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Nonparametric volatility estimation in scalar
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frequencies
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The nonparametric volatility estimation problem of a scalar diffusion process observed at equidistant time
points is addressed. Using the spectral representation of the volatility in terms of the invariant density and
an eigenpair of the infinitesimal generator the first known estimator that attains the minimax optimal con-
vergence rates for both high and low-frequency observations is constructed. The proofs are based on a
posteriori error bounds for generalized eigenvalue problems as well as the path properties of scalar diffu-
sions and stochastic analysis. The finite sample performance is illustrated by a numerical example.
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1. Introduction

Consider the problem of estimating the volatility of a diffusion process (X, t > 0). The statis-
tical properties depend, essentially, on the observation scheme. It is natural to assume discrete
observations:

X0, XA, ..., XNA, A >0, T=NA.

The quality of an estimator is typically assessed by its asymptotic properties when the sample
size N tends to infinity. The usual assumptions are either A — 0 or 7 — oo, which corresponds
to high and low-frequency regimes, respectively. Different frequency assumptions require very
different methods. Since the frequency regimes are a theoretical construct, for any given sample,
we need to choose among high and low-frequency estimators. Therefore, it is of crucial inter-
est to develop universal methods that will perform at optimal level regardless of the sampling
frequency. In this paper, the first nonparametric estimator of the volatility that attains minimax
optimal rates in both high and low-frequency regimes is introduced. In the parametric setting, the
problem of the universal scale estimation was first raised in Jacobsen [15,16]. The constructed
estimators were consistent and asymptotically Gaussian for all values of A, but nearly efficient
for small values of A only. The estimation method, which relied on the use of the estimating
functions, is different from the one applied in this paper.

It is a well-known consequence of the Girsanov theorem that when T is fixed, the drift coef-
ficient is not identifiable. Since we are interested in a universal scale method, we focus on the
volatility estimation and, henceforth, treat drift as a nuisance parameter.
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The existing high-frequency estimators (see Florens-Zmirou [9], Hoffmann [13], Jacod [17],
Bandi and Phillips [2]) are based on the interpretation of the squared volatility as the instanta-
neous conditional variance of the process. Consequently, the assumption A — 0 is crucial for
the consistency of these estimators, see [8] and [27], Section 3. On the other hand, it has been
conjectured that the minimax optimal low-frequency estimator introduced by Gobet, Hoffmann
and Reifl (GHR) [11] also performs well in the high-frequency regime. This conjecture is based
on the observation that the spectral representation of the volatility in terms of an eigenpair of the
infinitesimal generator can be generalized by replacing the invariant density with the occupation
density of the path (X,, r < T'). While this generalization might be sufficient to obtain the consis-
tency of the GHR estimator when applied to the high-frequency data, the numerical study reveals
that the convergence rates are not optimal. The reason for this is that when the time horizon of
the sample is fixed, the estimator inherits the poor regularity of the occupation density, which,
contrary to the invariant density, is not linked to the regularity of the diffusion coefficients. As we
show below, this difficulty can be solved with the appropriate averaging of the spectral estimator,
which is the main motivation behind the Definition 6 of the universally optimal estimator. For
more details, refer to Section 2.1.

Based on the spectral method, the low-frequency analysis of the universally optimal estimator
is similar to [5,11]. The real difficulty is in the high-frequency analysis, where the universal
estimator is compared to the benchmark high-frequency estimator introduced by Florens-Zmirou
[9] (see Section 2.2). In particular, we develop the perturbation theory for bilinear coercive forms
with Holder regular coefficients (see Appendix B), which may be of independent interest.

In the next sections, we present the construction of the universal scale estimator and state
the high and low-frequency convergence rates. In Section 2, we discuss the relation of the pro-
posed estimator to the high and low-frequency benchmark estimators. Finite sample behaviour
of the new estimator compared with the Florens-Zmirou and GHR estimators is illustrated in
Section 2.3. In Section 2.4, we discuss the assumptions and possible extensions of the model.
The proofs of the high and low-frequency convergence rates are shown in Sections 3 and 4,
respectively.

1.1. Construction of the estimator

We follow the low-frequency literature [5,11,23] and consider a diffusion model on [0, 1] with
boundary reflection (see Section 2.4 for a discussion of the model). Let | - ||oc denote the supre-
mum norm on space B([0, 1]) of bounded measurable functions on [0, 1]. Finally, denote by

H' = {f € Lz([O, 1]) . f has i weak derivatives with f/) e LZ([O, l]), j=< i}

the L2-Sobolev spaces on [0, 1] of orderi =1,2. H ! is a Hilbert space with the norm

FAEDS VAl P

J<i
Assumption 1. For given constants 0 < d < D suppose (o, b) € ©, where

©®:=0(d, D)= {(a, b)e H'([0,1]) x B([0,1]) : [bllo V 02| ;1 < D’Xeifguaz(x) > d}.
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Let the process (X;,t > 0) be given by the following Skorokhod type stochastic differential
equation:

dX[:b(X[)dt+U(X[)dWl+dK[, 1)
(
X; €[0,1] for every t > 0,

where (W;,t > 0) is a standard Brownian motion and (K;,t > 0) is an adapted contin-
uous process with finite variation, starting from 0, such that for every ¢+ > 0 we have
fol 10,1)(X5)dK; = 0. The Sobolev regularity of o ensures that the SDE (1) has a unique strong
solution, see [28], Theorem 4. As shown in [11], X admits an invariant measure with Lebesgue
density.

Assumption 2. The initial condition x is distributed with respect to the invariant measure i on
[0, 1], independently of the driving Brownian motion W.

Under Assumption 2, the diffusion X is stationary and ergodic. We denote with Py ; the law of
X on the canonical space €2 of continuous functions over the positive axis with values in [0, 1],
equipped with the topology of the uniform convergence on compact sets and endowed with its
o-field F. We denote with [£; ;, the corresponding expectation operator.

Definition 3. Denote by /iy the empirical measure associated to the observed sample:

N-1

1 1 1
1y =500+ 2} Sixua) + 530X nal-
n=

The underweighting of the first and the last observations is asymptotically negligible, but has
meaningful finite sample interpretation both in the low and high-frequency regimes (see remarks
before the equation (4) and after Definition 12). By ergodicity, when the time horizon T of the
observed sample grows to infinity, the empirical measure [ty (dx) converges weakly to the sta-
tionary distribution @ (dx). When T is fixed, but the observation frequency increases, the empir-
ical measure tends to the occupation measure 7 of the path (X;,0 <t < T) (see Definition 7).

Definition 4. For J e N, j=1,...,J,let1;(x) = 1(% <x< %) be the indicator function
of the jth sub-interval and

w,m:/o 1,(y)dy  forj=1,...,J,

Yo(x) = 1.

12
l 9 J b J 90t
1771, 1} and V}) ={veVy: fo v(x)iy(dx) = 0} be the subspace of functions L>(jiy)-
orthogonal to constants.

Let V; =span{ys; : j =0,..., J} be the space of linear splines with knots at {0

Consider the generalized symmetric eigenproblem:
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Eigenproblem 5. Find (7,%) € R x V; with & # 0, such that
1@, v) = yg(u, v) forallve Vy,

where g, 71 V; x V; — R are symmetric, bilinear forms defined by:

1
Sl v) = /0 U (v ()N (dx),

1 N—-1
1, v) = == > (X 1) = u(Xy0)) (VX i 1)a) = v(Xna)).

2T
n=0

When the observed sample visits at least twice every interval [%, §), the form g is positive
definite on V;, while Tis positive semi-definite on V; and positive definite on VJO. In such a
case, Eigenproblem 5 has dim(V;) = J + 1 solutions (¥}, ;) j—o,...,s, With non-negative eigen-
values 0 < %) < ¥; <--- < ¥y and g-orthogonal eigenfunctions. It is easy to check that 3 = 0
is an eigenvalue which corresponds to the constant function. Since the eigenfunctions are g-
orthogonal, it follows that ﬁj € V}) for 1 < j < J. Consequently, on the above event, which we
prove in Lemma 18 and Corollary 45 to be of high probability in the high and low-frequency
regimes respectively, it holds that 7; > 0.

Definition 6. Let

~ log(l — APY)

J
3 X 1(A71 < 1) and m(x>=_zom,,-¢,-(x>.
J=

When i, j # 0, we define the spectral estimator by

52 = ~201 fy ;) () Ay (dx)
! fol W}(x)ﬁl,jﬁjv(dx)

J
G2(x) = Z&S{jll, (x).
j=1

The condition 1(Ay} < 1) is a technical assumption which ensures that the estimatora is well
defined. As explained in Section 2.1, 1 — Ay is the estimator of the largest nontrivial eigenvalue
of the transition operator. When Ay > 1, the estimated transition operator is negative definite on
V}), thus the spectral approach will not provide a reliable output. Proposition 20 and inequality
(69) ensure that Ay} < 1 with high probability, both in high and low-frequency regimes.

1.2. High-frequency convergence rate

The estimation of volatility at point x is possible only when the process spends enough time
around x.
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Definition 7. Set 7 > 0. Define the occupation density

Lt

S 2
HT =73 (@)
where Lt is the semimartingale local time of the path (X;: 0 <7 <T).
For any bounded Borel measurable function f, the following occupation formula holds:
1 T 1
7/ f(Xs)dSZ/ fpr(x)dx. 3)
0 0

In order to obtain the global rates of convergence, we must assume that the occupation density
of the observed path is bounded from below. Therefore, for a fixed level v, we study the risk of
the estimator conditioned to the event

L=L(v)= {xé;g”m(x) >},

Theorem 8. Grant Assumptions 1 and 2. Fix T > 0,0 <a <b < 1, and c,v > 0. There exists
a positive constant C = C(T,a, b, v, c, €,d, D) such that for every A > 0 and J € N satisfying
c A3 < J <cA™V3 there is an event RA=RA(T,a,b,v) C L such that

W=

~2 2
(a,h)?(lap(d,o>EU’b[1R€'m 65 = o1y = €A

and limA_>0 Po’,b(ﬁ \ RA) =0.

Hoffmann [14], Proposition 2, shows that the rate A3 s optimal in the minimax sense even
in the class of diffusions with Lipschitz volatility. To prove Theorem 8, we compare ’0? with
the benchmark Florens-Zmirou estimator, see Section 2.2. While the consistency of the spec-
tral estimator can be obtained using the well-known path properties of diffusion processes, the
proof of the exact convergence rate is rather demanding. As explained in Section 3.2, it is nec-
essary to show the regularity properties of the estimated eigenfunction 7, which requires rather

sophisticated arguments from the perturbation theory of differential operators with non-smooth
coefficients.

1.3. Low-frequency convergence rate

In the low-frequency regime, we need to threshold the estimator in order to ensure integrability
and stability against large stochastic errors. As expected, 332 achieves the same mean L? rate as
the original Gobet-Hoffmann and Reif estimator. Furthermore, for o € H 1 this rate is minimax
optimal, which can be obtained by the same proof as [11], Theorem 2.5.



Nonparametric volatility estimation in scalar diffusions 2939

Theorem 9. Grant Assumptions 1 and 2. Fix A > 0,0 <a <b < 1 and ¢ > 0. Choose J such
that c"INYS < J < eNYS. It holds

~2 2112 1 _1
sup  Eop[d5AD—o ||L2([a,b])]2 <CN"5,
(0,b)e®(d, D)
where C = C(A,a,b,c,d, D) is a positive constant.
The general idea of the proof is the same as in Gobet et al. [11] or [5]. We use the mixing
property of the process X to control the approximation error of the stationary measure p by

the empirical measure i1y, see Corollary 45. Then, as discussed in Section 2.1, we bound the
estimation error of (k1, u1) —the first nontrivial eigenpair of the transition operator P, obtaining

[®1 — K1l + i1 — urll g1 = Op(N~15).

Finally, we bound the plug-in error of the spectral estimator Gs. A tenuous point is in that the
estimator ] converges to the eigenfunction u; in the sense of mean H! norm only, hence we
can not postulate a uniform positive lower bound on infye[4 5] ] (x). Following Chorowski and

Trabs [5], we are able to overcome this difficulty by applying the threshold 8§ A D.

2. Discussion

2.1. Connection to the GHR low-frequency estimator

In this section, we explain the relation between the defined estimator &g above and the original
spectral estimator introduced in [11], Section 3.2. First, let us review the construction of the GHR
estimator.

Definition 10. As in Gobet et al. [11], Eq. (3.8), for u, v € V; let

N—-1

. 1
P, v) = g(u(xnm(x(mm) +0(Xna)u(X(nt1ya))-

A crucial observation is that, due to the appropriate weighting of the empirical measure, p
becomes a linear combination of / and g. Indeed, using the summation by parts formula, we
obtain

~ 1
I=—(@g-p). 4
A& “)
Hence, for (¥;, u;) — any solution of the Eigenproblem 5, we have
p@i,v) = (1 — Ay)g(u;, v) for every v € V. (5)

Denote

ki =(1—Ap). Q)
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We conclude that the eigenpair (k7, #1) is equal to the estimator of the eigenpair of the transition
operator which is defined in [11], Eq. (3.11). Taking into account that functions (/) are not
orthonormal, following [11], Eq. (3.12) and Eq. (3.7), we define the GHR estimator as:

Definition 11.
52 (x)= 24 Jo )N (dy)
R 0 (O1(x)
where

Ijv; Wlth(ltj),—q/ 1sﬁz(y)%(y)dy] > (/ W:(X)MN(dX)>

is an estimator of the stationary density.

