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We develop a Gaussian approximation result for the maximum of a sum of weakly dependent vectors,
where the data dimension is allowed to be exponentially larger than sample size. Our result is established
under the physical/functional dependence framework. This work can be viewed as a substantive extension
of Chernozhukov et al. (Ann. Statist. 41 (2013) 2786-2819) to time series based on a variant of Stein’s
method developed therein.
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1. Introduction

Let {€;}icz be independent and identically distributed (i.i.d.) random elements. Consider a p-
dimensional random vector with the following causal representation:

xi = (X1, xip) =G €m0, €), (1)
where G; = (Gi1,...,Gip)' is a measurable function such that x; is well defined. Let y; =
(vi1, ...,yip)’ be a Gaussian sequence which is independent of x; and preserves the autoco-

variance structure of x;.! Suppose Ex; = Ey; = 0. The major goal of this paper is to quantify the
Kolmogorov distance between Ty and Ty:

pn :=sup|P(Tx <t) — P(Ty <1)|, 2
teR

where Tx = maxi<j<p X;j, Ty =maxj<;<p Y;, and

1 n
XZ(X]5"‘9XP)/=_in’ Y:(Y17""Yp)/=ﬁzyl"

i=1

Here, n is the sample size and p is allowed to be exponentially larger than n. Throughout this
paper, {x;} is not necessarily assumed to be stationary (as G; is allowed to change with 7).

I This assumption can be relaxed, see more details in Remark 2.1.
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The distribution of Tx is of great interest in high dimensional statistical inference such as
model selection, simultaneous inference, and multiple testing [6—8,25,32]. When p increases
slowly with n, the convergence of p, to zero follows from the multivariate central limit theorem
with growing dimension, see, for example, [5,16,23]. When p = O (exp(n¢)) for some ¢ > 0,
Chernozhukov et al. [12] recently showed that p, decays to zero at a polynomial rate if {x;}
is an independent sequence. This result provides an astounding improvement over the previous
results in [5] by allowing the data dimension to diverge exponentially fast. In this paper, we shall
establish a similar high dimensional Gaussian approximation result in the more general setup
where x; admits the causal representation (1). It is worth pointing out that our results require non-
trivial modifications of the technical tools developed in [12] in order to overcome the difficulties
arising from the dependence across data vectors. In particular, we develop some new techniques
in dealing with high dimensional dependent data such as the use of dependency graph, leave
one-block-out argument, self-normalization and M -dependent approximation, which are also of
interest in their own right.

To quantify the strength of dependence for time series, we adapt the physical dependence
measure in [27,30] for low dimensional time series to the high dimensional setting. Specifically,
we allow the structure of the physical system or filter G; = G; , to change with sample size,
that is, we are dealing with triangular array. Compared to the classical mixing type conditions
which involve complicated manipulation of taking the supremum over two sigma algebras, the
framework of physical dependence (or its variants) is known to be very general and easy to ver-
ify for both linear and nonlinear data-generating mechanisms. One example given in [27] is a
simple AR(1) process X; = (X;_1 + €;)/2, where ¢; are i.i.d. Bernoulli random variables with
success probability 1/2. The process X; is not strong mixing [1], while it can be conveniently
studied under the framework of physical dependence [27] as it admits the causal representation
X = Zj’;’?) 2-U+De, _ j- We also remark that the physical dependence measure and mixing type
conditions do not nest each other. Our results thus complement [11] which established a Gaus-
sian approximation result for S-mixing time series around the same time when this manuscript
was under preparation. While our work is being carried out, we note an arXiv work [31] which
establishes the Gaussian approximation theory for stationary high-dimensional time series under
different physical dependence assumptions.

Finally, we point out that although high dimensional statistics has witnessed unprecedented
development, statistical inference for high dimensional time series remains largely untouched so
far. The Gaussian approximation theory developed in this paper represents an initial step along
this direction. In particular, it provides a theoretical framework in studying high dimensional
bootstrap that works even when the autocovariance structure of {x;} is unknown. Also see [10,
14,17,18] for some other recent studies on high dimensional time series.

The rest of the article is organized as follows. Section 2.1 establishes a general result in the
framework of dependency graph, which leads to delicate bounds in Section 2.2 on the Kol-
mogorov distance for weakly dependent time series under physical dependence. Some concrete
examples such as non-stationary linear models and GARCH models are studied in Section 2.3,
while Section 3 presents some numerical results. All the proofs are gathered in the Appendix.

Let|-|:= -4 be the Euclidean norm of R?. Denote by C k(R) the class of k times continuously
differentiable functions from R to itself, and denote by Cif (R) a sub-class of C¥(R) such that
sup,cr |8/ f(z)/08z/| < oo for j =0, 1, ..., k. For a sequence of random variables {z; "_,»define
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E[zi] = >'_ 1 Ez;/n. For a random variable z, let ||z, = (E|z|9)"4. Write a < b if a is smaller
than or equal to b up to a universal positive constant. For two sequences a, and b,, denote by
an < by, ifa, < by and b, < ay. Fora,b e R, leta v b =max{a, b} and a A b = min{a, b}. For
two matrices A and B, denote by A ® B their Kronecker product.

2. Gaussian approximation theory

2.1. Dependency graph

In this subsection, we introduce a generic framework in modeling the dependence among a se-
quence of p-dimensional (not necessarily identically distributed) random vectors {x;}7_,. We
call it as dependency graph G, = (V,,, E,,), where V,, ={1,2,...,n} is a set of vertices and E,
is the corresponding set of undirected edges. For any two disjoint subsets of vertices S, T C V,,,
if there is no edge from any vertex in § to any vertex in T, the collections {x;};cs and {x;};cT are
independent. Let Dpax n = maxXi<i<p Z;f:l I{{i, j} € E,} be the maximum degree of G, and
denote D, =1 + Dmax,». Throughout the paper, we allow D, to grow with the sample size n.
For example, if an array {)c,~,n}?=1 is a M := M, dependent sequence (i.e., x; , and x; , are in-
dependent if |i — j| > M), then we have D, = 2M + 1. Within this framework, the dependence
structure of the underlying sequence is directly associated with the graph G, which allows a
more general characterization for various forms of dependence such as temporal dependence,
spatial dependence and dependence driven by other variables. In the low-dimensional setting,
the dependency graph has been used for studying central limit theorem of dependent data when
D, is not too large; see [2—4,21]. To further illustrate this concept, we provide the following
example.

Example 2.1 (U -statistics). Let {g;}7_, be n i.i.d. random variables. Given a symmetric func-

tion A(-,...,-) on R™ the degenerate U -statistic is defined as (”’l'o)_l PTG simo), where
the sum extends over all (nl:o) subsets of indices from {1, 2, ..., n}. Letx; = h(g;, ..., Eimo) with
i ={i1,...,im,}. The dependence of x; can be characterized through the corresponding depen-

dence graph. Specifically, {i, j} € E withi ={iy, ..., i} and j ={j1,..., jm,} if and only if
iNj#o.

Recall that Ty = max|<j<, X; and Ty = maxi<j<p Y;. The problem of comparing distri-
butions of maxima is nontrivial since the maximum function z = (z1,...,2,) = Maxi<j<,z;
is non-differentiable. To overcome this difficulty, we consider a smooth approximation of the
maximum function,

p
Fg(z) = ﬁllog(Zexp(,Bz./)), 2=(21,....2p),

j=1

where 8 > 0 is the smoothing parameter that controls the level of approximation. Simple algebra
yields that (see [9]),

0< Fp(z) — max z; < B 'logp. 3)
I<j=p
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To handle unbounded random variables, we employ the truncation argument which is slightly
different from the one used in [12]. Denote the truncated variables x;; = (x;j A My) V (=M,) —
E[(x;j AMy)V (—My)] and y;; = (yij A My) vV (—=My) for some My, My > 0. Note that the map
x — (x A M) Vv (—M,) is Lipschitz continuous which facilitates our derivations in Section 2.2.
Let X; = (Xi1, ..., Xip)' and y; = (Ji1, .-, Vip) . For 1 <i <n,let N;={j:{i, j} € E,} be the
set of neighbors of i, and N; = {i} U N;. Let ¢ (M,) be a constant depending on the threshold
parameter M, such that

1 o o
max = Y 1> (B — EXijEn)
I<jk=pn* ~
i=1'[eN;

< ¢(My).

