

where A,,a,z = (At — sinaz)cos ' a. By Part (5) ofNLemma 2.1, At € AU {@,Rd} for all
t € (0, 1). By Assumption (Al), the same is true for A, ;. Therefore, |G4(z)| < D (observe
that (2.10) is trivially true for A € {Q, R7Y). Applying (2.18), (2.19) and Lemma 2.5, we obtain

3
|Ho(w)| = 255 + esDeot’a (2.20)

Taking the supremum over « in (2.17) and (2.20), applying (2.12) and integrating, we obtain

/2 8 41 A -
/ |E[V3uaf(W)]|vtanada§/ ( +K>01008a<y( |p>+_)da
’ &

0 & o

7/2 [ cos? o sina 2
+c3 ———— +Dcot’a |da
B 20°

- 4(1+«)citan B <y*(A | p) n 2_D)
&

&

o

6 3 + c3Dcot 8. 2.21)
Now choose B so that the sum of the terms with D is optimal. This occurs at 8 = arctan(e x

4l +/<) C1) Plugging into (2.21), we obtain (2.11), completing the proof. ]
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Now we are ready to prove the main result.

Proof of Theorem 1.3. First, we prove the case where 4 also meets (Al’). Throughout the
argument, fix -+ along with the underlying functions p4. For each Sy > 0, define

IP(W € A) — N (0, I){A}]

K (Bo) :=sup max{)_;, EIX;3, Bo}

(2.22)

where the supremum runs over the family of all sums W = )", _, X; of independent random
vectors with EX; = 0 and Var(W) =1, and over all A € A. Now fix By > 0, a sum W =
Zie 4 X; in the aforementioned family and a set A € . From Lemma 2.1, it follows that

0 < N O ID{ 57} = N0, I){A} < N0, ID{ A%} — N0, 1) (A} < y* (A | p)e,
0 < N, IN{A} = N O ID{ 1} <NO.I){A} = N O ID{AT} < y* (A | p)e.
Consequently,
P(W € A) = N (O, I){A} <Ef5(W) = NO.ID{ 5} + v (A pe,
P(W € A) = NO,IN{A} = Ef *(W) =N O, I { /1) — v (A | p)e.
Therefore,

[P(W € A) — N(0,I){A}| < max{[Ef(W) =N O, ID){f}]; f {5 f1°}})
+y* (A p)e (2.23)

Let f e {f5, fA_g}, and let X; and 6 be as in Lemma 2.4. Applying (2.5) and Lemma 2.4 in turn,
and conditioning on X;, X ; and 0, we obtain

/2 5
Ef(W) = N©O,1){f} = - / Y E[(Ti(@), X ® XP? — (1 - )X P)] tan @ dar,
0 ied
where
Ti(@) :=E[V U f(W; +0X)|Xi, X;,6]
is a random tensor of order three. Now estimate
/2 ~
|Ef(W) — N, I){f}| < ZEUO |Ti ()|, tana dor (| X7 1 X;1% + (1 — e>|xi|3)}. (2.24)
iel

To estimate f(;T /2 |T; ()|v tana do, we shall use the conditional counterpart of Lemma 2.7 given
X;, X; and 6. To apply it, we need to estimate

Dia:=|P(W; +0X; € A| X;, X;,0) — N(6X;, Z){A)

’
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where X; = Var(W;). Assume that X; is non-singular. In this case, we may write

—1/2

Dia=|P(Z;"*W; e 27 (A—0X) | Xi, Xi,0) = NOID{Z]* (A —0X)}].