Note that estimator Gs can be seen as a local average of G- Indeed, since 1; = Y}, inte-
grating by parts gives us

o 2t fiy v (x)(f w1 (y)an(dy))dx

9s.j =
f,’_ uy (x)itn (dx)

J

i R (7)
[ G 0] (07 (x) dx
J

J

2L 0O (dx)
J

Since we focus on volatility functions in H', the above averaging has no effect on the low-
frequency convergence rate. On the other hand, there are multiple reasons why it is beneficial for
optimality in the high-frequency regime. First, since %] is constant on every interval [%, §],
after averaging we do not have to estimate the density of the occupation measure (which is not
regular in the high-frequency setting), but the occupation measure of the intervals [£5— T )] Fur-
thermore, averaging reduces the variance of the estimator, which can be clearly seen in Figure 1.
The intuitive explanation of this phenomenon is that while the original estimator EéHR inherits
the rough behaviour of the occupation density (via the inverse of the derivative of the eigenfunc-
tion u; which has the same smoothness as the design density) this irregularity is removed by
multiplication with ) 1t.

2.2. Connection to the Florens-Zmirou estimator

The general idea of the proof of the high-frequency convergence rate is to compare estimator
s with the minimax optimal (see [14], Proposition 2) high-frequency estimator introduced in
Florens-Zmirou [9]. In this section, we recall the definition of the Florens-Zmirou estimator and
discuss its relation to o.
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Definition 12. Define the time-symmetric version of the well-known Nadaraya—Watson type
estimator of the squared volatility coefficient, introduced in Florens-Zmirou [9], by

52 _ SN A (X)) + 1 (X 1ya) Xt ya — Xna)?
Fz,j — _
! AY NI (X0n) +1;(X i 1)a))

9

J
~2 ~2
Gy (x) = Zapz,jlj(x).
j=1

Note that the underweighting of the first and last observation in the denominator of EI?Z j appears
naturally as an artifact of the time symmetry.

Remark 13. We call fr\FzZ a time-symmetrized version of the Florens-Zmirou estimator, since it
is an average of the standard Florens-Zmirou estimators (cf. [9], Eq. (1.1)) constructed for the
process (X;,0 <t < T) and the time reversed process Y; = X7_;. Indeed, let

YV (X)) X a1y — Xna)?
AGTLi(X0) + N1 (Xua) + 31X va))

3]-2(X0, XA, ..., XNA) =

®)

Then

e EJZ(XOaXA,--~,XNA)+8]2(YO, Ya,....YNA)
Orz.; = 2 .

Since stationary scalar diffusions are reversible, under the Assumption 2, the process (¥;,0 <
t < T)isidentical in law to (X;,0 <t < T). Hence, the Lz(Pg‘b) bounds of estimator EFZZ are of
the same order as those of the classical Florens-Zmirou estimator.

Recall that (1, u1) is an eigenpair of the Eigenproblem 5. From Definition 6 of the spectral
estimator, it follows that
o~ 20, y))

- V1 7 ) .
;[ Bn(dx)
J

0s,j =

A similar representation formula can be established for the time symmetric Florens-Zmirou esti-
mator G2, .

Definition 14. Define a bilinear form f V; x V;y— Rby

1 (! - -
flu,v) =3 /0 u' (x)V' (X)GE (X)L N (dx).
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Consider vector (v;)j=1,....s such that v; # 0 for every j =1, ..., J and the associated func-
tion v € V}). We have
A 27w, ¥))
68 = — (10)

A .
v [, v (dx)
J

As will be thoroughly explained in Section 3.2, when A — 0, the eigenvalue ratio —a /71 in (9)
tends to 1. Consequently, the difference between estimators 352 and 6}22 is controlled by

201G, j) — f@ar, v))l

J
ul,jf/;l 1y (dx)
J

an

The main observation is that in the high-frequency analysis, we do not have to control the esti-
mation error of the derivative ii’l Indeed, to bound (11), we need onlz\ to show a uniform lower
bound for u ; and an upper bound for the difference [/(1, ;) — f (w1, ¥;)|. Unfortunately,
|T(v, Yi) — f(v, ¥ ;)| is not small enough for any bounded function v. To achieve the required
upper bound for the estimated eigenfunction, we need to first obtain some regularity properties

of i1, which is the most difficult part of the high-frequency analysis.

2.3. A numerical example

In this section, we present the numerical results for the volatility estimation across different
observation time scales. We compare three estimation methods: the time symmetric Florens-
Zmirou estimator ’a}gz (see Definition 12), the spectral estimator GéHR (see Definition 11, cf.
Gobet et al. [11], Section 3.2) with approximation space V; of linear splines with equidistant
knots, and finally, the locally averaged spectral estimator 852. We apply an oracle choice of the
projection level J, minimizing the risk.

We compare the locally averaged spectral estimator 8S2 with benchmark estimators b\Fzz and
EéHR in both high and low-frequency regimes. Following Chorowski and Trabs [5], Section 5,
we consider diffusion process X with mean reverting drift b(x) = 0.2 — 0.4x, quadratic squared
volatility function 02(x) =0.4— (x —0.5)2, and two reflecting barriers at 0 and 1. This choice of
diffusion coefficients is supposed to minimize the reflection effect alongside with some variabil-
ity in the volatility function. Nevertheless, the depicted behaviour is typical for other diffusion
processes. The sample paths were generated using the Euler-Maruyama scheme with time step
size A /100 A 0.001 with reflection after each step. All simulated paths were conditioned to have
an occupation time density greater than v = 0.2. Table 1 presents the oracle mean L'([0.1,0.9])
estimation error of o2, obtained by a Monte Carlo simulation with 1000 iterations, in high
(T =5,A — 0) and low (A =0.25,T — o0o) frequency regimes, respectively. The estimated
volatility functions for 20 independent paths are depicted in Figure 1.

In the case of high-frequency observations, 352 performs similarly to the benchmark esti-
mator GZ,. Relative to |02 ]| L1([0.1,0.97) ~ 0.28, the error decreases from approximately 6% for

A =103 to 3% for A = 10~*. The estimation error of spectral estimator EéHR is almost twice
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Table 1. Monte Carlo estimation errors in high and low-frequency regimes. The value of parameter J is
given in the subscript

High-Frequency Regime: 7' =5

A =0.001 A =0.00075 A =0.0005 A =0.00035 A =0.0002 A =0.0001
3(2}HR 0.038813) 0.035323) 0.0322 74, 0.02923) 0.02583¢) 0.0220(49)
3§ 0.0195(9) 0.0174(10) 0.0149 1) 0.0131(12) 0.010813) 0.0083(1g)
3}%2 0.016910) 0.0153(11) 0.0133(12) 0.0119(12) 0.0100(13) 0.0080(20)

Low-Frequency Regime: A =0.25

T =1k T =3k T =7k T =10k T =15k T =20k
3(2}HR 0.03865) 0.0333 ) 0.02561 1) 0.02261 1) 0.0198(11) 0.0178(11y
35% 0.03104) 0.0245 ) 0.0200(7) 0.0182g) 0.0166g) 0.0155(9)
EI%Z 0.08215) 0.08235) 0.08235) 0.08225) 0.08235) 0.08245)

as large, although the quality of the estimation improves when A decreases. It is important to
note that the oracle values of space parameter J for EéHR are much bigger than those for other
estimation methods. When A is small, the eigenfunctions inherit the regularity of the local time;

High Frequency,A =0.0001, T=5 Low Frequency,A = 0.25, T = 12500
Time symmetric Florens—Zmirou estimator

‘ —
04f v
l l
I 0.2F §
| | |
|
1

0.6 0.8 1 00 0.2 0.4

0 0.2 0.4 0.6 0.8 1
Gobet, Hoffmann and Reil} spectral estimator
0.4+ / — — i
0.2¢ ]
| |
L L L L 0 L L L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Frequency universal estimator

0.4r

0.2

0.4 0.6 0.8 1

0 0.2

Figure 1. Estimated volatility functions for 20 independent trajectories.
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the increase in dimension compensates for the projection error. Due to local averaging, this irreg-
ularity problem does not appear for 352, compare with Figure 1, where estimator GéHR oscillates
heavily. Furthermore, there is no visible boundary effect, suggesting that the error rate of the
spectral estimator does not deteriorate outside the fixed interval [0.1, 0.9].

In the low-frequency regime, ’(?52 performs slightly better than the original spectral estimator
EéHR. The boundary problem is visible, especially for EéHR. The relative error decreases from
12% for T = 1000 to 5% for T = 30000. The Florens-Zmirou estimator EI%Z underestimates the
volatility and commits a relative error of 30%. This is expected and due mostly to the boundary
reflection, which, for low-frequency observations, is not negligible in the interior of the state
space. As found by unreported simulations, in the case of low-frequency observations, the locally
averaged spectral estimator 352 will outperform the Florens-Zmirou estimator in the case of a
highly varying volatility function o2, even when the sampling frequency is big enough to ignore
the reflection effect.

2.4. Extensions and limitations

Stationarity of process X

In the high-frequency analysis, the stationarity assumption ensures that process X is time re-
versible. General initial distributions could be considered, but in order to preserve the perfor-
mance of the estimation for the time reversed process, the coefficients of the backward process
must belong to the nonparametric family ®.

Due to the spectral gap of the generator, process X is geometrically ergodic. In particular,
as t — 0o, the one dimensional distributions of X, converge exponentially fast to the invariant
measure u. It follows that, in the low-frequency regime, the assumption of stationarity can be
made without loss of generality for asymptotic results.

Estimation at the boundaries

In the high-frequency regime, we prove the error bound in the interior of the state space. Re-
striction to the interval (a, b) allows us to obtain uniform lower bounds on the derivative of
eigenfunction i1, which, due to boundary conditions, are not valid in the entire state space. This
restriction could be omitted by obtaining uniform bounds on the ratio of derivatives u, 1 Ju, j-
Unfortunately, since our proof relies on a posteriori error bounds on solutions for perturbed
eigenvalue problems, we do not have sufficient tools to control the pointwise relative error of the
eigenfunctions. Nevertheless, the numerical results suggest that the spectral estimation procedure
also behaves well at the boundaries of the state space.

In the low-frequency regime, the spectral estimator is unstable at the boundary due to Neu-
mann boundary conditions for the eigenfunctions of the infinitesimal generator. Refer to [11],
Section 3.3.8, for a discussion of the boundary problem.

Boundary reflection

Following previous works on the spectral estimation in the low frequency setting, for example,
[5,11,23], we consider an Itd diffusion model on the state space [0, 1] with instantaneous reflec-
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tion at the boundaries. The assumption of a compact state space makes the construction of the
estimator easier and facilitates error analysis in the low-frequency setting, cf. Reifl [24]. We point
out, here, that the reflection assumption is not restrictive in the high-frequency setting. Indeed,
consider diffusion X defined on the entire real line with drift b and volatility o. Let

t
A@) =/0 1o, 1(Xs) ds

be the occupation time of interval [0, 1]. Assume that lim;_, o A(f) = co and define the right-
continuous inverse

C()= inf{s > 0]A(s) > t}.

Process Y; = X () follows the law of a reflected diffusion on [0, 1] with drift 5 and volatility o
Assume now that we are given observations Xg, Xa, ..., Xya. The sub-sequence of the values
that lie in [0, 1] forms a chain of observation of Y. The sampling frequency is random (and
depends on the path), but when A shrinks, it becomes close to equidistant. The difficulty in
handling irregularities at the boundaries is similar to these found when considering the reflection
effect. Unfortunately, while this reduction can be used under the assumption that A is small,
it can’t be applied in the low frequency setting, hence it is not practical in the context of scale
invariant estimation.

Linear spline basis

The use of the linear spline basis is very convenient, as functions v/ ; appear naturally after apply-
ing integration by parts to the locally averaged GHR estimator, see (7). Nevertheless, unreported
simulations suggest that the spectral estimation method performs as well with other bases. The
Fourier cosines basis in [0, 1] is especially efficient, consisting of the eigenfunctions of the re-
flected Brownian motion process.

Adaptivity

An important decision in the spectral estimation is the choice of the basis dimension J. The
general problem is twofold: dimension J should adapt to the smoothness of the coefficients
and simultaneously to the observation frequency. In [5], the authors applied Lepski’s method
to construct a data-driven version of the GHR estimator that adapts to the smoothness of the
volatility. In the case of the low frequency data, the same selection rule can be applied for the
universal estimator os. The precise construction of a method that will adapt to the observation
frequency remains open.

The numerical study shows that the proposed estimator G5 smoothly interpolates between the
high and low-frequency estimators. The optimal convergence rates in both frequency regimes
leave out the question of the paradigm to use when one has to consider data. The different con-
vergence rates in high and low frequency regimes raise the question of bivariate asymptotics
with respect to both A and T'. Nevertheless, because of the structural differences of the high and
low-frequency data, we believe that such an analysis would be particularly challenging.
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3. High-frequency analysis

The proof of Theorem 8 is presented in Section 3.5 and is accomplished in several steps. In
Section 3.3, we prove the convergence rate of the time-symmetric Florens-Zmirou estimator.
Section 3.4 is devoted to the proof of Proposition 20 — the uniform bounds on the estimated
eigenpair (31, %1). In Section 3.6, we prove some technical results on the crossing intensity of
the diffusion processes.

3.1. Preliminaries

From now on, we take the Assumptions 1 and 2 as granted. Fix 0 <a < b < 1, the level v > 0
and constant ¢ > 0. For simplicity, we set T = 1. Assume that cIA—1/3 <J< c¢A~1/3_ Further-
more, we will write f < g (resp. g = f) when f < C - g for some constant C > 0 that depends
onlyon b, v, c,d, D. f ~ g isequivalentto f < gand g < f.