Analogous quantity ¢ (M) can be defined for {y;}. Set ¢ (M, M) = ¢ (My) + ¢ (M,). Define

1/k o\ /K
mxk_(E max |xlj|) , myk—(]E max |y11|> ;

1<j<p 1<j<p
_ = Ik _ = 1/k
my r = max (E|x;; s my r = max (E|y;; .
x,k lfjfp( | lj| ) v,k lijfp( |yt]| )

Note that r2y x < my  and my y < my ;. Further define an indicator function,

I::IAzl{ max |X; — X;| <A, max |, —Y|<A}
l=j=p <j=p

where X = (X, ..., p)’ [Z, lxlandY_(Yl,.. Y)’ [Z 1 Ji-

We next approximate the indicator function /{- <t} by a suitable smooth function g(-) €
Cg (R), and thus set m(-) = g o Fg(-). In particular, g can be chosen as the convolution between
I{- <t} and a Gaussian density. As an intermediate step, we derive in Proposition 2.1 a non-
asymptotic upper bound for the quantity [E[m (X) — m(Y)]| using the Slepian interpolation [24].
The proof of Proposition 2.1 generalizes that of Theorem 2.1 in [12] by modifying Stein’s leave-
one-out argument [26] to the leave-one-block-out argument that captures the local dependence
of the data.

Proposition 2.1. Assume that 2/SBD2Myy/+/n < 1 with My, = max{M,, My}. Then we have
forany A >0,

|E[m(X) —m(¥)]|

2

D
< (Ga+G1BG(My, M)+ (G3 + G2+ G1B )f( 3+ )
3

D
+(G3+ G2+ G B )f( m} 3+m; 3) + Gi1A + GoE[l - T],

where Gj = sup,cg |0%g(z)/8zF| for k = 0. In addition, if2\/§ﬂD3Mxy/\/r_l <1, we can replace
m 5+ m 5 by s+ 5 in (4),

“
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When specializing to a M-dependent sequence, we obtain the following result.

Corollary 2.1. When {x;} is a M-dependent sequence, under the assumption that 2/58(6M +
DM,y //n < 1, we have

M +1)?
Jn
+ (G2 + G1B)¢ (M, My) + G A + GoE[1 — T].

|E[m(X) —m(¥)]| S (G3 + G2B + G17) (m3 5+ na;3)

®)

We remark that the upper bound in (5) can be further simplified using the self-normalization
technique (see Lemma A.1) and certain arguments under weak dependence assumption.

Considering the approximation properties of Fg and g, Proposition 2.1 leads to an upper bound
on the Kolmogorov distance p,, defined in (2). In particular, we obtain an explicit upper bound
of p, for the M-dependence sequence based on Corollary 2.1. Such a result is viewed as an
intermediate one, and thus deferred to Section A.2.

Remark 2.1. In view of the proof of Proposition 2.1 (see, e.g., (31)), the assumption that {y;}
preserves the autocovariance structure of {x;} can be weakened by assuming that for all 7,

Z Exix;, = Z Ey; y.-

kel\N/,- kel\N/,-

Thus {y;} is allowed to be a sequence of independent (mean-zero) p-dimensional Gaussian ran-
dom variables such that cov(y;) = Zke N ]Exix,/{ provided that Zke N Exixli is positive-definite.
In fact, when {x;} is M-dependent and stationary, we can construct {y;} as i.i.d. Gaussian se-

quence with the covariance Z’]g{ M Exix}. In this case, we need to replace ¢ (My, My) in (5)

by ¢(My, My) +max|<jr<p Zlﬂil HEx;jx;1,x]/n due to the edge effect.

2.2. Weakly dependent time series under physical dependence

In this subsection, we shall develop Gaussian approximation theory for weakly dependent time
series, which is the major interest of this paper. To this end, we need to introduce suitable de-
pendence measure for high dimensional vector. We adapt the concept of physical dependence
measure for non-stationary causal process in [30] to the high-dimensional setting for its broad
applicability to linear and nonlinear processes as well as its theoretical convenience and elegance.

Recall that x; = G; (F;), where F; = (..., €;—1,€) and G; = (Gi1., - .., Gip)'. To measure the
strength of dependence, we let {¢;} be an i.i.d. copy of {¢;}. For |x;; |, < oo, define

+00
Ok.j.q = Sl}pHgij (Fi) = Gij (Fii-i)| o Ok,jq = ZQZ,M, (6)
! 1=k
where F; x = (...,ek,l,el/{, €k+1,---5€i—1,€;) 1s a coupled version of F;. In the subsequent

discussions, we assume that the dependence measure sup; . ;< , O, j,4 < oo for some g > 0. We
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point out that the dimension of G; (i.e., p) is allowed to grow with n, which makes our setting
different from the one in [30].

Before presenting our main result, we introduce the following assumptions which will be
verified under specific models in Section 2.3. Let & : [0, +00) — [0, +00) be a strictly in-
creasing convex function with 2(0) = 0. Denote by h=1(") the inverse function of A(-). Let
Iy :=1ly(p,y) =log(pn/y) Vv 1. Define o x = cov(X;, Xx) = er‘l,lzl cov(x;j, xi)/n.

Assumption 2.1. Assume that maxi<;<, maxi<j<p Exf/. < ¢ for ¢1 > 0 and there exists D,, > 0
such that one of the following two conditions holds

max Eh( max |x,~j|/©n) <Cy, @)
1<i<n 1<j<p
max max Eexp(|x,~j|/®n) < (s, ®)

I<i<nl<j<p

for C{,C> > 0.

Assumption 2.2. Assume there exist M = M (n) > 0 and y =y (n) € (0, 1) such that
w3120 > Cymax{D,h7 (n/y),1,/*} under Condition (7),
n3M=12, > Cymax{D,1,, 1,7} under Condition (8),

for C3, C4 > 0, where ©,, is given in Assumption 2.1.

Assumption 2.2 imposes constraints on the intermediate quantities M, [, and y so that the
upper bound in (11) holds. These quantities are later on chosen to optimize the upper bound. We
remark that the quantity M in Assumption 2.2 corresponds to an M -dependent sequence used in
the proof of Theorem 2.1 for approximating the weakly dependent sequence {x;}; see the end of
this section. A larger value of M leads to a better approximation to the original data sequence,
but also to an increasing upper bound given in Corollary 2.1. Hence, a proper choice of M is
needed.

Assumption 2.3. Assume that

€1 < min 0 ; < max o ; <2, )
l<j<p I=j=p

+o00

Z max jfj 3 <cs, (10)

- IISkSP

j=

for some constants 0 < ¢; < ¢ and ¢3 > 0.

Note (10) and the condition that max;<;j<, % Yol ||% < ¢ for some ¢ > 0 imply the sec-
ond part of (9), that is, maxj<;<p, 0} ; <ca.
We are now in position to present the main result of this paper.
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Theorem 2.1. Under Assumptions 2.1-2.3, we have for g > 2,

P 1/(1+q)
_ 7/8 —1/2,-3/8 1+
oo <n 1/8M1/21n/ +y+(nl/8M l/zln /)q/( q) (Z@);{W.,j,q) -
j=1

~1/3 — 2/3
+ 2,77 (1viog(p/Em) ",

where By = maXi<k<p Z}‘:OM JOjxk2(x), and M and y satisfy Assumption 2.2.

The key strategy in the proof of Theorem 2.1 is M-dependent approximation, which will be
sketched in the end of this section.

Note that the conditions in Theorem 2.1 can be categorized into two types: tail restrictions
and weak dependence assumptions. Assumptions 2.1 and 2.2 impose restrictions on the tail of
{xi;} uniformly across j, which are needed even in the independence case [12]. Note that As-
sumption 2.1 is satisfied if x;; = D,,¢;; with max; ; Eexp(|¢;;]) < C2. Assumption 2.3 essentially
requires weak dependence uniformly across all the components of {x;}. We verify (10) for both
linear and nonlinear time series models in the next section.

Under the assumption that p < exp(n?) for 0 < b < 1/11, we obtain that p, <n~=(1=115/8 jp
Corollary 2.2 by optimizing the upper bound in (11) w.r.t. M and y. In fact, the optimization is
achieved when y =< n~(1=110)/8 and M = Cn® for some large enough C.