To estimate D; 4, we apply the ‘bootstrapping’ argument: we refer to (2.22) with Ei_l/ 2 W; in
place of W, noting independence of W; and (X, X i,0), and observing that Zi_l/ 2 W; is a sum
of independent random vectors with vanishing expectations and with Var(Z;l/ 2 W;) =1;. Fur-
724 — 6X;) € A by (Al'). Denoting by
T12X P <o EIX P (notice

i

thermore, observe that, given 6 and X;, we have Ei_

0,.2 the smallest eigenvalue of X; (with o; > 0), observe that E| X
that o; < 1). By (2.22), we have

K(Bo)B

3
0;

1
Dj. SK(ﬂo)maX{—3 > E|X,|3,ﬂo} <
i jed\{i}
where B :=max{}_;, E|X;|?, fo}. Applying Lemma 2.7 to the conditional distribution of W
given X;, X ; and 0, we find that

/2 % _
/ |7 (o), taner do < B; = 6C—33 +201 +K)C1€3(y Alo) | 4K(f°)é>.
0 (o i

; (o] Of &

Now (2.24) reduces to

- 3
[Ef V) = NO I < Y BE(XIXE + A =0)1XiF) <2 3 BEIXP, (225
ield ied
with the last inequality being due to Holder’s inequality. B
Now fix 0 < B« < 1 (an explicit value will be chosen later) and assume first that 8 < S,. By
Jensen’s inequality, E|X; 12 < (E|X; 1?3 < B3 < ﬁfﬂ for all i € 4. Next, for each unit vector
uecR4 ,

(i, u) =u Bju=u" (I —EX; XD)u=1-E(X;,u)?> 1 -E[X;]>>1-6".

Therefore, 0’l~2 >1-— ﬂz/ 3 for all i € 4. In particular, the matrices X; are non-singular and the

quantities B; can be uniformly bounded. Letting o, := (1 — ﬂi/ 3)1/ 2 (2.25) reduces to

3y*(Alp)  6K(Bo) B\];
P ;ﬂﬂ. (2.26)

*

3
403

[Ef(W) = N©O,I){f}] < [ +v23 +/<)C163<

Recalling (2.23), we obtain

|IP(WeA)—N(O,Id){A}|5[%+m(3y (Alp)+6k(ﬁo)é>}g

20, ol e

+y*(A | p)e.
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Choosing & := 128+/2(1 + k)cic3/07, this reduces to

[IP(W € A) — N (O, Id){A}}

< [K(ﬁ‘” =t (mpm(lﬂ)clcz( 02)}5. (227)

2 *

Now we are left with the case 8 > B;. We trivially estimate

[P(W e A) — N0, In{A}| <1< ﬁﬁ (2.28)

*

Dividing estimates (2.27) and (2.28) by B, taking the supremum over all A € 4 and all sums W,
and plugging into (2.22), we obtain

1 K
K (Bo) <max{ﬂ (2/30) +V (A p)v2(1 +K)C163( )}

Since K (Bp) < 1/Bp < 00, it follows that

K(Bp) < max{'B1 +y* (A p)vV2(1 + K)6’1C3< )} (2.29)

20 3
Choose B, := 1/27, which is approximately optimal for the class of all half-lines on the real
line. Straightforward numerical estimation yields K (8p) < max{27,1 + 50y*(A | p)v/1 +«};
this holds true for all By > 0. Thus, for a fixed sum W =}, _, X;, one can plug the preceding
estimate into (2.22), choosing Bo := Y, ., E|X; 13 (1.5) follows.

Now we turn to the case where A does not necessarily meet Assumption (A1”). This time, fix
k > 0 and for each By, yp > 0, define

IP(W € A) — N(0, 1){A}]|
max{}_;c; E|X; |3, fo} max{y*(A | p), yo}’

K (Bo, yo) :=sup (2.30)

where the supremum runs over the family of all sums W = )", _, X; of independent random
vectors with EX; = 0 and Var(W) =1, all classes 4 which, along with the underlying functions
PA, satisfy Assumptions (A1)—(A8) (with the chosen «), and all A € A.