Sobolev regularity of the volatility implies that it is 1/2-Ho6lder continuous. Indeed, by the
Cauchy—Schwarz inequality it holds

lo(x) —o| | [} o' (2)dz]

T <lol. (12)

vye0.1]  1x—y['/? xyel0,1] X =yl

Recall Definition 7 of the occupation density 7. Formula (2), together with (12), imply that 1
inherits the regularity properties of the local time. In particular, is the following theorem.

Theorem 15. The function (1 is almost surely Holder continuous of order o for every o < 1/2.
Moreover, for every p > 1, there exists a constant Cp, such that

sup ]E,,,b[ sup ,uf(x)] < 00, (13)
(0,b)e® xe[0,1]
2
sup Eop[ |11 (x) — 1 ()] ™] < Cplx — yI?. (14)
(0.b)e®

Proof. Since o is uniformly bounded and 1/2-Holder continuous, the claim of the theorem can
be deduced from the well-known properties of the family of the local times (L;,t > 0) of the
semimartingale X, see the proof of [25], Chapter VI, Theorem 1.7, and the subsequent remark.

]

Definition 16. Denote by w the modulus of continuity of the path (X;,0 <r < 1), that is,

w(8) = sup |X: — Xl

0<s,t<1,|t—s|<8

Because of the ellipticity assumption o > 0, the path (X;, 0 < < 1) shares the properties of
Brownian paths. In particular, we can apply the Brownian upper bounds (see Fischer and Nappo
[7]) on the moments of w.



Nonparametric volatility estimation in scalar diffusions 2947

Theorem 17. For every p > 1, there exists a constant Cp, > 0 such that

sup Eqp[af (A)] < CpaAP 2P (A7), (15)
(0,0)e®

For the proof of Theorem 17 refer to Appendix A. Using (15), we can show that on £, the
occupation measure [ty is spread uniformly on [0, 1] with high probability.

Lemma 18. Let

Oa =L {01l < &Y}, (16)
For A <1 we have
Pop(L\On) S A%,
Furthermore, on the event O, for every j =1,..., J it holds

J

J
VS Jf,,_l IN(dx) S e lloo

J

The proof of Lemma 18 is postponed to Section 3.3.

As mentioned in Section 1.2, we want to compare the spectral estimator Eg with the benchmark
high-frequency estimator 31%2‘ Before that, we have to prove a uniform upper bound on the mean
L? error of the time symmetric Florens-Zmirou estimator. The result below is a generalization
of [14], Proposition 2, where the same rate was obtained under the assumptions of smooth drift
and Lipschitz volatility. As proved in [14], Proposition 2, the rate A!/3 is optimal in the minimax
sense even on the class of diffusions with Lipschitz volatility.

Theorem 19. We have

A 2 i
S 1362 = o [ap100-1/m]* S A1 an

Because of the reflection, the rate deteriorates at the boundary. For x € [0, 1/J]U[1 —1/J, 1]
~ 291
sup  Eqp[lo, - [65,(x) —o?(0)]7]2 S AV, (18)
(0,b)e®(d,D)

where the constant on the right-hand side does not depend on x.

The proof of Theorem 19 is postponed to Section 3.3. The main idea is the decomposition of
the error into a martingale and deterministic approximation parts as in [14], Proposition 2. As
expected, under the high-frequency assumption, the reflection has an effect only at the boundary.
Inequalities (17) and (18) imply

sup  Egp[lo, - [ (0) =0’ 0] S A1,
(0,b)e®(d,D)

1/3

but they are not sufficient to obtain the A"/~ rate for the root mean squared error on [0, 1].



2948 J. Chorowski

3.2. Outline of the proof of the high-frequency convergence rate

Since by Theorem 19 the estimator Egz attains the optimal rate A!'/3, to prove Theorem 8 it is
enough to upper bound the mean L[0, 1] error between aFZZ and ESZ. Using representations (9)
and (10) '&FZZ — 352 can be reduced to the difference of Ele forms fand T(cf. Lemma 35). First,
we need however to list the properties of the eigenpair (¢1,%1). The proof of the next Proposition
is postponed to Section 3.4.

Proposition 20. For every A > 0 there exists an event Py satisfying lima—oPs (L \ Pa) =0
such that

1p, - ImI S L. (19)
Furthermore, the eigenfunction | can be chosen such that on Pa
J

j=1

J

ut;=J and W j~1, and Z’u‘f’jl(ﬁl,j<())§1
j=1

hold forany j=|aJ] —1,...,[bJ]+ 1.

Remark 21. The normalization Z]J'=1 ur ; =J is natural, as it is equivalent to [@)ll2=1.1In

short, Proposition 20 states the existence of uniform bounds on i/ |(4,5]. Because of the Neumann
boundary conditions on the generator, the separation from the boundary is necessary for the
existence of a lower bound.

Remark 22. From the general inequality
|14 1log(l — x)/x| <x, 0<x<1/2,

together with the uniform bound (19) on the eigenvalue 3}, we deduce that, on the high proba-
bility event Pa, |1+ /71| < A holds. Consequently, the eigenvalue ratio —¢;/7; in (9) is of
no importance in the high-frequency analysis.

Definition 23. Define
- 2@, ¥))

[ AUV
ui,j f,__l wn (dx)
J

(20)

J
8§(@=Za§’j1j(x).
j=1
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For simplicity, we will refer from now on to &g as to the spectral estimator. Comparing the
representations (20) and (10) we obtain

=2 _ 2)iG@, %)—f(ul vl

|GSJ OFrz,j| =

u1,jfﬂ iy (dx)
J

Since by Proposition 20 the derivative w1, ; has a uniform lower bound, Lemma 18 implies that
to show the convergence rate A!/3 we have to prove that

@1, v) = F@ vyl = 0,(a%7),
As argued in Proposition 36, for any function v € V; with bounded derivative, it holds

[, y)) — Flu, v = 0,(a12),

which leads to a suboptimal rate A'/®. In order to achieve the optimal rate A'/3 we need to
use the regularity of the first nontrivial eigenfunction 7. By the means of the Perron—Frobenius

theory, in Proposition 37, we define a high probability event R o such that

2E
e

holds, which can be interpreted as the almost 1/2-Holder regularity of 171 (see Remark 38).
This regularity of the eigenfunction allows us to reduce the estimation error to an approximation
problem of the occupation time, see decomposition (57) and Lemma 39.

G -TG
J-1/2

Ea,b |:1RA '

3.3. Proof of Theorem 19

We begin with the proof of Lemma 18.

Proof of Lemma 18. Note first that, on the event £, we have

f
v < J/ 1 dx) < et oo

J

Using the occupation formula (3), we obtain that

‘ le(xm)—/ 1 (x) dx

n=0

N—-1

(n+1)A
< Z/ 1) (Xoa) — 1;(X,)| ds
n=0 nA
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N-1 (n+1)A ]_1 ]
ng <1<’XS—— <w(A))ds+1<’Xs—— <w(A)>>ds
= Jua J J
o) L tw(n)
=/, m(x)dx+/, p1(x)dx < 4o (A1l
L2 —w() L—w(A)

~1/3

Hence, and since J ~ A , on the event Op

J

1 1 I 1 1
Asv S A —4o(A) |l S /H AN (dx) S (AT +4w(A)iillos S A3 1 lloos

J

holds for any A < 1. Finally, to prove that O, is a high probability event, note that for any p > 1,
Theorem 17 together with the inequality (13) imply

Pop(L\OA) S ATPMNE, y[w (A |1 11%]
_ 1/2 2
< AR, [0 (8)?P] By s [l 122]"

< AP/ AP/2 lnp/z(A_l).
We obtain the claim by choosing p > 15. O

Now, we are ready to prove Theorem 19. The main ideas are as in [14], Proposition 2. The nov-
elty consists on the direct treatment of the drift term and the analysis of the boundary behaviour,
which is an artifact of the reflection.

Proof of Theorem 19. Recall the definition (8) and the discussion thereafter. It follows, that it
is sufficient to prove the claim for Ef(Xo, XA,..., XNA).
Since
| = | b
A 510+ 3 15 Xa) + 51,000) | = [ v,

n=1 7

by Lemma 18, on the event Op, the denominator of 3]2 (X9, XA, ..., Xnya) has a uniform lower
bound of Qrder Al/ 3. Hence, in order to prove (17), we have to show that, forany j =2,...,J—1
and x € [£31, 2], it holds

1

2:|§
2y

N—-1

D 1K) (Xana — Xua)® — Ao (x))
n=0

Ea,h |:10A :

U+2) q 1

< A1/2<ﬁj; . [(crz)/(y)]zdy)2 4+ A2/3,

J
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Indeed, (21) implies

J—1 1 (jjﬁ/\l
Boal1on 158 =iy vl S s (8 f,

[(02)/()1)]2 dy + Aé)

S A3 (o3 +1).

Step 1. Error bound in the interior.Fix2 < j <J —1land x € [%
Oa the condition 1;(X,A) = 1 implies that no reflection occurs for

1t6 formula, we can decompose

]. Note that on the event

i
J
t enA, (n+ 1)A]. Using

N—1
Y LX) ((Xana — Xna)® — Ao?(x)) := A1 + Az + Az + Ag,
n=0
where
(n+1)A 2 (n+1)A 5
Z 1 (xm[(/ o(xaczWS) -[" (xs)ds]
nA
N-1 (n+DHA ) )
b= L [ (@) -t w)ds
n=0 nA
(n+1)A 2
Z 1 (Xm( / b(Xs)ds) ,
N-1 (n+DHA (n+hHA
Ag=-2%" 1.,~(X,ZA)f a(XS)dWS/ b(X,)ds.
=0 nA nA
We will bound the second moment of each of the terms Ay, ..., A4. First, note that arguing as in

the proof of Lemma 18, we obtain
1 1
5 2 (Xna) = (A% +40(2) [illoo- (22)

n=0

Consequently, from the Cauchy—Schwarz inequality, together with Theorem 17 and the inequal-
ity (13) it follows that

e 293 1
Ea,bKﬁ > 1,/(X,1A)> ] SAS. (23)
n=0



2952 J. Chorowski

Denote by F;, the o-field generated by {X :0 <s <nA}. Let

(n+1HA 2 n+DHA
= (f o(xadws) —/ 2(X,) ds.
nA nA

Since (n,)n are (F,)-martingale increments, they are conditionally uncorrelated. Using the
Burkholder-Davis—-Gundy inequality, we obtain that E, b[n% | F»]1 < A%, Consequently,

1
1 N-1 2 . 1 N-—1 2
1= (Z Eon[1;(Xus)m] | S ATEep| 3 1;(Xan) | S AT,
n=0 n=0

where we used (23) to obtain the last inequality. On the event O, when 1;(X,,a) = 1, we have

[N]

X5 — x| < X5 — Xpal + 1 Xpa — x| <0(A) + TP < A 4yt <oy~

fornA<s<m+1A,xe [jT §] and A small enough. Hence,

N-1 n+DA| X ,
r=Y u0 [ [T dy‘ ds
=0 nA X

N—1 (/jZ)Al
= LXu)dlf, (o 2)’(y>dy’
n=0 T

U+2) Al

N—
_ 1/6 !
S X_j 1 (Xna)A (ﬁ g

where we used the Cauchy—Schwarz inequality. The above implies that

[(02)/(y)]2dy> 1/2,

(+2)

5l " EAL N ) 1/2
Eg,b[l(f)A -A2]2 <A / </ o [(a ) (y)] dy) .
\
The drift function b is uniformly bounded, hence |A3| < A. Denote
t
Y; =/ o (X5)dWsandwy (A) = sup |¥; — Ysl.
0

0<s,t<1
[t—s|<A

The uniform bound on b, together with |Y(,41)A — Y,a| < wy (A), and the inequality (22) imply

N-1 293
Ko, b[IOA A4] ]Ecrb|:1(9A : ( Z 1; (XnA)CUY(A)> i|

n=0
1

SEos[(A%utllscwy ()] S A3,
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where we used uniform bounds on the moments of modulus of continuity of semimartingales
with bounded coefficients (see Theorem 17).

Step 2. Error bound at the boundaries. Set j = 1 (the case j = J follows analogously) and x €
[0,1/J]. On Oa, whenever X, A > A1 1o reflection occurs for £ € [nA, (n 4+ 1)A]. Denote

L) =1(x < AV 1(AY <x <7 i= 1 p(0) + 111 (1).