Corollary 2.2. Assume that maxi<j<p ©y j 4 S 0" for some 0 < 1 and g > 2, and p < exp(n®)
for some 0 < b < 1/11. Suppose one of the following two conditions holds

4
max IE( max |x,'j|/©n> <(Cy, D, <nBH0/32 (12)
1<i<n 1<j=<p

max max Eexp(lxijl/@n) < Cs, Dn §n(3_17b)/8, (13)

l<i<nl<j<p
for C1, Cy > 0. Under (9), we have p, < p—1-115)/8

Remark 2.2. In general, we can ssume that

(3=9b)k—(9—11b)
8k .

k
max E(lmax |x,-j|/®n> <Cy, D, <n (14)
<J=p

1<i<n

In this case, one can again choose y < n~=119)/8 and M = cn? to obtain the polynomial decay
rate n~(1-110)/8

In the end of this section, we discuss the M-approximation technique used in the proof of
Theorem 2.1. Let xl.(M) = (xl.(fw), R x,.(:[))/ =E[x;|€i—m, ..., €] be a M-dependent approxima-

tion sequence for {x;}. Define X" in the same way as X by replacing x; with xi(M) . Because
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|m(x) —m(y)| <2Go and [m(x) —m(y)| < Gimaxi<j<p|x; — y;| by the Lipschitz property of
Fg (see e.g. [12]), we have
[E[m (X) — m(X0)]| < [E[(m(X) —m (X)) Zy]|
+ [E[(m(X) —m(X™))(1 = Ty)]| (15)
S GrAy + GoE[l — Iy,

where Zyy :=Zpy,m = H{max<j<, | X; — XE.M)| < Ay} for some Ay > 0 depending on M.
Suppose maxi<j<p E|lx;jll; < oo for all i and some g > 0. By Lemma A.1 of [19], we have

(M)av\4'/a 1—¢'/2 04
(E’Xj_xj |) SC q/®M/q
where ¢’ = min(2, ¢) and C, is a positive constant depending on ¢ (note that the results in
Lemma A.1 of [19] are still valid for nonstationary process in view of their arguments). For any
g > 2, we obtain

=

14

1
E[l—Zy]<) P(}Xj—X;M)’ZAM)SE:A_q]E‘Xj_XEM)}‘I
Jj=1 j=1 "M

p C4/2®q q/2 q
<Z qu ZC <2911q>-

j=1

Optimizing the bound with respect to Ay in (15), we deduce that

1/(1+q)
[E[m(X) —m(X™M)]| S (GoG?) "/ F9 (Z i q> , (16)

j=1

which along with (3) implies that
» 1/(1+g)
E[¢(Tx) — g(Txan)]| S (GoG¥) M/ +? <Z ) + 871Gy log p,

. M
with Ty =maxi<j<p Z:’:I xi(j )/ﬁ

Remark 2.3. Our results can also be combined with the notion of dependence adjusted norm
recently proposed in Zhang and Wu [31]. We merely illustrate the idea here but do not intend to
obtain the sharpest possible result. Define

a)j,q=mlaXH|gi(-7:i)—gi(]:i’j)’oqu’ 4
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and Qu 4 = ZjioM wj 4. Using the Burkholder type inequality in Theorem 4.1 of Pinelis [22]
[also see Lemma C.5 of Zhang and Wu [31]], we have for any x > 0,

_ (log(P)**Qy 11 ,

Ell —Zyl=P(|X - x| >x) ;
X

Choosing Ay, to optimize the bound, we obtain
[E[m(X) —m(X)]| < G1Ay + GoP(|X —XM|__ > Ay)

(log(p)?2,
Ay

5 (GOG‘{)I/(qJ"I) ((log(p))I/ZQM+l,q)q/(l+q)~

SGiAm + Gy

Combining with the arguments in the proof of Theorem 2.1, we have
- 7/8 —1/2,-3/8\q/(1+ 1/2 1+
oo <n 1/8M1/2ln/ +y+(n1/8M 1/2ln / )q/( q)((log(p)) / QM+1,q)q/( q)
—~1/3 - 2/3
+ aﬁé (1 \/log(p/aM)) 3.
When p < exp(n?), suppose Qupy1,g XM~ with a > (1 + b)/(1 — 7b). Then by picking

M =< n¢ for some max{(1 4+ b)/(8a +4),2b/(x¢ — 1)} < ¢ < (1 — 7b)/4, we can still obtain
the polynomial decay rate.

2.3. Example

To illustrate the applicability of our general theory, we verify assumptions in several commonly
used time series models.

Example 2.2 (Nonstationary linear model). Consider a nonstationary linear model

+00
xi=) A€, (18)
=0
where {A;;} is a sequence of p x p matrices with A;; = (a,',lyjk)szl, and € = (€1, ..., €ip)

is a sequence of i.i.d. p-dimensional random vectors with E¢; = 0. In this case, G; is a linear
function on the inputs (..., €1, €). Itis easy to see that G; (F;) — G; (Fi,i—1) = A (€1 —€;_)
which implies 6;_j 2, = sup; || Z,le ai 1, jk(€i—1x — ef—l,k)”Zq- Suppose maxi <<, ll€g;jll2g < 00
for some ¢ > 1, and

» 1/2
max sup Zaiz,l’jk <o for some o < 1.
I<j<p i k=1
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By Rosenthal’s inequality, we further have

P q p q
2q 2 / 2 2
6724 S S‘?P{Zai,l,jkE(ei—l-,k - eifl,k) } S S‘}P(Z ai,l,jk) )
1
k=1

k=1 !

which induces that max<;<, ®,, j 24 < 0". Further assume

I<isnl<j<p

1
max max ]Eexp(— ) <y, (19)
c

© P
S s s
1=0 k=1
and minj<j<p + Y7 cov(x;j, xij) > ¢ for ¢, ¢/, Cy > 0. By Jensen’s inequality, (19) holds
provided that max;<;<, maxi<j<p Y 1o >t @i, jk| < 00 and max<j<, Eexp(leg;jl/c”) <

C, for some ¢”, C, > 0. Then by Corollary 2.2, we have p, <n~U=12/8 for p < exp(n®) with
b<1/11.

Example 2.3 (Random coefficient autoregressive process). Let A; be a p x p random matrix
and B; be a p x 1 random vector. Define a random coefficient autoregressive process as

xi =A;xi—1+ B;, (20)

where (A;, B;) are i.i.d. which ensures that {x;} is stationary. It can be shown that x; has a causal
representation x; = G(..., €;_1, €;) for ¢, = (A;, B;). Note that Bilinear and GARCH models fall
within the framework of (20). We assume that A; is block diz:1§.;c>na1,2 that is,

A

A= _ ; 2y

where A;{, ..., A;p are D x D random matrices with D x B = p. For a p x p matrix A, denote
by A2(A) the eigenvalue of A’A. Let x* =G (Fii—) such that x = A;x] | + B;. Suppose x; =
(2fys---s2;p) and xJ = (z;‘i, e z;"l;)/ according to the partition in (21), where z;x, 2}, € RP.
Then we have

|zik — 2| = |AirAi—ik - Aiciri(zieik — 27|

-1

<[[rAi-plzicix —zi4l-
j=0

2The block structure only needs to hold up to an unknown permutation of the components of x;.
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For any j belonging to the kth block,

O1.j.q = x5 =i |y = lzix = i

-1
< [TIr@A-pl, lzi-rk = 21l (22)

j=0
<2280 [, lzoc -
Suppose that

l
[~A0, max llzoclly S e <. (23)

Using the representation x; = Z,fio AjA;_1---Aj_k4+1Bi—k, it can be verified that (23) holds
if [|A(Ag)lly < o and max<x<p || Boklly < ¢ for some ¢ > 0, where By = (B, ..., B)p)" with
Bo; € RP. By (22) and (23), we have maxj<j<, ©y, j 4 < 0".

Remark 2.4. Motivated by Example 2.3, let x; = (z};, ..., 2;5) With z;; € RP for 1 < j < B.
Consider the blockwise model

Zij=§7ij(~--,€i—1,,/,€ij), l<j=<B8, (24)
where ¢; = (6;1, e, G;B)/ is a sequence of i.i.d. random vectors. In particular, when D = 1, we
have the following model,

xij=g~ij(---,€i—1,j,6ij), I=<j=p. (25)

Because x;; only depends on {¢;;}, we shall call (25) the componentwise model. Although the
time series model is defined in a componentwise fashion, the components of x; are dependent
through the sequence {¢; }. For componentwise model, the analysis in the univariate case (see [28,
30]) can be applied separately for each component, and Conditions (8)—(10) can be translated into
suitable restrictions on _C7,, and the tail behavior of {¢;;} uniformly across the index j.