Now fix Bg, v0 > 0, a sum W = Zi <4 Xi in the aforementioned family, a class + along with
functions p4 satisfying Assumptions (A1)—(A8), and a set A € 4. We proceed as in the previous
—-1/2 W,
in place of W. However, the set Zi (A — 6X;) might not be in . Instead, it is in the class
A= {Zi_l/zA’; A’ € A}. Thus, we may take Ei_l/z(A — 0X;) in place of A provided that we
take o in place of 4. By Lemma 2.3, we may take the latter provided that we take the underlying

case up to the estimation of D; 4. For the latter, we now refer to (2.30), again with X,
1/2

family of functions p ;, (x) := Pz}/z/;/(Eilﬂx), A’ € A, in place of the family py/, A’ € : in this

case, k stays the same. Denoting by al.z the smallest eigenvalue of X; (with o; > 0), recall that



2842 M. Raic

E|Z;l/2Xj|3 <0, °E|X;|* and observe that, again by Lemma 2.3, y*(A | 5) < y*(A | p)/0i
(notice that o; < 1). By (2.30), we have

4 ’
i

1 (A K (Bo. > _
Di,ASK(ﬁo,yo)m.ax{—3 > ]E|Xj|3,,30}max{_7’ ( ’|P)’VO}§ (Bo. v0)BY

b . (o]
vojed\fi}

where ,3_ = max{zjelE|Xj|3, Bo} and ¥ := max{y*(«4A | p), yo}. Applying Lemma 2.7 to the
conditional distribution of W given X;, X ; and 6, we find that

i ; o; €

2 c ;4K (Bo, y0) B
f |Ti(oc)|vtanocda§Bi:=6—33+ 2(1+K)C]C3(12+Mﬂ—y>.
0 o2 o

Again, fix 0 < B, < 1, letoy, :== (1 — ,85/3)1/2 and assume first that B < Bx«. By the same argument
as in the first part, we derive

37 6K(Bo,v0) B\ 15 -
}]P(WeA)—N(O,Id){A}|§[4Z v Mﬂ’)}ﬁﬂ&

2(1
( +K)C1C3<2O_ + 2 .

k U*
Choosing ¢ := 128./2(1 + K)clc3/af, this reduces to
[P(W € A) = N0, In){A}|

5 12\ .
- :f% [ (Bo. v0) I 2(1+K)61C3( st }ﬁ?

K (Bo. 2\15-
5[ (ﬁg v 4C + 2(1+/<)clc3< 5 p)}ﬂy- 23D

In the case ,3 > By, we trivially estimate

[P(W € A) — N (0, In{A}| <1 < ﬁﬂ’;

(2.32)

*

Divide the estimates (2.27) and (2.28) by A7 and take the supremum over all A € 4, all sums
W, and all families 4 (along with functions py4). Plugging into (2.30), we obtain

L K(Bo, o) 3 3 12
K (Bo, < , 2(1 — ]t
(Bo. v0) _maX{ﬁ*yO 5 T I +v2(1 +x)cie3 202 T o

*

Since K (Bo, o) < 1/(Boyo) < 00, it follows that

+/2(1 +K)(31C3< o )} (2.33)

As in the first case, choose B, := 1/27. Straightforward numerical estimation yields K (8, yo) <
max{27/yp, 1/y0 + 534/1 + k}; this holds true for all By, yo > 0. Thus, for a fixed sum W =

K (Bo. vo) <maX{
ﬂ*yo 2 *VO
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Y icg Xi and a fixed class 4 along with functions ps, one can plug the preceding estimate
into (2.30), choosing By := Ziel E|X; |3 and yp := y*(A | p); (1.4) follows. This completes the
proof. (]

3. Derivation of the bound on the Gaussian perimeter of convex
sets

In this section, we prove Theorem 1.2, and also state and prove Proposition 3.1, which is a
generalization of Proposition 1.1. Throughout this section, fix d € N and denote by C, the class
of all measurable convex sets in R?. From Section 1, recall the definitions of & 4 and A’ for a set
A C R9. Recall also that J" denotes the r-dimensional Hausdorff measure.

The first result of the section is closely related to Lemma 11 of Livshyts [17].