We decompose

N—-1
Y LXua) (X ina — Xna)* — Ac?(x)) := E1 + En,
n=0
with
N—-1
Er = 110Xua)((Xasna — Xaa)® — Ao?(x)),
n=0
N—-1
Er =) 11,1(Xaa)((Xt1pa = Xna)® = Ao’ ().
n=0

On Oa holds [(Xp1a — Xua)? — Ac?(x)| < A1 Hence, arguing as in the proof of
Lemma 18, we obtain that

N—1 293
1 1 1
Eoslo, - ET]? S A nEa,b[loA : (— > 11,O(XnA)> }
N
n=0
1

1 293
Ea,b|:1(’)A : (/o 11,o(x)m(x)dx+4a)(A)||m||oo) } S AT

AT

._“_J;

To bound the second moment of Ej, note that when 17 1(X,Ao) = 1 no reflection occurs for
t €[nA, (n+ 1)A]. Consequently, we can proceed as in Step 1, obtaining

nJ
1

L
ot #1120 o) 140200

We conclude that

1 1

Brolloy - 37,0 — 2] € A PEsallo, - (1 + B S AVF. O

Corollary 24. For every A there exists an event Oa satisfying ima 0 Py (L \ 9] A) =0, such
that on O, it holds

(Wxel0,11)  (1-27"%)a <55 (x) < (1+27"%)2D. (24)
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Proof. Since
1

J
|5tz - 2||L201 = [d, - 2“%%1/1,1—1/1] +f0 |a§z(x)—02(x)|2dx
1
+/ l!anZ(x)—crz(x)|2dx,
=7

using Theorem 19 we obtain that
~2 212 2/3 —1,A2/33 1/3+2/33
Eos[lo, - [67,— o ||L2|o,11]5A P J7 AP G AR,

Define
On=0a 0[5~ 0120, = @D xei%f”a“(x)}.
From Markov’s inequality, together with the lower bound on the probability of the event O, it
follows that
Pos(L\Oa) SAP+ A3 50 asA—0.
Fix j=1,..., J. On the event 5A it holds
£z 1

2
< J/ \UFZJ —o%(x)]dx < J1/2</:__j] 0% (x) —3lgzyj|2dx)
T

<268, = 0?| oy <27 xlﬁ)f] ()

%
iz, — J/ o?(x)dx

J

i

52_1/2J/jl az(x)dx.
J—1

T

J
Since Assumption 1 implies d < J f /, ) Uz(x) dx < 2D, we conclude that the claim follows. [
e

3.4. Properties of the eigenpair (¥, 1)

In this section, we want to prove Proposition 20. Because of the tridiagonal structure of the form
1, the direct analysis of the eigenfunction ) is difficult. Instead, we consider the generalized
eigenvalue problem for forms f (recall Definition 14) and g:

Eigenproblem 25. Find (A, %) € R x V?, with @ # 0, such that

o~

f(w,v) =/):§(@, v) for every function v € V}).
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On the high probability event Ox such that G, O'FZ ~ 1 (see Corollary 24), the form f is

positive-definite and symmetric. Consequently, on Ox the Eigenproblem 25 has J solutions
(Aj,wj)] 1. JW1thO<A1<k2< <)\.J

Definition 26. For j =1, ..., J define wj? =y, — f(} Y (RN (dx) € VY. Let

Foj=Fl v =Ff@iv) and M ;=g vY)

be the matrix representations of forms fand gon V}) X V}) with respect to the algebraic basis

W;.

Arguing as in Gobet et al. [11], Lemma 6.1, we obtain that

_ ot L
Mi,j:/ /_71/ KN (dx) wn(dx)dydz. (25)
55 Jo vz

Fisa diagonal matrix with strictly positive diagonal entries, hence it is invertible. Eigenprob-
lem 25 is equivalent to

F_IM(I’E,',]')]' =)»i7](ﬂ1\i,j)j’

where (w; ;) j=1,..,s indicates the coefficient vector associated to the eigenfunction wj, i.e.

J J
~ ~ N ~ ~
W= Wiy =) WiV +Wio,
j=1

j=1

with some w; ¢ such that w; € VJO. On the event O A the matrix M has all entries strictly positive,
hence F~! M satisfies the conditions of the Perron—Frobenius theorem. Consequently, the eigen-
vector (w1,;); can be chosen strictly positive, which corresponds to the monotonicity property
of the eigenfunction w;. In what follows, _we will show that the Eigenproblem 25 is an approx-
imation of the Eigenproblem 5 for forms / and g, and deduce that the eigenfunction ] inherits
the properties of wy. Let || - ||;2 denote the standard Euclidean norm on RY.

Definition 27. Theorem 17, Corollary 24, Theorem 19 and the regularity properties of the occu-
pation density p; ensure that for « = 1/60 the set Qa of paths contained in £ that satisfy

(i) w(A) < Al
(i) for every x € (0, 1) holds (1 —27Y2)d <53,(x) < (1+271/2)2D;
(i) 116, — o2l 2quys1-1/y < A3 "‘andforxe[O 1/J1U[1—1/J, 1]itholds |62, (x) —
2(X)| < A1/33 .
(iv) occupation density w1 is 1/2 —a Holder continuous with Hélder norm bounded by A™%;

is of high-probability, more precisely

Jim Py (£\ Qa) =0.
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Remark 28. By the assumption (iv), on Qa we have ||i1]lco < A™%. Furthermore, arguing as
in the proof of Lemma 18, we obtain

‘ / Aiv(dx) — / 11 (dx)

In particular, on Qa

SoA)llplle S AV (26)

i
T
/_lﬁN(dx)~A1/3 holds forevery j =1, ..., J. (27)
J—1
J

Finally, the assumption (iii) and Holder regularity of o> (12) imply that on Qx

|68, (x) —a?(x)| S AV forallx e[1/J,1—1/J]. (28)

Proof of (28). Fix j=2,...,J — L and x € [L7*, 4]. We have

J

7
UFZJ_J/ Z(J’)dy‘

J

i

o2(x) — / 2<y)dy‘

J

|UFZ j— 9 (x)|
i

<J / (62, — o] dy + A°
T

-1 3
7
1/6

< J? H"Fz Uz”Lz([l/J,lfl/J]) +A

where we used the 1/2-Hélder regularity of o> (12) and the Cauchy—Schwarz inequality to get
the second and third inequalities respectively. Finally, since J /> ~ A~1/6_ we conclude by Def-
inition 27(iii) that the claim holds. O

To bound the error between the solutions of the Eigenproblems 5 and 25 we need to establish
uniform bounds on the spectral gap of the Eigenproblem 25.

Lemma 29. On the event Qa the eigenvalue A is uniformly bounded by positive constants from
below and above. Furthermore, the Eigenproblem 25 has a uniform spectral gap, i.e. )fl -
Nz

2 A~

Proof. Consider the generalized eigenvalue problem:
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Eigenproblem 30. Find (A, w) € R x V; with w £ 0 and fo] w(x)u1 (x) dx = 0 such that
1 1
/ w' () ()0 () (x) dx ZA/ wX)v(x)p(x)dx
0 0

1
forall v e {ve \%4i :f v(x)m(x)dx:O}.
0

Eigenproblem 30 has J solutions, denoted by (A;, w;) with 0 <Ay <A <--- <A;. By
Proposition B.7 we have A1 &~ 1 and Al_l - Az_l 2 1.Let M, F be J x J matrices corresponding

.....

As in the case of the data driven Eigenproblem 25, we have

§orr s I
/1/. 1/ m(X)dX/ pu1(x)dxdydz,
S J5=Jo yVz

0

) ) l7éj’
F;, ;i = i
" /71 2w (x)dx, i=j

J

M;,j

and
FﬁlM(u)l',j)j = )»l-_l (wi j)j.
From Weyl’s theorem for symmetric eigenvalue problems it follows that

A= < |[F'M - F M . (29)

1

We will show that || F~'M — F'M 2 S A1/6=2¢ Then, the uniform bound on the eigenvalue
A1 and the lower bound on the spectral gap will follow from the properties of the Eigenprob-
lem 30. First, let us observe that

I I

~ T R J
|Fj.,j —F,-,j|=’ / Gy, 1N (dx) — f o (x)p1 (x) dx

—1

[ avan = [ mwa

T A

J

o~

I
J

+/ (62,00 — 0?1 () dx.
T

~2
S OFz,j -

[

On Q,, the first term of the above display is by (26) of order A/272%_ The second term is
for j =2,...,J — 1 of order A2~ by (28) and for j = 1 or J of order A!/3%1/33=¢ py
Definition 27(iii) directly. In any case, for A small enough it holds I?j, ~ Fjj~ A3 Next,
arguing as in the proof of Lemma 18, forany i, j =1, ..., J, we obtain

Mij = Mi | S T 20(8) Il S AT/672
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Furthermore, M; ;, A//]i,j < A2/3_Since F and F are diagonal matrices, it follows that

(F~'M - F~'M), | S AP
Hence, |[F~'M — 1’?‘—11\71”122 < (FTM - F—lﬁ)l?j < A3 O

Proposition 31. Choose the eigenfunction W increasing and normalized so that ||(Wy ;) |2 =
JV2 (e ||W)]l ;2 = 1). On the event Qu, forany laJ | —1 < j <[bJ1+landanyi=1,...,J
we have

IVl/ﬁLiS/@]‘j/\l, (30)

Furthermore for j s.t. J1?2 <j<J- Ji/2

‘—wi’jil — 1‘ < Al6-20 31)
w1’j

Proof. In the proof, we will use standard techniques from the Perron-Frobenius theory of non-
negative matrices (cf. Minc [20], Chapter II). In particular, we shall repeatedly use the fol-
lowing inequality Minc [20], Chapter II, Section 2.1, Eq. (7): for any ¢1,¢2,...,¢9, > 0 and
pPi.p2,-..,pn€R

min ﬁ<P1+P2+...+Pn< max ﬁ. (32)

i=l,...nqi  qr+q+---+qn i=l..ngq;

Step 1: (1171,1- < 1). Fix 1 <i < J. By Definition 27(ii), relation (27) and Lemma 29, on the
event QA , we have

7 ~ -~
J7oy & wl,ialgz,i [71 un(dx) = f(wy, ¥i) =rg(wi, ¥i)
5
; (33)

%?2\(1771, 1//1) = Z Mi,maj],rw

Hence, by the Cauchy—Schwarz inequality

where we used M; , < J ~2 and the normalization of (wy, i)
Step 2: (wy,; Swy, ;). Fix laJ| — 1< j <[bJ]+ 1.On the event Q, forany 1 <i < J the
relation (33) together with the inequality (32) imply

5

mW1
—— < max L (34)
mW1

§> s>
%) E)

J
m=
J

m=

>
,/Z
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We need to show that for arbitrary m M,‘,m / M,m < 1 holds. Consider first the case i < j. Then
by (25)

; Ll 9 Bvdx) [, B dx) dydz
- )

Mi,m m=1J0
M.  .Loom
s 5[ JN v f,, v (dx) dy dz
J
SR O”A T NG@x) [, i iy (dx) dy dz
< J. J i
T pon 1 o~
fj—l fm_—l fo MN(dx)f i un(dx)dydz
i1 yVg
J J
f@ fo fyv, | An(dx)dy
f@ f(y)fv, An(dx)dy
) ] . .
where f(y) = fo)/\ ;LN(dx) Consider m > j.For y € [m—, Zlholds y=yVv 4 =yv d
hence the numerator and denominator are equal. Consider m < j. For y € [*5— 1 ’”] holds y v

§ 4. Hence, using (27), we obtain

Jils £ )it T ) dy
<

Mi
Mim fr:llf(y)f\//MN(dx)dy
/L f)dy

L F0)dy [} w0

1 -1 N
) )

J

We conclude that for i < j and arbitrary m bound A//;i,m / M i.m S 1 holds. Proceeding analo-
gously, we obtain the same claim for i > j. From (34), it follows that on the event Qa, for

laJ]—1<j<[bJ]+1landany 1 <i <J, we have
wy,; Sy (35)

Step 3: (1 < 1/171,]'). Let 1/171,]'0 =min|gj|-1<j<[bJ]+1 @1,1'. Inequality (35) implies
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Step 4: (proof of (31)). We will only show |wI 171 1] < Al/672¢ the other bound can be
obtained by a symmetric argument. First, note that from Definition 27(iv) together with the in-
equality (26) it follows that

Jj+1

o )
/j ,MN(dX)—/F1 un (dx)

J J

J+1 J+1

T T
/j MN(dX)—/; mi(x)dx

J J

<

Jjt1

[ mwar [ mes

J J

+

%‘ j
/ 1 () dx — / Ain(dx)
v v

< AV272 f AVB A= A1/2=0)/3 | A1/2-20 < A1/2-20

+

Hence, by (27)

MN(dx)

= e
. k‘| 3

f.
‘ 1' < Al/6-2
Lﬁzv(dx)
J

Similarly, by the 1/2-Holder regularity of o> and (28) we have

52

FZj+1 _ | < A1/6-2e

52 ~ '
FZ,j

Consequently, instead of —={* @, e

we may consider
j+1

J
W1, j+1057 ; 1wy (dx)

J
~ o~ 7o~ M0
wl“]a}%z’] ‘/IJJ—I /“LN(dx) Zm 1 j’n lm
J
By the inequality (32)
M; M1 M;
min i+l ,m Zm 1 JH1mWim < max i—&-l,m )

= 7 =
m=loed Mjm Zmle,,mwl,m m=L....J Mjm
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Thus, it is enough to show, that forany m =1, ..., J bound | =%—= ’“ m 1] < A6 holds.
el VP
Mj-‘rl m f§ mjl 0 N(dx) fy\/Z M’N(d-x)dydz
Mj,m_%"iwzdl,\ddd
S [ua 3 B (dx) [, v (dx) dy dz
J J
s pontt
L7 T b MN(dx)fv] fin(dx)dydz
< J‘ T
S gt J ~
fd fm_ 0 IJ«N(dX)fv] N (dx)dydz
J J
5ot 7 M’,i'
S Jo N (dx) f(y)dy fm%l fy I B (dx) f(y)dy
< J - — 1 +
- At m AJ_ ’
S foy T N (dx) f(y)dy St f()) TN (dx) f(y)dy

\‘
\‘

where f(y) fyv, 1y (dx). Consider m < j — 1. For y € [’"T %] we have y =y /\ Taal

YA J L hence the error term is zero. Consider m > j. For y € [mTl 21, we have y A J = JT
Consequently, using (27), we obtain that for j > J 172 o A-1/6

% y/\j+ IJE ]+
m—1 f j 1 MN(d-x)f(y)dy m—1 fj MN(d.X)f(y)dy
7 YN < T
m A
Jiale™ 7 An@ofody [l 70 A0 dy
J
-1
%2711 RN
i i—1"
el A
Finally, symmetric bound 1 — A—;{[M < A6 can be obtained by similar calculations. (|
J.m

In previous proposition, we have established uniform bounds on the eigenfunction w;. Next,
we show that W is a good approximation of u7.