Remark 2.5. The block assumption in Example 2.3 can be replaced by (26) below. For a matrix
A= (aij)l.’?jzl, define [|Alloo = maxi<i<p Zj?:l |a;j|. Using the fact that |Aa| < ||Alleola]cos
we have
|xi —Xf|oo < |AA 1 A (xi — x7_1)|oo
i
<[] 1Aklslwizi = x|
k=i—I+1
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Hence, we obtain forany 1 < j < p

1j.q = i = 535 g = [l =71

i
< TT liaetoo], i =2l |,
k=i—I+1

<2/ Aolloo [} | 1xi-1loo]],-

An alternative assumption is given by

[180lloo; [Foloo ], S @', o<t (26)

Here we impose constraint on the coefficient matrix Ag in terms of the || - || oo norm. This assump-
tion is weaker than those in Example 2.3 as we drop the block assumption but it can be stronger
when A(A) < [[Alloo-

Example 2.4 (Nonlinear Markov chain). Consider a nonlinear Markov chain defined by an
iterated random function H; (-, ¢;),

xi =Hi(xi—1,€).

Here ¢;’s are i.i.d. innovations, and H;(-,-) is an RP-valued and jointly measurable func-
tion, which satisfies the following two conditions: (i) there exists some xp such that ¢ :=
sup; || H; (xo, €0)llg < oo for g > 2, and (ii)

H;(x, e0) — H; (x',
psuplILill <o <1, Li = sup |H; (x, €0) i (x EO)'. @7
i ¢ x#x' lx — x|

Then it can be shown that max;<j<, ®; j ,(x) = O(Ql) (see the derivations in [29]). In fact,
(27) is a relatively strong assumption as ¢+ generally grows with p, and the Lipschitz constant
sup; ||L;ll4 can also be large when p is large. Assume a block structure on H; (as in Remark 2.4):
H; = (H],,..., H/p) with H;; € RP. Then, we have

Xij = H;j(%i—1,j, €;j), 1<j<B,

where x; = (X],,...,X/g) and € = (€/,,...,€/p) with X;;,&; € RP. Under the above block
structure, (27) can be weakened by replacing ¢+ with max;<;<p sup; || H;;(xo, €0)ll4. Under tail
conditions (12) or (13), and that minj<;<, % Z?,k:] cov(x;j, xgj) > ¢ for ¢ > 0, Corollary 2.2
can be applied, which suggests that the Kolmogorov distance decreases to zero at some polyno-
mial rate.

In the high-dimensional setting, certain characteristics of time series models (such as the struc-
tures of the coefficient matrices) are allowed to vary with the dimension p. Regularity conditions
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are thus required to account for such high dimensionality. These conditions are usually case-by-
case and their suitability depends on the problem of interest. One set of assumptions may be
replaced by others which concern a different aspect of the time series models. Here we focus
on three concrete examples and discuss some sufficient conditions for our theory to hold. It is
of interest to consider a broader class of time series models. Again we expect certain regularity
conditions to hold besides those commonly assumed in the low dimensional setting.

3. Numerical studies

In this section, some numerical experiments are conducted to verify the Gaussian approximation
phenomenon predicted by our general theory. We consider the following three linear models and
one nonlinear model, where the designs are mainly motivated by the examples in [20].

1. VARQ2): x; = Ayx;i_1 +Aox; 2 +¢;, where A; = 1,3 ® A; with 1,3 being the p/3 x p/3
identity matrix and

{07 01 00 (=02 00 00
Ai=[00 04 01], Ay=[00 01 01
09 00 08 0.0 00 00

2. VARMé(Z, D:xi =A1xi1 +Axxi 2 +¢ +Brei_q, where A; =1,, ® Kl' and B| =
Ip/z ® B with

~ (05 0.1 < 0 0 < (06 02
Al:<o.4 0.5)’ A2:<0.25 0)’ Bl:(o.o 0.3)'

3. Time-varying VAR(1): x; = A;jx;_1 + €;, where A; = sin(2ni/n)§. Here A is symmetric
and its entries are i.i.d. realizations from the Bernoulli distribution with success probability
0.25. We rescale A such that its largest eigenvalue is equal to 0.5.

iid. .
4. BEKK-ARCH(1): x; = Eillfz_le,-, where ¢; B N(0,I,) or € = (€i1,...,€ip)" with

eij/«/g + 1 being i.i.d. uniform random variables on [0, 2], and X;;_; =B + AxixlfA/.
Here B = Ip/z ®Band A = Ip/2 ® A with

~ 04 0 I~ 0.8 0.5

A= ( 0 0.3)’ B= (0.5 0.7)'
For models (1)-(3), we consider the following data generating processes for the errors. In
cases (a)—(d) below, ¢; = r 28,- where &; = (8,‘1,...,8,‘17)/ with sij/«/g + 1 being Ei.d. uni-
form random variables on [0, 2]. We consider four covariance structures (a) AR(1): T = (y;;)
for 7;; = 0.25/=71; (b) Block diagonal: T =1,,/» ® C for C = (ci,»)l%j:l, where ¢j] =cn =1
and c12» = ¢p1 = 0.8; (¢) Banded: T = (yij).where y;; =1 fori = j, y;; =04 for |i — j| =1,
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vij =02 for |i — jl| =2,3, y;; =0.1 for |i — j| =4, and y;; = 0 otherwise; (d) Exchange-
able: T = (¥ij), where y;; =1 for i = j and y;; = 0.25 for i # j. In cases (e) and (f) below,
€ =rije;, where r;;’s are fixed i.i.d. realizations generated from the uniform distribution on
[0, 1] and and {e;} is a sequence of i.i.d. univariate random variables. For the distribution of e;,
we consider (e) e¢; = (v; — 5)/ V5 with v; being a Gamma distribution with shape parameter
5 and scale parameter 1; (f) ¢; = v. /+/2 with v, being a t distribution with degrees of free-
dom 4.

In all cases, we generate a Gaussian sequence {y;} which preserves the autocovariance struc-
ture of the non-Gaussian sequence {x;}. We consider n = 100 and p = 120, 240, 480, 960.
The results are obtained based on 10000 Monte Carlo replications. Figures 1-3 show the P-
P plots comparing the distributions of Tx and Ty in linear models (1)—(3). Moreover, we
present in Table 1 the probability P(Tx < QOr,(«)) with o = 90%, 95%, 97.5% and 99%,
where Qr, («) denotes the ath quantile of Ty. The results suggest that the Gaussian approx-
imation is quite accurate in all the linear cases considered here. Figure 4 and Table 2 present
the results for BEKK-ARCH(1) model. The approximation is again accurate in the nonlin-
ear case. It is also worth pointing out that the Gaussian approximation is in general very
precise for the tail of Tx, which is most relevant in statistical inference. Overall, the nu-
merical results clearly demonstrate the practical relevance of the Gaussian approximation the-
ory.

Appendix

Define the generic constants C and C’ that are independent of n and p. For a set A, denote by
| A] its cardinality.

A.1. Proofs of the main results in Section 2.1

Proof of Proposition 2.1. We first prove (4). Define Z(¢) = ZL] Z;(t) with the Slepian
interpolation Z;(t) = (Vt%; + /1 —1y;)/s/n and 0 <t < 1. Let W(t) = Em(Z(t)). Define
VO@) =35 Zj(0) and ZO (1) = Z(1) — V(). Write 8jm(x) = dm(x)/dx;, djxm(x) =
82m(x)/3xj8xk and djym(x) = 83m(x)/8xj8xk3x1 for j,k,l =1,2,...,p, where x =
(x1,x2,...,xp) . Note that

1
Em(X) —Em(Y) = ¥(1) — ¥(0) = / /(1) dt
0

n )4 1
=320 [ Elam(zo)z; @) (28)
i=1 j=1"9
1

= 5(11 + DL+ 13),
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Figure 1. P-P plots comparing the distributions of Ty and Ty, where the data are generated from the
VAR (2) model.
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Figure 2. P-P plots comparing the distributions of Ty and Ty, where the data are generated from the
VARMA (2, 1) model.
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Figure 3. P-P plots comparing the distributions of Ty and Ty, where the data are generated from the

time-varying VAR(1) model.
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Table 1. The simulated probability P(Tx < Q7 (@)), where a = 90%, 95%, 97.5%, 99%, and n = 100.
The results are obtained based on 10 000 Monte Carlo replications