Proposition 3.1. Let 4 be a class of certain convex sets in R, Suppose that A’ € A U {@)} for
all A € 4 and all t € R. Take a continuous function f: R¢ — [0, 00), which is integrable with
respect to the Lebesgue measure. Then we have y f(A) = y}'f (A), where

yr(A) = sup{/ F)HI N dx); A e A},
0A

y}‘(eA’)zsup{é/ f(x)dx,é/ f(x)dx;8>0,Ae,A>}.
' AR\A A\A—¢

Before proving the preceding assertion, we need to introduce some notation and auxiliary
results. For amap g: A — R”, where A C R4 is a measurable set, and for a point x € A where
g is differentiable, denote by Dg(x) its derivative (i.e., Jacobian matrix) at x. For each r =
0,1,2,..., define J.g(x), the r-dimensional absolute Jacobian, as follows: if rank Dg(x) < r,
set J.g(x) :=0.If rankDg(x) > r, set J,g(x) := oo. Finally, if rank Dg(x) = r, define J,g(x) to
be the product of r non-zero singular values in the singular-value decomposition of Dg(x), that
is, Dg(x) = UXV, where U and V are orthogonal matrices and where X is a diagonal rectangular
matrix with non-negative diagonal elements referred to as singular values. It is easy to see that the
definition is independent of the decomposition. Notice that for n = 1, we have Ji g(x) = |Vg(x)|.

The main tool used in the proof of Proposition 3.1 will be the following assertion, which can
be regarded as a curvilinear variant of Fubini’s theorem. As a special case, it also includes the
change of variables formula in the multi-dimensional integral.

Proposition 3.2 (Federer [14], Corollary 3.2.32). Let A C R? be a measurable set, f:A—>R
a measurable function and g: A — R" a locally Lipschitzian map. Take 0 <r < d and assume
that f Jyg is integrable with respect to the Lebesgue measure. Then f|g-1(yy, is F 4= _integrable

for almost all y with respect to H", the function y — fg’l({y}) £ dH4" is measurable and

[ Fx)Jrg(x)dx = / f FdHTH (dy).
{xeA; H#1(g71 ({g(x)})>0} nJg={yh
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Remark 3.1. The integrand in the left-hand side is defined for almost all x € A, because g is
almost everywhere differentiable by Rademacher’s theorem.

Corollary 3.1 (Coarea Formula). Let d, n, A, f and g be as in the preceding statement. Sup-
pose that d > n. Then we have

/ Fx)Jng () dx = / Fdadn dy,
A R Jg=1({y})

Proof. Apply Proposition 3.2 with d = n and observe that by the implicit function theorem,
Jug(x) > 0 implies #? (g~ ({g(x)})) > 0. O

Now we turn to some simple properties of convex sets. First, one can easily check that if C is
a non-empty convex set and x € R?, there exists a unique point in C which is closest to x.

Definition 3.1. The orthogonal projection to a non-empty convex set C is a map pé‘: R? — C,
where pé (x) is defined to be the unique point in C which is closest to x.

Proposition 3.3. Let C be a convex set, which is neither the empty set nor the whole RY.

(1) For each x € R and each ¢ > 0, there exists y € RY with 0 < oc(y) — dc(x) =
ly — x| <e.

(2) §c is almost everywhere differentiable.

(3) For each x where ¢ is differentiable, we have |Véc(x)| = 1.

(4) Foreacht € R, we have 3C" = {x; 8c(x) =1t}.

Proof. If x € IntC, there exists a point z € R? \ Int C which is closest to x. For all y = (1 —
T)x 4172z, where 0 < v < 1, we have dist(y, R¢\ C) = dist(x, R?\ C) — |x — y|, that is, =8¢ (y) =
—8¢(x) — |x — y|. Next, if x e RY\ C, take t > 0 and let y = (1 4+ 7)x — tpé(x). By convexity,
we have (w — p¢(x), x — p£(x)) <0 forall w € C. As aresult, dist(y, C) = dist(x, C) + |x — y|
for all 7 > 0. Finally, if x € 9C, it is well known that there exist a unit outer normal vector u
(possibly more than one); then, for all y = x + tu, where T > 0, we again have dist(y, C) =
dist(x, C) + |x — y|. This proves (1).

One can easily check that §¢ is non-expansive. By Rademacher’s theorem (see also Re-
mark 2.1), it is almost everywhere differentiable and |Véc(x)| < 1 for all x where it is dif-
ferentiable. This proves (2). However, by (1), we have |Vc(x)| > 1. This proves (3).