Definition 32. Let L be the matrix representation of the form T with respect to the algebraic
basis (w;)) j (see Definition 26), that is,

On the event QA , when Ais sufficiently small, Lis symmetric tridiagonal. We want to bound the
error between the solutions of the generalized eigenproblems:

M@;) =2;"F(@;) and M@) =9 'L@).
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Lemma 33. On the event Qa holds

IF =Ll S AP (36)
Furthermore matrix L is invertible and

—~ ~ o~ ~_11-1 .. A1/3
||L||127 ||F||127 L F “12 ~ A / .

e

Proof. Consider vector (vj); € RY with I(vj)jl;2 =1 and the corresponding function v =
Z]J':1 vj W?(X) € Vy. Since

J
H(f— Z)U”lzz == Z|f(vv 1/f]) —/l\(U, w])|2

j=1
J
-~ -~ o~ -~ 2
=Y (vjo1Lj1j+vj(Fjj—Lj ) +vjtiLjtij)
j=1

to obtain (36), we just have to argue that L/ 1,js |F/ i— ,| and L j+1,; are of order Al/2—4e
By the definition of the forms Tand g g from the Elgenproblem 5

N—-1

2L 151 = Y (Vi1 Kasa) = ¥j-1(Xan)) (¥ (Xna) — ¥ (Xna))

n=0
1 j— 1
= Z 1< nA < —>1(X(n+l)A > ]T>
n=0

j—1 X X —1
7 nA (n+1)A J

N-1 . .
—1 —1
+ E 1<XnA>]T)1<X(n+1)A<]T>

n=0

Jj—1 Jj—1
<T - X(n+l)A) (XnA - T)

N-1 1

i — 1
1| XA < T)l(X(n.H)A > JT)(X(n—i—l)A - nA)2

n:O
N-1 ) .
J—1 J—1
+ 1( na > T>1<X(n+l)A < T)(X(n+l)A — Xnn)?
n=0
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Moreover,

N—-1

- .1
lﬂJ—LmW5§§:

n=0

ji—1 j—1
I(XnA < T) - 1<X(11+1)A < T) ‘(X(nJrl)A — Xpn)?

< na < >_I(X(n+l)A < )‘(X(VH»])A — Xua)*

Hence, it suffices to show that for any x € (0, 1)

N-1

D 1Xua < DU X ynya > DX na — Xan)? S AV 37)
n=0

By Definition 27(i), on the event QA , we have

N-1
D o 1Xua < 1 X ynya > 0 X s — Xaa)’
n=0
L V-l
SATHS ZO 1(1Xpa — x| < A7),
n=

Arguing as in the proof of Lemma 18, we finally obtain

| N x+al/2a
¥ L s —xi=alP) < 11 () dx + (A1 oo S AV,

=0 fol/Z—a

Since F is a diagonal matrix with diagonal entries of order A'/3, we have || f||lz, I F! ”1_21 ~
A'/3. As argued above, on Qa, the upper and lower diagonal entries of L are of order Al/2—%,
Since forany 1 < j < J holds |L; ; — F; ;| S A2=% matrix L is diagonally dominant with

diagonal entries of order A'/3. Hence, it is invertible and || L||2, |2~ IIIE] ~ A3, O

Lemma 34. Eigenvectors (W1, j), (U1, ), normalized so that |w |2 = |[u1]l2 = J2 satisfy on
a
—~ ~ 1305 T~
|@1) — @] <A B (F - L)Wy ||,

Proof. Recall that (A j»w;); are the eigenpairs of the Elgenproblem 25, with [[(w )|,z = V.
[5], Theorem 26, implies that there exists an eigenpair (A jor I 12% wj,) such that

7

PR 7P J‘”ZHF*HIZ |(F =Dy ], S| F "Il E =Ll

| @jo.)) = @) S5 G E 2 1EN ) F = Dy | .



2964 J. Chorowski

where 5(’):701) is the so called localizing distance, i.e. 8(/):;01) = minjj, |/):;1 — 7’\1_1|- From
Lemma 33, we deduce

~—1 _ ~—1 1/6—4
A - S Al
By Nakatsukasa [21], Theorem 8.3, forany i =1, ..., J we have
S 7 DY P Y e R O] 8
which together with Lemmas 29 and 33 imply

|’X1—1 _’\1—1| 5 A1/674O(' (38)

By Lemma 29 holds |3:1_1 - 3:2_ ! | 2 1, hence we must have jo = 1. Furthermore, from the same
uniform lower bound on the spectral gap it follows

s =807 21

3/2, 5
L2 E

Since by Lemma 33, we have || F- 2 12 < A~1/3, we conclude that the claim holds. [

12
Proof of Proposition 20. Set
Pa=Qan{llby —uill;, < A5}
Step 1. We will show that
Eop[lo, - |(F = D] p]'? < a¥/12-4%, 39)

In the proof of Lemma 33, we argued that for any j =1, ..., J it holds

T 0 W5 ), [T ) — Fg, )| S alFe (40)
Hence, using the uniform upper bound Vi =1, ..., Jw;; < 1 from (30), we obtain that

|2\(al’Wj)—f(@1,wj)|SA1/2740[ forany j=1,...,J. 41)

We will use the regularity of the eigenfunction /1'1\71 to strengthen (41). Consider J/? < j <
J — J1/2. By the tridiagonal structure of the form [ it holds

(@, ;) — f@@1, ¥))
=11, ¥,) (@1, j—1 — 1)) + By 1T, )
— W1 f W ) T 1, ¥) (@141 — B1,))
w1, j—1 W1, jt1

=@1,j[lA(1/fj—1,1/fj)< = _1)+T(I,1//j)_J;\(Ivl/fj)+i\(1//j+l»1/fj)< = —lﬂ.

1,j 1,j
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Hence, using the upper bound w ; < 1 from (30), we obtain that

@1, 7) = @] ST 10| P
s
T, 9 = FU D +TW 11, 9) wi”,l —1‘-
Lj

Inequalities (40) and (31) imply

-~ W1, j—1 ~ D11 B
l(lﬁj—lﬁﬁj)( 2 —1>+l(1pj+1,1/,j)( L+ —1>)§A2/3 6ar
wi, Wy, i

s J »J

while, since Qa C Oa, from Lemma 39 it follows that

1 2
z

Eos[lo, - [[U, ¥)) — ULy )[]? S A5

We conclude that for J1/2 < j <J — J!/2

Eop[lg, - [[@1, v)) — F@r, vj)|*]? < aF-6e, (42)

Since o < 21—4 inequalities (41) and (42) imply

J
Eos[lo,  |(F = D] = Ees[lo, - | F@1. vj) — 11, v’
j=1
<J1/2A1_8°‘—|—JA4/3_12°‘ <A5/6—8a.

Step 2. Py is a high probability event. Indeed, inequality (39) and Lemma 34 imply

~ ~ 1/2 —
Eop[la, - 101 —ail13]"? < al/12-4,

Hence, by Markov’s inequality,
Pop(L\ Pa) < Pop(L\ Qa) + ATVTHE, (10, - @) —@1113]
SPes(L\ Qa)+ AV 0,

when A — 0.
Step 3. On the event P it holds

max |y, —@1,]* <

P S S GPY ) 1/7-8
max Wi — il =0y — @ S A8
i=1,...,

A
M-
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Since o < 1/56 the eigenvector (i1, ;) inherits the uniform bounds of the eigenvector (wy ;). In
particular, for any j = |aJ| —1,...,[bJ] + 1, we have
= a1

u1,j~ .

Moreover, since for any j =1, ..., J holds Wy, j > 0, we deduce that

~2 ~ -~ =~ 12
Ml,jl(ul,j <0) < llwy —u1ll; <1

~.
M-

Finally, note that on the event Pp the eigenvalue 7] ~ 1 since on Qa, by (38), holds |/):1_l —
S A6 < 1and i ~ 1 by Lemma 29. O

3.5. Proof of Theorem 8

As announced in Section 2.2, we will bound the approximation error of the spectral estimator
and the time symmetric Florens-Zmirou estimator by the difference of forms f and .

Lemma 35. On the high probability event Pa from Proposition 20 it holds

[bJ]

H UFZHL'([ab])N Z ’l(ul"/fj)—f(ul,llfj)}

Jj=laJ]

Proof. From representations (20) and (10), it follows that

bJ bJ
- o1 RR @) - Fan !
155 =3l 11 oy Z 55, = Giz51 5 ~7 >
=y j=lad]  wyj f/-_] an (dx)
v
By Proposition 20, for j = [aJ| — 1 < j < [bJ] + 1, we have iil,j ~ 1. Since, by Lemma 18,
L
J [/, in(dx) ~ 1, we conclude that the claim holds. O
a
Proposition 36. For every function v € V? andany j=1,...,J we have

[SIE

o~ 1 1
Eos[lo, - | 7@, ) =1, )T S (0j-1 P+ ;2 + v ?) 2 A2,

where v corresponds to the vector (v;)j=1,....j and vo, vy =0.

.....

Proof. First, note that since for i # j holds f(y;, ¥;) =0 we have f(v, ¥;) = v; f(}, ¥/}).
Moreover, on the event Op, for A sufﬁcjgntly small, the increments of the process X are smaller
than J~!. Hence, for |i — j| > 1, holds I (v, ¥ ;) = 0. Linearity implies

T, ) =01 L1, ¥) + 0L, ) + v (g, ¥)). 43)
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Consequently, it is sufficient to show that
Eob[[[(Wj=1. )| ]2 + Eon[| F (W) vj) — 1, ¥ )| ]

-~ 1
+ Eou[[i0). vi-0|']? S A2

Decomposing the terms above like in Lemma 33, we obtain that (44) follows from Theorem 41.
d

(44)

We are now able to prove the suboptimal rate A/ for the root mean squared L2([a, b]) error
of the spectral estimator o7.

Proposition 37. There exists an event Ra € Pa satisfying lima 0Py (L\ Ra) =0, such that
for every x € (a, b)

Eos[lrs - [7200 — o2 [2]7 < AR (45)
Furthermore, on R, for every laJ| < j < [bJ] we have
55~ 1, (46)
~ 241
E(,,b[lm. Ml 1‘ T < AS. @7)
ul,j

Remark 38. Given the uniform lower bound on the derivative ﬁl,j, and since A0 ~ J=1/2,

inequality (47) can be reformulated as
1
|t

By means of Markov’s inequality the latter can be interpreted as almost 1/2-Holder regularity
of . In that sense, Proposition 37 is a discrete time equivalent of Proposition B.4, which states
that the derivatives of the eigenfunctions inherit the regularity of the design density, in the high-
frequency case the regularity of the local time.

7+ @)
J-1/2

Eo’,b |:1RA .

Proof of Proposition 37. Let P, be the high probability event introduced in Proposition 20. On
P, we choose the eigenfunction %7 s.t.

i ;=J and @ j~1  forevery laJ|—1<j<[bJ]+1. (48)

J
=1

J

Step 1. Proof of (46). On the event O, for A sufficiently small, using the representation (20)
together with (43) and (48) we obtain that

W) 7 < Wi+ + ¥ ¥))
I ~ L] Y I

L AN (dx) L AN (dx)

J J

(49)
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holds for every |aJ ] < j < [bJ]. Since
N-—1
I+ ¥+ ¥ ) S ) (1(Xna) + 1;(Xaia)) Xasa — Xaa)?,
n=0

we deduce that 5§ j < agz T Furthermore, since on P holds

N—-1

—~ 1 j—1 1

(GRDOEEDD 1(’7 LA e x,, <12 ] - AS/“)<X<n+1>A — Xua)?, (50)
n=0

the spectral estimator can be bounded from below by a time symmetric Florens-Zmirou estimator
with bandwidth 5 Al/ 3 A AL, Argulng as in Corollary 24, we deduce that there exists
a high probablhty event RY, such that on R’ A » bound 0’2()() 2 1 holds for any x € (a, b). Set

Ra =Pa QR(AD.

Step 2. Proof of (45). Fix x € (a, b) and chose j s.t. ’%1 <x< § Representations (20) and
(10), together with Lemma 18, imply

53, =68, ;| < ATV, vy — Fin ).