VAR(2) VARMA(2, 1) Time-varying VAR(1)
p 90% 95% 97.5% 99% 90% 95% 97.5% 99% 90% 95% 97.5% 99%

AR(1) 120 89.6 95.1 973 988 90.2 952 975 988 904 954 97.6 99.1
240 90.2 951 97.7 99.1 90.1 95.0 975 989 899 953 97.8 99.1
480 899 94.6 973 988 90.6 954 975 99.1 90.7 955 98.0 99.1
960 904 952 977 99.1 899 953 979 992 909 958 98.1  99.5

Block diagonal 120 899 953 97.6 99.1 905 952 975 989 90.1 955 979 99.1
240 904 948 973 99.0 89.8 948 973 99.0 90.5 954 979 992
480 90.5 955 979 992 902 950 975 99.1 904 953 97.8 99.2
960 90.0 949 97.6 993 90.7 96.0 982 993 90.6 953 979 992

Banded 120 90.6 955 97.6 99.1 893 947 974 989 897 953 979 993
240 89.7 950 97.6 992 899 948 97.8 99.0 89.8 950 97.8 99.0
480 90.1 953 97.6 992 903 951 975 99.1 902 953 979 99.2
960 90.7 953 975 991 90.2 951 975 99.1 90.8 95.6 97.8 993

Exchangeable 120 90.2 953 97.6 99.0 90.5 953 97.7 992 90.0 949 975 99.0
240 90.7 957 98.0 992 904 953 97.7 99.0 90.1 949 97.8 99.0
480 90.1 95.0 97.6 99.0 899 950 973 99.0 909 953 97.8 99.2
960 90.2 954 974 99.0 90.1 95.0 979 992 90.8 955 98.0 993

Gamma(5,1) 120 89.0 94.1 96.8 987 89.0 939 96.7 984 889 940 964 982
240 88.6 942 97.0 987 889 941 964 983 885 93.7 965 984
480 889 93.8 96.7 98.6 889 94.0 96,5 985 888 939 96.7 983
960 88.7 939 96.7 984 889 940 964 983 889 938 965 982

t(4) 120 90.0 94.7 97.1 98.6 90.2 951 975 988 90.7 953 973 98.6
240 90.2 948 973 989 90.1 955 97.7 987 90.8 950 974 98.6
480 909 951 973 988 903 950 975 989 90.0 947 973  98.8
960 90.9 952 974 988 90.3 953 974 988 90.8 954 97.6 98.8

where Z;; (1) = (%;j/v/1 = 5ij//T—=1}/+/n, and

n p 1 ‘ .
h=) 3 /0 E[;m(Z9 (1)) Z; (0] dt.

i=1 j=1

. p 1 . . .
Iz:z Z A E[akalm(z(l)(t))zlj(t)Vk(l)(t)]dt, (29)

i=1k,j=1

n.p 1 pl ) _ ) ) )
L= Y /0 /0 (1= DE[3,8:;m (2P (1) + VD)) Zij )V 1) v ()] dr dr.

i=1kl, j=1
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Figure 4. P-P plots comparing the distributions of Ty and Ty, where the data are generated from the
BEKK-ARCH(1) model.

Using the fact that Z®(¢) and Z;;(t) are independent, and EZ;; () = 0, we have I; = 0. To
bound the second term, define the expanded neighborhood around N;,
N; = {j:{j,k}eEn forsomekeN,-},
and Z9(t) = Z(t) = Y1 nruf, Z1(0) = Z9(0) = VO (1), where VO (1) = 37\ 5, Zi(1) with
Ni\ N; ={k € N; : k ¢ N;}. By Taylor expansion, we have

- p 1 ) . .
L= Z Z /0 IE:[akaim(z(l)(l))Zi,/(t)Vk(’)(t)]dt

i=1k,j=1

n - ! ! [ . . . A
PP /o /o E[ocd;om (290 + V0 0) Zij ) v @)V )] dr dr

i=1k,jl=1

Table 2. The simulated probability P(Tx < Q7 (@)), where a = 90%, 95%, 97.5%, 99%, and n = 100.
The results are obtained based on 10 000 Monte Carlo replications

BEKK-ARCH(1), Uniform(0, 2) BEKK-ARCH(1), N(0, 1)

p 90% 95% 97.5% 99% 90% 95% 97.5% 99%
120 90.7 95.2 97.5 99.0 89.6 94.6 97.3 98.9
240 89.5 94.8 97.3 99.0 89.2 94.2 97.0 98.7
480 90.0 94.9 97.5 99.1 89.1 94.4 96.8 98.8

960 89.4 94.6 97.2 99.0 89.3 94.4 97.2 98.6
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n p 1 '
=22 fo E[%3;m(29 1)) [E[Zi; () V(1)) dt

i=1k, j=1
n p 1 1 . ) . . .
+Y > / / E[3:3;9m (2D (1) + VO (1)) Zi; ) v )V (1)) dr d
i=1k,ji=170 0
=D + I,

where we have used the fact that Zi i (t)V,fi) () and ZD(z) are independent.
Let M,y = max{M,, My}. By the assumption that ZﬂﬁDﬁMxy/\/ﬁ <lI,

>z

ZEMUN[

max
I<j<p

< max Y [Z;(0)] <Dy sup QVI+VT=0Myy/n
tel0,1]

1<j ~
1eN;UN;
<V5D2Myy/n<p 2 <7,

where the second inequality comes from the facts that |X;;| < 2My, |Jij| < M, and |N; U ﬁi| <
D,ZI. By Lemma A.5 in [12], we have for every 1 < j, k,I < p,

|0j0km )| <Ujr(2),  |9;0k0m(2)| < Uju(2),

where U jx(z) and Uy (z) satisfy that

P p
Z Ujr(2) = (G2+2G18), Z Ujni(2) < (G3 + 6G2B +6G 1 B2),
k=1 k=1

with G = sup_ g 10X g (2)/9zF| for k > 0. Along with Lemma A.6 in [12], we obtain

n p 1 . . :
AE /O E[U;(290)][E[ 20V 0] | dr

i=1k, j=1

n P 1 ) '
SY Y [ Bz ez ov o)l

i=1k,j=I
1 n )
<(Gy+G E[Z:: )V )] dt.
< (Ga+ lmfo 1;1;3(;9 [Zi; )V ]|
Since 2+/58D2 M.y /+/n < 1, we have

ISIEDY /0 fo E[|axd;0m (29 (1) + VO )| -|Z; OV 0V 0)|] dr de

i=1k,jl=1

n p ] 1 . . . . H
<> > /0 /O E[Uj1(ZD @) + VD 0)|Zi; () v v ()| dr de

i=1k,jl=1
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=

Z/\

p 1
> f E[Uji(Z0)|Zij ) v @V 0)]] dr de (30)

1k, ji=1"9

1 n . .
Uit (Z()) max_ > i (t)Vk(l)(t)Vl(')(t)|:| dtdt
R B |

A
S—

=1

1
g(G3+Gzﬁ+G1ﬂ2)/0 1E1<5{n1a>l;< Z|Z,,(t)v('>(z)v(”(t)|dtdr

To bound the integration on (30), we let w(t) = 1/(+/t A +/1 —t) and note that

1 n . .
/E max > | Zy VP 0V )] dt
0 i=1

1<k, j,l<p
1 n ‘ 1/3 n ‘ 1/3
< =, <Z|Zu<f>|> (ZIVP(!)P) (Dv}%mﬁ) di
i=l i=1

1 n n n 1/3
3 (OYNE: IOPINE
5/0 w(t)(Elriljaiipi;|z,j(t)/w(t)| Elglkagp;m 6] Ellgla;p;m | ) dt.

As for Ip1, by the assumption that Ey;;y;x = Ex;;jx; (in fact, we only need to require that
Zkeﬁi Ex;x; = Zkeﬁ,- Ey; y; for all i), we have

max Z|IE [Zi; )V 0]

1<y, k<p

1 ¢ . - -

= <n/12}1{>i o 21: ZEXN% (EX;j X1k — EYij yir)
1 ¢ L ..