From the continuity of 8¢, it follows that dC! C {x; 8¢ (x) = t}. The opposite follows from
(1). This proves (4). O

Proof of Proposition 3.1. Without loss of generality, we may assume that & and R? are not
elements of +A. Take A € 4. By the Coarea formula, we have

/ fx)Nda(x)dx = /8/ Fo) A (dx) dr.
AP\A 0 Jal@p
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Applying Parts (3) and (4) of Proposition 3.3, this reduces to

/ f(X)dx:/E/ F)HT(dx) di < eyp(A).
A\ A 0 JoA’

Similarly, we obtain

0
/ fx)dx =/ fEO)HI dx)dr < eys(A)
A\A—¢ —eJoar

(remember that A’ € A U {@}; for A = &, the inner integral vanishes). Dividing by ¢, and taking
the supremum over ¢ and A, we obtain y}k-(A) < yr(h).

To prove the opposite inequality, observe first that, by Parts (2) and (3) of Proposition 3.3, pj
is non-expansive. Next, observe that pj{((l + 7)x — rpﬁ‘- x) = pj (x) for all x € R? \ A and
all T > 0. Therefore, if pi— is differentiable at x € RY \Z, we have rank D pj{ (x) <d—1 and,
moreover, J;_1| pj‘-(x) < 1. By Proposition 3.2, we have

F)dx = / FOO)amr () dx

AS\A {(xeAS\A; L ((p) 1 pE (0)))>0}

:/ fd @),
9A J(p) 1 (yIN(A*\A)

If u is a unit outer normal vector at y € 9C, then pj (y + tu) = y for all = > 0. Moreover,
y+tue(pp) H{y) N(A®\ A) forall 0 < 7 < e. Therefore, #' ((p5) " ({yH N (A®\ A)) > e.
As a result,

/ Fede=e / £ (dy),
A\A 9A

where f~¢(x) :=inf}y|<¢ f(x + v). Dividing by &, we obtain
FE T dy) < vFA).
9A

Since f is continuous, we have lim, o f~°(x) = f(x) forall x € R?. Applying the dominated
convergence theorem and taking the supremum over all A, we obtain yr(A) < y}f(A). This
completes the proof.

The orthogonal projection will be one of two key maps used in the proof of Theorem 1.2. The
other one will be the radial projection.

Definition 3.2. Let C be a convex set with 0 € Int C. We define the radial function of C to be
the map pc: R?\ {0} — (0, oo] defined by

pc(x) = sup{r > 0; r|x—| € C} :inf{r > 0; r|x—| ¢ C}
X X



2846 M. Raic

and the radial projection of C to be the map pg: {x e R\ {0}; pc(x) < 00} — AC defined by
o X

Pc(x) = pc(x)—.
¢ x|

Lemma 3.1. Let C be as before. Define the set D := {x € R4 \ {0}; pc(x) < oo}. Then:

(1) D is open and pc and pé are locally Lipschitzian on D.
(2) If pc is differentiable at x, so is pg, there is a unique outer unit normal vector at pg (x)
and we have

|x] cosf’

d-1
Ja—1pf(x) = (pC(x))

where 0 is the angle between x and the outer unit normal vector at pg (x).

Proof. Since 0 € IntC, there exists ro > 0, such that {y € R%; |y| < ro} € C. Fix x € R? \ {0}.
Let r1 := pc(x) and v := x/|x|. Take w L v and s, € R, and let z := sv + fw. By convexity,
zeCif0O<s <r(1— U andz ¢ Cif s >ri(1+ ). Consequently,

|z |z]
I <pc(@) =~ T

r ro r ro

provided that s > 0 and |t| < sro/ry. Letting s = |x| + o and t = 7, we obtain

O\2 4 (T2 O\2 4 (T2

\/(H‘m) +(\x|) <pc(x+av+tw)<\/(l+\x|) +(\xl)

14 &+ &Rid — pc(x) Tl G-
X

|x] ro x| ro x|

El

provided that o > —|x| and |t| < (|x| + 0)ro/pc (x). From the preceding inequality, we deduce
first that D is open, then that p¢ is continuous on D, then that p¢ is locally Lipschitzian on D
and finally that the latter also holds for pg. This proves (1).