Hence, from Proposition 36 and (48) it follows that

~ ~ 211
Eop[lr, - [F3(x) — G5 (x)]7]2 < AV
By Theorem 19 and Holder regularity of o2

1

Eos[1r, - |0 —’U\FZHiQ]7 S Al

By the triangle inequality, we conclude that (45) holds.
Step 3. Proof of (47). Set laJ| < j < [bJ]. We will only prove

~ 241
”L“‘—lH S A%, 1)

]Ea,b |:1RA . 7
J

ulj

as the symmetric bound on the second moment of 1%, - | — 1] can be obtained analogously.
Lj

The general idea of the proof is similar to the proof of (3 1) in Proposition 31. First, we will show
that (51) follows from

J+l
-~ ~) T
U1j+195 j1 ) KN (dx)

_ —1

J
-~ ~2 T o~
1,05 [ ity (dx)
J

272
Eg,b[lm. } S As. (52)
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To that purpose, by the triangle inequality and since on R 5 the derivatives uy j, uy, j+1 ~ 1, we
have to argue that

1

j_
S]+lflj K (dx) 272
} < AVE, (53)

-1

Ea,b |:1RA

05] it 1#N(dx)

./_
Step 3.1. Proof of (53). By Lemma 18 holds J f,’ L An(dx), J f T Wy (dx) ~ 1. We defined

A
above the event R so that & O’S I 1. Hence, to prove (53), it sufﬁces to show

1

Eos[1R, - 35101 = 55,°]7 £ a/° (54)
5 T
Bro|try-| [, Evtan = [ avan)| | 58 (55)
J A

(54) follows from (45) and 1/2 Holder regularity of 2. Indeed
g y

1
Eop[1R, - ‘U.S%,j-i-l 652/ 2]2

1
- j+1/2\]*72
S/E(T,b[IRA. 0—52'.,/'-1-1 _02< 7
jH1/2 i—12\[1?
2 2
o2 (555) =255
. 241
J-12\ o 2
el p(12) -]
< AL/,
To prove (55), let
= e =
f ﬁN(dx)—/,flﬁN(dx) < / ﬁmdx)—/_ 1 (x) dx
: & : :
+1 g
J J
+ /] l’«l(x)dx_/jil p1(x)dx
7 e

i j
T T
+ ‘/,1 pi(x)dx — /H un (dx)
e e

=FE1+ E>+ Es.
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Arguing like in the proof of Lemma 18 we obtain

Eob[E} + E3]? S A3,

while the Cauchy—Schwarz inequality, together with Theorem 15 yield
-1 . . 21
J j—1 2
—+x)— ——+x)d
/ ’“(J x) “1<J x)d
— 1
1 j AL U I L
<[5 Ell(Fre) () ] 5ot

Step 3.2. Proof of (52). The representation (20), together with the eigenpair property of
(Y1, 11), imply that

1
Ea,b[Eg] ? = Ea,b |:

Jj+!

Uy, j+10¢ : ; dx) - P
1105y S, (@) A YD) g Yiv)

Iy, v) 8@y

i
1,j05 ; f,'%l iy (dx)

In what follows, we want to apply methods from the Perron-Frobenius theory for nonnegative
matrices. To that purpose, recall the definition of matrix M from Section 3.4, Eq. (25). We have

o~ 7 ~ ~
UL Vit1) D get M j+1U1m
gy, ij) Z,{1=1 Mm,jit\l’m

To bound the above ratio, we would like to proceed as in the proof of inequality (31) in Proposi-
tion 31. Unfortunately, we can’t, as we don’t know if the vector of derivatives (i, j) s positive.
Still, using the inequality (32) and arguing as in the proof of (31), we obtain that

7oA ~ ~
Zm:l Mm,j+lul,m1(ul,m > 0) _

7= 1| < Ale,
Y omet M ju1 m 11 1 > 0)

To finish the proof, we need to show that the possible error due to the negative derivative terms
is small enough. On the event R A we have

S@1, ) =7, 1@, v)) ~ 1@, vy) = a AW, w)) ~ 1), ¥)).

~ I
Furthermore, on the event Ra we have I(¥;, ;) 2 f /;1 n (dx); indeed we defined R such

that the left hand side of (49) has a uniform lower boun(jl. Thus, by Lemma 18

z

J
~ J
> My jitim =8@. V) 2 / in(dx) 2 A,
m=1

J
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Consequently, we need to show that
J 1
D (M j + My j D1 1@ <0) S A2
m=1

From (25) it follows M; JSJIT ~2. By the Cauchy—Schwarz inequality and Proposition 20

J
> (M j + My j D)1 | 1@ < 0)
m=1
1

J 2
S J‘”(Z s (e 0)) SAz

m=1

O
To obtain the suboptimal rate A!/6 we only used uniform bounds on the derivatives vector
(u1,;); together with the general error bound from Proposition 36. Having established the reg-
ularity of the eigenfunction 7, we are now able to argue that the error Eq ,[1%, - |l @, ) —
f(ul, ¥ ;)] is at most of order A?/3,

Lemma 39. Denote I (x) =x — cg, with co such that I € V;). For A sufficiently small, for every
j=1,...,J,itholds
~ ~ 2.1
Eop[lo, - [FUv)) =1y S A%, (56)
Proof. We will reduce (56) to the term bounded in Theorem 42. By definition of the forms 7 f
and the representation (10) it holds

N-1

~ 1

0,9 =5 ) Xana = Xaa) (¥ Xaina) = ¥ (Xna)),
n=0

R | V-l

fU, ¥j) = 2 Z(lj(XnA) +1;(X41)a)) X )a — Xna)?.
n=0

We will analyze the error contribution of a single summand. When X, A, X(u41)A € [%, %]
both forms contribute by %(X n+a — Xn A)z, hence cancel perfectly. When both Xja,
Xnta ¢ [%, %] neither of the forms contribute. Since on Oy, fo’r\ A sufﬁciently small, the
increment | X (,41)A — Xua| < 1/J we deduce that the overall error | f (1, ¥;) l(I wj)| is due
only to summands with the increment X, A, X (n+1)A crossmg the boundary of [ ] In such
case, the form f contributes by 4(X(,1+1)A — nA) , while 7 by z(X(n+l)A — nA),B, where

J—1 ]
B =sgn(Xu+1a — Xnn) - length<[XnA,X(n+1)A]ﬂ[ 7 J])
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Let y = X(4+1)A — Xua — B. The contribution of a single boundary crossing summand equals

1 2 1 1 y? -8
~(X@urna — Xun) — s X@rna —Xuad)B=-B+y)(y —B) = .
4 2 4 4
Considering all four possible crossing configurations, we obtain that
N—1
f(Iv Ip]) - l(Iv WJ) = Z(l(§’1](x(n+l)A) - 1(§’1](XnA))
n=0
N2 N
. ((X(n-'rl)A - §> - (XnA - §> )
N—1
+ Z( =8 (X(n+1)A) (111’1](XnA))
n=0
F1\2 P 1\2
: ((X(n-'rl)A - ]T> - <XnA - ]T) )
Thus, (56) indeed follows from Theorem 42. O

Proof of Theorem 8. Let R be the high probability event introduced in Proposition 37. In
view of Remark 22, it is enough to prove the claim for the estimator 552. By Lemma 35 and since
J ~ A~1/3 it is sufficient to show that for any |laJ ] < j <[bJ] holds

Eos[1r, - [[@1. ¥)) — F@1v)[] S A>3

By Definition 14 holds f (i}, /) =ﬁ1,,-f(1pj, /) =i?1,jf(1, ¥ ;). Since on the event R4, for
A sufficiently small, the increments | X, 1)a — Xpal < J —1 we have

1@, v =1, - LWy, W) + a1, )+ LW, W),
) =106, 90 LW, ) 1, ).

Consequently, since by Proposition 20 i ; &~ 1, we deduce that

1,j—1

1@, ¥)) — fGan, ) ~ 10, ¥ 1)( —1> +1U,¥)) = FU )
Lj 57)

+l<w,,w,+1>( Lot 1>.

Lj

By the Cauchy—Schwarz inequality together with Proposition 36 and the inequality (47) we can
uniformly bound the mean absolute value of the first and third term by A%/3. Since Ra C O
the mean absolute value of the second term is bounded in Lemma 39. ]
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3.6. Technical results

We devote this chapter to the proof of two technical results that provide us with control over,
properly rescaled, mean number of crossing of a given level «.

Definition 40. For ¢ € (0,1) andn =0, ..., N — 1 define

x (@, o) =110,0) (X nt1)a) — 1[0,0) (X A)-

The random variable x codifies the event of the increment X, o, X(,41)a crossing the level o.
The sign of x contains information about the direction of the crossing. Since

Ix(n, )| <1(|Xna — o] <@(A)),

arguing as in the proof of Lemma (18) we can show that

1 N—1
5 2 x| <40
n=0

Consequently, Theorem 17 implies that the mean number of crossings, rescaled by the sample
size, can be upper bounded by A!'/2log(A). Keeping in mind that X @n+na — X,a)? is of the
order A = 1/N, the next result is a refinement of the bound above.

Theorem 41. For every a € (0, 1), we have
N—1 293
Eg,b[<2 X (1, @) [ (Xri1ya — xm)2> } Salz.
n=0

Proof. Fix a € (0,1). Since |x (n, a)| =1 if and only if the increment (X, A, X(n4+1)a) crosses
the level «, the claim is equivalent to the inequalities:

B —

r/N—1 2
Eo.b <Z 1(Xpa < )1Xup1ya > @) (Xrna — XnA>2) SAlZ,
L \n=0 .

Bl—

r/N—1 2
Eo.b (Z 1(Xna > )M X nyna <) X@tna — XnA)z) S Al
L \n=0 .

Below, we only prove the first inequality. The second one can be obtained in a similar way or
by a time reversal argument. Denote

M =1Xpa < )1 Xina > @) Xuana — Xna)?.
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We have

N—-1 2
EU,bKZ 1(Xpa < OUX @1ya > ) Xaina — Xmﬂ) }

n=0
N-1 N—1
= Z Ea,b[i’lﬁ] +2 Z Eo.b[121m]-
n=0 O0<n<m

Denote by p; the transition kernel of the diffusion X. Uniform bounds on diffusion coefficients
imply that

(. y) < My = ex (-M> (58)
pl‘ 7y = 1\/; p M2t 5

with My, M, positive constants uniform on ®, see [26], Lemma 2. From (58) and the inequality
[1], Formula 7.1.13:

o0 7)62
/ e dz < . < ﬁe,ﬁ’ (59)
x x+/x2+4/m " 2

it follows that

o 1 o 1 1 (}—x)z
/ / m(x,y)(y—x)“dydx,s/ f A (y — x)*dydx
0 o 0 o

<A2/ /'AM 722z4dzdx

= (60)
o
5A2f f‘/me_édzdx
0 S mn
o (@—x)?
,SAzf e A dx < A2
0
Similarly
a 1
f f paCe, V(v —x) dydx S A2 (61)
0 o

For simplicity, we will use the stationarity of X, which is granted by Assumption 2. Using more
elaborated arguments, the result could be obtained for an arbitrary initial condition. By stationar-
ity, for any ¢, the one dimensional margin X; is distributed with respect to the invariant measure
w(x)dx. Conditioning on X, A, from (60) and uniform bounds on the density u it follows

o 1
Eos[nn] = /0 / paCe, (=0 dypx)dx S A2
o
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Hence,

N-1

Y Eeo[i2] S Nat=al,
n=0

[ST[%}

The Cauchy—Schwarz inequality implies

N-2 N— | , S ,
ZEa,b[nnnn+1] Z 2 [nn+]]2 SNAZ S A
n=0 n=0

Finally, using (61), for m > n + 1, we obtain

o 1 o 1
Eo,b[nnnm]Z/O / /0 / Pa, V) =) Pin—n—1)a(z, X)(z — w)?

“pa(w, Hu(w)dydxdzdw
o 1 ) 1
< _ -
N/ f palx, y)(y —x)"dydx —n—Da

/ /(Z—w) pa(w,z)dzdw

<A5/2 .
m—n-—1

Consequently

N—

w
=

-1 N— —n— N-3
Eob nnnm]<A5/ Z Z AS/ZZVN_H_Z
n=0 k=1 n=0

=0 m=n+2

=

N-2
=AY S AN = A

n=1

O

Note that the claim of Theorem 41 still holds when we replace (X, +1)a — Xnn)? by
X@+na — «)? or (X,a — a)2. Next, we show that, when considering the direction of the
crossings, cancellations occur that make the difference of Z —0 X(n a)Xprna — «)? and
ano x (1, 0)(Xna — )? even smaller.

Theorem 42. For any a € [}, 1-— %] we have

N—-1

Z x (1, ) (X psna — ) — (Xua —@)?)

292
:| <A2/3.
n=0

Ec,b [IOA .
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Due to the sign of the summands the proof of the next theorem cannot be done in a similar
way as the previous result. In what follows, we show that on the event Ox

N-—1 1 N-—1

1
Y xn ) ((Xpsna — o) = (Xua —)?) = f Xy <o)ds == 3 1(Xna <o) + R,
n=0 0 n=0

where the remainder term is of the right order. Thus we are left with showing that

Ea,b|:

Note that % Z,]:’:_Ol 1(X,A < @) is aRiemann type estimator of the occupation time of the interval
[0, ). The problem of establishing the rate of convergence was recently considered in [19,22].
Although obtained results do not apply, as they require higher smoothness of the coefficients,
they suggest that an even better rate A3/4 holds. Indeed, in the case of a reflected diffusion with
bounded coefficients, we can show that

]Eo,b |:

for any cadlag function f with Sobolev regularity 0 <s < 1, see [4].