= mmax o 21: ,EXN:. (Exijxie — Exijxi) + lg Eyijyie — Eyijyix) an
1 ¢ N N 8

= ax 121: 1%7:,. {Eyi(yij — 3ij) + E3ij Qe — i) }‘

Lo
+ ij,a}c);p - Z Z{E.xlk(xij —Xij) + Exij (oax — izk)}‘

i=l leﬁ,’

< ¢(My, My).
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Using similar arguments as above, we have |I3| < (G3 + G2 + G1ﬂ2)13 | with

1/3
1 n n n
7 3 (OPNE (GPINE
I3 < H|{E max Zii(t 1)|"E max V. (t)|"E max A dt.
31—/0 w<>< max, 2|2 O/w Ol E max ) [V OFE max ) |V <>|>

We first consider the term Emax; <<, Yo |Zij () /w(0)]3. Using the fact that |Z,».,~ @ /w@)] <
(1%ij| + 13ij1)//n, we get

1 " .
E 1T Z|le(’)/w(t)| 3/2E lffnjasxpZ}:(l)@jjl*z +15:51%)

1
§ﬁ(

3 3
mys3 +my,3)'

On the other hand, notice that

E ma<x Z|V(l)(t)| < DZE max Z Z‘Z]k(t)|

=iz 1 jeN,

1<k<,,2 > (Fl + 15l

lleN

Z/\
ﬁ
=i
)
bel

N

3
Di (3 1 md ).
\/ﬁ x,3 v,3

Similarly, we have

E max Z|V(l)(t)| < D4E max Z Z |Zjl(t)|

1<i< 1<i<
[7 Pl 1 jeN,

I/\

,13/21@53,2,2 > (%l +15,F)
i=1 jeN;

D6
S —n(””}cs +m§,3)-

i

Note that fol w(t)dt < 1. Summarizing the above results, we have
»Da 3 3
LS (Gy+GiB)¢(My, My) + (G3+ G2+ G1 B )\/—%(mx_g + my73),

S (G4 Gap+ GiB%) = (m) 5 +m) 5).

D
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Alternatively, we can bound /3 in the following way. By Lemmas A.5 and A.6 in [12], we have

|13|—Z Z / / (1 = DE[333;m(ZV ) + VO 0)) Zi; )V )V (1) dr dr

i=1 kI, j=1

<Z Z f [Vt (2O @) E|Z:; )V )V ()| dr

i=1k,jl=1
<Z Z / (Uit (ZO)]E| Zi; ) v ) v, )| dr
i=1k,jl=1

<n(G3 + G2+ G18%)
1 .
< [Cwo max (B|zy0 o) EVOOP) CEVOof)
0 =JL=p
Notice that

1 3 1 ,_ _
max. E|Zij(0)/w®)]’ < < 3 X B(1% 1+ 1551)" S 575 (003 5+ 5).

It is not hard to see that

— : 3 - 3 D3 — —
1?ka§pE|Vk(l)(t)| <D? 1rfnkaixpll:ﬂ Z |Zik| < n3/"2 (1) 5 + 13 3).

jen;

Thus, we derive that

S (G3+ Gap+ G = (i} 5+ 1) 5).

2
_n
(i
Therefore, we obtain

|E[m(X) —m(Y)]|

S (Ga+ GiB)p(My, My) + (G3 + GaB + G1B%) == (m3) 5 +m) 3)

3
7( (32)
D2
+(G3+G2B+ Glﬁz)j%(

Using the above arguments, we can show that

-3 -3
mx,3 + my,3)‘

3

D
In S (G3+GaB+ Glﬁz)j%(

provided that 2+/58 DS M,y /+/n < 1. This proves the last statement of Proposition 2.1.

i ). @
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Note that |m(x) — m(y)| <2Go and |m(x) — m(y)| < Gimaxi<j<plx; — y;| with x =
(x1,...,xp) and y = (y1,...,yp) . So

|E[m(X) = m(X)]| < |[E[(m(X) — m(X))Z]| + |E[(m(X) — m(X))(1 — D)]|
S GiA+ GoE[l -1, (34)
[E[m(Y) —m(T)]| S G1A + GoE[l —T].

Therefore, (4) follows by combining (32), (33) and (34). U

Proof of Corollary 2.1. Notice that D, = 2M + 1, |N;| <2M + 1 and |N; U N;| <4M + 1.
Define the M; = {j : {j, k} € E, for some k € N;}. Then |91; UN; U N;| < 6M + 1. Following
the arguments in the proof of Proposition 2.1, we can show that

A0 3 < Dr3z =3 -3
lréllaSXpE|vl (t)| ~S3/2 (mx,3+my,3)’

which implies that
Dy
N

The conclusion follows from the proof of Proposition 2.1. (]

In S (G3+GaB+ GiB*) =~ (m) 5 +m) 3).

A.2. Some results for M-dependent time series
This subsection is devoted to the analysis of M-dependent time series, which fits in the frame-

work of dependency graph. Here, we allow M to grow slowly with the sample size n. Let
n=(N+ M)r,where N> M and N, M,r — +00 as n — +00. Define the block sums

iN+(i—)M i(N+M)
Ajj = Z Xij, Bij = Z Xij- 35)
I=iN+(i—)M—N+1 I=i (N+M)—M+1

It is not hard to see that {A;;};_, and {B;;};_, with 1 < j < p are two sequences of independent

random variables. Let V,; = /Vlznj + sznj with Vlznj = >i_1 A}, and sznj = i1 B} By

generalizing Theorem 2.16 of de la Pefia et al. [15], we obtain the following lemma, which is
particularly useful in controlling the last two terms in (5).

Lemma A.1. Suppose {x;} is a p-dimensional M-dependent sequence. Assume that there exist
aj,b; > 0 such that

n
P(Zx,-j > a.,) <1/4,  P(Vy>b3)<1/4

i=1
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{

forany 1 < j < p. In particular, we can choose ajz. = Zb? = SEVan.

Then we have

n
E x,-j

i=1

Zx(aj—i-bj—l—an)) SSexp(—xz/S), (36)

Proof. We only need to prove the result for x > 1 as the inequality holds trivially for x < 1.
Suppose that the distributions of A; and B; are both symmetric, then we have

n r
P(inj >anj) < P(Z(A,‘j —i—B,‘j) >anj>

i=1 i=1

< P<ZAU >anj/2) + P(ZBij >xvnj/2)

i=1 i=1

r r
< P(ZAU > xvlnj/2> + P(Z Bij > xvz,”-/2>

i=1 i=1
< 26xp(—x2/8),

where we have used Theorem 2.15 in [15].

Let {&;;}7_, be an independent copy of {x;;}7_, in the sense that {§;;}7_, have the same joint
distribution as that for {x;;}?_,, and define Vn/j (A;j and Bi/j) in the same way as V,; (A;; and
B;;) by replacing {x; j};‘zl with {&;; }?:1. Following the arguments in the proof of Theorem 2.16
in [15], we deduce that for x > 1,

n n
D xij>x(aj+bj+ V), Y & <aj.Vy; §bj}

i=1 i=1

i=1

n
C Z(xij —&j) = x(aj +bj+Vy) —aj, V,; Sbj}

n
C DG —&ip) = x(aj +bj+ Vi = Vo) —aj. V< bj}

i=1

n
1D ij—&j) Zan*j},
i=1

where we have used the fact that

r r

Vi = |3 (A= AL+ Y (B — BY) < Vaj + Vi
=1 =1
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We note that A;j — Aj; and B;; — Bj; are symmetric, and

n
P(Z%’zj <aj,V,; Ebj> >1/2.
i=1

Thus, we obtain

n
P(le’j zx(aj +bj + an))

i=1
_ POy Zx(a) 4 by + V), Y i £, Yy £b))
) P(Ci & < aj. V,; <))

n n
<2P (inj >x(aj+bj+ Vyj), Z&j <aj, V,:j < b‘/)

i=1 i=1

<2P (Z(Xij —&ij) = xV,f])

i=1

< 4exp(—x2/8).

P <
In particular, we can choose b? = 4]EVn2j and ajz. = Zb? = 8]EVn2j because
n 2 r 2 r 2
2
4E<Zx,¢,) - SIE(Z A,,.) + SE(Z B,,.> _sEv2.
i=1 j=1 j=1

Let o(M,) := oy m(M,) be the smallest finite constant which satisfies that uniformly for i
and j,

Hence, we get

n
E xl-j

i=1

>x(aj+bj+ an)> < 8exp(—x?/8).

O

E(Aij — Ai)> <N@*(My),  E(Bij — Bij)* < Mp*(M,), 37

where Ai ; and éi ; are the truncated versions of A;; and B;; defined as follows:

iN+(i—1)M
Aij = Z (x;j AMy) vV (=My),
I=iN+(i—1)M—N+1
i(N+M)
Bij= Y (g AM)V(=M,).