Now suppose that pc is differentiable at x. By the chain rule, so is pg and straightforward
computation yields

Dl (0 = (Vo ), v)— + pc<x)(i B ””). G.1)
¢ x| EEE

Observe that since pé (kx) = pg(x) for all k > 0, we have, by the chain rule, Dpé (kx) =

%ng(x). Thus, letting y := pf.(x) = pfx(‘x)x, we have Dp{.(x) = pfx(fc)

place of x in (3.1) and noting that pc (y) = |y|, we obtain

ng(y). Taking y in

y
Dpl(Mv=v—(y—|y[Voc(®), U)W.

Differentiating pc (ky) = pc(y) with respect to k, we obtain (Vpc(y), y) = 0. Making use of
this identity, we find after some calculation that D pg (y) is a projector.
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If u is a unit outer normal vector at y, then u is perpendicular to the image of D pé (y). How-
ever, since ng (y) is a projector, its image is the same as the set of its fixed points, which
are precisely the vectors perpendicular to y — |y|Vpc(y). Therefore, u must be parallel to

—|y|V . Since (u, y) > 0 and since (V . y) =0, we have u = —2=IVLc)  hyg,
y=1yIVoc(y) (u, y) (Voc (). y) SN e OOF

there is indeed a unique unit outer normal vector. Taking the inner product with y, we find that

[Voc(y)| =tan6.
Without loss of generality, we may assume that y/|y| is the first base vector and that

Voc(y)/IVpc(y)| is the second one, the latter provided that V pc (y) # 0. This way, we have

0 tan® cosf  sinf 0 0
ng(y): 0 1 = | —sinf cosf 0 1/cos6 1.
| ) Li— Li

The latter singular-value decomposition yields Jd_lpg(y) = 1/cos6. Recalling ng(x) =
Lclyy p? (y), we obtain (2). O

|x]

Before finally turning to the proof of Theorem 1.2, we still need some inequalities regarding
elementary and special functions. The first one regards the Mills ratio:

R(x) := e"z/Z/

X

o0 2 o0 2
e /%4y =/ e N2 g (3.2)
0

For y > 0, define
1(y) := inf (xy + R(x)) (3.3)
x>0

and observe that 7 (y) > 0 and that [ is strictly increasing.

Lemma 3.2. Forall 0 <y < 1, the function I satisfies I(y) > 2/y(1 — ).

Proof. By Formula 7.1.13 of Abramowitz and Stegun [1], we have R(x) > — 2 for all
x+a/x2+4
x > 0. A straightforward calculation shows that the expression infy>o(xy + —2 ) equals
= x++/x24+4
2y(l—y)fory<1/2and 1 fory>1/2. O
Lemma 3.3. Forall 0 < x < «, we have
2
-
(1 - f) e > X2, (3.4)
o
X o=l 2 x3
(1 - —> 4 > ¥ /2<1 — —). (3.5)
o o
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Lemma 3.4. Consider the function

X —a? B o y a?-1
G(‘x’a’ﬂ) = <1__> ¢ ax[ﬁ+/ (1__)
o Y o

Forall @ > 1 and B > 1/./e, this function satisfies

™ dyi|.

inf G(x,a,B)= inf G(x,«a,p).
x<o 0<x<l1

The proofs of Lemmas 3.3 and 3.4 are deferred to the supplementary material [20].

Proof of Theorem 1.2. We basically follow Nazarov’s [19] argument, tackling certain technical
matters differently and expanding some arguments. First, observe that if a convex set C has no
interior, then it is contained in the boundary of some half-space H, so that y (C) < y (H). There-
fore, in the supremum in the definition of y,, it suffices to consider sets with non-empty interior.
Next, if 0 ¢ C, we have y(C) < y(C — pé(O)) (for details, see Section 4 of Livshyts [17]).
Therefore, it suffices only to consider sets C with the origin in the closure and with non-empty
interior. Moreover, by continuity, it suffices to take sets containing the origin in the interior.