N-1

! 1
[0 1(X; <a)ds — N Z 1(XA <)

293
} < A3, (62)
n=0

292
1ts
:| SA | fllas,

1 1N—l
X)ds — — Xn
/0f< )ds Ngf( A)

Proof. Fix a € [}, 1-— %]. On the event Oa, whenever 110 o)(Xn+1)a) — 1j0,a) (Xna) 7 0 we
must have | X, A —al, [X(rna —al Sw(A) < A% Consider function d : [0, 1] — R given by

d(x) = (x —a)*1(lx — | < AY?) + A¥21(jx — o] > A7),
We have
(110,00 Xnt1)a) = 10,00 X)) (Xt ya — @) — (Xna — @)?)
= (Lio.0) X (n+1)8) — 110,0)(Xna) ) (d (X (n1y8) — d(Xna)).
Step 1. We will first show that

N-1

Z 110,0) Xna)(d(Xns1)a) — d(Xnn))

292
} < A3, (63)
n=0

Eo‘,b |:10A :

Note that
d'(x) =2(x —a)1(lx —a| < AY?),

1
40 = — A28 _pay +1(Ix —al < AY?) = AYP5, sy,
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where the second derivative must be understood in the distributional sense. Since we fixed «
separated from the boundaries, d’(0) = d’(1) = 0 for A small enough. Denote by

X _JXx _ X
Ly, =Ly —Lj,

the local time of the path fragment (X, s < u < t). From the [t6—Tanaka formula [25], Chap-
ter VI, Theorem 1.5, it follows that

(n+1)A

(n+1)A
d(Xnt+1a) —d(Xna) =/ d’(Xs)G(Xs)dW;—F/ d'(Xs)b(Xy)ds
nA

nA

(n+1)A
+/ o2(X)1(1Xs —al < AY?)ds
nA

4/9 y a—AY? 4/9 7 a4AY°
—AaY LgA,(n-H)A —AY LZA,(n+1)A

(n+1)A
:=/ d/(Xs)a(Xs)dW[ + D,.
nA

First, we will bound the sum of the martingale terms. Since martingale increments are uncorre-

lated, using It isometry, we obtain that
(n+1)A 2
> 1j0.0)(Xna) f d'(X)o (X)dW,
nA

]En,b |:
n=0

N1 (n+1)A 5
- ZEa,b[l[om(an) | o) ds}

n=0

-1

1
< AS]E,,,bU 1(1X, —al < Aé‘)ds]
0

8 “+Ag 4
A@/ \ Eop[i(0]dx < At
a—A9

where the last inequality follows from (13). Now, we will bound the sum of the finite variation
terms: 2111\:01 10,0)(Xna) Dy, Note first that since b is uniformly bounded, we have

N—1
Z 10,0)(XnA)

(n+1)A
/ d'(X,)b(X,)ds
n=0 n

A

1
< A4/9/ 1(|x —u| < A4/9),u1(x)dx
0

<A it lloo-

Since by the inequality (13) ||t1]lcc has all moments finite, the root mean squared value of this
sum is of smaller order than A2/3. Now, note that since on the event Oa we have w(A) < A4,
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9
condition X, < o implies that LZIA@/JFI) A = 0. On the other hand, whenever L n;A( n/+1) A 70

we must have X,,Ao < «. Hence,

N-1

4/9 N 4/9 y a+A%? _ A4/9a—AY0
2 :1[0 a)(XnA)(A LZA mtrna TA / LzA,(nH)A) =Y Ly :
n=0

Using first the Cauchy—Schwarz inequality and then the regularity of the local time (see [25],
Chapter VI, Corollary 1.8 and the remark before), we obtain

2 o
Ea,b[ ] < A4/9/ Eop[|LT — L872"|"] dx
A

§A4/9/a |x—(a—A4/9)idx§A4/3.
A4/9

o
AHO LAY / LY dx
N

Consequently, to prove (63), we just have to argue that the root mean squared error of

* . (n+DA
/ L)lc dx — Z 1[0,a)(XnA)/ O'Z(Xs)l(|Xs —a| < A4/9) ds
a—A49 e A
(n+1)A

(1(Xy <) — 1(Xpa <))o 2 (X)1(IXs — ] < AY?) ds (64)

(n+1)A
(1(Xy <) — 1(Xpa <@))o*(X,)ds

>
>
is of order A%/3. From the 1/2-Holder property of o2 it follows that

N n+hHA
> /A (1(Xy <) = 1(Xpa <)) (02(Xy) — o (a)) ds
n=0"*"

N-T "+ a , [at+at’? 5
< Z/ 1(|Xs—a|sm)Mds5M/ 11(dx) S A5l oo

~Y
n=0 nA a—A4°

Thus, by (13), we reduced (64) to

1 1 N—-1
/0 1(X, <a)ds — v Z 1(X,a <),

n=0

which is of the right order by (62). We conclude that (63) holds.
Step 2. Consider the time reversed process Y; = X1_;. Since X is reversible, the process Y,
under the measure P, 5, has the same law as X. Furthermore, the occupation density and the
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modulus of continuity of processes Y and X are identical, hence Op is a “good” event also
for Y. Inequality (63) is equivalent to

214

} <al

cr b |:]‘OA

Substituting n = N — m, we obtain

N—
Z 0.0 Yma) [d(Ym1)a) = d(Yma))

wIN

N-1
Z 10.0) Yina) (d(Yimy1)a) — d(Yma))
m=0
N-1
=— Z 110,0) X n+ 1)) (d (X (g1ya) — d(Xna)). .
n=0

4. Low-frequency analysis

4.1. Spectral estimation method

In 1998, Hansen et al. [12] explained how the coefficients of a diffusion process are related to
the spectral properties of its infinitesimal generator. In this section, we want to shortly introduce
the main idea of their method.

The generator L of the reflected diffusion X is an unbounded operator on L2([0, 1]) with

dom(L) = {f € H: f'(0) = f'(1) =0},
Lf(x)= ‘(x)( o2 (Opx) f (x)) for f € dom(T).

Spectral properties of L are discussed in Appendix B. Seen as an operator on the equivalent
Hilbert space L([0, 1], i), generator L is elliptic, self-adjoint and has a compact resolvent op-
erator. Consequently, the eigenproblem

Eigenproblem 43. Find (¢, u) € R x L2, with u # 0, such that
Lu=2¢u

has countably many non-positive eigenvalues 0 = ¢y > {1 > {2 > - - -, with p-orthogonal eigen-
functions (u;);=o,... The eigenvalue ¢; is simple and the corresponding eigenfunction u; is
strictly monotone, see Proposition B.4. The main idea of the spectral estimation method is that
the diffusion coefficient o can be expressed in terms of the invariant density x and the eigenpair
(¢1,u1) (cf. Hansen et al. [12], Eq. (5.2)):

281 fy ui () dy

2 _
e PSS

(65)
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4.2. Estimation error of the invariant measure

From now on, we take the Assumptions 2 and 1 as granted. Fix A >0 and 0 <a < b < 1. Set
J ~ N'/3_Since the generator L has a spectral gap, diffusion X is geometrically ergodic. Below,
we state general bounds on the variance of integrals with respect to the empirical measure [y,
which are due to the mixing property of the observed sample (X, A)n=0.... n. For the proof, refer
to Chorowski and Trabs [5], Lemma 10.

yeuey

Lemma 44. Forany v,u € Lz([O, 1]), we have

1
Varg, [ f v(x)ﬁN(dx)} SNz,
0

N-—1

1 _

Varo,b[ﬁ > jv(xm)u(x(,mm)} SN7v- Paul3,.
n=0

Corollary 45. There exists a high probability event Ty, with Py (2 \ T1) < N™1J2, such that,
forany 1 < j <J,onTi we have
i

J/J] iy (dx) ~ 1.
J=1

J

Proof. Since the invariant density u is uniformly bounded on ©, there exist constants 0 < ¢ < C
L

suchthatc < J [/, u(x)dx <C. Let
e

1 1
ﬂ:{Vj:l,...,Jitholds / w}(x)ﬁN(dx)—/ w}(x)u(x)dx fi}.
0 0 2J
Using first the Markov inequality and then ||1p} ||i2 = J~! with ||1ﬁ;. ||i2 = J~! we conclude that
the claim holds. O

4.3. Proof of Theorem 9
First, we state the approximation properties of the spaces V.

Definition 46. Denote by m; and 717 the L? and L?(u)-orthogonal projections on V; respec-
tively.

Since Vj is the space of linear spline functions with regular knots at {0, %, %, e, %, 1}, it
satisfies the following Jackson and Bernstein type inequalities:

| =7 f e ST FP*N fllcre for £ eCH([0,1]) and k=0, 1, (66)

ol g1 S JTlvll 2 forveVj. (67)



Nonparametric volatility estimation in scalar diffusions 2981

Definition 47. Denote by (¢;) j—o,...,s the Franklin system on [0, 1], i.e. the L2-0rth0gonal basis
of V;, obtained from the Schauder algebraic basis by the Gram—Schmidt orthonormalization
procedure.

For construction and properties of the Franklin system refer to Ciesielski [6]. In particular,
basis functions (¢;); satisfy the following uniform bound (cf. Ciesielski [6], Theorem 5):

J

N

j=0

<J. (68)

~

9]

Proof of Theorem 9. As noted in Section 2.1, the estimator (El , 1) is constructed in the exactly
same way as the eigenpair estimator in Gobet et al. [11], Chorowski and Trabs [5]. Given the
properties of the Franklin system, arguing as in Chorowski and Trabs [5], Corollary 19, we
obtain that there exists a high probability event 72, with Py 5 (Q2\ T2) SN =2/5 such that

—~ - 1 _
Eop[17 - (Ivt = 11> + lur —a1ll3,0) ]2 SN~ (69)

Furthermore, on the event 72, we have [v1]| ~ 1 and ||[uy ]l 51 S 1.

Before we can prove the upper bound on the estimation error, we need to face one more
technical difficulty. Since the estimator %] converges to the eigenfunction u; in the sense of the
mean H'! norm, we can’t postulate a uniform positive lower bound on infyc(4 4] ) (x). Following
Chorowski and Trabs [5], Lemma 20, this difficulty can be overcome by applying the threshold
?f? A D. We conclude that there exists a high probability event 73 C 72 N Ty, with Py 5 (2\ 73) S

N~2/5_such that on T3, for j s.t. [%, %] C (a, b), we have

—20) [y ¥ ()@ (0w (dx) .
@1}V Cap) fo VN (dx)

G5 AD= D, (70

for a deterministic constant ¢, , > 0 satisfying ¢, p < infye(q,p] ”/1 (x).
Having established (69) and (70), the plug-in error can be controlled by similar considerations
as in the proof of Chorowski and Trabs [5], Theorem 7. O

Appendix A: Construction and properties of a scalar diffusion
with two reflecting barriers

In this section, we construct a weak solution of the SDE (1). Later, we will use presented con-
struction to generalize properties of scalar diffusions to reflected processes. The main idea of the
following reasoning is to extend the diffusion coefficients b and o to the whole real line, apply
general SDEs theory to obtain a solution on R and finally project this solution to the interval
[0, 1] in a way that corresponds to the instantaneous reflection. We refer the reader to [10], 1.23,
for a very similar construction of a diffusion on [—1, 1] with two reflecting barriers.
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Definition A.1. Define f : R — [0, 1] by

—2n, 2n < 2n+1,
fo={""" nEx<ond forn € N.
2(n+1) —x, 2n+1<x<2n+2
Function f is almost everywhere differentiable with the derivative
1, 2n<x<2n+1,
)=
-1, 2n+1<x<2n+2.

For o, b : [0, 1] — R define the extended coefficients &, h:R—R by
b(x) = f'(x) - bo f(x),
o(x) =00 f(x).

Theorem A.2. Grant Assumption 1. For every initial condition xq € [0, 1] that is independent of
the driving Brownian motion W the SDE

dY, =b(Y,)dt +5(Y,)dW,,
(71)
Yo = xo,

has a non-exploding unique strong solution. Define
Xi = f(Xy).

The process (X;,t > 0) is a weak solution of the SDE (1).

Proof. b is bounded and &’ € leoc (R). Hence, the existence of a unique strong solution (Y, >
0) of the SDE (71) follows from [28]f,~Theorem 4. As discussed in the proof of [18], Chapter 5,
Proposition 5.17, the boundedness of b prevents the explosion of the solution. Process Y is a con-
tinuous semimartingale, hence by [25], Chapter VI, Theorem 1.2, it admits a local time process
(LtY ,t > 0). By the It6—Tanaka formula ([25], Chapter VI, Theorem 1.5) process X satisfies

t t
X; = xo +/ b(Yy) f'(Ys) ds +/ ) f (Y dWs+ Y Lf @)=Y LI @n+1)
0 0

nez nez
t t
=xo+/ b(Xs)ds+/ o(X;)dBs + K,
0 0
where B, = [j f'(Y,)dWy and K, =¥, .5 LY 2n) = 3,,cz LY (2n + 1). Note that for any 7 >

0 the path (X;,0 <t < T) is bounded, hence K is well defined. Process B is a continuous
martingale with quadratic variation

t
(B); =/O (f'(v) ds =1.
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Hence, Lévy’s characterization theorem implies that B is a standard Brownian motion. From
the properties of the local time LY follows that K is an adapted continuous process with finite
variation, starting from zero and varying on the set |J,.,{Y: =2n} U{Y; =2n + 1} C {X, €
{0, 1}}. Consequently, X satisfies the SDE (1). [l

Next, we use the above construction of a reflected diffusion process to prove Brownian bounds
on the moments of the modulus of continuity of X.

Proof of Theorem 17. Fischer and Nappo [7] proved claimed upper bound for the standard
Brownian motion. We will now generalize their result to diffusions with boundary reflection.