I=i(N+M)—M+1
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Similarly, we can define the quantity ¢(My) for the Gaussian sequence {y;}. Set (M, M) =
@(My) Vv ¢(My). Further let u, (y) and u,(y) be the smallest quantities such that

P(max max [l u))z1—y,  P(max max |yjlsu,())z1-y. G8)

I<i<nl<j<p I<isnl<j<p

Building on the above results, we are ready to derive an upper bound for p,. Consider a
“smooth” indicator function gg € Cg (R) : R — [0, 1] such that gg(s) =1 for s <0and go(s) =0
for s > 1. Fix any 7 € R and define g(s) = go(¥ (s —t — ep)) with eg = B~ 'log p. For this
function g, Go =1, G| <, G < ¥? and G3 < 3. Here,  is a smoothing parameter we will
choose carefully in the proof. Lemma A.1 and Corollary 2.1 imply the following result.

Proposition A.1. Consider a M-dependent time series {x;} and its Gaussian counterpart {y;}.
Suppose 2«/5,3(6M + l)Mxy/ﬁ <1 with My, = max{M,, My}, and My > u,(y) and My >
uy(y) for some y € (0, 1). Further suppose that there exists constants 0 < ¢1 < ¢ such that
c1 <minj<j<p 0 j <MaXi<j<p0j j < ¢z uniformly holds for all large enough M and p, where
ojk =cov(X;, Xy). Then for any ¢ > 0,

On = sup|P(Tx <t)—P(Iy < f)|
teR

2M + 1)?
S (W B (M, My) + (v + 9726 + ¥6?) %(ﬁzi,z +i3 5)

+ YoMy, My)\/log(p/y) + v + (B log(p) + ¥ ")y/1 v log(py).

Proof. Note that

B[l — 7] < P( max |X;—X;j| > A) +P( max |Y¥; — V| > A)
I<j<p I<j<p

< Xp:{P(m —Xjl>A)+P(1Y; - Y1 > A)

j=1
Let
r r
Aj=Q+2V2) | Y E(Aij — Aip)*/n+ Y E(Bij — Bij)?/n
i=1 j=1
+ Z(Aij - Zij)z/” + Z(Bij - Eij)z/n = A1 + Aoy,
i=1 i=1
where

iN+Gi—1)M i(N+M)

Z,j: Z )?[j, Eij= Z )Z[j.

I=(—1)(N+M)+1 I=iN+(i—1)M+1
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Applying Lemma A.1 and using the union bound, we have with probability at least 1 — 8y,
X; =Xl <Aj/Blog(p/y).  1<j=p.

By the assumption,

P(max max |x,~(,~|§Mx)zl—y, P(max max |y,'j|§My>zl—y.

I<i<nl<j<p I<i<nl1<j<p

Therefore with probability at least 1 — y,

Aj < (2+2\/§) ZE(A,'J‘ — Aij)2/n + ZE(B,’/ — é,’j)z/n
i=1 =1

+ | Y _(EA;)?/n+ Y (EBij)*/n,

i=1 i=1
< (3 +2V2)p(My)/Nr/n + Mr/n < o(My),

where we have used the fact that EA;; = EB;; = 0 and the Cauchy-Schwarz inequality. The
same argument applies to the Gaussian sequence {y;}.
Summarizing the above results and along with (5), we deduce that

|E[m(X) —m()]|
QM +1)?

< (G2 + G1B)d(My, My) + (G3 + G2 + G1 B7) 7

(35 +m35)  (39)

+GroM,, My){/8log(p/y) + Goy,

which also implies that

|E[g(Tx) — g(Ty)]|

2M + 1)?
< (G2 + G1B) (M. My) + (G3 + G + Glﬂz)%(n‘ﬁ,3 +ids)  (@0)

+ G1o(My, My)\/8log(p/y) + Goy + B~ ' Gy log p,

for M-dependent sequence, provided that 2+/58(6M + 1M,y /+/n < 1. Consider a “smooth”
indicator function gg € C3(R) : R — [0, 1] such that go(s) = 1 for s <0 and go(s) =0 for s > 1.
Fix any t € R and define g(s) = go(¥ (s —t — ep)) witheg = B! log p. The conclusion follows
from the proof of Corollary F.1 in [12] and Lemma 2.1 in [13] regarding the anti-concentration
property for Gaussian distribution. We omit the details to conserve the space. (]
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A.3. Proofs of the main results in Section 2.2

Proof of Theorem 2.1. For clarity, we present the proof in the following five steps.
Step 1: Construct the M-dependent sequence as

M
Xi .—x( 4 =E[G(....€i—1.€)|€i—M, €i—p+1..-.. €]

By construction, x1; and x((i;})) ; are independent for any 1 < j, k < p. The triangle inequality
and (16) imply that

1/(1+q)
[E[m(X) —m(¥*0)]| < [E[m(x¥) —m (¥ *)]| + (Go Gﬂ‘“‘*"’(Z@M,q) ’

where X =3, (M) //mand Y =31 yi(M) /+/n with yl.(M) being the M-dependent
approximation for { yl} By (39)

[E[m(X) —m(r )]

2M +1)2
s(Gz+G1ﬁ>¢<M><Mx,My)+(Gg+Gzﬁ+Glﬂ)%( 3+ 3)

1/+g)
1
+G1o™M (M, My)\/810g(p/7) + Goy + (GoG?) /' +? (Z@MM> :

j=l1

where ™) (M, M) and 9™ (M, M,) are defined based on {xl.(M)} and {yl.(M)}. Following the
arguments in the proof of Proposition A.1, we have

2M +1
pn S (W7 + B (M, My) + (v + 978 + B )%( v s)

+ YoM My, My)log(p/y) +y + (B~ log(p) + ¥ 1)V Vieg(py) (4
» 1/(+q)

4 /040 (Z @gwq> ,
j=1

where ¢, M, M, My and $ will be chosen properly.
Step 2: Next we quantify ¢ ™) (M) and 9™ (M,). To this end, define the projection operator

Pixik =Elxiklei—j, ..., &1 — Elxiklei—js1, ..., €]
Note that

Pixik =E[Gik (... €i—1.€) — Gir (.. €y €t Y N [T
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Jensen’s inequality yields that | P;xilly <0 k.q(x). Let X;; = x;; — X;; and x;; = (x;j A My) vV
(—M,). Based on {x (M)} we define the Variables A(M), Zl(jM) Aij) Bl.(]M), El(jM ) in a similar

(l)

way as before. Similarly, we can define x ij ) and Xij based on xl.(jl.). For M > [, we note that

M) _ (l) (M)
X — X —Zj=,+173jx,~k.Because X

Ex;; = Ex,, =0, we obtain for / > 0,

and X +Il))k are independent for any 1 < j, k < p and

5] = B 2~ xR0 <

Gt = xtizpi)

< i I3[ = 2 o/ M 30702/ M,

where we have used the fact that ||x(]M) 13 < ]E(xl.(]M) le ))21{|x(M)| > M) < Ex;‘j/Mf. Using
the fact that the map x — (x A M) Vv (—M,) is Lipschitz contlnuous we deduce that

(M) v (M) (M) (M) (=1) (M) (Y]
|Exij Xi+hkl = |Ex { (1+l)k_x(i+l)k_(X(i+l)k X(H—l)k)}

X I{|x(1+z)k’ > M or ’x(l+l)k| > My H
13 13
< (Elxij ) / (E xgi?)k x((zl+11))k| +E‘X((i[ﬂ)k ((tl+11))k ) /

1/3
x {P (‘x(1+l)k| > M) + P(’x((zlJrll))k M)} /

M
M -1
S ||xij||3||x((,~+),)k ((1+l)k || IxGrokllz/ My S 29/ k.3/Mx.

j=l
Note |E)?( ) (M)| < |lxij ||4||x,k||2/M It is not hard to show that the above result holds 1fx(M)

(or x((l +l)k) is replaced by its x M (or x((%_;) i) Therefore, we have

1 n (i+M)An
(M) (M) ~(M) (M)
max —Z Z (El — Ex )
j
I=ik=p | _ (i ot
1 n (i+M)An
< 23S s
SEREP T = Syt

M M
< max YN 043/ My S 1/ M.