Let C be a convex set with 0 € Int C. Take a random locally Lipschitzian map G : R? \ {0} —
dC with J;_1G(x) < J(x) for almost all x € A, where J : RY \ {0} — (0, 00) is another random
function (random maps should be measurable as maps from the product of R \ {0} and the
probability space with respect to the product of the Borel o-algebra and the o-algebra of the
probability space). The random choices of G and J will depend on a parameter p € (0, 1] (see
below). By Proposition 3.2, we have

Ji_1G(x) / [/ oy 1:| d—1
/Rd $a(x)dx = p[/Rd\{o}"bd(x) J(x) ]2 ac " Lloiqom I “

Thus,

1
y(C) < inf

—_ (3.6)
0<p=<tlinfyesc &c(y, p)

where

1 (ba' ]:|
, = —20FE —dJ# .
5c(»p) ba(y) p[/cl({y}) J

Now define G as follows: for x € C, let G(x) := p.(x); for x € R?\ C, let G(x) := pf.(x) with
probability 1 — p and G(x) := pé:(x) with probability p. To define J (x), recall Lemma 3.1 along
with the fact that pé is non-expansive. Thus, we may take J(x) := 1 where G = pé and J(x) :=
(Le €9) )d—l 1

[x] cos(pp(x))
outer normal of C at y. Notice that the maximum is attained because the set of all unit outer
normal vectors is compact, and is strictly less than 7 /2 because 0 € Int C; typically, the outer

where G = pg; here, 6(y) denotes the maximal angle between y and the
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normal vector is unique by Lemma 3.1. As a result, we have &c(y, p) > &1.c(y, p) +&.c(y, p),
where

cosO(y) |:/ a1 |
, = F€°(d
Er.c(y. p) 18000 L1 onrie 1x|“" pa(x)H" (dx)

+<1—p>/ |x|‘“¢d(x>ﬂ1(dx)}
PE)yP\C

ba(x)H' (dx).

&.cly,p) =
ba(¥) Jipor-1tyn

Observe that &1, ¢ (y, p) =cos6(y)§1(|yl, d, p), where

er2/2 r ) 00 ,
&1(r.d, p) = - |;/ td=1o=17/2 44 +(1— p)/ pd=1,t /Zdti|
r 0 -

2
er /2 d r
= [2d/2—1(1 - p)F(E) + p/o =112 dt]. (3.7)

As for & c(y, p), observe that (pé-)_l({y}) O {y + su; s > 0}, where u is a unit outer normal
vector at y. Take u with the maximal angle between u and y. As a result, we have

el p) = L / Ga(y+tuydr = p f 1241 = pR(1y] cosO(3)).
da(¥) Jo 0

recalling the Mills ratio defined in (3.2). Combining all estimates after (3.6), plugging into the
latter and taking the supremum over all convex sets with the origin in the interior, we find that

<yg:= inf y;,, 3.8
Yd <Yd Oq)sl%z,p (3.8)

where
1

inf, c~0(c&1(r,d, p) + pR(cr))’

Substituting cr = b and recalling that the function I defined in (3.3) is strictly increasing, we
find the following alternative expression of yy p:

?d,p =

1 1
Va.p = =— : (39)
P infe0BE1(rd, )+ PR pl(infrag 610 d. p))

For each d, y; can be evaluated numerically. Some values are given in Table 1.

Remark 3.2. For d = 1, we obtain the actual maximal Gaussian perimeter: we have y; = y; =

r2
y1,1. First, observe that inf,.¢ %51 (r,1,1) =inf,-¢ er—/z for e”2/2 dr = 1. Differentiating (3.2),



2850 M. Raic

Table 1. Upper bounds on the Gaussian perimeter for some dimensions (with all values rounded upwards)

d Vd Va/dV* d Va Va/d'*
1 0.798 0.798 9 1.154 0.666
2 0.864 0.726 10 1.179 0.663
3 0.929 0.706 20 1.364 0.645
4 0.981 0.694 50 1.666 0.627
5 1.025 0.685 100 1.949 0.617
6 1.063 0.679 200 2.288 0.609
7 1.096 0.674 500 2.842 0.601
8 1.126 0.670 1000 3.357 0.597

we find that R'(x) = — [ te™*~""/2dt and R"(x) = [;° t2~*~""/2 dt. Since R'(0) = —1 and
R"(x) > 0 for all x, we have R’(x) > —1 for all x > 0. Therefore, for y = 1, the infimum in (3.3)
is attained at x =0, so that y; | =1/1(1) =1/R(0) = /2/m.