Step 1. Consider a martingale M satisfying dM; = o(X;)dW;. By the Dambis, Dubins—
Schwarz theorem, M; = B 1t o2(X,) du for some Brownian motion B. Consequently,

|M; — M| = |Bj(§al(xu)du = Bpso2x,ydul = el _S|||02||oo)’

where @® is the modulus of continuity of B. Thus, (15) holds for the martingale M, with a
constant that depends only on the uniform upper bound on the volatility o.
Step 2. Consider a semimartingale Y satisfying dY; = b(X;) dt + dM;. Then

1 s
/ b(Yu)du—f b(Y,)du
0 0

Consequently, (15) holds for the semimartingale Y, with a constant that depends only on the
upper bounds on ¢ and b.
Step 3. For (o, b) € © consider the reflected diffusion process X satisfying the SDE (1). Let

1Y, = Y| <

+ M, — M| < |t —s|lIblloo + @™ (It — s1).

dY, = b(Y,) dt + 5(Y;) dW,,
Xl = f(Yt)’

where 5, o and f are as in Definition A.1. From Step 2, it follows that (15) holds for the semi-
martingale Y with a uniform constant on ®. By the construction of the reflected process X, we
have | X; — X;| < |Ys — Y;|. We conclude that @X < @Y, hence the claim holds for the reflected
diffusion X. O

Appendix B: Bilinear coercive form

Recall that H', H? denote the L2-Sobolev spaces on [0, 1] of orders 1 and 2, respectively. For
differentiable, strictly positive functions o and g consider an elliptic operator T on L2([0, 1]),
with Neumann type domain dom(7') = {v € H 2.9/0)=v(1) = 0}, given in the divergence
form by

(@@ @)
2p(x)

Tv(x) = for v € dom(T). (72)
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Note that the operator —7 is an infinitesimal generator of the diffusion process on [0, 1] with
instantaneous reflection at the boundaries, volatility function ¢ and an invariant measure with
density ©. We want to analyze the eigenvalue problem for 7', that is,

Eigenproblem B.1. Find (A, w) € R x dom(T'), with w 5 0, such that

Tw=\w.
Integrating by parts, one can check, that the eigenpairs of the Eigenproblem B.1 solve

Eigenproblem B.2. Find (A,w) e R x H I with w # 0, such that

1 1
/w’(x)v’(x)az(x)pc(x)dx=2A/ wx)v(x)pu(x)dx  forallve H'. (73)
0 0

Eigenproblem B.2 is a weak formulation of the Eigenproblem B.1 for the associated Dirichlet
form I(u, v) = (Tu, v),. The biggest advantage of the weak formulation is that the Eigenprob-
lem B.2 makes sense for any, not necessarily regular, functions x. When u is not differentiable,
the Eigenproblem B.1 has no longer probabilistic interpretation in terms of the infinitesimal
generator. Nevertheless, such problems arise naturally when one considers spectral estimation
method with fixed time horizon, when the role of the invariant measure is taken by the non
differentiable occupation density.

In what follows, we want to generalize the results of [11] on the spectral properties of an in-
finitesimal generator, to the solutions of the Eigenproblem B.2 with a Holder regular function p.
For 0 < @ <1 denote by C“ the space of a-Holder regular functions on [0, 1]. Furthermore, for
k € N let C** be the space of k-times differentiable functions with kth derivative in C*.

Definition B.3. For any given 0 <d < D let
Oy = {(0, 1) € H'([0, 11) x €%((0. 1) : llo | 1. I llce < D.

1
inf (a(x)Au(x))zd,/ /L(x)dx:l}
0

x€[0,1]

Eigenproblem B.2 is a conforming eigenvalue problem for a bilinear coercive form on the
Hilbert space Lz(u). [3] is a standard reference.

Proposition B.4. Let (o, ) € ©y. The Eigenproblem B.2 has countably many solutions
(Ai, w;)i, with real nonnegative eigenvalues 0 = Lo < A1 < Ay < --- and p-orthogonal eigen-
functions, satisfying Neumann boundary conditions w!(0) = w;(1) = 0. The smallest positive
eigenvalue Ay is simple, the derivative w' of the corresponding eigenfunction is 1/2 A a Holder
continuous and strictly monotone.
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Proof. It is easy to check that for any (o, ) A9 =0 and wyp = 1 form an eigenpair. Let
Li(w) ={veL*): fol v(x)p(x)dx =0} and Hj () = L3(w)NH'. L3(w) with the L () in-
ner product and Hé () with (u, v) g1,y = (u, v)L%(M) -|-f01 ' (x)v' (x)p(x) dx are Hilbert spaces.
The identity embedding 7 : H (1) — L3(w) is compact.

For u,v € Hy (w) let

1
I(u, v) =/ u () (x)o > (x)p(x) dx.
0

[ is a symmetric positive-definite bilinear form on HOl (n) x HO1 (w). Furthermore, for any u €
Hg () holds

Nl < 1t0) < Cllul . (74)
for some constants 0 < ¢ < C that depend only on d, D. Indeed, since o and p are uniformly
bounded, we only have to show that [ u>(x)dx < [y (u'(x))2dx. Consider u € C'([0,1]) N
H& (m). Since u is continuous and integrates to zero, there exists xg € [0, 1] s.t. u(xg) = 0. Since
u(x) = f;; u'(y)dy, the upper bound |ul|;2 < |lu’||;2 follows from the Cauchy-Schwarz in-
equality. As Lipschitz functions are dense in H', we conclude that (74) holds.

! is the Dirichlet form of an unbounded operator 7 on L%(u). Define D = dom(T) as these
ue HO1 (w), that the functional v — I(u, v) is continuous on HO1 (u) with norm [ - [[z2(,,,- By the
definition of the weak differentiability, domain D = {u : H(} (w) :uw'c?u € H'}. Furthermore, D
is dense in L%(M) (see [3], Exercise 4.51). For u € D, we define Tu via the Riesz representation
theorem by I(u, v) = (Tu, v);2(,. Such defined T is an elliptic, densely defined, self-adjoint
operator with compact resolvent (see [3], Proposition 4.17). Consequently, 7" has a discrete spec-
trum (A;);=1,..., with all eigenvalues positive and corresponding eigenfunctions p-orthogonal.

Integrating by parts the right-hand side of (73), we obtain

1 1 px
f w] ()2 (X)) (x) dx = —24; / / w; M u()dyv' (x) dx forallve H'.
0 0 JO

Since {v' : v € H'} is dense in L2, it follows that

2 fy wi()p(y)dy

W) = T o 7

By Sobolev embedding o2 is 1/2-Holder regular. Consequently w; lies in C 1727 Since the
eigenfunctions p-integrate to zero, we deduce that w;(0) = w;(1) =0.

Finally, we need to show that A is simple and that w is strictly monotone. By the variational
formula for the eigenpairs of a self-adjoint operator

Looye \\2 2
2h = inf Jo fx)) o-()pu(x)dx
ueHyGo [y ut(p(x) dx

(76)
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Arguing as in [11], Lemma 6.1, we obtain that fol W (x)p(x)dx = fol fol m(y, 2)u'(y)u'(z)dydz
with m(y, z) = OyAZ ux)dx fylvz w(x)dx. We deduce that the derivative of the eigenfunction

w1 must have a constant sign, otherwise we could reduce the ratio in (76) by considering
Wy =wi1(w] >=0) —w1(w] <0).
Hence, the set {x : w] (x) = 0} has zero Lebesgue measure. From (75), it follows that w} (x) =0

only for x = 0, 1, meaning that w; is strictly monotone on (0, 1). Consequently, for any two
eigenfunctions w; and w1, which correspond to A1, the scalar product

1 1,1
/ wi ()W (x)pu(x) dx =/ f m(y, Dwj(y)w)(z)dydz #0,
0 0 Jo
hence the eigenspace corresponding to A1 is one dimensional. (]

Proposition B.5. The eigenvalues i1, A2 and the norm ratio |wi||c11/2re /Wil 2(,) are uni-
formly bounded for all (o, ) € ®y. Furthermore, for every 0 < a < b < 1, infy¢[q,p] |w/1(x)|
and the spectral gap A> — )1 have uniform lower bounds on ©,.

Proof. We adapt the notation from the proof of Proposition B.4. Choose w; normalized s.t.
lwillz2¢,y = 1. We will first argue that A1, A2 and ||wi[|¢1,1/2¢ are uniformly bounded on ®g.
From (74), we imply that

201 =l(wy, wy) = cllwy ”?11(/0 =

with ¢ > 0 depending only on the bounds on o and . It follows that the eigenvalues are uni-
formly separated from zero. By the variational formula

fol ' (x))?0? (x)p(x) dx - w <472 D’

20 = inf1 sup T, < inf1 ) < VR
SCH SCH
dim%):3ues Jo u?(x)p(x)dx i ues d [y u?(x)dx

since 4772 is the third eigenvalue of the negative Laplace operator on L>([0, 1]) with Neumann
boundary conditions. We conclude that the eigenvalues 1| and A, are uniformly bounded. The
uniform bound on [|wy ||c1,1/2+« follows from the representation (75).

We will now prove a uniform lower bound on the spectral gap A, — A1. Assume by contra-
diction that for some sequence of coefficients (oy, u,) € @, the corresponding spectral gaps
(An,2 — A1) converge to zero. Since @, is compact in the uniform convergence metric, we
can assume that (o, ;) converges uniformly to some (o, u) € ®,. We will argue that the uni-
form convergence of the coefficients leads to convergence of the eigenvalues, hence contradicts
Proposition B.4 (cf. [11], proof of Proposition 6.5). However, since the function p is embedded
in the definition of spaces L%(,u) and H(; (u), we need first to reduce the Eigenproblem B.2 to a
universal function space.
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Let U(x) = f(f w(y) dy be the distribution function of u. Substituting U (x) = y, we find that
the Eigenproblem B.2 is equivalent to

1 1
/w(x)v (x)azdx—ZA/ W' () (x)dx forallve H!,
0

T=woU !,

withe = (o) o U —1 Consider (5,), and & corresponding to (oy, i1,) and (o, u) respectively.
Note that &, converges to & in the uniform norm. Denote L2 = L(2)(1) and HO1 = Hol(l). For
u,ve HO1 denote

1
Tn(u, v) = f u' () (x)3, (x)* dx
0

and by T, the corresponding operators on L2 Recall that the operators T,, are unbounded and
self-adjoint on LO, with dense domains D,,. Domalns D, do not have to possess a common core,
which is needed to study the convergence of the sequence (T )n. We circumvent this difficulty
by introducing inverse operators R, = T I, Using the divergence formula (72) for T, we check
that for u L%

~ X y
Ryu() = -2 f 52 / u(@)dz + cnlu), (77
0 0

where ¢, (#) € R is such that fo R, 2u(x) dx = 0. The convergence 6, — & in Cc'1(, D] implies
that operators R converge to R in the operator norm on L2 By [3], Proposition 5.28, this entails
the regular convergence, which, by [3], Theorem 5.20, is equ1valent to the strongly stable conver-
gence. Finally, [3], Proposition 5.6, ensures the convergence of the eigenvalues with preservation
of their multiplicities.

Set 0 <a < b < 1. We finally have to prove the uniform lower bound on infy¢[4 Iw’1 x)].
We will use the same indirect arguments as when bounding the spectral gap. Assume that for
some sequence (0y,, ,) € Oy, with (oy, i,) converging in the uniform norm to (o, u) € O,
the corresponding eigenfunctions wy , satisfy inf, infyc(q,p) |w’1’n (x)] = 0. Arguing as for the
spectral gap, we reduce the problem to bounded operators (ﬁn)n and R. From formula (77), we
deduce that the uniform convergence of coefficients implies R, — R in the operator norm on
C ([0, 1]). We conclude, that the eigenfunctions converge in the uniform norm, which contradicts
Proposition B.4. (]

Eigenproblem B.6. Let V; be a finite dimensional subspace of L% Find (A\j,w;) €R x Vy,
with wy # 0 such that

1 1
/ w' )V ()02 (x)(x) dx = Af wx)v(x)pu(x)dx for any v € V.
0 0
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Proposition B.7. Let (V) j=1.... be a sequence of approximation spaces satisfying the following
Jackson’s type inequality:

| =)o) <CIvllcra forvec®,

where 1y is the L*-orthogonal projection on V; and C > 0 some universal constant . Further-
more, assume that every V; contains constant functions.

For (o, u) € Oy the Eigenproblem B.6 has dim(V;) solutions (Aj i, wy ;)i with real eigenval-
ues 0=»Xxjo<ij1 <Xijo=<---<Ajdimv,)—1. For J big enough, the eigenvalue A; 1 and the
spectral gap Aj 2 — Ay 1 are uniformly bounded on ©.

Proof. We adapt the notation from the proof of Proposition B.4. By the Lax—Milgram theorem,
there exists an isomorphism S : HJ (1) — H{ (1) such that

1(Spv,u) = (v,u) 1,y forallv,u € Hy(w).

Note that since for any v € L%(,u) the functional HOl (n) 2 u —> (v, u);2,) € R is continuous

(n
on HO1 (u), by the Riesz representation theorem there exists a continuous operator K : L(z)(,u) —

HO1 () such that
(U, M)LZ(M) = (KU, u)Hl(lL).

Define the operator B; = S; o K o I, where [ is the identity embedding of H& (w) into L%(/,L). By
(74), the form [ defines an equivalent norm on H& (u). Note that B; is a self-adjoint and compact
operator on the Hilbert space HO1 (w) with [-induced inner product. Consider (A;, w;), a solution
of the Eigenproblem B.2. For any v € H(; () we have

L(wi, v) = Ai(wi, v) 12 = 2i(Kwi, v) g1y = Al (S Kw;, v) =1(A; Bjw;, v),

hence (Ai_l, w;) is an eigenpair of the operator B;. In particular, Proposition B.4 implies that the
biggest eigenvalue Al_l is simple.

Denote by 715 the /-orthogonal projection on the subspace V;. Define the operator B; j =
nﬂ Blnﬂ. Since By ; is a self-adjoint operator on V;, with the /-induced inner product, it has
dim(V;) — 1 solutions (A;}, wy )i, with the eigenvalues A;ll > A;lz > > )‘;,gim(vj)—l’ Anal-
ogously as for the operator B;, we check that (A, ;, wy ;) are solutions of the finite dimensional
Eigenproblem B.6. From (74) together with the uniform bound on p it follows that

[0 =yl < (7 =)t =, =20 —mpwmn], < €[ —mpmi ]

for some, uniform on ©®,, constant C. Using Jackson’s inequality, the uniform bound on the
Holder norm of w and uniform bounds on the eigenvalues A1, A2, we conclude that, for J large
enough,
ATl — !
I 1 2
”(I_T[n)wlul < -1
61,

The claim follows from [5], Theorem 25. O
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