~ 1=k
=P T o

Next, we consider (p(M ) (M,). Similar argument implies that for / > 0,

(M) v (M) (M) v (M) v(I=1) (M) ((GY)
EX; x(H—l)k = “E { Xi+hk — Xtk ]E(X(i+1)k X(H—l)k)}

x I{|x(z+l)k| > M, or |x(zl+ll))k| > M|
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12 13
( | i )/(E x((%r;)k ((zl+ll))k| +E|X((iﬂﬁ)k X((f+ll))k )/
1/6
< AP(|xl > M)+ P(1xi ] > M)} 42)
12
S (E|Xik|4/M)%) / ”x((iA—/IF)Z)k ((zl+ll))k“3

4 - 6
X (]E|x(%)1)k| /M?+]E|x((f+zl))k| /Mj)l/

. lxiie = *riils /M S Ze a/M.
j=I

S i3 okl
Note |Ex(M) (M)| < 1/M?. Thus, we obtain

N M
M M 5/3
E(AL — AV N <SS 050a/M + 1 M2 < ym
=1 j=I

(M) _ 5/3

Similarly E(B{}" — B{}")?/M < 1/M"* . Notice that

E(AMD — AV /N
=E(a" - A1) /N + (BALD)? /N

iN+(i—-1)M

2
sl/M£/3+{ S - xlgM>>{|le>|>M}}/N

I=iN+(i—-D)M-N+1

2
<iym 4 N(maxIE|x,~j|4/M§)
L

We can choose ¢™) (M) = C/(l/Mi/6 + +/N/M3) for some constant C’ > 0.
Step 3: We consider the quantities associated with {yl.(M)}. First, note that

|EV(M)yEzA—/]+)Z)k| < |E[(yl(jM) M )Y((ﬁ)z)kl{yz(jM) > M, }]| (43)

+ B[ + My)y i " < =My H]).

Because y( +l)k is Gaussian conditional on Yij (#) (y((ﬁ)l)k and yl.(/M) are jointly Gaussian), we

have
(M) (M)
E[x ij (l+l)k] (M)

(M) (M)
E[ |y ]_ E[|x(M)|2] yij
L

Yi+hk
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which implies that

B[S = M)yt > ]|
= |E[(yz(/M) My)l{ M > My }E[y((ﬁ)l)kw(M)]“
|E[X(M) (M) 1l

X4k M) _ (M)
- E[|x,~(M)|2] |E[(yij M )yl] I{yl] My}]|

ij (1+l)k
M
Ellx”21M2

) ELx " x ) By 1]

_ 3BLx g I P

- 2
My

Due to the Gaussian tail, the degree of M, can be made arbitrarily larger but the current choice
suffices for our analysis. The same argument applies to the second term on the RHS of (43),
which leads to

M
|Ey(M)y((tA-/§[-)l)k| S |E[ (]M) %)k ’/Mz ngxk»Z/Myz‘ (“44)
j=l

To deal with E[j}l(jM)y((ﬁ)l)k] we first state a result. For x ~ N (u,oz), it can be shown
that

[E[(x A M) v (=M)]| < |E[(x — wE{Ix] < M}]| + |l
+|MP(x>M)—MP(x < —M)|
Sl +Miul/o.

Using this fact and the Gaussian assumption, we have

B[ 5] = B R vy 1]

M M M
B By P YL 0 (45)
(M) ~ 2 ’
Ellx;;" 121M} My

Therefore, using the same argument as that for x;, we can set ™) (M) = C/ M)Z,. By (44) and
(45), we get

M
v g,
(M) «(M) Z/:l Jik,2
]E[yij y(i+1)k]5‘ M2
y

Similar arguments as before show that o (M,) = C’/M; for some C’ > 0.
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Step 4: By the assumption that max; ; [|x;;ll4 < oo and the fact that IIyi(jj-w)Hz = IIXISM) 2, we
M M S _ _
have E|xi(j )|? < (E|x,-j|4)3/4, and E|yi(j )|3 < E|xij|3 < 00, which implies that mi’3 +m;3 <
oo. Thus, we ignore the constants and set

¥ = nl/SM—l/21;3/8’ M, =M, =ux 38 M 1/2175/8

Let 2+/58(6M + 1)Myy//n = 1, that is B < /n/(uM). Under the assumption that n7/4 x

M=, o/ > C3M, it is straightforward to check the following:

(W2 +9B)p(My, My) S v Ju+ y/n/ (M) Sn= BMV2LE 0 (46)

2 302 2
(w3+w2ﬁ+wﬁ2)(2M\;” < I//\/A,—:I +1/f M+1//u~{7l <n VSMVRTE 47y

u
1/2 1/2
vl wl ~N _ 7/8
YoMy, My)oj/Blog(p/y) £ e+ ——— <n” M1, (48)
-1 -1 I Mu U2 < =18 17218
(B~ log(p) + v ')V 1 Viog(py) S ——— NG + ¢, MYA°. (49)

By Lemma A.2, we have ¢1/2 < minj<j<p a(M) < max1<]<po(M < 2¢; for large enough M,
where o( ) = cov(X (M) , X (M)) It remains to verlfy that the selected u satisfying that

P(max max |xu|<u)>l—y, P(max max |y( )|<u)>l— (50)

1<i<nl<j<p 1<i<nl1<j<p

We first consider Condition (7). Using the convexity of /1, we have

Eh(lriljai(pix( )|/® ) 5Eh<E[lglja§xp |x,~j|/©,,|e,~_M,...,e,~]>

< Eh(lrsnjasxp |X[j|/©n> =C.

By the fact that max;<;<, Eh(max;<;<p |x M) /D) < Cy and the arguments in the proof of
Lemma 2.2 in [12], we have u,(y) < max{@ htn/y), ln } and uy(y) Sy 172 Because

n33pm=12y; 5/8 > Cmax{®D,h~ l(n/y), l,,/ }, we can always choose u = om3 Bm=121,; 5/8)
such that (50) is fulfilled. We can prove a similar result under Condition (8). Therefore by (41),
(46), (47), (48) and (49), we get

sup| P(Tx <t) — P(Tyan <1)|
teR

p 1/(1+9) (51)
gn‘l/ng/le/g—i—y—k( 1/8 = 1/21—3/8 q/(1+q>(2 ) _
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Step 5: Let A= maxi<j<p | cov(X], X)) — cov(X(M) X(M))| With similar arguments in the
proof of Lemma A.2, we have A < <maxi<j<p Yy v+1101.j.2(x) = Ep. Thus by Theorem 2 in
[13], we have

sup| P(Ty <1) — P(Tyan <0)| S B30 (1 Vlog(p/Ea)™> (52)
teR

where we have used the fact that f(x) = xY 3(1 V log(p /x))2/ 3 is monotonic increasing when
log(p/x) > 2. The conclusion follows by combining (51) and (52). [l

. Lo M
Lemma A.2. Consider the M-dependent approximation sequence {x( )} Suppose that ¢ <
minj<j<p 0 j < Max|<j<p0j,j < 2, max; j|lx;jlla < c3, and Z i max|<k<p jOjk2(x) <
00. Then we have c1/2 < minj<;<p O’;A;) <maxi<j<po J(/]W) < 2c¢y for large enough M, where
M) _ (M) (M)
Ok _cov(Xj X0,

Proof. We claim that as M — 400,

-1 (M) _ (M)
}: E — Exijxij| — 0, 53
max 2 1| X — By | > ©3)

which implies that maxi<;<p |UI@;I) —0j,j| — 0. The conclusion thus follows from the assump-
tion that ¢; < minj<j<p0j,j <maxi<j<,0;j ; < cz. To show (53), we note that

B = Boxyjogg | < x5 = xij 1wl + e = x|y i 2
+00
S D0 (IPijlla+ 1Pixijlla) S Z 01.j.2-
[=M+1 I=M+1
and for h > M,

[Bxijxny | < [Bxij (xaems — 5 oms) | < 1l xaemj = <o 1, S D600,
Thus, we have

max 1! E |Ex(M)x(M) Exl--xk-|
1< ij kj JR]
=J=p r—1

l

_ M)y (M
< max n”! E |Exl( )xlg ) Exi/xkj|
1<j<p , ;T ‘
li—k|<M

-1
+ max n E [Ex; x|
I<j<p .
li—k|>M
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+00 n—1 +oo
Smax M Y 6o+ max > Y 02

~i<j< 1<
T=P M SI=P Y S =h

< max E 16,2 < E max 191]2,
~1
SISP I=M+1" =

which implies that max <<, n™! > k=1 |Exl(]1mx,£;m — Exijxijl — 0as M — 4-o00. O
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