Now we continue with the estimation. From Stirling’s formula with remainder (e.g., For-

mula 6.1.38 of Abramowitz and Stegun [1]), one can easily deduce that I"(x) > 2T’T(f)x for
all x > 0. Plugging into (3.7), we obtain

e 20 1— d d/2 r
—sl(r d,p)=> ( 5(—) + / td_le_’z/zdt)
rd p d\e 0

Substituting o := /d/2, x =a — r*/(2a), y = a — 1> /(2a), we obtain after some calculation

2 2
1 1 —« 1— o ol
inf —&(r.d, p) > — inf<1 — f) e”‘x|:—p«/271 +f (1 - X) o dy:|.
r>0 pr 20 x<a o )2 x o

Now suppose that « > 1 and 1_7"\/ 2w > ﬁ; this is ensured if d > 2 and p < 0.8. In this case,

we can apply Lemma 3.4 to reduce the infimum over x < « to the infimum over [0, 1]. By
Lemma 3.3, we can further estimate

1 - « 3
inf —E](r d.p)z o inf e 2/2|:—p\/271+/ e—y2/2<1—y—> dy:|.
20 p ; o

0<x<l

Since @ > 1, y > o implies y3 > a, so that the upper limit o can be replaced with the infinity:

1 1— (9] 3
1nf —$1(V d,p)>— inf e 2/2|:—pv2n +f e_y2/2<1 - y_) dy}
2 )4 x o

o 0<x<I1

1 1-— 242
= — inf I:—px/2rrex2/2+R(x)—x + }
P (07

20 0<x<I
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>LK(P)—i
e 202
ZLK(P)——

V2d d’

where K (p) := infogxfl[l_Tp«ﬂnexz/Z + R(x)]. Plugging into (3.9) and applying Lemma 3.2,
we find that
1

20 (G5 K () =1 = FK P+ D)

?d,p =<

18
T (K(p))?

. ql/4 . . . .
bound asymptotically equals NIk Now choose p so that this asymptotic bound is opti-

provided that d > 2, p < 0.8 and d > max{% }. As d — oo, the preceding upper

mal, that is, so that sz (p) is maximal. Numerical calculation shows that this occurs approx-
imately at p = p* :=0.72 (which is less than 0.8). Moreover, one can numerically check that
K (p*) > K* :=1.98. This indicates that the coefficient at d'/* in the bound on y, can be set to

1
Choosing p = p*, we re-estimate 4, using Lemma 3.2 once again:
vy <Y, < !
Yd = Vd,p* = 7 K 3.
p I(m - g)
1
S =
K* _ 3 K* | 3
ZP*\/(ﬁ - - T 7)
0.594'/4
B _ (32 | KX\ 12

0.594'/4
S —’
V1 —3.55d-1/2
provided that d > 3.552, that is, d > 13. Taking d = 932, observe that (1 —3.554~1/2)71/2 <
I+ (()_IW\/; — 1)d~1/4; this inequality also holds in the limit as d — oo. Since the function

x = (1 —3.55x%)71/2 is convex, the latter inequality must hold for all > 932. This completes
the proof for the latter case. For d < 932, the desired result can be verified numerically, evaluating
(3.8) directly. O
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Supplementary Material

Proofs of certain technical issues (DOI: 10.3150/18-BEJ1072SUPP; .pdf). The supplementary
file contains a proof of continuous differentiability of f§ in Lemma 2.1, and proofs of Lem-
mas 3.3 and 3.4.
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